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Kurzfassung

Die vorliegende Arbeit berichtet iiber Ergebnisse zu experimentellen
Untersuchungen der Magnonenkinetik in Yttrium-Eisen-Granat (YIG) unter
Anregung durch intensives parametrisches Pumpen. Insbesondere werden Magnon-
Magnon Wechselwirkungsprozesse wihrend der Relaxation von Wellenpaketen mit
grof3er Intensitét betrachtet. Als Ergebnis solcher Prozesse ist eine Akkumulation von
einer wesentlichen Anzahl von Nichtgleichgewichts-Magnonen und die Entstehung
von einem thermalisierten  Quasigleichgewichts-Magnonengas mit einem
nichtverschwindenden chemischen Potential moglich. Im Laufe der Studie wurde der
Prozess der Bildung eines solchen thermalisierten Magnon-Gas und seinen
Eigenschaften untersucht. Das ultimative Ziel der Arbeit ist die Beobachtung einer
Quasigleichgewichts-Bose-Einstein-Kondensation von Magnonen.

Die Untersuchungen kinetischer Prozesse in einem parametrisch angeregten
Magnonengas  werden  mittels  orts- und  zeitaufgeloster  Brillouin
Lichtstreuspektroskopie (BLS) durchgefiihrt. Diese Erlaubt die direkte Messung der
spektralen Verteilungsfunktion der Magnonen in einem weiten Frequenzbereich.

In diesen Experimenten wurde YIG als Material gewéhlt, da es sich durch extrem
niedrige magnetische Verluste auszeichnet, was lange Lebenszeiten der
Nichtgleichgewichts-Magnonen (7mp~0.5 ps bei Raumtemperatur) ergibt. Die Proben
waren 5,1 pm dicke YIG Filme, die auf optisch transparenten Gallium-Gadolinium-
Granat Substraten gewachsen sind, und sich deshalb perfekt fiir die BLS Messung
eignen.

Zeitaufgeloste Messungen der Entwicklung der Spektralverteilung eines
angeregten = Magnonengases erlaubte eine detaillierte  Untersuchung der
Umverteilungsprozesse  von  parametrisch  injizierten Magnon {liber das
Magnonenspektrum (Magnon-Magnon Relaxationsprozesse) bevor ihrer thermischen
Dissipation ins Gitter. Die Messungen zeigten dass es eine Mindestpumpleistung gibt,
oberhalb welcher diese Umverteilung in einem kompletten Thermalisierung der
injizierten ~ Magnonen  resultiert, die durch einen thermodynamischen
Quasigleichgewichtszustand mithilfe der Bose-Einstein Statistik beschrieben werden
kann. Die Zeit, die das System braucht, um ins thermische Gleichgewicht zu
gelangen, nahm mit zunehmender Pumpleistung ab und erreichte schnell niedrige

Werte von 50 ns, die viel kiirzer sind als die Magnonen-Lebenszeit.



Da die Anzahl der Magnonen in einem parametrisch angeregten Magnonengas
grofler ist als im thermischen Gleichgewicht, ist die entsprechende Bose-Einstein
Statistik, die den Quasi-Gleichgewichtszustand beschreibt durch ein chemisches
Potential, das nicht gleich Null ist, charakterisiert. Der Wert dieses chemischen
Potentials ist experimentell direkt durch die gemessene Magnonen-Verteilung
bestimmt. Wie zu erwarten war, konnte eine Zunahme des chemisches Potentials des
Magnonengases mit zunechmender Pump-Leistung in den Experimenten beobachtet
werden. Fiir geniigend starke Pump-Leistung erreicht das chemische Potential der
Magnonen seinen maximalen Wert und es findet eine Bose-Einstein-Kondensation
stat. Die Kondensation wurde auch durch die Beobachtung einer Akkumulation eines
beachtlichen Teils der injizierten Magnonen am Minimum des Magnon Spektrums
belegt. Diese Magnonen-Akkumulation zeigt sich auch durch das Erscheinen eines
starken ausgeprdgten Magnonen-Peaks in einem schmalen spektralen Bereich bei der
Minimalfrequenz. Wir haben beobachtet, dass die Breite dieses Peaks nur durch die
Frequenzauflosung unseres Experimentaufbaus bestimmt ist. BLS Messungen mit
hochster Auflosung haben gezeigt, dass die intrinsische Breite dieses Peaks geringer
als 50 MHz ist. Wir mochten besonders betonen, dass im Unterschied zu anderen
Systemen, Bose-Einstein Kondensation von Magnonen bei Raumtemperatur
beobachtet wurde.

Ein weiterer Beweis der BEC liegt in der Abstrahlung von Mikrowellen durch das
Kondensat, die in unseren Experimenten detektiert wurde. Die Existenz solch einer
Strahlung ist ein klarer Beleg fiir die Kohdrenz des Magnonengases. Die Frequenz
und die Linienbreite der Strahlung hingen nicht von der Frequenz und Leistung des
parametrischen Pumpenfeldes ab (solange die Leistung iiber der minimale Wert fiir
die Kondensation liegt). Gleichzeitig ist die Frequenz der Strahlung durch die Starke
des angelegten statischen Magnetfeldes bestimmt.

Im nédchsten Schritt wurden die rdumlichen Eigenschaften und die Dynamik des
Kondensats experimentell untersucht. Im Einklang mit der Tatsache, dass das
Kondensat durch parametrisches Pumpen entsteht, wurde eine direkte Abhéngigkeit
zwischen dem rdumlichen Profil der Kondensatwolke und der Konfiguration des
Pumpenfeldes beobachtet. Insbesondere, konnte durch die besonderen Eigenschaften
dynamischen Pumpfelder, die wir mit einem Pumpresonator erzeugt haben, eine
gleichzeitige Anregung zweier rdumlich getrennter Kondensatwolken realisiert

werden. AuBlerdem konnten wir experimentell zeigen dass sowohl der Abstand der



beiden angeregten Kondensatwolken in diesem Experiment als auch ihre rdumliche

Ausdehnung in kontrollierter Weise verdndert werden konnen.






Abstract

The thesis reports on results of experimental investigations of kinetics of magnons
in yttrium-iron-garnet (YIG) films under excitation by intense parametric pumping. In
particular, processes of magnon-magnon interaction during relaxation of an intense
packet of parametric magnons are considered. As a result of such processes an
accumulation of a substantial number of non-equilibrium magnons and the creation of
a thermalized quasi-equilibrium magnon gas with non-zero chemical potential is
possible. In the course of the investigation a process of formation of such a
thermalized magnon gas and its properties are examined. The ultimate goal of the
work is an observation of quasi-equilibrium Bose-Einstein condensation of magnons.

The studies of kinetic processes in a parametrically excited magnon gas are carried
out by means of space- and time- resolved Brillouin light scattering (BLS) technique,
which allows direct measurements of the magnon spectral distribution function in a
wide frequency range.

The choice of YIG as a material for the current experimental investigations is
caused by the fact that it is characterized by extremely low magnetic losses providing
long lifetimes of non-equilibrium magnons (zmp~0.5 s at room temperature). The
samples were 5.1 pm thick films of YIG grown on optically transparent gallium
gadolinium garnet substrates, being therefore a perfect object for BLS measurements.

Time-resolved measurements of the evolution of the spectral distribution of a
driven magnon gas allowed a detailed investigation of processes of redistribution of
parametrically injected magnons over the magnon spectrum (magnon-magnon
relaxation processes) before their relaxation into the lattice. The measurements
showed the existence of a threshold pumping power, above which this redistribution
results in a total thermalization of injected magnons and a thermodynamically quasi-
equilibrium state described by Bose-Einstein statistics. The time, the system needs to
attain thermalization was found to decrease with the increasing pumping power
rapidly reaching down to 50 ns, which is much shorter than the magnon lifetime.

Since the number of magnons in the parametrically driven magnon gas is larger
than the thermal equilibrium value, the corresponding Bose-Einstein statistic,
describing the settled quasi-equilibrium state, is characterized by a nonzero chemical
potential. Its value was directly determined from the experimentally measured

distributions of magnons. As expected, an increase in the chemical potential of



magnon gas with the pumping power was observed. At high enough pumping power
the chemical potential of the magnon gas reaches its maximum value and Bose-
Einstein condensation occurs. The effect of condensation is also documented by an
observation of accumulation of noticeable part of injected magnons at the bottom of
the magnon spectrum, which reveals itself in an emergence of a strong, spectrally
narrow magnon population peak at the minimal frequency. The observable width of
this peak was found to be determined solely by the frequency resolution of the setup.
BLS measurements with the ultimate resolution have shown that the intrinsic width of
this peak is less than 50 MHz. It is worthy to emphasize that unlike all other systems,
known to undergo BEC transition, observed magnon condensation occurs at room
temperature.

As a further proof of Bose-Einstein condensation a radiation of microwave signal
by the condensate was observed in experiments on microwave detection of magnons.
An existence of such radiation is a clear evidence of the coherent nature of magnon
condensate. The frequency of the radiation, as well as its linewidth, was found not to
depend on the frequency and the power of the parametric pumping (as long as its
value is above the threshold of condensation). At the same time, the frequency of the
radiation can be controlled by the applied static magnetic field.

As a next step in investigation of magnon Bose-Einstein condensation the spatial
properties and the dynamics of the condensate were studied experimentally. In
accordance with the fact that the condensate arises as a result of action of parametric
pumping a direct correspondence between the spatial profile of the condensate cloud
and the configuration of the pumping field was observed. In particular, using a
specific character of dynamic fields produced by a pumping resonator, simultaneous
excitation of two spatially separated condensate clouds was realized. Moreover, it
follows from the measurements that the separation between the condensates excited in

this experiment, as well as their spatial width, can be varied in a controllable way.
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Chapter 1

Introduction

The concept of spin waves was introduced in physic by Bloch [1], who first suggested
dynamic excitations of spin system of magnetic crystal to have a character of
collective precession of individual spins which can be represented as a propagating
wave. Corresponding quasiparticles, which come out as a result of quantization of
spin waves were called magnons. Magnons are very similar to phonons. Like phonons
they are bosons and can be described by Bose-Einstein distribution function; however
a spin of a magnon, as a magnetic quasiparticle, is equal to 1. For temperatures far
below Curie temperature magnetic system of magnetically ordered crystal can be well
represented as a gas of magnons on the top of the ground state. Such representation
has appeared to be successful and allowed to determined thermodynamic
characteristics of ferromagnets such as temperature dependence of the magnetization
and contribution to heat capacity and thermal conductivity.

Discovered later by Griffith effect of ferromagnetic resonance [2] started continuous
experimental study of dynamic properties of magnons in microwave experiments.
Shortly after that a nonlinear behavior in a system of excited spin waves was
experimentally discovered [3, 4] which was then explained by Suhl [5] in terms of
spin-wave parametric excitation. Possibility of parametric excitation of spin waves by
microwave pumping provided powerful method for experimental investigation of
different nonlinear processes [6, 7] and relaxation of magnetic excitations in
magnetically ordered solids [8].

All nonlinear processes as well as the relaxation processes are caused by the non-
ideality of magnon gas, i.e. by the presence of interaction between magnons. There
are different types of such interaction processes (two-, three-, four-magnon interaction
processes, processes involving phonons) and their effectiveness depends on the
frequency and wave vector of the participating magnons. At the same time, most
experiments are devoted to the processes with the participation of magnons directly

excited by pumping (so-called primary magnons), whereas the magnons which



appears as a results of the relaxation of primary magnons are neglected. Such
approach, of course, cannot give total information about the kinetics and
thermodynamics of the magnon system driven by microwaves. Moreover, standard
microwave technique, which is mainly used for pumping experiments, is sensitive
only for magnons with small values of wave vector, which also limits range of
magnons that could be investigated.

In the last few decades Brillouin light scattering technique [9, 10] has successively
became a leading technique for experimental investigation of linear and nonlinear spin
waves. First of all, this technique is very sensitive allowing for detection of thermal
magnons [9]. Second, it provides possibility of direct measurements of frequency and
wave vector of magnons, being therefore very informative (it was successfully used
for determination of wave vectors of parametrically excited magnons in [11]).
Developed in [10] time and space resolved BLS technique allows to go further and to
investigate non-stationary processes of magnon interaction. The current work
represents the results of such experimental investigation of kinetic processes in
magnon system, strongly excited by parametric pumping.

The interest to the investigation of kinetics of magnon gas is mainly connected with
the rapidly rising interest of scientists to the quantum effect of Bose-Einstein
condensation. This field has been explosively growing since the first experimental
observation of the effect in a vapor of sodium atoms in 1995 [12-14]. To date BEC
has been observed for gases of 9 different elements [12-21] and such quasiparticles as
excitons [22, 23] and polaritons [24], representing systems with both repulsive and
attractive interaction, long-range anisotropic interaction and gases of metastable
atoms. Recently observed BEC of magnons in YIG [25], which is the scientific basis
for this thesis, has enriched this list, proving a universal nature of this effect.
Moreover, magnon BEC has shown the possibility of room temperature condensation,
which distinguish it from other systems.

Besides results on kinetics of magnon gas leading to the quasi-equilibrium
condensation, which are important for understanding of the nature of this effect, the
properties of the condensate are studied as well in this work. In particular
spatiotemporal dynamics of the condensate for different spatial configurations of
pumping and a radiation of microwaves by the condensate are investigated.

The structure of the thesis is following:
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In Chapter 2 general concepts of magnetic ordering, magnons in ferromagnets, their
properties and interaction with each other and with phonons as long as brief
introduction into general properties of bosons and effect of Bose-Einstein
condensation, necessary for understanding of the described experiments are given.
Chapter 3 contains information about experimental techniques used for current
investigation along with the description of experimental setup.

Finally, experimental results on thermalization and condensation of magnon gas and
investigation of properties of magnon Bose-Einstein condensate are represented in

Chapter 4. Chapter 5 concludes this thesis



Chapter 2

Fundamental Concepts

2.1 Magnetic ordering

Depending on their reaction on applied magnetic field at high temperatures all
materials are divided into diamagnetic and paramagnetic. Elementary magnetic
moments of atoms of paramagnets are nonzero even without applied magnetic field.
Being subjected into the external magnetic field these moments are oriented by it, and,
as a consequence, magnetic ordering arises. However, if one decreases the
temperature of a paramagnet below a critical value, it becomes magnetically ordered:
a spontaneous magnetization due to interaction between the atoms is built even in the
absence of the applied magnetic field. Depending on the character of this interaction
one arrives at ordered states with different arrangement of magnetic moments of
individual atoms. Main types of the magnetically ordered materials are:

1. Ferromagnets.

Elementary magnetic moments of atoms in ferromagnets are oriented parallel to each
other in one direction forming a lattice of magnetic moments. As a result a large
macroscopic magnetization arises. Metals like Fe, Ni, Co, Dy and insulators like EuO
and EusS are classical examples of ferromagnets.

2. Antiferromagnets.

Elementary moments in antiferromagnets are ordered in such a way, that a resultant

magnetization of the unit cell is equal to zero. In the simplest case antiferromagnet

vivly

Simple Simpie Ferrimagnet

ferromagnet antiferromagnet

Figure 1. Arrangement of electron spins in magnetically ordered crystals
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consists of two equivalent sublattices with oppositely directed magnetizations which
compensate each other. However, materials with more than two magnetic sublattices
also exist. Antiferromagnetic ordering is typical for oxides MnO, Feo, CoO and
fluorides MnF,, CoF,, FeF,.

3. Ferrimagnets.

Similarly to antiferromagnets ferrimagnets also have several magnetic sublattices,
which however do not compensate each other completely. Thus, ferrimagnets,
similarly to ferromagnets, have nonzero spontaneous macroscopic magnetization.
Classical example of ferrimagnets is Yttrium Iron Garnet (YIG) YsFesO;, which has
20 magnetic sublattices.

Beside these three types of magnetically ordered materials such groups as
helicomagnets, canted antiferromagnets and magnetic glasses also exist. Despite of
such variety of the materials, the nature of the magnetic ordering and the most of
dynamic effects can be understood on the example of ferromagnets. For instance, in
YIG at reasonable low frequencies (<100 GHz) and temperatures far below the
critical temperature all sublattices are oscillating in-phase due to the strong interaction
between them. Therefore, the material can be described by one vector of the total
magnetization, similar to ferromagnets. Below in this work we will mainly address
ferromagnets.

