Solid State Theory Il: Ex 5 (SS 2020) Prof. Rohlfing
Date of issue: 25.06.2020 Date of submission: 09.07.2020 Discussion: 16.07.2020

Problem 13: BCS ground state (5 points)

The BCS ground state has the form

_ ot
[Wpes) = [] (uz + Vg lpr Cg )10
E
with
2 1 ° 2 2
up =5 |1+ ——— uz +v: =1, Ap=A for [ef] < hwro

2 /2 2|’ k k ’
5k+A,;

and AE = 0 else.

a) Calculate the expectation values (ﬁET> and (n_p ¢> of the occupation number operators
C it N o . )
g4 CETCk 1 and n_p L= g R respectively. Plot your result as a function of ¢ for
i) A = 0 and ii) A # 0.

b) In this part, the action of creation and annihilation operators leZ’ Blz, ag, By resulting from the
Bogoliubov transformation should be investigated.

i) Calculate & |Wpcs) and discuss your result.

ii) Proof that &IT;, |Upcs) = éJL,T]\T/E/> with ]\T/E/> = II (ug + w el CT_k;i) |0).
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iii) Calculate Bg, @L |¥pcs). Express your result in terms of ]\T/E/>

¢) Show that the particle number operator Ny = 1 st fl,m can be written as
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Ny =202 + (i} — o) (abag + BLAp) + 2upup (6l Bl + frap) .

Calculate
(Np) = (¥Bes|Ng|PBes) (N,§> = (Upcs| N Ni|¥pcs)
and (A Np)? = <J\7}§> - <Nl§>2 Express your result in terms of ez and Aj. Discuss your result.
Problem 14: Superconducting bar (5 points)
The current density ; of superconducting electrons is related by
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to the vector potential A (7). Here, ng is the particle density of the superconducting electrons.

a) Use the Maxwell equations for the static case to show that the magnetic field in a superconductor
is described by the Helmholtz equation
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b) Solve the Helmholtz equation for a superconducting bar (with the width 2a) which is in a
magnetic field. Assume that a homogeneous magnetic field By = (0, 0, Bp) in z direction exists
outside of the bar. Neglect the y and z dependence of the field inside the bar and consider the
case B = B (z) with B (—a) = By = B (a). Plot the resulting magnetic field B ().

c¢) Calculate the y component of the current density and plot your result.

superconducting bar




