Solid State Theory Il: Ex 6 (SS 2015) Prof. Kriiger
Date of issue: 07.07.2015 Deadline: 14.07.2015

Problem 17: Polaron (5 points)

An electron interacts with optical phonons in an ionic crystal. The interaction part of the Hamilton

operator is given by
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The interaction matrix element has the property

W(=g) = W(7)*  with \W(@)\:g.

v is a real constant and hwr,o is the energy of the longitudinal optical phonons.

a) Calculate the contribution E; of Hj in first order perturbation theory. Consider a product state
|U) = |®)el |X)ph Which contains one electron with wave vector k and no phonons.
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Show that the energy can be written in the following form
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b) Evaluate the remaining sum over ¢ by integration over the whole ¢ space.

c) Use a Taylor series expansion of Ej to analyse your result in the limit of small wave vectors k.
Consider the quadratic term and determine the change of the electron’s effective mass due to

electron-phonon interaction.
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Problem 18: Superconducting bar (5 points)

The current density ; of superconducting electrons is related by
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to the vector potential A (7). Here, ng is the particle density of the superconducting electrons.

a) Use the Maxwell equations for the static case to show that the magnetic field in a superconductor
is described by the Helmholtz equation
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b) Solve the Helmholtz equation for a superconducting bar (with the width 2a) which is in a
magnetic field. Assume that a homogeneous magnetic field EO = (0, 0, By) in z direction exists
outside of the bar. Neglect the y and z dependence of the field inside the bar and consider the

case B = B (z) with B (—@) = By = B (a). Plot the resulting magnetic field B ().

c¢) Calculate the y component of the current density and plot your result.
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Problem 19: BCS ground state (5 additional points)

The BCS ground state has the form
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and AE = 0 else.

a) Calculate the expectation values <nET> and (n_p l> of the occupation number operators

ot e andh . = e - - )
F1= GGy and n_g, ¢ p SRy respectively. Plot your result as a function of ¢ for

n
i) A = 0 andii) A # 0.

b) In this part, the action of creation and annihilation operators leZ’ Blz, ag, By resulting from the
Bogoliubov transformation should be investigated.

i) Calculate & |¥pcs) and discuss your result.
ii) Proof that al., |Wpcs) = éTE,T [U0) with [T,) = ;;Eg (up + v éTETéT_El) 10).

iii) Calculate ﬁg, @L |¥pcs). Express your result in terms of |\if E’>'

¢) Show that the particle number operator N, = ﬁET + ﬁ—El can be written as
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and (A Np)? = <N§> - <NE>2 Express your result in terms of €;; and Aj. Discuss your result.
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