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We propose a novel type of unitary matrix for phase-code multiplexed holographic memories, which could be
quickly generated from geometric sequences. Our analysis shows that the phase-code matrices are unitary
rather than orthogonal. The new matrices have complex elements. The order of unitary matrices can be any
positive integer, so that we can accommodate the available spatial light modulators to obtain the maximum
possible storage capacity. The cross-talk noises in phase-encoded memories with unitary matrices and with
Hadamard matrices are of the same order of magnitude, which are much lower than those in holographic
memories with wavelength multiplexing or angle multiplexing. © 2006 Optical Society of America
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The Bragg selectivity of volume gratings allows mul-
tiple holograms to be recorded inside the same
volume of the recording medium. Holograms can be
superimposed through angle,1 phase-code,2,3

wavelength,4 peristrophic,5 shift,6 and correlation
multiplexing techniques.7 Among them, deterministic
phase-code multiplexing has been widely investi-
gated because of its several advantages.8–15 This
method allows the recording and retrieving of data
pages without introducing moving parts or
frequency-shifting elements into the setup, which re-
sults in a fast access speed.2,8 The cross-talk analyses
have shown that the signal-to-noise ratio (SNR) of
phase-code multiplexing is significantly higher than
those of wavelength multiplexing and angle
multiplexing.11,12 In addition, phase-code multiplex-
ing offers the potential of performing parallel optical
operations of stored images13 and the opportunity of
powerful associative search.14,15

In phase-code multiplexing each reference beam
consists of a set of plane waves, which are modulated
by a phase spatial light modulator (SLM), as shown
in Fig. 1. The addressing mechanism is the orthogo-
nal phase-code set of the reference beam. The com-
monly used phase codes are Walsh–Hadamard codes,
which have only two possible values, 1 and −1, corre-
sponding to phase delays 0 and �, respectively.16 The
lowest order of a Hadamard matrix (H matrix), N
=2, has the form H2= �1,1;1,−1�. The H matrices
whose orders are a power of 2 could be easily gener-
ated from the Kronecker product of H2.8 Yang et
al.17,18 reviewed various methods and described an
algorithm for the construction of H matrices. How-
ever, the orders of H matrices are still restricted to
N=4m (with m a positive integer). Furthermore, the
construction of some special types of H matrix is time
consuming.

In this Letter we propose a novel type of matrix–
unitary matrices (U matrices) for phase-code multi-
plexed holographic memories. The order of U matri-
ces can be any positive integer, and a U matrix of any

order could be quickly constructed from geometric
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sequences. The cross-talk noises in phase-coded
memories with U matrices are of the same order of
magnitude as those with H matrices.

Holograms are superimposed within a holographic
medium; the mth hologram is recorded by interfering
the signal beam Sm with a reference beam Rm. One
set of adjustable phases Pm represents the address of
the mth hologram. For the storage of N holograms, N
phase codes have to be used; i.e., the reference beam
consists of N plane-wave components. The complex
amplitude of the mth reference beam with the lth
component being phase modulated by Pml can be
written as11

Rm = �
l=0

N−1

Pml exp�jkl · r�. �1�

We assume that the resultant change of the permit-
tivity of the storage medium is linearly related to the
intensity in the interference pattern. During readout,
the recorded medium is illuminated by one probe
beam Rn with the phase address Pn. In practice, two

Fig. 1. Recording and readout geometry for phase-code

multiplexing.
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adjacent plane-wave components of the reference
beam are separated by the angle Bragg selectivity, so
that the lth plane-wave component cannot read out
the subholograms recorded by the other plane-wave
components.8 Suppose only one hologram is recorded
inside the medium by reference beam Rm and signal
Sm; the diffracted field can be written as

En � ��
l=0

N−1

PnlPml
* �Sm, �2�

where Pml
* denotes the complex conjugate of Pml.