It is worth noting that the fully ordered ground state exists only at the zero
temperature. From the thermodynamical point of view state with all magnetic
moments aligned has minimal entropy therefore the thermal motion attempt to destroy
it. Due to thermal excitation the order parameter (the magnetization for ferromagnets)
decreases with increasing temperature. At the critical temperature (Curie temperature
Tc for ferromagnets, Néel temperature 7y for antiferromagnets) when the thermal
energy is high enough the correlation between directions of single moments vanishes

and the order parameter becomes equal to zero.

2.2 Elementary magnetic moments; Magnetic interaction

The elementary moments, mentioned above are in most cases intrinsic (spin)

moments of electrons of outer unfilled shells of the atoms. In insulators, which are
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often used in experiments, these electrons are localized on crystal lattice sites. This
fact allows one to consider a ferromagnetic media as a lattice of localized magnetic
moments. The alignment of the elementary magnetic moments is caused by the
interaction between them. Consider now two magnetic dipoles fi; and fi, from
classical point of view. Each of them is found in magnetic field created by other. The

energy of such dipole-dipole interaction is [26]

3 e - = —_ —
£, = (47, )5(/12’3,2) N (ﬂlguz) )

h» ho2

This interaction possibly could cause an alignment of magnetic moments. However,
as measurements of the Curie temperature T¢ for different ferromagnets have shown,
this energy is far too small to provide magnetic ordering in observable temperature
range. As mentioned above, at Curie point magnetic ordering is destroyed by the
thermal motion, which means that at this temperature thermal energy €7~ kT¢ (k is
the Boltzmann constant) must be equal to the energy of dipole-dipole interaction
referred to one atom £;44~u3/a® (from (1)), where up - intrinsic magnetic moment of
the electron (Bohr magneton) and a — is the mean distance between magnetic
moments. For typical values of @ ~ 3:10™® cm one obtains £4q ~ 3-10™® erg, whereas for
the most ferromagnets &7 ~k(10-1000 K)~(10"°-10" erg). This shows that the origin
of ferromagnetism cannot be explained by classical physics. The nature of magnetic
ordering was explained by Heisenberg in terms of quantum mechanics. Considering
as previously two atoms at neighboring crystal lattice sites one should also take into
account electrostatic interaction between them. The energy of this interaction
g,~e2/a~10"" erg is high enough to provide the alignment of the spins. It turns out,
that this energy ¢, depends on the mutual direction of spins of electrons of both atoms.
According to the Pauli exclusion principle total wave-function of two electrons
W(r1,81,r2,52)=(71, r2)o(s1, s2) should be antisymmetric under their exchange (here r;,
s; — position and spin of the i-th electron, ¢ and ¢ — coordinate and spin parts of total
wave-function). Thus, when spins of the electrons are parallel (s; = s2) spin part of the
wave-function ¢ is symmetric and ¢ — antisymmetric. Correspondingly, in antiparallel

spin configuration (s;=-s3) ¢ is symmetric. Thus, the energy of Coulomb
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interaction, which depends on the spatial configuration of wave-function, will be
different in these two cases. This difference is called exchange energy. According to
Dirac [27], the Hamiltonian of the exchange energy can be written in the following

form:

A

H, = _2J(7’i,2)§1§2 > (2)

where J is the exchange integral. When positive it favors spins to be parallel causing
ferromagnetic ordering. Effective interaction, reflecting a tendency of magnetic
moments to be in a state with minimal exchange energy, is called exchange
interaction. Exchange integral J decreases quickly with increasing distance between
the particles, so the exchange interaction is a short-range interaction.

Described here model of a ferromagnet as a system of localized spin magnetic
moments coupled through the exchange interaction defined by Hamiltonian (2) is
called Heisenbeg-Dirac-Van Vleck model (briefly - Heisenberg model). For correct
description of processes in real substances one should generalize this model by taking
into account other magnetic interactions, present in the system. These are: dipole-
dipole interaction of the moments between each other (1); their interaction with

external magnetic field, the so-called Zeeman interaction (energy of a moment /i in a

magnetic field H &y = —[117 ) and the energy of magnetic anisotropy (dependence of
the energy of a ferromagnet on the direction of elementary moments with respect to
the crystal lattice axes). The latter, however, is often very small and should be taken
into account only in specific cases.

It is worth noting that although the dipole-dipole interaction is much weaker then
the exchange one it also decreases weaker with distance i.e. it is a long-range
interaction. Therefore it plays important role in processes with characteristic scales

much larger than interatomic distance a, when exchange is already weak.

2.3 Macroscopic theory of spin waves; Landau-Lifshitz equation

As discussed above, all magnetic moments in ferromagnets are coupled to each

other through the exchange interaction. This strong correlation between moment’s
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directions leads to the existence of specific excitations in these materials. If, for some
reason, the direction of one moment is changed, the neighboring moments will
immediately be affected due to the exchange interaction. Thus, any small deviation
will not stay localized but will propagate in a wave-form over the whole sample.
Since the moments involved are spins, these propagating wave-like excitations were
called spin waves. Although the exchange interaction, which is determinant, has
quantum nature, a classical approach can be used to describe spin waves. Historically
classical approach was developed after the quantum theory, but for some applications
(for instance for consideration of long wavelength excitations of samples of different
geometries) it appears more convenient to use the classical theory. In this approach
the continuum model of ferromagnet is used. Instead of system of localized moments

it is characterized by the magnetization vector M (density of the magnetic moment)

s ®

where AV is small, but macroscopic volume. At that, the deviation of spins mentioned

above, are now represented as an oscillations of magnetization M. 1t is obvious, that
this approach is valid, when the characteristic scale of the processes [ >> a (a —
distance between neighboring spins).

From classical physics it is known, that motion of the single moment i in

magnetic field Mis described by
CU—y “

Here y is the so-called gyromagnetic ratio. For electron spin y = 2ug/h with % being
the Plank constant. The main assumption of the classical theory is that because of the

strong exchange interaction, which tries to align all spins, the sample could be treated
as the set of small macroscopic volumes AV with “rigid” magnetic momentm = MAv.

In other words, the dynamic of the magnetization M is also described by (4). M in this
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case is considered to be an effective field representing all interactions in the system.

Thus, the equation of motion of the magnetization Mofa ferromagnetic sample is

This equation was first written by Landau and Lifshitz in 1935 [28]. The effective

field H o contains in general case following terms:

- external magnetic field I:Ieo (corresponds to the Zeeman energy);
- effective field of the exchange interaction H ol

- effective field of dipole-dipole interaction H s

- effective field of magnetic anisotropy (will be omitted in this

consideration).

Effective field of exchange interaction takes into account an increase of the exchange
energy when the neighboring magnetic moments are not exactly parallel, i.e. when M

depends on spatial coordinates. It can be written as [29]

H_=qV’M, (6)

ex

where ¢ is the exchange constant, which is proportional to the exchange integral J (see

Section 2.6).
The dipole-dipole field H « accounts for the fact that the magnetic moment of a

given small volume of the sample is found in the magnetic field created by the
magnetization of the rest of the sample. In other words, it depends on M . For the case
of homogeneous magnetization it is simply found from the equations of

magnetostatics V- (H u +47zM)=0, VxH .« = 0along with the boundary conditions.

In the theory of magnetostatics this field is called demagnetizing field and it can be

written in the form [29]
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H dd — —-NM (7

where N is a tensor of the demagnetization factors, which components are determined

by the shape of the sample. When the sample is an ellipsoid (sphere, disc/slab, rod —
limiting cases of the ellipsoid) and its axes coincide with the coordinate axes N
becomes diagonal, i.e. N; ; = §; jN; (here J;;- Kronecker’s delta and i, j = x, y, z). If

the external magnetic ﬁeldlj[eo is also parallel to one of the axes, both the

demagnetizing field H . and the magnetization vector M , are parallel to H c0°
An important feature of the equation of motion (5) is that it ensures the
conservation of the length of the magnetization vector M. Multiplying (5) scalarly
with M one gets
- oM 1
10

= M?=—yM(MxH _)=0=
ot 20t rM( o)

(8)

= M? = const

For consideration of non-uniform wave excitation one needs to extend the above
approach and to take into account spatio-temporal variations of the magnetization. A
spectrum of the spin waves in macroscopic approximation was first obtained by

Herring and Kittel [30]. In this approach the magnetization of the sample is

considered as a sum of a large static M , and a small dynamic 7. components

—

M =M, +n. 9)

It is assumed, that the dynamic component m_ < M, and can be presented as a set of

plane waves m_(r,t) = Zﬁik =Z my, €™ In this case the exchange field becomes
k k
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H, =qViin_=—q> k’m, (10)
k

For the unbounded sample the static component of the dipole-dipole field I:Idd
(demagnetizing field) is parallel to the magnetization just because of the symmetry
reasons. Therefore, its contribution to the torque (5) M x ﬁdd equals to zero and ﬁdd
can be neglected in this analysis. For determination of the dynamic component ﬁdd,

strictly speaking, the Maxwell’s equations should be used (in the case of magnetic

insulator we can set j = 0)

V-(h, +4min_)=0

- coe (11)
V¥ = o

However, as soon as the wavelength of a spin wave is much smaller than that of the
electromagnetic wave of the same frequency the right hand part of the second

equation accounting for the retardation effects can be omitted. This approximation is

called magnetostatic, since the obtained equations for Edd and m_ resembles
equations for static magnetic field. In the framework of this approximation for the

plain waves 7, one obtains
h,, =4k (in &)/ k* (12)

Thus, the effective field ﬁe 77 Which enters the equation (5) is

Hy =Hy+vhy =H,~q> ki, —4zy k(i k) K (13)
k k

In similar way as for the magnetization, one gets Heff < ﬁeffo’ which allows

one to use the method of successive approximations. In zero approximation one

obtains
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H, <M, =0, (14)

which means, that for an isotropic ferromagnet the direction of the static

magnetization coincides with the direction of the external magnetic field. It is

— —

convenient to direct z axis along this direction i.e. H,, =z H,, M, =Zz,M,. Then, in

the first approximation on m_ one gets for each individual wave ..

qo k> . .  w, . -~ .
Ar Zox’”()k_k_jg(n%kk)kxzo:o, (15)

LMy + Oy X Zy —

where @)y =yH,o, 0, =4myM, .

Projecting (15) onto the coordinate axes one directly obtains 7, =0, and a system of

equations for other two components. Equating the determinant of the obtained system

to zero, one gets a dispersion relation for spin waves
@, =(w, +ygM Y@, +ygMj’ +w, sin’ 6,), (16)

kK +k?

where sin” 8, =%, i.e. 8, is the angel between £ and the z-axis.

A typical spectrum of spin waves in a ferromagnet is shown in Fig.2. As seen
from (16) the spectrum of the spin waves has several peculiarities. First of all, it has a
gap. The minimal frequency of the spin waves @, =27 1, o =VH ,is determined by
the external magnetic field. The contribution of dipole-dipole interaction (term
C%Sinzgk) leads to the anisotropy of the dispersion relation, i.e. the frequency of a

spin wave depends on the direction of its wave vector. At a given |I_c)| minimal

frequency corresponds to the waves propagating along the direction of the static

magnetization (9k = 0) and maximum — to those, perpendicular to M 0o (0, = % ). In

the long wavelength limit (k > 0): o, =0,,0,, =0, =27f =\ 0,(0, +o,,)
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Figure 2. Spectrum of spin waves in an unbounded ferromagnet with 4zM=1750 G

and g=3x10"? cm® (YIG at room temperature) for Hy=1 kOe.

(see Fig. 2). If the external magnetic field F,is changed, the whole spectrum slides
along the frequency axis. Higher frequencies correspond to higher field values.

As expected, short-range exchange interaction does not play significant role at
small k-values (when the wave length A =27/k is much larger than the interatomic

distance a) but its contribution quickly increases with increasing wave vector ~k?. At

;/c]]\/lok2 >> )y, @), the dispersion of spin waves has simple quadratic form

@, ~ygMk’ (17)

Finally, using equation (15) one can derive for the ratio of the magnetization

components

1

-2 _E
mo@z_i(1+ ®,, sin” 6, j (18)

My @, +yqM K
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From (18) follows, that spin waves have right-hand circularly polarization. This
polarization is, for a general orientation of the wave vector, elliptical, but it

approaches to the circular one with increasing k. The oscillations are exactly circular
fork || Z,. Thus, if one goes back to the representation of the ferromagnet as a set of

the magnetic moments, a spin wave can be imagined as a precession of the individual

moments with the phase of the precession changing along & direction (see Fig. 3)

For the excitation of certain spin wave lﬁcone, obviously, needs to apply dynamic

field }_ik with the corresponding frequency and wave vector (@), k ). Then, in equation

15) one obtains additional term 22 h , which describes the excitation of the
4T k

corresponding spin wave.

The most simple, from the point of view of experimental realization, is the
excitation of uniform mode (k=0). The first investigations of the dynamical
properties of the ferromagnets, subjected both to the static and dynamic microwave
magnetic fields, were carried out by Griffiths [2]. The effect of the resonant excitation

of the uniform oscillations in ferromagnetic sample by dynamic microwave field of

certain frequency @ =a@,_, (H)is called ferromagnetic resonance [31].

In the case of unbounded ferromagnet, the frequency of the uniform mode @), (at

k — 0) is not determined, since spectra corresponding to different  do not approach
to the same limit ask — 0. However, in real samples this problem is removed by

taking into account of the boundary conditions which are crucial for the uniform
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Figure 3. Schematic illustration of (a) the uniform mode and spin waves propagating

along the direction of the static magnetic field (b) and perpendicularly to it (c).
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mode. For the case of an ellipsoidal sample in the magnetostatic approximation using
(7) one gets for the uniform mode H "= ~NM =—-NM 0= Nﬁio . Substituting this into

(15) and equating k =0 one obtains for the frequency of the uniform mode

_ N —-N
e ) CRa=) B

Equation (19) was obtained by Kittel [31]. From the classical point of view

uniform mode is a precession of the total magnetic moment of the sample =MV
with the right-hand polarization and the frequency given by (19).

It is worth noting, that the Landau-Lifshitz equation (5) does not describe damping
of the spin waves, which is always present in real systems. One approach to take the
relaxation into account is to introduce phenomenologically an additional dissipative

term R into the right hand part of the equation (5). The term proposed by Landau and
Lifshitz [28] can be written as follows: R = —% M x (M x H) with a - damping
parameter having the dimensions of frequency. Sometimes another dissipative terms
in form proposed by Gilbert [32] or Bloch and Bloembergen [33] are used. The real
processes of dissipation in ferromagnets are numerous and complicated, therefore, the
choice of the dissipative term depend on the particular experimental situation.
However for the most relevant cases relaxation parameter of the spin waves 7, is
small compared to their frequency 7,/ @, <<l which allow for accounting of the
damping at the very end of the consideration by simple substitution of the frequency
of the certain spin wave @, —>@, +17], . For the calculation of 7], detailed theory of the
processes responsible for the relaxation should be used. Along with the relaxation
frequency 7], the life time of the spin wave7, =1/ (277k), which characterize the

damping of the energy of the spin wave, is often used.

2.4 Spin waves in ferromagnetic films

In real experiments on spin waves samples of finite size are always used.

Therefore, the size and the shape of the sample mainly determine the long-range
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dipole-dipole interaction, leading to the substantial modification of the spin wave
spectrum atk <2z //, where [ is the characteristic dimension of the sample.
Mathematically this is represented by the fact that the magnetostatic equations for the
dipole-dipole field should be provided with the boundary conditions on the samples
surfaces (which results in static and dynamic demagnetizing fields).

One of the most frequently used sample geometry is that of films (slabs). In
addition, film geometry, as geometry with a confinement in one direction, is the
simplest one for the consideration of the effects in bounded ferromagnets. Since these
effects are caused by dipole-dipole interaction and affect only long wavelength
excitation, first theoretical studies of the problem of the spin waves in ferromagnetic
films did not take into account the exchange interaction [34-37]. The first work in this
direction was made by Damon and Eschbach [34], who considered a ferromagnetic
slab, magnetized in its plane. They showed that the normal modes for this geometry

are waves propagating in the plane of the slab, but standing in the direction along its

normal. The wave vector of these modes can be presented ask’ :1q|2 +(k!)*, where
the continuously changing in-plane component kH describes the propagation of the

spin wave mode, whereas the quantized k| characterize the mode pattern across the

thickness. The value of the latter differs for two neighboring modes for

T

Ak, =k k! = = with d being the thickness of the slab. Furthermore, beside these

modes (which can be imagined as a superposition of two plain waves) a new, surface,
mode, propagating along one of the interfaces, arises in the spectrum, which does not

have analogue in the spectrum of spin waves of unbounded sample. This mode has
imaginary transverse wave vector k . =1q, so the distribution of the dynamic

magnetization of this wave over the slabs thickness is hyperbolic. It exists only at

Dy

0= A(IEH,A?[O) >0 = tanl( } [37]. Fig. 4 shows typical dispersion of the volume

a)M
modes of the slab propagating along the magnetization direction (lgH I M, o» 0=0) and of

the surface mode with & L M 0 (0=90°), along with the distribution of dynamic

magnetization 71 over the slabs thickness.
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Since Damon and Eshbach used the magnetostatic approximation for the
derivation of /1, they called the modes, obtained in such a way, magnetostatic waves.

