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Problem 8: Limit ¢ — 0 of the dielectric function (4 points)

The dielectric function € (¢, w) contains matrix elements of the form
>\ * >\ g (7 3
HD) = [ 65, 06T 0, () r

They describe transitions between the bands n and n/. Consider the case of small wave vectors ¢.

The Bloch functions have the form
U () = 6w (7)) and g () = D (7).

a) Use the lattice periodic functions u,  and u_, » . ¢ to represent [ (q).

b) The lattice periodic functions fulfill the following Schrodinger equations

~ ~

Hk)u, ;(F) = E pu, (7)), HE+ Quekrg(r) = By pyot 5y, (7) -
Determine H (k) and H (k + 7).

¢) U := H(k + ¢) — H(k) is a small perturbation for small wave vectors ¢. Use first order

perturbation theory to represent u,, i, (7 ) by u,, (7). Employ this result to calculate I ().

(Hint: the functions are orthonormal.) Use the matrix elements of the momentum operator

B (F) = [ty o), 5 ()

to represent your final result.

Problem 9: Sum rule for dielectric function (4 points)

A general property (which is called “sum rule“) of the dielectric function is discussed in this problem.

a) Consider a Hamilton operator H with a complete orthonormal set of eigenfunctions |tho) and an
additional operator A.

i) Calculate the double commutator [[H, A]_, A]_ and show that

<'¢O¢H[I:I7 A]—v A]—WM - Z(Ea + Ey — 2Eﬁ) <wa“’4‘wﬁ> <'¢ﬁ“’4"¢a/> .
B

ii) Use the general result of i) together with A = =4 to calculate

§ = Y (Ba = B9) Wl T
B



b) The imaginary part of a dielectric function is given by

(0(E

nk —

En’E’ —|—hw) _5(EnE_En’E’ —hw)) .

A sum rule for e3 (¢, w) has the form
(e o]
/ wes (¢, w)dw = awﬁ
0

Here, w, ist the plasma frequency. Use the result of a) to prove this sum rule and to calculate c.

¢) The dielectric function in the Drude model has the form

w2

— p 3
wp is the plasma frequency.
Calculate - -

1
1 d b 1 d
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by explicit evaluation of the integrals in the limit v — 0.

Problem 10: Current density operator (2 points)

The current density operator for a system of N particles with charge @ under the influence of a vector

potential A is defined in terms of the momentum and position operators ;3} = - 6,3 and 7%} of the I-th
i

particle as follows

with a paramagnetic

and a diamagnetic part

ii) Determine the Fourier transform of the operator resulting in 1).
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