Therefore, if the phase-code modulations Pn are con-
sistent with Pm, then the original signal beam is re-
constructed intact. On the other hand, Pn can be se-
lected such that �l=0

N−1PnlPml
* =0, then the

reconstructions interfere destructively resulting in
zero intensity. Hence, the phase addresses can be
considered as the row or column vectors of one matrix
fulfilling the unitary condition

PP̃* = NI, �3�

where P̃ denotes the transpose of matrix P and I is
the identity matrix. This relation means that P is a
unitary matrix instead of orthogonal matrix. To the
best of our knowledge, only H matrices are involved
in deterministic phase-encoded holography so far. H
matrices with orders of a power of 2 are symmetrical;
therefore the relation has the simplified form PP*

=NI.16 Furthermore, the elements in H matrices
have only two possible real values, so that they are
both orthogonal and unitary. As a result, the relation
could be written as PP̃=NI.18

In this Letter we present one novel solution to Eq.
(3). The entry of the U matrices can be easily calcu-
lated from geometric sequences

Uml
N = exp�j

2�ml

N � , �4�

which corresponds to the phase delay �ml=2�ml /N of
the lth plane wave of the mth address for storage of
N holograms. By substituting Eq. (4) into Eq. (3), we
can calculate the unitarity of U matrices by means of
the geometric series

�
l=0

n−1

UnlUml
* =

1 − exp�j2��n − m�l�

1 − exp	j
2��n − m�l

N 
 = �N n = m

0 n � m� .

�5�

The order of U matrices can be any positive integer.
For example, the U matrix U2 of order 2 is identical
to the H matrix H2 of order 2, and the U matrix of
order 4 has the form

U4 = 

1 1 1 1

1 j − 1 − j

1 − 1 1 − 1� . �6�
1 − j − 1 j
The signal beam is usually a Fourier transform of
the object instead of a plane wave in a practical
setup, which will cause cross-talk noise between dif-
ferent holograms. Curtis and Psaltis11 deduced the
expression for the noise-to-signal ratio (NSR) in
phase-coded memories with H matrices in 1993.11

Under the same assumptions, the average NSR with
U matrices can be expressed as

NSR =
1

N2 �
m=−q

q � �
k=−q

q

�
l�k,l=−q

q

Un,k+qUm+q,l+q
*

�sinc	k − l +
y�

2Ft
�l2 − k2� +

�3

8t3 �l2 − k2�2
�2

,

�7�

where q= �N−1� /2 and n=0,1, . . . ,N−1. As illus-
trated in Fig. 1, y is the coordinate at the output
plane, F is the focal length of all three lenses L1, L2,
and L3; t is the thickness of the recording medium;
and � is the wavelength of the recording beams. The
angle � between the normal to the reference plane
and the optical axis of the input plane is equal to 90°.

To compare the results from U matrices and H ma-
trices, we adopt the parameters from Ref. 11 with F

Fig. 2. Log(SNR) versus hologram code number.

Fig. 3. Log(SNR) versus hologram code number without
bad codes. U63 without codes 31, 32; U64 without code 32;
H64 without code 1.
=30 cm, t=1 cm, ymax=1.5 cm, and �=500 nm. Figure
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2 shows the worst-case SNR versus phase-code num-
ber n for U63, U64, and H64 by setting y to its maxi-
mum value. The log(SNR) values are on the same
scale; baseline log(SNR) values are about 8.5, with
the worst 5.7. The H matrices of an order of a power
of 2 only have one bad code word 1.11 For U matrices,
the center code words have a high frequency, and
thus a large NSR. U matrices of odd order have two
bad code words, �N−1� /2 and �N+1� /2, while U ma-
trices of even order have one bad code word, N /2. The
SNR can be improved by taking out these bad codes,
as shown in Fig. 3. The SNR from U matrices is of the
same order of magnitude as those from H matrices,
which is much higher than those of wavelength mul-
tiplexing and of angle multiplexing. In addition, the
SNR decreases with increasing N, i.e. with increased
storage capacity. Notice that the SNR is very high,
for it is estimated based only on cross-talk. It might
become lower because of other system imperfections
in practice.

In conclusion, we propose a novel type of unitary
matrix for phase-code multiplexed holographic
memories, which could be simply generated from geo-
metric sequences. The order of unitary matrices can
be any positive integer, which is limited only by the
resolution of the phase spatial light modulator. The
SNRs in phase-coded memories with unitary matri-
ces and with Hadamard matrices are of the same or-
der of magnitude.
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