The Damon-Eshbach theory is only applicable for small values of &, when

exchange interaction still can be neglected. However, for thin films the separation

between neighboring modes in k-space Ak, = % can be already high enough to require

accounting of the exchange interaction. The theory of spin waves in ferromagnetic
films including both dipole-dipole and exchange interaction was developed in [38-40].

Introduction of exchange requires additional boundary conditions for the dynamic

—

magnetization 72, accounting for the fact that the precession of the surface spins can

differ from that in the bulk [41-43]. In general case, introduction of the exchange
complicates the problem noticeable, but for some applications approximate expression
can be useful. From [39] in diagonal approximation for “unpinned” surface spins
(surface spins are considered not to differ from bulk) the approximate dispersion

relation in explicit form can be obtained

—_—

BN

0
volume modes

v A
—=k

Frequency, GHz

L H0®
6 5 4 3 3 4 5 &
10° 100 10" 10 o 10 100 10" 10 surface mode

Wavevector, cm”’
Figure 4. Spectrum of the spin waves in 5 um thick in-plane magnetized YIG film
at Hy=1 kOe (solid lines) along with the spectrum of the bulk ferromagnet (dotted
lines) (a); (b) — schematics of the profiles of the volume and surface magnetostatic

modes.
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agf =(w, + ;/qMOk2 +a,(1-P)) @, + qu0k2 +a, P sin’ 6,) (20)

i 2 Y F
p__f i .
"k (k2+/<2j J2(1+3,,)
I n I n On
P 21—(—1)" exp(—kd)
’ kd

nrw
k2=k”2+l<f,lfn=7
where kH is in-plane wave vector, n denotes the number of the mode and

0, = Z(l;H,MO). In diagonal approximation used in (20) it is assumed that the normal

modes are either uniform across the thickness of the film (#=0) or harmonic (n#0),

therefore this equation badly describes the dispersion of the surface mode (with

hyperbolic dependence of 772 over the thickness), i.e. (20) should be carefully applied
at large ek. However, for thin films the distribution of the magnetization for surface

mode can be considered as uniform in a wide range of wave vector values (kd <<I)

and dispersion relation (20) can be used.

2.5 Parametric excitation of spin waves

The system of the spin waves in a ferromagnet is intrinsically nonlinear. In

particular, the condition of the conservation of total length of the magnetization vector

‘I\;I ‘ = ‘M o+ nﬁN‘ = const results in the dependence of the static magnetization vector

on the dynamic one. Assuming that ]\710 || Z,and 7 lying in the x0y plane one can write

2
My =[M*—n’ ~|m. <<MO‘zM(1—2};\Z2) 1)
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This value of M, should be used in equations for dynamic magnetization 1., which

cause an interaction between different spin waves. The interaction enables an energy
transfer from one spin wave modes to another. In particular, the excitation of non-
uniform spin wave modes (waves withx = 0 ) by the uniform field becomes possible.
It was found [5, 44] that this excitation has a character of parametric resonance —
applied dynamic field (which is in this case called pumping) changes alternatively one
of the parameters of the media (local magnetic field or magnetization) and when the
amplitude of this changes exceeds a threshold value, an effective growth (instability)
of certain modes starts and almost entire pumped energy is transferred into them.
From the theory of oscillation and waves [45] it is known that for the effective energy
transfer in the parametric process the following condition between the frequency and

the wave vector of the pumping and those of the pumped modes should hold:

@
; (22)

where n=1, 2, 3... is the order of the parametric process. These conditions ensure the
stable phase difference between the pumping and the pumped modes in time and
space correspondingly. The most effective and commonly observed is the process of
the 1% order.

In the theory of parametric instability of spin waves two types of parametric
processes depending on the orientation of the microwave pumping field /;N are
distinguished.

Instability of the first type arises when the pumping field lz =h Leiwpt is
perpendicular to the direction of the static magnetic field and static magnetization, i.e.
H,||M,| Z,h LZ,. In the linear case (introducing h_ into the effective field (13))

one can see, that this uniform magnetic field would excite only the uniform precession

at the frequency @, (the closer this frequency to the ferromagnetic resonance

frequency @) the more effective is the excitation). However, due to the nonlinearity of

the spin system excited uniform mode is coupled to the other (non-uniform) modes
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and can pass energy into them. Generally speaking, these could be any two spin

waves, which fulfill (22). However, in almost all cases spin waves with
or0,~0,/2, lgl = —122 are excited. The instability of spin waves under the action of

transverse pumping is also called subsidiary absorption or Suhl’s first order
instability.

In the second case dynamic instability is caused by the magnetic field

h = th‘eiw”t, which is parallel to the static one. In the linear approximation on small

values h,m_<<H,, Mof equation (5) magnetic field /1. || Z, cannot excite any

separate spin wave. However, in the second approximation, when the coupling
between different modes is taken into account, the simultaneous transfer of the energy
from the field to two spin waves becomes possible. In the same way as for the

subsidiary absorption the most effective is the excitation of spin waves with

o~,~0,/2, k=-k,.

It can be shown (see e.g. [29, 46, 47]) that the account of the dynamic field il; in

the equation of motion (5) leads to the following equations for the amplitudes of the

spin waves:

dc . .
d_tk =id.c, +p, (kb ),

e : (23)
C_ P *
dtk =—ioc_ +p(k,h)c,

idt

m, -
where ¢, = C,? ()e —~ _ reduced amplitude of the spin wave with wave vector & ,

0
@ :Cb,k =@, +in, (1, << @, accounts for the dissipation) and pLH(k’ h.)- coupling

coefficient between spin waves ¢ and cx, which depends on the magnetic parameters
of the media. For the case of transverse parametric pumping this parameter is the

magnetization M , which precesses due to the excitation of uniform mode ¢y by the

transverse field /1_:
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p.(k, h) = —ic, :)—M(a)k + @, +ygM k*)sin 20,6 =
w
A o . (24)
=i TME O (gt @, +yqM K)sin 20, =iV, h ™"
@, — o, +in, 40,

where it is assumed that dynamic field h_has right-hand circular polarization.
For the parallel pumping, coupling coefficient depends on the value of the

magnetic field inside the sample, which is modulated by fz :

. iowt QO . i . iw,t
P (k,h.)= 17%3 4 ﬁsﬂlz 0ke2 f= lV,l%é ? (25)

k

In (24), (25) 6k and ¢, are azimuth and polar angles of wave vector & (Hk =0

corresponds to the direction of the static magnetization).  Since

iyt —iwyt

c, ~e ,cfk ~e Lo~ ¢”", it is obvious from (23) that the most efficient energy
transfer from the pumping field into the spin waves is realized when @, = @, /2.

When this energy transfer becomes enough to overcome the relaxation of the spin

waves, an exponential grows of the amplitudes of the latter starts. From (23) it can be
shown, that the threshold value of the dynamic field / 1, » above which the instability

occurs is

\/n,f +(w,/2-aw,)’
hthr = ‘Vlf’”‘

(26)

Since the spectrum of spin waves is degenerated (see for example Fig. 3), i.e., for

a certain value of frequency @) there are many possible values of wave vector k , to

find the actual threshold field one needs to minimize (26) over the all existing spin

waves with @) =@, /2. When assumed that 7], does not depend on # the minimal

threshold corresponds to the waves with maximum coupling coefficient V;j’”. For the
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Frequency, GHz

10° 10° 0 10° 10°
Wavevector, cm”’

Figure 5. Tllustration of the parametric pumping instability process. Circles and stars
indicate the waves, which first become unstable under the influence of the

perpendicular and parallel pumping respectively.

case of transverse pumping these are waves with 9,( ~45° and for parallel - 9,( =90° .

Corresponding waves are indicated in the Fig. 5 by circles and stars respectively. The

necessary condition for the observation of the parametric instability of the first order
is®, 220, =2aw,.

Parametric instability of spin waves in bounded samples, in particular in thin
films, has its peculiarities if the frequency of the pumped modes COP/ 2 lies in the

dipole part of the spectrum [48-51]. However, the approach for the analysis of the

problem remains the same. Equations (23) are still valid, only the expressions for the

coupling coefficients Vkl’H are modified.

2.6 Microscopic theory of spin waves; Magnons

Macroscopic description of the dynamical properties of a ferromagnetic media by

means of oscillations and waves of the magnetization has advantages in the sense of
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demonstrativeness and use of conventional methods of the wave physics. However,
classical approach remains phenomenological and cannot be rigorous, since the
exchange interaction, which is the prime cause of the ferromagnetism, has quantum
nature. For quantum description the Heisenberg model of a ferromagnet as a system
of localized spins coupled to each other through the exchange interaction is used. For
the first time this approach was used by Bloch [1], who introduced the concept of spin
waves. Later Holstein and Primakoff [52] generalized this model by taking into
account weaker dipole-dipole interaction between spins and their interaction with
external magnetic field (Zeeman interaction). To analyze the excitations, which can
exist in the system, they used the method of second quantization (see e.g. [53, 54]).
This method involves a series of transformations of initial Hamiltonian (written in the

“natural” variables of the system) with the purpose to cast it into the harmonic

oscillator-form A = Z hoclc, + H .. - In this representation C,:r, C, are the operators of
k

creation and annihilation of the quasiparticles corresponding to the elementary

excitations of the system and their product ¢, ¢, =7, is the operator of the number of

these quasiparticles; /1), - their energy. H,, contains terms of third and higher orders
in C,and describes transitions between states with different excitations (represents

energy of interaction of quasiparticles between each other).

The “natural” variables of the Heisenberg ferromagnet are, obviously, the

operators of spin projections at the lattice site i: §lx »* To obtain the initial

microscopic Hamiltonian one should take expressions for the exchange and dipole-
dipole interaction of two magnetic moments (Egs. (2) and (1) respectively) and for the

Zeeman energy of a single moment in a magnetic field and perform a summation over

the all lattice sites (classical dipole moments « should be replaced by 2,UB§ ).

A . 1 AL o -
H:—2ZyBHSi—ZZJ(r[J)s[SJ _Ezz ’l:B [3(77,jsi)(i;,jsj)—ri,zj(sisj)] (27)
i J

i j#i i gz N
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Since the projections of each individual spin satisfy commutation rules

[s7,8/1=IiA, .S], the total number of independent variables in (27) is 2N, where N is

i 1,751
the number of lattice sites in the sample. The approach used in [52] involves three

transformations of initial Hamiltonian (27). In the first one spin operators should be

first replaced by operators & and CAl,-, which satisfy commutation relations for Bose
AoAt AooA At At . .
operators [al. ,a, ]= Al., I’ [al. ,d; ] =0, [a N ] =0. The connection between spin

operators and new ones is:

1
. . 1 .. )
S; :\/2saf(l—2—ai aij , (28)
S

At ~ oA . . At A
where S, =, %iS; are cyclic spin operators. New operators 4, , d;are the operators of

the creation and annihilation of spin deviation at i-th lattice site.

One can expand the operator expressions (28) in Taylor series
o w/—zs(&i -_+J 29)

and similar one for S, . The main assumption of the Holstein-Primakov theory is that

the expansion (29) converges very rapidly and we can restrict ourselves with the first
term only. Substituting now this expansion into (27) one gets for the Hamiltonian of

the ferromagnet

H=W,+H® +HY +HY +... (30)
.oAb oA 72 fr3® fré .
where 7, does not contain @',& and H®,H® ,H" are forms of second, third and

forth order in &;r ,a.. As the initial Hamiltonian (27) describes interaction between
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moments at different lattice sites, quadratic form H® is not diagonal (contain terms

~a’ &_j). A standard method to diagonalize such forms is the Fourier transformation,

which allows one to pass from the operators CAI,» related to a single site i to new

“collective” operators which belong to all sites simultaneously. Thus, the second

transformation is

1 P | P
a; =—= ) expiki)b; 4, =—= ) exp(kr,)b, (31)
N W
Here N is the number of lattice sites in the sample and & is the wave vector of the

R - -\ =
reciprocal lattice & =ﬁ(l€1 +me, +ne3) (€, are vectors defining unit cell of the

YN

2

).

reciprocal lattice and /, m, n = 0, £1,.. &

In new variables b, quadratic term of the Hamiltonian has a form:

i i i, )
k

k

A, =>2sJ( )[1 —~ exp(— ik7 )J+ 2u, H + 471, M sin® 0,
7 (32)
B, = 4mu,M sin’ 8, exp(—i2¢, )

with M = 24, sN - saturation magnetization (magnetic

moment of the unit volume).

Obtained Hamiltonian A ®is much simpler as that in (30), since each term in the

sums contains only the operators corresponding to the same value of |E| However,
for its diagonalization one should apply linear transformation, popularly known as
Bogolubov u-v transformation b, = u,c, + victy,, b = upcy + vic_y .

This will give #® =" ¢,¢/c, with
k
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& =4 -|B. (33)

representing the energy of the excitation. Detailed derivation of (33) can be found in
[8] (Chp3), [29] (Chp5).
Thus, summarizing all above mentioned in terms of second quantization, one

obtains, that the eigen-excitations of a ferromagnet are quasiparticles with energies &,

given by (33). These quasiparticles are called magnons.
From the point of view of the principle of wave-particle duality (e.g., [53]) there

should be straight correspondence between magnons and spin waves. In fact, using
&, =ha, one obtains, that the spectrum of magnons (33) almost coincides with the

dispersion of the spin waves (16). The only difference is in the form of the exchange

termeg, = 22&] (r,)[l —exp(—i/;?l)], which now contains microscopic parameters s
!

and J. Since the exchange integral J(r) decreases quickly with the distance, it is

reasonable for the calculation of &,to take into account only nearest spins. For

instance, in a simple cubic lattice each spin has 6 neighbors at distance a (size of the

unit cell) and

£ = 3 25J ()| - exp(~ik7:) |= 457 (a)(3—cosk,a—cosk,a—cosk.a)  (34)
1

In the long-wave-length limit (ka<<1) (34) reduces toé&,, :4SJ(a)a2k2, which

coincides with the microscopic term if g = M.

yAZR

Thus, for ka<<l the results of the microscopic and the continuum theory
coincide. Detailed microscopic treatment results in the strong dependence of the
energy of magnons on the direction of their wave vector ¥ with respect to the axes of

spin lattice (34) at large values. It is worth noting, whereas in the macroscopic

approach values of wave vector are unlimited, in the microscopic theory they are

defined only in the first Brillouin zone (|k| < ).
a
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2.7 Properties of magnons

As shown in the previous section, magnons are elementary excitations of the spin
system of the ferromagnet. Consequently, any processes of the excitation, damping or
propagation of the magnetization waves in ferromagnetic media can be regarded as a
creation or annihilations of magnons or their flows. The energy and quasimomentum

of a magnon is given by

c=how

ok (35)

All “linear” properties of magnon are defined by the dispersion law ¢(p) orw(k).

For most relevant cases the classical expression for the spectrum can be used. By

analogy with quasiparticles in semiconductor an effective mass mgrr =

aze\ "1 .
h? (d—ki) can be attributed to magnons.

Other important properties of magnons can be obtained directly from the

properties of the Holstein-Primakov transformations. Thus, for example, since the

operators CAZ,- introduced in the first transformation obey commutation relations for

Bose operators, obtained by their means quasiparticles (magnons) are bosons.

Besides, it can be shown (Chapter 4 in [8]) that for low excitation levels (or

temperatures far below 7;) when 7, =C,:Ck <<Nand neglecting the dipole-dipole

interaction it is valid

M, =MV =2p,> n,, (36)
k

where MV = =214,5N'is the total magnetic moment of the sample. From (36) it
follows that every magnon reduces the value of the z projection of the magnetic
moment by quantity 2,113 =70, in other words, each magnon carries the angular

momentum —71, i.e. the spin of the magnon is equal to 1.
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Equating the energy of the certain spin wave in the macroscopic approximation
with 74.& one can find the connection between the numbers of magnons and the

dynamic magnetization amplitudes. For the case of circularly polarized spin waves

(Hk = O) one gets:

2
My

Vo 2Myh’

(37)

where mg, = /mg, +mg, . For waves with arbitrary value of 6, (37) can be used for

estimations.

2.8 Interaction of magnons

Beside the quadratic part #®, which determines the spectrum of magnons, the
total Hamiltonian of the system includes terms of higher orders, which describe an

interaction of magnons with each other [29]:

H® = Z (Vlz,z.ckl ¢ Cr, + H'C')é(kl Thy = k),

ky ks Jhes

I:I(4) = z (7;2,34ck1 G, c,; c/; + H.c.)5(k1 + k2 _k3 _k4) * (38)

ky o ky ks kg

+ > (Waacicenci, + Hoe)sU —k, —k, —k,)

ky ey kg kg

Terms H® and A in the microscopic magnetic Hamiltonian corresponds to the
nonlinear terms of the second and third order in dynamic magnetization 772 in the

classical equation of motion of the magnetization (5), which arise when the condition
of the conservation of the magnetic moment (21) is taken into account. However, the
approach of the second quantization allows for the simple interpretation of these

terms. The first term in H® corresponds, obviously, to the annihilation of the
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magnons €, and G with the simultaneous creation of the magnon C,; , 1.e. describes a

process of a confluence of two magnons into one. Correspondingly, the Hermitian
conjugate term, designated as H.c., depicts a splitting of a magnon into two
quasiparticles. By analogy, Hamiltonian A describes processes of scattering of two
magnons into other two magnons (first sum) and a confluence of three magnons into
one along with the inverse splitting process (second sum). The presence of the o-
function in (38) ensures the momentum (impulse) conservation law to be fulfilled in
these processes.

Generally speaking, the probability of the many particle processes decreases when
the number of interacting particles increases and one might restricts the consideration
of the magnon interaction by A® only. However, it appears that three-magnon
processes are caused solely by the dipole-dipole interaction, the total spin of the
magnetic system is not conserved by this process. The stronger exchange interaction
preserves the total spin of the system and, therefore, can result only in four-magnon
interaction, in which two magnons are annihilated and two are created. Hence, the
efficiency of the four-magnon processes can be comparable with that of the three-
magnon ones and even dominate over them.

Similarly, parametric instability process can be represented as an interaction of
quasiparticles. From this point of view the perpendicular pumping instability is a three
magnon splitting process, in which a magnon of the uniform precession splits into two

magnons with the half frequency. The corresponding Hamiltonian term is

AH® = ZVO’,(;chc,fcfk . In the case of parallel pumping, additional term for Zeeman
k

energy in the dynamic magnetic field of the pumping should be introduced into the

total Hamiltonian /7 , = Z( hze"%’Vk cict +H ,c,), which describes the annihilation of
k

the photon of the electromagnetic pumping with the simultaneous creation of two
magnons.
2.9 Thermodynamics of magnons

The minimum of the magnetic energy of the Heisenberg ferromagnet corresponds

to the ground state with all spins being parallel to each other and aligned along the
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direction of the external magnetic field. However, at any temperature 7 >0 there are
deviations from the ground state due to the thermal fluctuations. From the point of
view of the second quantization method, described above, this deviations can be
represented as a gas of magnons, which are in thermal equilibrium with the other (non
magnetic) systems of the crystal, first of all with the lattice (phonons). They are often
called thermal magnons. The properties of the magnon gas are determined by the
dispersion law of magnons and their statistics and influence the thermodynamic
properties of ferromagnets. In particular, thermal magnons determine the character of

the temperature dependence of magnetization M (T) .

Since magnons are bosons, the average number of magnons in the quantum state k&

in thermal equilibrium at temperature 7 is given by the Bose-Einstein distribution

n, = : , (39)

exp(ng‘T“)—l

where &, is the energy in the k state, given by the dispersion law, « is the Boltzmann
constant and £/ is the chemical potential. If the total number of particles in the system
is not fixed, the chemical potential £ is to be set to zero. This is the case of magnons
at the thermal equilibrium with the lattice since their number can change due to their
interaction with phonons. Hence, for magnons the distribution function with 4 =0
should be used (it is also called Plank’s distribution, since it was first derived by
Plank for other quasiparticles — photons at thermal equilibrium with the black body).

Since every particular magnons carries spin —1 the magnetic moment of the

ferromagnet at a finite temperature 7 can be written as

M)W :M(O)V—yhzk: n, =M(0)V—yh;+k, (40)
; exp(ﬁ) -1
where the first term (M(0)) is the magnetization at 7=0 and the second one represents
the contribution of the thermal magnons (summation is carried out over the all N sites

of the reciprocal lattice). Replacing the sum with the integral over the k-space (

1 14
Z :—jd3k = 5 Jd3k) one gets [47]:
p Ak < 27y -
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h d’k
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which is the well-known T*? law first obtained by Bloch [1].

In a similar manner the contribution of the thermal magnons into the heat capacity

of the ferromagnet can be calculated

aUma a
(6 e =1 =8—T[Zenj =pr" (42)

In temperature range I <7 /T, (Tp — Debye temperature) magnon heat capacity

appears to be higher than that of the phonons and determines the properties of the

ferromagnet.

2.10 Ferromagnetic relaxation processes

For the detailed theoretical investigation of the ferromagnetic relaxation processes
microscopic approach using concept of magnons appears to be very convenient. In
this approach a magnetic excitations of a ferromagnetic insulator (free electrons are
neglected) is represented as a gas of weekly interacting quasiparticles. Beside the
interaction of magnons with each other (described by Hamiltonian terms of order
higher then two), they are also coupled to the lattice, which is often treated as a

phonon bath. In a thermal equilibrium state both, magnon and phonon gases are

-1
described by Bose-Einstein distribution ," = [exp ( & M j - 1] with 44, = {4, =0 and
c xT
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T = Tp. An excitation of a certain spin wave with the wave vector ¥ means that the

. . g1 . 0 .
corresponding occupation number n; exceeds the equilibrium value 72, . Accordingly,

the relaxation reflects the tendency of the system to reduce the occupation number 7y
to the equilibrium level I/l,(: , resulting in transfer of the energy brought into the system

by the excitation of mode & finally to the bath (lattice). For the correct description of
the relaxation all processes which can change the occupation numbers of excited
magnons should be taken into account. Generally, these are divided into two parts:
inherent or magnon-magnon processes and spin-lattice (magnon-phonon) processes.
Magnon-magnon processes describe energy redistribution within the magnetic
system of the crystal. Beside three- and four-magnon scattering processes (which are
described by the magnetic Hamiltonian terms A and H®*) two-magnon process is
also considered in the theory of ferromagnetic relaxation. They stand for the scattering
of magnons on the nonuniformities of the sample, which is accompanied by the

change of a wave vector of magnons. As a result of this process a magnon with a

frequency w; and a wave vector k, is annihilated and another magnon with the

frequency @ =@ and the wave vector k, # k, is created. However, these processes

plays important role only for the relaxation of the long-wavelength excitation with
k=0.

Spin-lattice relaxation describes the energy transfer from the magnetic system into
the lattice through the elementary scattering processes involving both magnons and
phonons. These are the processes of the radiation or absorption of a phonon by
magnon and a confluence of two magnons into a phonon.

Each of the above mentioned scattering process can be characterized by the

magnon life time 7; with respect to this process. At that the total magnon life time 1 is

determined asl/7z = ZI/ 7, . For the calculation of the individual characteristic

lifetimes 7; a technique of transition probabilities is often used. Any scattering process
means annihilation and creation of quasiparticles in certain states, which in the second
quantization representation corresponds to the transition of the system from one

quantum state to another. Treating the interaction of magnons, which cause the
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scattering, as a perturbation of the main quadratic Hamiltonian H® = Zha)kc,jck one
k

can use the quantum mechanics perturbation theory [53] for the calculation of the

probability of the elementary scattering process:
2 2
1m=7ﬂ-<m|Hp|l>‘ o(g -¢,) (43)

Here <m | H p|l> is the matrix element of the Hamiltonian term responsible for the

transition between quantum states / and m with corresponding energies & and &,,.
Performing a summation over all possible scattering processes of a certain type, in

which the number of magnons 7y in the state k¥ can be changed, one obtained total

probability
dn
wy = dtk = L{”k,.}’ (44)

L {n N } is the collision integral, which depends on the occupation numbers 7 of all
quasiparticles (magnons or phonons) involved in the scattering process. For the
equilibrium case, when 7, :ng_ (given by Bose Einstein distribution), L{n,? } 0.
When, however, magnon mode £ is excited”, =n,?+5nk, and in the linear

approximation on 5”k (|5I’lk << 1) collision integral can be represented in the

following form:

dn, d(on,) on,
- = " = L ==
dt  dt ) 7, 43)

where 7, is a life time of magnons & with respect to the processes included in the
collision integral (the so-called r-approximation). The occupation numbers of all other
quasiparticles, involved in these processes are assumed to be equal to its equilibrium

value.
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The relaxation times of magnon-magnon processes is always smaller than of
magnon-phonon ones, since the former is usually determined by the exchange
interaction, whereas the latter is mainly due to the relativistic spin-orbit coupling.
Thus, the relaxation of magnetic excitations occurs in a following way: on the first
stage the excited magnons is redistributed over the magnetic system of the crystal by
means of relatively fast three- and four-magnon scattering on thermal magnons in a
way that a Bose-Einstein distribution is settled. However this distribution appears to
be not equilibrium but quasi-equilibrium, since after this step of the relaxation the
temperature and the chemical potential of the magnon gas, in general case, differs
from that of the phonons. The true equilibrium state is achieved by means of slower

magnon-phonon relaxation, which provides the energy and magnetic moment transfer
from the spin system into the lattice, resulting in 7, = 7;, and U, =H, =0.

A contribution of three- and four-magnon processes to the relaxation of a certain
magnons with wave vector k appears also to be of different magnitude. First of all,
three-magnon processes are caused by the weaker dipole-dipole interaction. Second,

the simultaneous fulfillment of the energy and momentum conservation laws (

—

k ilgl—k2 =0,0,*w -, =0 with + standing for confluence and splitting
correspondingly) is required for the scattering process. The peculiarities of the

magnon spectrum (presence of a gap and quadratic anisotropic dependence on wave

vector) make three-magnon processes to be often forbidden or allowed only in a

—

narrow region of values of wave vectors k,,k;, resulting in small probabilities of this

processes. On the contrary, the conservation laws for the four-magnon processes are
easier to fulfill and they allow for the participation of magnons from different spectral
regions. Therefore, in a wide spectral and temperature range, four-magnon processes

are dominant and determines the relaxation of magnetic excitations.

2.11 Interaction of magnons with light

When passing through a solid, light can interact with it and gain energy from or
pass it to the system. These processes are regarded as inelastic scattering. In a

quantum mechanical treatment inelastic light scattering is a process when the medium
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absorbs a photon and radiates a photon of a different energy, thereby passing into a
new quantum state. As a result, a quasiparticle, which characterizes the energy of the
medium in the second quantization approach, is annihilated or created. For the case of
interaction of the light with the magnetic system this quasiparticles are magnons.
Historically the scattering from high-frequency (>300 GHz) optical phonons is called
Raman scattering, whereas the scattering from low-frequency acoustic phonons and
magnons is called Brillouin scattering.

The energy and the wave vector of the absorbed and the radiated photon are
uniquely connected with those of the magnon by the laws of the energy and

momentum conservation:

+
N 1 m (46)

Indices S and 7 correspond to the scattered and incident photon and m — to the
magnon. The upper sign means that the magnon is annihilated (anti-Stokes frequency
shift) in the scattering process and the lower one corresponds to the creation of the
magnon (Stokes frequency shift). Both processes are further illustrated in Fig. 6.

The microscopic origin of the inelastic light scattering on magnons is the spin-
orbit and exchange interaction. First detailed microscopic description of the above
mechanism was given in [55, 56].

From the classical point of view magnetic system of a magnetically ordered
crystal can affect the light, propagating in it, which is regarded as a magneto-optic

effect (e.g. [57]). It is usually described by the introduction of the additional term
g = Ag,ginto the permittivity tensor & of the crystal. This magnetic contribution to

the total permittivity can be represented as a series in the powers of the magnetization

vector M

Aey =Y fouM, + Zg GupeM M s +.. (47)
r ¥
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photon photon
(kS OJS) (kS mS)
magnon magnon
photon photon
(ko) (k o)

Figure 6. Tllustration of Brillouin scattering process; panels (a), (b) corresponds to
the Stokes ( (ksa C!)S) = (k, —km, o —Cf)m) ) and anti-Stokes

( (kS, C()S) = (k[ +km, @, + C()m) ) frequency shift respectively.

(i,k,I,m = x,z,y ). The tensors f and g are, in general case, complex and represent

magneto-optic effects ( j? describes circular birefringence (Faraday effect) and linear

dichroism, g - linear birefringence and circular dichroism). The presence of a spin

: : o — (kT : :
wave with dynamic magnetization i~ ") results in the modulation of the

permittivity tensor components Aé‘aﬂ. Physically this means the creation of the phase

—

grating, which has spatial period determined by k, and propagates with the phase

velocity of the spin wave (@, / km). The propagating light is then scattered by the

grating and changes its direction (wave vector) due to the Bragg diffraction and the
frequency due to the Doppler effect in accordance with (46).
For the quantitative characterization of the scattering process the differential light

scattering cross section is used. It is the ratio of the intensity of the light, scattered into

an elementary solid angle dQ with the scattered frequency between @ and @, +d@,

per unit time and volume to the intensity density of the incident light [58]

d*h o0 . o
=52 N el ((0,,) 0%,y ) el (48)
dQd @, CH  opap kp—kg 0~
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Here ﬁ],z - refractive index at frequencies @) g respectively, c is the velocity of light
in vacuo and e - components of unit vector of polarization of the incident and
scattered light. 5%[, is dynamic (fluctuating) component of Agaﬁ caused by the
dynamic magnetization of spin waves and <(5gaﬁ)* 5 gw,>kﬁw is Fourier component of

the correlation function of this dynamic component of dielectric permittivity

(05°0) = [[d(t, —1)d* (7 ~F)exp|io(t, —t) - ik (7 ~7) | %

i : (49)
><<[§5(171,t1)] 58(?2,t2)>

where <> denotes statistical averaging. From (47) it follows that
<5g*(771,t1)55(172,t2)>oc<m*(771,t1)m(172,t2)> and, therefore, the problem of the

calculation of the differential scattering cross section is reduced to the calculation of
the correlation functions of the magnetization components. For the scattering on

thermal magnons, one obtains [59]:

2 3~
( d’h J IO | 1, + 180, - 05 - ,)
Stokes

dQdo, 27,
- : (50)
d’h _ Mo, 05, 4,8, o, +o,)
dea)~‘ anti—Stokes 2 7 ) ﬁl ! ' ’ !

where 77,is the thermal magnon population factor, given by Bose-Einstein distribution
and A" are functions accounting for the peculiarities of the magneto-optic effects
containing the coefficients f, apyand & 4.5 of the expansion (47) and depending on the

polarization of the incident and scattered light.
An important feature of the light scattering on magnons is that in most practical
experimental situations the process of scattering is accompanied by the rotation of the

polarization of the scattered light by 90° since the non-diagonal terms of the tensors

£, apyand g,p,s dominate over the diagonal terms.
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—

Finally, it is worth noting, that the momentum conservation law (46) k; =k, £k

m
for the wave vectors of the incident and scattered light is a consequence of the
translational invariance of the scattering media. If the scattering volume has finite
thickness (sample of a slab shape, or a flat surface of the absorptive media resulting in

the finite penetration depth of the light) the conservation condition (46) is fulfilled

only for the in-plane component of the wave vector 1:7” parallel to the surface

kg =k, k .. The value of the wave vector component perpendicular to the surface

- . o .
k appears to be not well defined (the uncertainty Ak, ~—— with being the size of

4

the confinement region). The specifics of the light scattering in ferromagnetic films

have been addressed in [9, 10, 60-63].

2.12 Bose-Einstein condensation

From the quantum statistical point of view all particles are divided into bosons and
fermions. The latter obey the Pauli exclusion principle: only one fermion can be found
in any quantum state. On the contrary, the number of bosons in single quantum state is
unlimited. Moreover, due to the indistinguishability of the elementary particles,
statistical probability of the processes involving boson transition between different
quantum states appear to be proportional to the number of bosons in the final state. In
other words, the more bosons are in the certain quantum state the higher is the
probability for other boson to be scattered into this state, i.e. bosons trend to gather
themselves.

The characteristic properties of bosons and fermions are reflected in their

statistics. For bosons it is the already mentioned Bose-Einstein distribution function

n, = (51

exp(‘gkk ‘T“ )—1




2 Fundamental Concepts 39

Here 7,is an average number of bosons in the state £ with energy &, T is the
temperature, « - Boltzmann constant and £ - chemical potential. For the systems
with fixed number of bosons the chemical potential 4 arises from the additional

condition

an= N = const (52)
k

and, in a certain sense, it is a parameter, which characterizes the number of the
particles in a system. From the thermodynamic point of view, the chemical potential
represents the change of the energy of the system (strictly speaking, one of the
thermodynamical energy potentials, which is minimized in equilibrium state at a

given conditions) when the number of particles is changed.

ou oF oH oG
ON J)s, \ON )., \ON)g, \ON).,

Thus, if the number of bosons is not fixed (which applies to qasiparticles), the
corresponding thermodynamical potential can be minimized by varying N. As a result,

at the true thermodynamic equilibrium the chemical potential ;2 = 0.

From (51) it is obvious, that for bosons £ cannot be larger than the minimum
energy in the system {4 <&, , otherwise one would obtain negative population for the

state with &, < /L.

When considering physically relevant problem of a gas of elementary particles,
the continuous distribution over the energies (spectral distribution) instead of discrete
(51) is often used. For that, the transition to the distribution in k-space is first made:

V &’k

(27 )3 exp(ﬂ) -1
xT

dn, =ndr = , (54)
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where d7 =

( )3 d’k is a number of states in the element of the phase volume d°k .
2

The energy of an elementary particle in general case can be represented as a sum of

the potential and the kinetic energies:

p2 h2k2
8:804‘%:804—% (55)

Since for an isotropic system é&depends only onk = ‘IQ , one can pass to the

distribution over the absolute value of the wave vector in spherical coordinate system

for ¥ (3% - ”kzsinﬁdkded(p=47rk2dk) and further, using (55) to the energy

distribution

_ Vm”? e—g,de
e 243
\/zﬂ'h exp( ,Ll) 1

(56)

Here ONSis the number of particles having energy within the interval e +&+de . The

equation (56) is often written in the formdjvg =D(€)n€d8 , where

D(e) = ij/iw/;g 35

intervalde) and 71,is the Bose-Einstein occupation function (51). The normalization

is the density of the states (number of states within the energy

condition (52) now can be rewritten as

o 32 o d
N:de:Vm i ki

Emin ’ ﬁﬂ.zh}

S =N, T) (57)
i exp(& ”) 1

From (54) it follows that the chemical potential u grows with increasing number of

particles V. At the same time, x cannot be larger than the minimal energy &;, =&,. In
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other words, at a given temperature 7, there is a critical number of particles

(concentration), which can be in the system, given by (54) with {4 =&,

NC(T)= m’? J- JE—§&,de I’}’lK'T J-\/_dx L(mKTT/Zg(Ej (58)
V \/—ﬂ'zleL exp( 0) 1 \/—ﬂ'zle * \/5 27Th2 2

At N> N there is no physically relevant solution ( ££ < &,) of (57) although there are

also no apparent physical restrictions on the existence of a system with N>N.. The

solution of this problem is based on the fact that the normalization condition in
integral form (57) turns out not to represent the original summation over the discrete

states (51) correctly. In fact, the particles, which are in the state with minimal energy

&=¢&,;,, are not taken into account in the integral (57) since the density of the states

D& Zgnin)z()and, hence, the occupation function 7, is multiplied by zero. At the
same time, the number of particles in this lowest state can be arbitrary large at

u — ¢, - Thus, the following picture is actually observed: N particles are

distributed over the states with ¢ > ¢__ according to integral distribution (56) with

u = ¢ and other N, = N—N,_ particles occupy the lowest energy state.

Similar argumentation can be used for the system with the fixed number of
particles N=const but with its temperature being changed. As T is decreased, the
chemical potential £ increases. It approaches its maximum value 4 = ¢ at non-

zero critical temperature 7. Equating (58) with respect to the temperature one gets

2 2/3
T =3. 317’—(%) (59)

mKk

As T is further decreased (I’ <T,) the integral (57) decreases ( j dN_(T)< N ) i.e. the

gmm

states with ¢ > ¢ . are no more able to accommodate all the particles. Only

n
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N(T/T, )% of them occupy these states, whereas the rest N, = N [1—(T /T, )3/2J are

found in the state with the minimal energy.

The effect of accumulation of the macroscopic part of the particles in the lowest
energy state is called Bose-Einstein condensation (BEC). It was theoretically
predicted by Einstein in 1925 [64]. Actually, BEC implies something more than
simple build-up of the population of the lowest state. In fact, according to the

statistical distribution (51), the number of particles in this state is always higher than
in any of the other. But at V>N, or, what is equivalent, 7 <7 the population is so

high, that these particles start to “feel” each other, namely the correlation between the
wave functions of the individual particles arises and they become coherent. The
collective state of the particles described by the single wave functions (Bose-Einstein
condensate) is formed.

For a long time, superfluids and superconductors (see e.g. [65]) were considered
the only physical systems were effect of BEC had been observed. However, due to
large density of the particles in these systems the condensation process is strongly
affected by the interaction of the particles. Recently BEC was experimentally
observed for the dilute gases of various atoms [66] and for different quasiparticles
[22-25, 67-69]. In both cases some specific aspects can be pointed out.

The density of the atomic gases is limited by the condensation in real space (at
small interparticle distances atoms are attracted to each other, they can build a liquid
phase). Therefore, the following scenario of Bose-Einstein transition is realized in the
experiments with atomic gases: the gas with a given number of particles is cooled
until its temperature goes down below the critical value 7, (determined by its
concentration). For the dilute atomic gases characteristic densities achieved in the
experiments are in the range 10'°-10"> cm™, which corresponds to the temperatures
from 100 nK to a few pK. Such temperatures require complicated cooling procedure
along with the extreme thermal isolation involving implementation of different
experimental techniques: laser and evaporative cooling and magnetic and optical
trapping [66].

On the contrary, quasiparticles can be easily excited in solids by external pumping
and restrictions on their density are not as tight as for atoms. Therefore, to observe

BEC in such systems, an external source is applied to the sample at a given
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temperature and the concentration of the particles is increased until V> NC(T) is

fulfilled. Moreover, effective masses of electronic excitations are comparable with the
mass of an electron (i.e. is much smaller than mass of the atoms), which also favours
the observations of BEC in these systems at reasonable temperatures. However,
quasiparticles in solids have finite lifetime due to their interaction with the lattice, i.e.
their numbers are conserved only at a certain time scale. Therefore the necessary
condition for the observation of BEC of quasiparticles is that their lifetime is much
longer than the time they need to scatter with each other [70, 71]. The latter
determines how fast the quasi-equilibrium in the system will be achieved when the
number of particles is increased, i.e. the time needed for BEC to occur. In fact, cold
trapped atoms in atomic BEC experiments also have effective lifetime (due to heating
effects and three-body interactions) but in the recent experiments it is up to two orders
of magnitude larger than their scattering time and, therefore, does not prevent

condensation



Chapter 3

Experimental methods

3.1 Epitaxial yttrium iron garnet films

The main objective of the given work is to investigate experimentally kinetic
processes in excited magnon gas, in particular from the point of view of possible
observation of quasi-equilibrium Bose-Einstein condensation under conditions of
quasi-equilibrium in the magnetic subsystem. This implies certain natural
requirements to the material of the samples, which can be used in the experiments.
First, the material should possess as low as possible spin lattice relaxation rates,
determining how long the excited magnons remains within the magnetic system
before decaying. In other words one needs a magnetic material with long lifetimes of
magnons. Second, as mentioned in the theoretical part, the important parameter for a
possibility of quasi-equilibrium in the subsystem of quasiparticles is not the lifetime
of the quasiparticles itself, but rather the ratio between the latter and the time
quasiparticles need for the thermalization [70, 71]. Thus, the desired material should
be also characterized by high magnon-magnon interaction rates, i.e. high nonlinearity
at reasonable pumping powers. The material, which fits the above requirements most,
is the yttrium iron garnet Ys;FesOj, (YIG). It has the narrowest known line of
ferromagnetic resonance (AHy=0.5 Oe) (corresponding to a long lifetime of
magnons). Due to these unique properties of YIG it is widely used in such
applications as high O microwave oscillators, generators and other [72]. Besides, a
long lifetime of magnons results in a low thresholds of different nonlinear processes,
including parametric pumping and four-magnon scattering [6, 7].

YIG is 20 sublattices cubic ferrimagnet with rather large unit cell of a size
ayig=12.376 A and magnetic moment 10up. Its Curie temperature 7c=560 K enables
applications at room temperature. Detailed description of magnetic properties of YIG
can be found in [72, 73]. Main of them, relevant for the current investigation are,

obviously, the magnon-phonon relaxation time 7y, which is of order of 0.5 us for
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room temperature and magnon-magnon interaction time 7, which is at usual
conditions one order of the magnitude smaller. Strictly speaking, in addition to quasi-
ferromagnetic modes (all sublattices precess in-phase) YIG possess many modes,
where different sublattices precess out-of-phase). However, due to the strong
exchange interaction between the sublattices the latter modes have their frequencies at
much higher frequencies than 2-10 GHz used in these experiments. Therefore, one
can consider YIG as a simple ferromagnet in this frequency interval.

The wide use of YIG for industrial applications and experimental physics became
possible after the process of almost perfect growth of single crystals was developed
[74, 75]. However, for some applications (delay lines, memory applications) thin film
samples are preferable. These are produced by the liquid phase epitaxy (LPE)
technique [76-78], involving high temperature solution growth of the films on gallium
gadolinium garnet (GGG) substrates with a mixture of PbO and B,0O; as a solvent.
The LPE technique provides supreme control over the film composition allowing for
growth of the samples with extremely low concentration of impurities. At the same
time lattice constant of GGG crystals (agog=12.383 A) is very close to those of YIG
(the misfit is about 6x10™), allowing, therefore, for the production of high quality
defect free films without elastic stress [79].

Early optical measurements on YIG [59, 80] has shown, that besides outstanding
magnetic properties, YIG is also characterized by rather strong magneto-optic
coupling which enables investigation of magnons in YIG by optical methods. Faraday
rotation method [81], magnetooptical Bragg diffraction method [82] and Brillouin
light scattering technique [10] was successfully applied for the investigation of spin
waves in YIG. Due to its high informativity, the latter has become a main
experimental technique for these studies. Utilization of thin film samples allows for
the investigation of long wavelength spin waves in forward scattering geometry, at
which light passes through the sample.

For the current experiments monocrystalline epitaxial YIG films grown on
substrates of GGG are used. The films are grown in a way, that the direction along its
normal corresponds to the <111> crystallographic axis. All films have a thickness of
5.1 um and differ in lateral dimensions. Samples are characterized by saturation

2

magnetization 4zMy=1750 G, exchange constant o=3x10"*cm’ and negligible

pinning of spins at the surfaces (unpinned surface spins).
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3.2 Microwave excitation and detection of magnons

For the excitation and detection of the spin waves in ferrite films thin metal
conductors at the surface of the film are usually used. Normally, these are microstrip
line structures with the film being placed on top of it. A conventional structure, used
for the excitation of spin waves in ferrite films is shown in Fig. 7 The microwave
magnetic field created by the current flowing in the antenna acts on the magnetization
of the film and excites magnons. From theoretical analysis of linear spin wave
excitation by a given current it follows that the amplitude of the wave with a certain
k is proportional to the k-th space Fourier harmonic of the current [47]. This, in

particular, means that the maximum value of the wave vector of the spin wave, which
can be effectively excited by the antenna with the width w is k~ % For the typical
values of w>10 um this gives k<10’ cm’! resulting in the natural limitation on the
application of this technique by the range of dipolar spin waves only.

On the other hand, under the condition of nonlinear excitation by parametric

pumping the only restriction on the wave vectors of the excited spin waves is that

their sum should be equal to the wave vector of the pumping ﬁeldlg1 +l€2 =l€p,

Figure 7. Conventional structure with a planar microstrip antenna used for the

excitation and detection of spin waves in ferromagnetic films.
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Figure 8. (a) Typical experimental setup for the parametric excitation of spin waves.

(b) Oscillograms of microwave pulses: (1) incident pulse; (2) pulse, reflected from

resonator below the threshold of parametric excitation; (3) reflected pulse, above the

threshold.
allowing, therefore, excitation of exchange-dominated spin waves with large wave
vectors. For practical realization of parametric excitation of spin waves microwave
resonators are normally used to create the intense pumping field which is higher than
the threshold of the parametric process. A sketch of the typical experimental setup for
the parametric excitation of spin waves is shown in Fig. 8. The experiments are
usually carried out in pulse regime (to avoid the thermal overheating of the sample).
Microwave signal from the generator is modulated by the switch and applied to the
resonator. The latter is matched with the transmission line, so when the frequency of
the signal is equal to the resonant frequency of the resonator almost all power is
absorbed by it and the reflected signal close to zero is observed on the oscilloscope
(Fig. 8(b)). However, this is valid only for the low power levels up to the threshold
value. When the magnetic field of the resonator inside the sample reaches the
threshold, additional losses arise due to the energy transfer to the parametrically
excited spin waves and the quality factor Q of the system resonator/sample decreases,
which, in turn, affects the coefficient of reflection from the resonator. This can be
indicated by the appearance of a specific kink at the end of the reflected pulse
envelope (Fig. 8(b)).

In classical pumping experiments samples are placed inside cavity resonators.
This hampers investigation of the pumped magnons by other techniques. To allow
application of optical techniques, open resonant systems are used. These are open
dielectric resonators [83] or microstrip resonators [84]. In all cases sample is placed in
an immediate proximity to the resonator, to provide the maximum of the pumping

field created by the resonator inside the sample.
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Above described parametric excitation is a main technique for experimental
investigations of kinetic processes in magnon systems. Utilization of resonators makes
it possible to create pumping fields that significantly exceed threshold values and
provide excitation of high numbers of magnons. For instance, in YIG the densities of

parametric magnons up to 10'*-10" cm™ can be reached.

3.3 Brillouin light scattering spectroscopy

Brillouin light scattering (BLS) is an optical spectroscopic method for
investigation of excitations in solids in the GHz frequency region. Owing to its high
informativity, it has become in the last decades one of main experimental method for
investigation of dynamic processes in magnetic materials [10]. The idea of the BLS
experiments is rather simple: The probing laser beam is sent to the sample under
consideration and the scattered light is analyzed. As it has been mentioned in the
theoretical section, while propagating in magnetic material, light can be inelastically
scattered by spin waves. The frequency and the wave vector of the scattered light are

changed in accordance with the conservation laws:

! (57)

and its intensity is proportional to the density of magnons with the given @andk, .

Hence, the scattered light contains information about the frequency, wave vector and
the density of the spin wave at the same time. Besides, since the BLS spectroscopy is
an optical method it provides rather high spatial resolution, which can reach down to
the half of the wavelength of the probing light.

Typical frequencies of the excitations investigated by BLS spectroscopy are 10°-

10" Hz, which is several orders of magnitude smaller than that of the probing light (

@,/ @, ~10"+10"°). This means that the magnitude of the wave vector of the light

‘ES‘:& is actually not changed and only its direction is rotated by an angle

c
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determined by &, . This fact is often taken into account when the particular geometry

of the experimental optical arrangement is chosen.

Three basic types of scattering geometries are usually described in the literature.
These are: forward scattering, right-angle scattering and backscattering (see Fig. 9).
The right-angle scattering appears to be the first one in historical respect and is widely
used for optically transparent materials. The fact is that in scattering experiments there
is always elastically scattered light (caused by the -elastic scattering from
imperfections of the sample). The intensity of the elastically scattered light is several

k

\ /\ ~»

S

y~180°

(b)

Figure 9. Kinematics of scattering process (a) — determination of the scattering

angle; (b) types of scattering geometries

orders of the magnitude higher than that of the inelastically scattered light. This fact
significantly hinders the application of BLS. For bulk transparent samples the
influence of this parasitic elastic component will be minimal for the right-angle
scattering geometry. For investigations of opaque samples and for studies of surface
excitations the backscattering geometry is preferable. At that the surface of the sample
should be optically smooth to decrease the contribution of the parasitic elastic

component. The forward scattering is mostly used for the investigation of long-

wavelength (km << k,, 5 ) excitations in transparent samples.
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3.4 Fabry-Perot interferometer

In the previous section it has been shown that the smallness of the frequency of
the scattering particle (magnon) with respect to that of the light results in the fact, that
its wave vector can be determined from simple measurement of the scattering angle.
However, due to this smallness a frequency analyzing technique with extremely high
resolution is required for BLS. The device capable of providing such frequency
resolution and used at present in the BLS spectroscopy is the Fabry-Perot
interferometer.

A Fabry-Perot interferometer is made of two parallel flat plates separated by
distance d (see Fig. 10(a)). The inner surfaces of the plates are optically coated to
create mirrors. It is well known, that due to the interference effects of the light beam
reflected by the mirrors such system will efficiently transmit only the light, which

frequency satisfy the condition

m/lm :mi=2ndcos¢), (58)
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Figure 10. Schematics of the simplest Fabry-Perot interferometer (a) along with its

transmission function (b).
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where m=0, 1, 2... is the order of the interference, n is the refractive index of the

medium between the mirrors (in most cases n=1 for air), c¢ is the speed of light and ¢

is the light incidence angle (in most relevant cases ¢ =0, therefore it will be omitted

hereinafter), and V,is the linear frequency of the light corresponding to the m-th

transmission maximum. More detailed analysis of the many-beam interference

provides the transition coefficient of the Fabry-Perot interferometer

T Y 1
I, =10( j (59)
=& 1+(2F/7z)sin2(27cm vd)

Corresponding dependence is plotted in Fig 10(b). Here 7 and R are transmission and

reflection coefficients of the mirrors and F' is the finesse, which determines the width
of the transmission peaks, ov: F=Av/dv. The frequency difference between two

neighboring transmission peaks

C
Ay = —— 60
V= (60)

is called the free spectral range (FSR).

In the ideal case the finesse is determined solely by the reflection of the mirrors
F=F, =R/ (1-R), but when another factors are taken into account (not ideal
flatness across the mirrors, non-parallelism of the incident light, diffraction loses, etc.)
the total finesse should be calculated as 1/F> =1/ F}f +21/ F;Z , where F; are the

contributions of all possible imperfection factors.

From (59) it follows that changing the distance between the mirrors d (sometimes
n) one can make the condition for the maximum transition (58) to be fulfilled for
different frequencies, i.e. to scan the frequency spectrum of the incident light. The

width of the separate transmission peak (Fig. 10b)

sy=—C AV (61)
2ndF F
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determines the frequency resolution, i.e. the minimal frequency difference between
two lines, which can be separated by the interferometer.

Since in any BLS spectrum a strong elastic (Rayleigh) component is always
present, the problem one should solve by analyzing the BLS-spectrum is not to
distinguish between two close lines having similar intensities. One has to detect a
weak line, corresponding to the inelastically scattered light, which has its frequency
very close to a strong line caused by the elastic scattering. Therefore, another
important characteristic of Fabry-Perot interferometer is the contrast. It is defined as
the ratio of the maximum and minimum transition of a line and it is connected with

the finesse as follows:

AF°
C :1+7 (62)

For the typical distances of d=3 mm and reflection coefficient of the mirrors R=0.95
(assuming that F=FR) one gets Av =50 GHz, ov~0.8 GHz and C=1500. In
principle, the interferometer with such a finesse and FSR is capable to resolve the
frequency shifts of the Stokes and anti-Stokes components typical for magnon BLS.
However, the intensity of the elastic component is usually 10°-10° times higher than
that of the Brillouin lines, i.e. the contrast is not enough to distinguish the BLS line
from the elastically scattered light, attenuated by a factor of C. This problem was
solved by J.R. Sandercock [85, 86] who designed an efficient multi-pass system, in

which light passes through the interferometer several times. This increases the

contrast and the finesse of the system as C, =C{ andF, = F, / V2" ~1, where C;

and F are the parameters of a one-pass interferometer. Further improvement of the
system is achieved by the implementation of two interferometers in tandem, mounted
to the same mechanical stage so that the spacing between their mirrors is controlled
by one driver. The arrangement of the interferometers and the principle of their
operation is illustrated in Fig 11. The optical axes of the interferometers FP1 and FP2

are at a small angle 6 with respect to each other (see Fig. 11a), so when the mirrors
are moving the spacing between them is d; and d, =d, cos@#d, for FP1 and FP2

respectively. This results in different instrumental transmission functions of the
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Figure 11. The arrangement (a) and the principle of operation (b) of tandem

interferometer.

interferometers I, (V) = I, (V,d,) # I,(V). However, for some numbers n and m the

frequency of the n-th transmission maxima of FP1 can coincide with that of the m-th

0 _

maxima of FP2 V, V(z) (see Fig 11b). At that, since for the neighboring peaks

I
,(,+)1 £V )1 the instrumental transmission function of the tandem system, which is the

simple product of those of the both interferometers, will be characterized by the
essentially larger FSR.

Modern interferometers are usually realized in (3+3) arrangement (light passes
three time through each of the interferometers in tandem). The motion of the mirrors
(frequency scan) is realized by means of piezoelectric transducers (PZT). For the
normal operation of the system, a parallelity of the mirrors of A/100 is required. To
provide such accuracy of the mirror alignment a good isolation of the interferometer
from any vibration is necessary. Moreover, this parallelity should be maintained
during the whole measurement (up to several hours), which requires sophisticated
active stabilization procedure. The latter is realized by means of multiscan procedure:
a series of quick scans of the spectrum is made, with data being accumulated by a
computer. Each scan is followed by the automatic mirrors alignment procedure, for
which the non-shifted elastically scattered light (or reference beam from the laser) is

used (the mirrors are slightly tilted to get the maximum transmission). Frequency
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selected in above-mentioned way light is then detected by photomultiplier, the output

of which is then accumulated for each frequency value.

3.5 Experimental setup

The schematic arrangement of the experimental setup for study of magnon BEC is
shown in Fig. 12. It can be divided into two parts: microwave, which serves for the
excitation of magnons, and optical, which provides their detection.

The sample under consideration, optically transparent YIG film on gadolinium

gallium garnet (GGGQG) substrate, is placed between the poles of an electromagnet,
used to create static magnetic ﬁeldlj{). The pumping magnetic field h , with frequency

vp for the parametric excitation of magnons is created by the resonator attached to the
film surface. Half-wavelength resonators, made on the base of a microstrip line are
used in the experiments, to provide an access of the probing light to the pumping
region. The pumping is performed in a pulse regime, which preserves the sample from
overheating by microwave. The clock pulse generator generates pulses with duration
in (0.01-2) us range and typical duty cycle value of 0.05, which are used to modulate

the output of the microwave generator. Obtained microwave pulses are than amplified

Figure 12. Schematic layout of experimental setup (further explanation are given in

text).
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by amplifier and send to the resonator. The peak microwave power in the pulses is set
by the attenuator. An Y-circulator is introduced at the input of the resonator to provide
the possibility of the observation of the reflected signal and, hence, to mark the onset
of the parametric instability process. The calculation of the absolute value of the
pumping magnetic field /,, created by the resonator inside the sample, as a function of
the microwave power P is rather complicated task, since it depends on many

parameters of the setup. On the other hand, the onset of the parametric instability
corresponds to hp (Pthrl) =hth,,, which depends only on the properties of the sample.

Thus, the power Puy can be used as a reference point to compare the degree of
magnon excitation in different experiments.

The optical arrangement of the experimental setup enables the investigation of
magnons by means of BLS spectroscopy. The probing light from a single-frequency
laser with the wavelength 4p=532 nm and vertical polarization is focused onto the
surface of the sample (YIG film). The setup can operate in backscattering and forward
scattering geometry (the corresponding light paths are indicated by the solid and
dashed lines). In the backscattering geometry the same lens L; is used to focus the
probing beam and to collect the scattered light. For the forward scattering an
additional lens L, is used for the focusing of the incident light. The aperture of the

collecting lens L; determines the maximum angle of the scattered light which can be

detect by the setup, i.e. the maximum value of the magnon wave vector k, . The lens

used in setup has a focal distance of 55 mm and a numerical aperture of 0.42, which
corresponds to the maximum angle of the scattered light with respect to the optical

axis Oma=25°. Due to the direct correspondence between the scattering angle € and the

—

magnon wave vector K, a selective detection with respect to the latter can be realized

by simple introduction of the diaphragm (D) just after the collective lens L;. The
polarization analyzer A4 is used to reduce the intensity of the elastic line at the entrance
of the interferometer (as it was mentioned above the polarization of inelastically
scattered light is rotated by 90°). The collected light is then focused by the lens L;
onto the input pinhole of the interferometer for further frequency analysis. A 3+3 pass
tandem Fabry-Perot interferometer is used to analyze the scattered light. A typical

frequency resolution of the interferometer, corresponding to the optimal magnon
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detection regime is 6v=250 MHz. For particular measurements it can be made as good
as 0v=50 MHz but at the expense of the sensitivity. During the scan interferometer

changes the position of the transmission maximum in a given frequency range

Viart ~Vsiop- For convenience this range can be divided into n frequency channels v;

with a width of each channel Av = (vstop — Vgeart) /M- Correspondingly, when during
the scan the centre of the transition maximum is within the i-th frequency channel and
the photomultiplier detects a photon, it is regarded as to have the frequency v; =
Vstart + L(Vstop — Vstare) /M - The number of such detected photons gives the spectral
intensity of the signal. Accumulating the signal for many sweeps of the
interferometer, one can obtain the BLS spectrum of the scattered light, and, as
discussed above, investigate the distribution of magnons over the possible magnon
states.

The example of the measured spectrum is shown in Fig 13. It represents the
spectrum of the light, scattered in the in-plane magnetized YIG film, continuously
excited by parametric pumping of frequency f,=8.1 GHz. Along with an intense not
shifted elastic line inelastic BLS components can be clearly distinguished in the
spectrum. Note here, that the scanning speed of the interferometer was reduced by
factor of 4 in the range of interest (1.5-4.5) GHz resulting in larger accumulation time
in this region and, hence, in higher BLS intensities. The well pronounced peak near 4
GHz apparently corresponds to the parametric magnons excited in the film by the
pumping and whose frequency is equal to the half of the pumping frequency
(Sec. 2.5) f,=f0/2=4.05 GHz. Besides, a broader contribution from thermal magnons
also presents in the spectrum. The observed difference in intensities of the Stokes and
anti-Stokes components is caused by the peculiarities of magneto-optical interaction
[59].

Beside frequency resolution provided by the interferometer a possibility of the
temporal analysis of the scattered light is crucial for the investigation of non-
stationary spin wave processes. For the latter a widely used time correlated single-
photon counting method [87] can be applied. The measurements are carried out by the
fast time of flight multichannel scaler. A general principle of its operation is to switch
through subsequent cells of high speed memory and to record events into the

corresponding memory locations (time bins) as signal arrives at the stop input of the
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Figure 13. Experimental BLS spectrum obtained in back scattering on 5 um thick
tangentially magnetized YIG film under continuous excitation by parametric
pumping of frequency f,=8.1 GHz. Static magnetic field H,=700 Oe, pumping power
P,=17 mW

multiscaler. The latter, in turn, corresponds to the time elapsed from the triggering
start event, which launches the sweep. The multiscaler, used in the setup has time
resolution down to 250 ps (determined by maximal switching speed between memory
cells) and maximum counting rate of 4 GHz (defined by the recording speed). As a
triggering event starting the sweep of the multiplier a signal from the clock pulsed
generator P, which modulates the microwave power and forms pumping pulses, is
used. The stop input of the multiscaler, in turn, is connected with the output of the
photomultiplier, so the detection of single photon by the detector is a stop event for
the multiscaler. Thus, after each pumping period the fast memory of the multiscaler
contains the information about the arrival time of the photons, scattered by magnons,
with respect to the start of the pumping pulse. This information is then stored taking
into account the current scanning position of the interferometer, which determines the
frequency of the detected photons. Thus, repeating such measurements for many
periods and accumulating the results one can investigate time evolution of magnon

distribution.
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The possibility of the measurements with spatial resolution is also provided in the
setup. For this purpose the sample is mounted to the movable stage with position can
be changed by electronically controlled step-motors in three spatial dimensions with
respect to the optical axis of the setup. The movement along this axis is used to set the
sample in the focal plane of the collecting lens. Then, moving the sample in this plane
in other two dimensions with respect to the probing beam, one can measure the spatial
distribution of the magnon intensity in the film. The maximal resolution is,
apparently, limited by the size of the focal spot, which in turn depends on the focusing
lens and the accuracy of the sample positioning. In the present setup one can achieve

the resolution down to 10 zm.



Chapter 4

Results and discussion

4.1 Kinetics of magnons under parametric excitation and thermalization of
magnon gas

When considering a relaxation of excitations in ferromagnets, all other (thermal)
magnons, on which the scattering of the excited mode occurs, are usually regarded as
a reservoir of an infinitive capacity, so that its thermodynamical characteristics
(chemical potential and temperature) do not change during the relaxation process

(U =y =0,T =T,). This is justified by the fact that the number of excited magnons

N is always much smaller than the total number of thermal magnons N << N, = z n
k

which, in turn, are coupled to the phonon bath, so the magnetic system does not
deviate from the equilibrium state. Thus, the evolution of the secondary magnons is
not considered at all - after the excited magnon leaves the initial packet, it disappears
in the bath. There are, however, several aspects, which can lead to another scenario of
relaxation. First, the necessity of the energy and momentum conservation laws to be

held allows for the participation in a relaxation of the initial wave packet only of small

part of the thermal magnon reservoir N' = Zn,f . Therefore, even at N<<Ny, the
keK

occupation numbers of secondary magnons in this “allowed” spectral region can differ

noticeably form the equilibrium value n,? it Ny >>N'~N. Thus, the relaxation of

initially excited wave packet can result in an appearance of a non-equilibrium
distribution of magnons in some spectral region away from the initially excited
packet. Second, the coupling of the magnon system of the crystal to the phonon one is
often week, allowing for the former to be considered as an adiabatically quasi-
isolated. Thus, under intense excitation secondary magnons are accumulated in the
system and, owing to their interaction with each other, magnon gas is thermalized and

a quasi equilibrium distribution is settled. This quasi equilibrium state can be
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characterized by its own temperature T # Tyand chemical potential p # py =0
deviating from that of the phonon system. The possibility of magnon thermalization

and creation of magnon gas with 4 # 01s of great importance, since it opens a way to a

novel type of Bose-Einstein condensation of magnons. It is worth noting that both
above mentioned effects do not conclude each other, rather second of them is
preceded by the first. Any strongly non-equilibrium distribution of secondary
magnons, arising in some narrow spectral range due to the primary process of
relaxation, then evolves into the quasi-equilibrium one.

Realization of the first scenario was observed in the experiments on so called
kinetic instability [88-91]. In these studies samples of YIG (spheres [88, 89] or films
[90, 91]) were exited by means of parallel parametric pumping. As a result of four-
magnon relaxation of parametrically excited magnons secondary magnons are created
in the spectral regions allowed by the energy and momentum conservations laws. As
the intensity of parametric magnons increases, the rate of secondary magnon creation
is increased as well. When latter exceeds the relaxation rate of the secondary magnons
the instability arises. Since the magnons at the bottom of the spin-wave spectrum are
characterized by minimal relaxation, they first become unstable. In the experiment the
onset of the instability was recorded by means of observation of electro-magnetic
radiation from the sample at the frequency corresponding to the bottom of magnon
spectrum. It exists only in certain range of magnetic fields, in which the processes of a
direct scattering of parametric magnons into the magnons at the bottom of the
spectrum are allowed by the conservation laws.

The problem of accumulation of the secondary magnons was also addressed
theoretically in [92-95]. In particular, a creation of quasi-equilibrium gas of magnons

with g #0was considered in [93-95] in connection with possibility of Bose-Einstein

condensation of magnons. However, no direct experimental verification of this
prediction followed. At the same time the problem of the thermalization plays crucial
role in the field of Bose-Einstein condensation of quasiparticles [70, 71], determining
the possibility of the observation of this effect in particular system.

The findings, described below, represent the results of experimental investigation
of the processes of redistribution of secondary magnons and thermalization of magnon

gas under the parametric excitation in YIG films by means of time-resolved Brillouin
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light scattering technique. Contrary to the previously used microwave techniques, the
Brillouin light scattering spectroscopy provides a possibility to study the distribution
of magnons over their spectrum and its evolution with time directly; being, therefore,
very informative for the above mentioned investigations. At the same time, YIG is
known as a material with very low magnetic losses (week magnon-phonon
interaction, 7ymp~0.5 ps) and high nonlinearity (strong magnon-magnon interaction,
Tmm<0.1 ps) providing possibility of investigation of multiple magnon scattering
processes.

A 5.1 um thick YIG film with lateral sizes 2x2 mm® was used in the experiment.
It was placed into a static magnetic field Hy=(600-1000) Oe parallel to its surface.
Excitation of magnons in the sample was performed by means of parallel pumping
instability process. For this purpose, a half-wavelength wire resonator with a diameter
of 25 um was attached to the sample. The resonator was fed by microwave pulses of
1 us duration with the repetition period of 11 pus at the carrier frequency of
f0=8.04 GHz, which is the resonant frequency of the resonator. The pumping field of
the resonator excited in the film primary parametric magnons with the frequency f,=
f0/2=4.02 GHz, which then redistributed over the magnon spectrum due to magnon-
magnon scattering processes. This redistribution was then studied with a temporal
resolution of 10 ns using the time-resolved BLS spectroscopy in the quasi-
backscattering geometry. The probing beam was focused onto the surface of the
resonator so that the light from the laser passes through the film, is reflected
diffusively by the resonator and passes through the film again. Although the aperture
of the objective lens is capable of detection of photons with maximal value of in-plane
wave vector component kmalexlo5 cm'l, diffusive reflection of the light by the

resonator allows to extend the range of wave vectors of magnons which can be

detected far beyond this limit (kr'mx ka,x +kL, where k; is a wave vector of light).

Figure 13 illustrates the idea of the experiment. It shows the spectrum of magnons
in an in-plane magnetized ferromagnetic film along with the schematics of the
parametric process. The spectrum is calculated for the parameters of the YIG film
(thickness d=5.1 um, saturation magnetization My=1750 G and exchange constant
0=q/(41)=3x10"? cm?) and the value of static magnetic field (Hy;=700 Oe) typical for

the experiment. The lowest laying dispersion branch is shown in the figure. The solid
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Figure 13. (a) The arrangement of the film, pumping resonators and the probing light,
used in the experiment (b) The low-frequency part of the magnon spectrum in
tangentially magnetized 5 um thick YIG film at Hy=700 Oe. Arrows illustrate the
pumping process. Right panel explains the limitations on the accessible frequencies

range.

lines represent the dispersion curves for the two limiting cases of magnons with wave

vectors k  oriented parallel (the so-called backward volume waves) or

perpendicularly (the so-called surface waves) to the static magnetic field I%as

indicated in Fig. 13. The both curves merge for k=0 at the frequency of the uniform

ferromagnetic resonance ﬂ=3.67 GHz. The magnon states for intermediate angles fill

the manifold between these two boundaries. The minimal frequency fmin=2.1 GHz is
achieved for magnons with wave vector parallel to the magnetic field at
Fenin=3.5%10* em™.

The process of the parametric pumping of the magnon gas is shown schematically

by the arrows. This process can be considered as a splitting of a microwave photon of

the pumping field with the frequency fo and wave vector f = 27t 0 into two
C

magnons with frequencies fpl = fpz = fp =/,/2 and wave vectors kp1 =—kp2 =/€p.

When the value of the pumping field exceeds some threshold level, determined by the
magnon relaxation rate, the instability arises and a rapid growth of magnon
occupation numbers starts. At moderate power levels, when the threshold value is

slightly exceeded, this condition is fulfilled only for one type of magnons (with
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certain value of lgp) corresponding to the minimal threshold and only these magnons
are excited (for the parallel parametric pumping process these are magnons with
924(1?,?[0):900). However, the pumping powers, used in the experiments,

correspond to the magnetic fields of the resonator of several orders of magnitude

larger than the threshold one, allowing, therefore, for the excitation of pairs of

magnons with all accessible values of /;p at f = fp (marked by red line in Fig. 13).
Moreover, at very high powers non-degenerate pumping excitation with fpl * fpz (but

keeping, of course ];1 + ];2 =f,) becomes possible [47]. The pumping initiates a

strongly non-equilibrium magnon distribution: a very high density of primary
parametric magnons (up to 10'™-10" cm™) is created close to the frequency Jp-
Although the primary magnons are excited by a coherent pumping, they are not
coherent to each other: two magnons are excited simultaneously, and only the sum of
their phases, but not the phase of each magnon, is locked to the phase of the
microwave photon.

The relaxation of the intense packet of primary parametric magnons is then
studied. As it was mentioned above, the magnon system of YIG crystal is weakly
coupled to the lattice, which means that the relaxation occurs mainly due to magnon-
magnon processes and the energy pumped into the crystal stays within the magnon
system for a certain time. Besides, the choice of the magnetic field allows to exclude
unfavorable influence of three-magnon processes, namely to cancel the splitting
process for primary magnons (which limits the maximal number of parametrically
injected magnons at level significantly smaller then 10'®-10" cm™) and to reduce to
the minimum the confluence process. Thus only the two- and four-magnons scattering
processes, which conserve the number of magnons, are responsible for the relaxation
and an accumulation of substantial number of magnons within the magnetic system
becomes possible. Although all magnons, which are injected into the system, are
injected by the parametric pumping, for the sake of clarity hereinafter only primary
magnons, directly excited by the pumping and having frequency f, are referred as
parametric magnons. Correspondingly, all other magnons, which arise as a result of

scattering of parametric magnons, are referred as secondary magnons.
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It is worth noting, that the main, four-magnon, scattering process is most efficient
for the exchange part of the spectrum, were the exchange interaction is dominant. For
low-frequency dipole magnons, it is mainly caused by dipole-dipole interaction (as a
second order of three-magnon dipole Hamiltonian) and usually is weaker. However,
for film samples the conservation of only in-plane components of the magnon wave
vector is obligatory, which gives an additional degree of freedom for four-magnon
energy redistribution at the low dipole part of spectrum.

Fig. 14 shows the evolution of magnon distribution under the excitation by
parametric pumping for the pumping power P,=52mW and magnetic field
Hy=700 Oe. This value of the pumping power exceeds the threshold of the parametric
instability by £=20 dB. Figure represents the BLS spectra, accumulated for different
delay times after the start of the pumping pulse. The experimentally measured BLS

intensity at a given frequency /() is proportional to the reduced frequency density of

dN' 1
S 2m =Dl@n(), (63)
w do w<w(]£c);w+dw

magnons /(@) ~
i.e. to the number of magnons with frequency laying within the interval @+ @+ dw
accessible in the experiment. The latter differs from the total spectral density since the
optical arrangement of the experimental setup allows for the detection of magnons
only with A<k, <<ks, where kg defines the Brillouin zone of the lattice. This
limitation results in the fact, that reduced density of the states D'(w) should be used
when analyzing experimental BLS spectra, whereas n(w) in (63) is still the Bose-

ho —pu

Einstein occupation function p(w) = [exp( y—1]", depending on the

thermodynamical parameters of the magnon gas.

Figure 14(a) illustrates the reference BLS spectrum of thermal magnons
accumulated without pumping. These magnons are at the thermodynamical
equilibrium with the phonon system of the crystal. They are excited and annihilated
due to the interaction between the spin system and the lattice and their total number is
defined by the temperature. Consequently, these magnons are described by the
statistical Bose-Einstein occupation function with zero chemical potential u=0. As
seen from the figure, the measured spectrum is bounded in frequency. The low-

frequency limit apparently corresponds to the minimal magnon frequency fuin. The
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Figure 14. Evolution of the magnon frequency distribution for pumping power
P,=52 mW. (a) the BLS spectrum of thermal magnons, measured without pumping; (b),
(c) magnon spectra recorded at different delays after the start of the pumping; (d) steady

state distribution of magnons which is settled in the system.

presence of the upper limit is due to the lack of sensitivity of the experimental setup to
the magnons with large wave vectors (kA>kmax). In this sense the spectrum of thermal
magnons is also important since it contains the information about the reduced density

of magnon states D'(w) entering (63). In other words, the spectrum, showed in
) ) o . ) hao o
Fig. 14(a) depicts the Bose-Einstein occupation function n(w) =[exp _T -1 in
K

representation of the experimental setup.

As the pumping is switched on primary magnons are excited, which is clearly seen
in Fig. 14(b) by the appearance of the sharp peak in magnon spectrum at the
frequency f,. The intensity of the peak grows with time as pumping injects more and

more magnons into the system. At the same time a process of redistribution of the
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injected magnons over the magnon spectrum takes place due to the above-mentioned
four-magnon scattering processes.

First of all, injected parametric magnons interact with each other. Corresponding

. . . . . + + . .
interaction Hamiltonian term can be written as 7;2,34Cplcpzchcp4= with p denoting the

parametric magnons (i.e.f,*f, = ;= [, = fp). The processes of this type are

described in details in Chapter 6 in [46]. Corresponding theory of interaction of
parametric magnons with each other is called S, T°-theory. In particular, these
processes lead to a slight spreading of the distribution of parametric magnons around
the resonance surface f (k) = f, in phase space.

Second, since the distribution of magnons with the sharp intense peak of parametric
magnons at f, is highly non-equilibrium, system tends to redistribute them over the
whole spectral range by means of four-magnon scattering processes of parametric

magnons with the magnons from other parts of the spectrum. In general case these

. . + + . . .
processes are presented by Hamiltonian 7;,1’2301”0,{1ckzckz which describes a scattering

of parametric magnon by a thermal magnon Ewith further creation of magnons

E and E It allows for participation of thermal magnons practically from the whole
spectrum, providing therefore efficient redistribution of parametric magnons over the
wide spectral range.

Besides, when dealing with the relaxation of intense packet of magnons one often

. + + . . .
considers separately the process of a type 7;1 22365, Cp, G G, Which is a special case of

general four magnon scattering processes. In this particular process two parametric
magnons are annihilated and two magnons in other spectral regions are created. A rate
of this process is very high since it is proportional to the second order of the

population of parametric magnons n, = n(f,), which significantly exceeds thermal
equilibrium value ng. At the same time it is allowed only for very narrow spectral
region for which E + k_z> = k—p; + k—pz) and f; + f, = 2f,. The small additional peak
in magnons population at FMR frequency f1=3.67 GHz that appears in experimental
spectrum at delays 2>200 ns (Fig. 14(c)) is evidently the result of such processes: two

parametric magnons with frequencies f,=4.05 GHz are annihilated and two magnons

with frequencies f, = f, =3.67 GHz and L =2f ) /1 =4.43GHz correspondingly



1 Results and discussion 67

are created. The emergence of the peak at /| means that the rate of magnons creation
due to annihilation of the parametric magnons exceeds the relaxation rates in this
spectral region, i.e. the situation in some sense can be treated as the kinetic instability
mentioned at the beginning of this section. Apparently the radiation of
electromagnetic waves by exactly these magnons was detected in [90] in the range of
magnetic fields, where classical kinetic instability has not been observed.

Fig. 14(d) shows quasi-stationary distribution of magnons which is settled in the
system after =900 ns. This distribution corresponds to the flow equilibrium between
the pumping, which injects magnons into the film, and the spin-lattice relaxation
processes, which are responsible for the energy transfer into the lattice. Noteworthy is
the fact, that beside highly non-equilibrium distribution of magnons near the pumping
frequency f,, caused by the continuous injection of the parametric magnons the
occupation numbers of magnons at other frequencies exceed those of the thermal as
well (for the sake of comparison the spectrum of thermal magnon is also shown in Fig
14(d) by solid black line). This is, apparently, the result of redistribution of the
injected magnons over the entire spectrum, which reflects the inherent tendency of the
system to the thermodynamically equilibrium state (maximum of the entropy).
However, the observed settled distribution, obviously, do not corresponds to a quasi-
equilibrium thermodynamic state, since it is characterized by the relatively higher
occupations near the upper frequency limit (above-mentioned peak at 1) then those at
the bottom in compare with the reference thermal spectrum. This can be seen from the
comparison of the stationary settled distribution with the thermal one, scaled in a way
to match the occupation numbers at the bottom frequency fmin (dashed line in
Fig. 14(d)).

The peculiarities of the kinetics of injected magnons can be revealed from
figure 15, where the time evolution of magnon spectrum under the excitation by more
intense pumping (P,=171 mW, £=25 dB) is illustrated. Similar to the previous case,
an appearance and a growth of the peak of primary magnons is observed at the initial
stage just after the pumping is switched on (Fig. 15(a)). At the same time the
processes responsible for the redistribution of the parametric magnons over the other
parts of the spectrum start to act. Analysis of the experimentally obtained spectra at

delaysz>100 ns, illustrated in Fig. 15(a), shows that the redistribution of the injected
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Figure 15. Time evolution of magnon distribution for pumping power P,=171 mW

magnons happens in a gradual wave-like manner starting from the frequencies close
to the frequency of parametric magnons f, toward the bottom of the spectrum. Such
behavior of magnons can be explained by the properties of the four-particle scattering
processes considered above, which are responsible for the energy redistribution within
the gas of magnons. Consider first small delays, when only parametric magnons are

excited, and their occupation numbers significantly exceed equilibrium values (

n, >> ng) and are continuously sustained by the pumping. As mentioned above, in

this case the processes of the typeTl2’34(3[]161!,26‘,;C,:r4 became also important. The

frequencies and the wave vectors of magnons created as a result of this process are
determined by the energy and momentum conservation laws. However, a remarkable
property of the four particle scattering processes of 2—2 type is that they are allowed
by all dispersion laws when the values of the wave vectors and the frequencies of the
particles involved are close to each other. Process of this type is well known in
physics; in particular, it is responsible for the effect of modulation instability during a
propagation of an intense wave in a medium [7]. Thus, not depending on the value of

external magnetic field, a process of scattering of parametric magnons with further
creation of magnons at frequencies fpiéf will occur at high pumping powers. For

convenience, such process can be called four-magnon decay process in contrast to

general process of scattering of highly excited magnons by thermal ones. Denoting
magnons occupation numbers at frequencies fpiéf as 1, correspondingly, one can

write down the matrix element of such process:
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<np —l,np —Ln +1,n +1‘H(4)‘np,n n n7>:

p) +

(64)

= Tpp,lzx/”,zv (n, +D(n_+D)S(k, +k,—k, —k)

and kinetic equation, giving the rate of decrease of number of parametric magnons

due to this process
dn 2
. 2
E - ‘];717,34‘ [_np (n+ +n +D +(2np +Dn+n—] , (65)

where the second term stands for the reverse process. From (65) it follows that under
n, >>n, the rate of the parametric magnon flow-out will be proportional to nfj . At the

same time the occupation numbers n. will grow as well until they start to exceed
noticeably thermal level and the four-magnon decay process comes into play. In this
way, above mentioned process allows avoiding a presence of sharp, strongly non-
equilibrium peaks in magnon spectrum. At the same time it cannot be responsible for
the settlement of thermodynamically equilibrium state on large frequency scales, since
it is sensitive only to high gradients of magnon population. Apparently, this is
achieved by processes of scattering on thermal magnons.

Figure 15(b) illustrates the steady-state distribution of magnons, which is settled
in the system after =700 ns. The time, necessary for the stationary state to be reached
is now smaller than that in the previous measurements with the lower pumping power,
which can be explained by increased role of decay processes which provide fast pre-
redistribution of strongly excited magnon states. Again, a comparison of the relative
occupation numbers at different frequencies for the settled distribution and that of the
thermal magnons indicates a non-thermalized character of the magnon spectrum,
namely overpopulation of the high-frequency states with respect to the bottom of the
spectrum is observed. Decisive for this point is, apparently, the relation between the
time, necessary for the stationary state to be settled and the average life time of
magnons (with respect to the spin-lattice relaxation). In fact, as follows from the

Figure 15, the steady state sets in when the magnon occupation at minimum frequency
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Figure 16. Time evolution of magnon distribution for pumping power P,=0.7 W.

n(fmin) saturates. At the same time, the magnons at the bottom of the spectrum appears
as a result of multiple scattering processes and, hence, need some time to arrive at fin.
If then this time is larger the life time they disappear before reaching the minimum
frequency, resulting in relative under-population of the lowest part of the spectrum.

It is obvious, that the efficiency of magnon-magnon interaction, which determined
the characteristic time of their redistribution over the spectrum, can be decreased by
increase in pumping power. This is further illustrated by Figure 16, which shows
magnon distributions measured at the pumping power level P,=0.7 W ({=31 dB).
Indeed, as seen from the figure, the processes of magnon redistribution now occur at
shorter time scales. More interesting, however, is the fact, that the distribution, which
is settled in the system at =230 ns, now fully corresponds with the spectrum of
thermal magnons (Fig. 16(b)), which means that it can be described by an equilibrium
statistical population function with chemical potential 4=0 and turn out to be
thermodynamically quasi-equilibrium. Accordingly, the time of 230ns can be
considered as the thermalization time at a given pumping power P,=0.7 W. It is worth
to note, that further slight change of magnons distribution is observed after the
magnon gas is thermalized (for #>230 ns), which is characterized by slow quasi-
adiabatic increase of magnons population at low frequency. It will be shown in the
next section that such distribution is also thermodynamically quasi-equilibrium but
characterized by non-zero chemical potential.

Due to nonlinearity of the four-magnon scattering the thermalization should occur
at smaller delays as pumping power is further increased above its values of 0.7 W.

This is corroborated by measurements at higher pumping levels. The results of these
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Figure 17. Time, corresponding to the appearance of a characteristic state of the
magnon spectrum, as a function of pumping power. For low powers, corresponding
to the left half of the graph characteristic state is described by the flow equilibrium
between the pumping and the spin-lattice relaxation processes, whereas for the right

one, characteristic time is the thermalization time.

measurements are summarized in Fig. 17, where the characteristic time,
corresponding to either steady distribution appearance (for low powers) or
thermalization of magnon gas (high powers), is plotted as a function of pumping
power. A crossover between these two regimes happens around the threshold value of
0.7 W. As seen from the Figure, the thermalization time approaches a value of about
50 ns at the pumping power of 1.3 W, which is significantly smaller than the lifetime
of magnons in YIG films due to the spin-lattice interaction.

Thus, concluding this section it can be pointed out that the obtained results on the
kinetics of magnon gas under the parametric excitation clearly show that a
redistribution of parametrically injected magnons occurs in a series of multiple
scattering events. Due to nonlinear character of the four magnon interaction,
responsible for the magnon scattering, the rate of the energy redistribution within the
system of magnons depends on the pumping power, increasing with the latter. At high
enough power levels, the characteristic time of magnon thermalization becomes

smaller than their lifetime and quasi-equilibrium state with thermalized magnon gas



72 4.2 Bose-Einstein condensation of magnons

can be achieved, which, in turn, opens a way for the observation of Bose-Einstein

condensation of magnons.

4.2 Bose-Einstein condensation of magnons

The concept of Bose-Einstein condensation (BEC) [64] was introduced by
Einstein in 1925 after he applied statistical approach developed by Bose for photons
[96] for a gas of non-interacting atoms. It followed from his consideration that in a
gas of bosonic particles solely due to the quantum statistical properties of the latter,
without any interaction between them, a formation of collective quantum state,
comprising macroscopic number of bosons, should occur when the concentration of

particles n exceeds critical value
n>n (T)=N.(T)/V =0.165(mxT/0*)",  (66)

where m is the mass of the particles and 7 the temperature of the gas. Followed
shortly after the Einstein’s work discovery of superfluidity in fluid “He (see e.g. [97,
98]) had indirectly confirmed his prediction. Although this system noticeably differs
from that, considered by Einstein, BEC is proven to underlie the effect of
superfluidity in *He [99, 100]. Recent experimental observation of BEC in dilute
atomic gases [12-14] has unambiguously proved Einstein’s prediction and has
renewed interest to this effect. The 70-year delay between theoretical prediction and
experimental realization is explained by extremely low temperatures required for
condensation condition (66) to be fulfilled for atomic gases. The fact is, that the
concentration of atoms # is limited since at high » they form molecules or vapor starts
to condensate in real space. Therefore, one needs to reduce 7" and hence n. and make it
smaller than n. This results in transition temperatures as small as 7~(107-10°%) K,
which requires sophisticated cooling techniques.

Beside atomic gases systems of bosonic quasiparticles in solids were also
proposed as candidates for BEC. First theoretical works, addressing possibility of
condensation in the system of longitudinal electric modes [101] and excitons [102,
103] date back to 60-ies years of the last century. The main advantage of quasiparticle

in compare with atoms is that the condition of condensation (66) for them appears to
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be easier to fulfill. First of all, there is no such strict limitation on their concentration
and the latter can be easily increased by external pumping. Second, their effective
mass is much smaller than that of atoms resulting in possibility of achieving required
values of critical densities 7. at higher temperatures. However, as mentioned above,
the lifetime of quasiparticles is finite (since they cannot be isolated from the phonon
system of the solid), and to observe BEC one should provide conditions for
condensation transition to occur faster than this time, which appears to be not always
possible. Of course, in this case one can speak only about quasi-equilibrium
condensation, which, however, does not cancel the effect, and merely brings it to
another time scale. Strictly speaking, BEC is always quasi-equilibrium. Even for
atomic gases the state with Bose-Einstein condensate is never a true equilibrium state:
being left on his own gas will always, sooner or later, evolve into liquid or solid state,
or gaseous one without condensate [104]. To date BEC has been reported to be
experimentally observed in systems of excitons [22, 23], polaritons [24], and magnons
in superfluid *He [69] and YIG [25].

The possibility of BEC of magnons in ferromagnetic dielectrics was addressed
theoretically by different authors [93-95, 105]. BEC of magnons was also proposed as
one of possible explanations of effects of microwave radiation from the bottom of
spin wave spectrum in YIG samples [91]. However, there were no sufficient
experimental data to prove this suggestion in early experiments. Nevertheless, none
fundamental constraints, which could prevent from observation of BEC of magnons,
were suggested in all works.

In fact, it appears that magnons in YIG are very attractive candidates for BEC
observation. They have all advantages of quasiparticles, namely the mass of magnons
0’w
ok’

-1
in YIG is m,, = h( ] ~h(ygM , )" =12.6m, (m. is a mass of an electron) is

much smaller than the mass of any atoms, and they can be easily excited in
considerably large amount by means of parametric pumping. At the same time, as it
was shown in the previous section, the main quasiparticle’s problem of finite lifetime
appears to be solvable for magnons in YIG: under certain conditions magnons can
interact fast enough for quasi-equilibrium state to be settled during their lifetime.
Another advantage of magnons in YIG as a system for BEC experiments is the

fact, that being in equilibrium state at room temperature unlike atomic gases magnon
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gas 1s degenerate Bose gas with occupation numbers n;>>1, i.e. is close to the Bose-
Einstein transition. Indeed, in thermodynamically equilibrium state chemical potential

w of magnon gas is equal to zero. At the same time, condensation condition (66) is

fulfilled at 4=&,, Zha)m. For magnetic field values Hy~1 kOe one obtains

ho

min_
=~

xT xT

wz4,5x10‘4, which means that only slight increase in magnons

concentration is required to achieve Bose Einstein condensation. Simple estimation
can be made in a way, similar to how the concentration of thermal magnons was
equated for calculation of magnetization of ferromagnet in the theoretical section.

Within this approach equations (41) and (58) can be rewritten as

1 T 3/2 ha
K _ "%min

nu=0)=— —| Li,,|e

(u=0) \/2[27th7/qM0j 3/2( j

3/2
1 xT 3

n. =n = ha) . = | — — 67

cr (lu mm) \/E(Zﬂh]/QMoj g(2) ( )

G (3J -Li ejlii]}m 3. Li. | 1= ho,,
M "\2) Y Ml ™ O N/ 1% _ 28
- ha]min = 1 = - ’
n L (erJ Li,, (1) c(3/2)\ «T

i.e. approximately 3% increase in magnons concentration should be enough for
condensation.

For films this value should be even smaller, since continuous k-space of a bulk

splits into a set of discrete planes perpendicular tok, . However, complex nontrivial

dispersion relation of magnons in films do not allows obtaining of a simple analytical
expression for n.. To calculate the critical concentrations for magnons in a film

sample one should perform a direct summation over the cites of reciprocal lattice
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where L, are the dimensions of the sample (axis Ox is normal to the film surface), and
a is the lattice constant. Frequency a(kx,ky,kz) can be calculated using dispersion

relation (20). Performing calculations for the values of parameters corresponding to
the experimental situation (5.1 pum thick YIG film, magnetic field Hy=700 Oe, room
temperature 7=300 K) one obtains for the concentration of thermal magnons
11(,u=0)=4.11><1020 cm™. For calculation of critical concentration n.- the lateral
dimensions are important, since they determine the separation between neighboring
quantum states Ag; = €41 — & in magnon spectrum. The lower is the value of this
separation for the states just above the lowest energy state emin the higher is the

xT

population of this states at L —>&E . (n(e.. +As,u=¢_ )= [exp(A_g)_l]*‘ ~
min min KT Aé‘
and, consequently, the higher densities are required to achieve BEC. The lateral sizes

of the sample used in the experiment are 2x2 mm®. Substituting this values into (68)
with 4= &, and excluding bottom states (J_r];m,a)m), for which, (L —>E,;,) —>©,
one obtains for the maximal concentration of magnons which can be accommodated
by thermal states 7,=n(u=emin)=4.16x10*° cm™ and An=5.5x10"® cm™. Such densities
of magnons can well be achieved under the excitation of magnons by intense
parametric pumping.

It is worth to note, that not only the chemical potential of the magnon gas is
changed when additional pumping magnons are added. The temperature of the gas
should change as well. However, until the number of magnons injected is small this
change should also be negligible. The value of this change can be estimated from
simultaneous account of energy and magnons number balance condition in the

pumping experiment.
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T +dT
min 0 ) , (69)
E(u=0,T)+hon, =E(u=ho,,T,+dT)

n(u=0,T)+n,=n(u=ho

min ?

hao(k,,k,,k.)
where E(u,T)= Rtk k. k) — i
kxkyk_, CXp( x> ys Tz )_1
xT

, n, and , is the number and the

frequency of magnons created by the pumping. Apparently, the sign of the change of

the temperature will depend on whether the pumped magnons are “hotter” or “colder”

than the initial magnon gas, i.e. whether their energy &, Zha)p bigger or smaller then

<6‘> ~ kT, . For example, for the pumping frequency used in the previous experiments

(f;=0,/2m=4.02 GHz) solution of (69) yields d7=-200 mK. The main conclusion is,
however, that d7<<T,. Thus, the results of the calculations cited above shows the
principal possibility of BEC of magnons in YIG films at room temperature.

In the previous section it was shown that parametric magnons excited in the film
by parametric pumping can be distributed over the whole spectrum fast enough to
provide thermalization of magnon gas. Thus, injecting sufficient number of
parametric magnons one can expect to observe a formation of a quasi-equilibrium
state corresponding to the gas with increased concentration, i.e. with non-zero
chemical potential 4>0. This was verified in a series of experiments similar to those
described in the previous section. The idea of the experiment remains the same:
electromagnetic pumping pulse of 1 us duration with carrying frequency f,=8.04 GHz
following in a sequence with the repetition period of 11 us is applied to the 5 pm
thick tangentially magnetized YIG film and excites magnons in it. Excited magnons
then redistribute over the spectrum and settled distribution is measured by means of
BLS spectroscopy. However, the power of the pumping is increased in compare with
the previous experiments to provide an excitation of considerable number of
magnons.

Fig 18(a) illustrates the spectrum of thermal magnons in the film at magnetic filed
Hy=700 Oe existing without pumping. As it was already mentioned, this spectrum

contains important information about reduced density of states D'(w) . In general

case, spectral density, i.e. number of magnons within frequency interval @+ +dwis
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given by AN, = Dl@on(@w)dw, where n(w) = [exp( ho ; #y 11" number of magnons
K.

in quantum state with frequency @ and D(w)is a number of quantum states
(kx,ky,kz) with frequency w(kx,ky,kz) lying within interval®+o+dw. In the
experiments, however, only magnons in quantum states with such values of wave
vector k=(kx,ky,kz) which can be detected by optical arrangement of the setup
should be taken into account (these are magnons with in-plane wave vectors

]q‘ I(ky,kz)<km). Therefore, spectral density of magnons accessible in the

experiment isdN, " =D(@)n(@)dw. Correspondingly, the BLS intensity obtained at

the output of the interferometer and plotted in graph 18(a) is
() = [ 40— "D (0 n(w)de', (70)

where A(w) is the instrumental function (or amplitude frequency characteristic) of the
interferometer (see (59)). Direct calculation of its shape using (59) require exact value
of finesse, which depend on many factors, however the instrumental function is

directly defined by the shape of elastic line. Indeed, since elastically scattered light
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Figure 18. (a) Spectrum of thermal magnons at Hy=700 Oe: circles — experiment, solid
line —fit, using Eq. (70). (b) Magnons density of states in the frequency range (fmin, f1):
black line — calculation using dispersion relation (20) with accounting for all states; red
line — density of states with k<10’ cm™; green line - result of best fit optimization

procedure.
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contains only one frequency component w=w; its BLS spectrum is
I(a))zIA(w—w’)é(w’—wL)da)’:A(a)—a)L). Thus, knowing A(w) and taking into
account that for thermal magnons n(w) = n(w, u = 0) one can use (70) for determining
reduced density of states D'(w) from experimentally measured BLS spectrum of
thermal magnons. For this, D'(w)is first calculated theoretically for a given

maximum in-plane wave vector of magnons kny.x and then obtained density of state
function 1is slightly varied to achieve the best coincidence with the experimental
spectrum. Figure 18(b) represents the results of calculation of density of magnons
states in the frequency range (fui, /1) by means of direct counting over the sites of
reciprocal unit, using dispersion relation (20). Black line in the graph shows the
density of all states in the given frequency region. Red line represents calculated

density of states function D’'(w) where only magnons with wave vectors

k<knax=10" cm™ are taken into account. This function was then substituted in Eq. 70
and was slightly varied to obtain the best fit of experimentally measured thermal

spectrum. Green line shows the density of the states function D'(w) obtained as a
result of such procedure, i.e. the BLS intensity spectrum /(w)calculated with this

function appears to give the best fit of experimental results. The difference between
the green and the red lines is easy to understand: the sensitivity of the setup does not
go to zero stepwise; it rather fast decreases as soon as k>kpa.x. Corresponding
calculated BLS intensity is shown in Fig. 18(a) by solid line. Obtained in such manner

value of D'(w)is then used for the analysis of the experimental spectra

parametrically driven thermalized magnon gas.

Figure 19 shows the results of measurements of evolution of magnons
distribution under the excitation by parametric pumping of power P,=4.0 W
((=38 dB). Magnons spectra in different panels correspond to different time delays
after the start of pumping pulse. A growth of number of magnons with time can be
clearly seen from the figure. In particular, noticeable increase in magnons population
at low frequencies is observed. According to previous results magnon gas at such
pumping powers quickly thermalizes (with thermalization time zuem<50 ns) and for
all delays 7> tmerm it can be regarded as being in a thermodynamically quasi-

equilibrium state. Therefore, it should be possible to describe the observed changes of
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Figure 19. (a)-(e) BLS spectra of pumped magnons recorded for different delay times
after the start of the pumping pulse (P,=4 W, H;=700 Oe): circles — experiment,
solid lines — result of the fit based on Eq. (70); (f) dependence of the chemical

potential of magnon gas on time.

magnon distribution by Bose-Einstein statistic with increasing chemical potential as
pumping inject more magnons into the system. The results of the fit of the

experimental spectra by Bose-Einstein distribution function

n(w, i) = [exp( £y _ 11 with 4 being fitting parameter using (70) and D'(@)

extracted from thermal spectrum are shown by solid lines. The corresponding values

of chemical potential are also indicated in the graphs. For the sake of better
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comparability it is presented in frequency units (GHz). The information about the
chemical potential is summarized in Fig. 19(f). It is seen, that chemical potential
grows with time and saturates at the end of the pumping pulse reaching at ==1000 ns

the value w/h=2.08 GHz. This value of the chemical potential is very close to the

maximal possible value A ., /h= fmin =2.1 GHz, which, in turn, means, that magnon

gas is close to Bose-Einstein condensation.
Figure 20 illustrates magnons spectra measured at a higher pumping power
P,=59 W ({=40 dB). For this pumping power the measured magnon spectrum at

7=300 ns corresponds to the Bose-Einstein distribution function with the value of

ulh= fmin =2.1 GHz (Fig. 20(b)), which means that a critical density of magnons is

reached at this delay (n(w,7=300 ns)= n(w, u=hwmi)=n.(w)). Nevertheless, as follows
from Figs. 20(c), (d) number of magnons grows further with time. Comparison of the
experimental spectra for =400 ns and =500 ns with the critical distribution /(n.{®))
shows, that this growth of total number of magnons affects only the states with
frequencies close to the bottom of the spectrum, whereas the population of magnons
at higher frequencies remains constant (for the sake of better comparison high
frequency tails of magnons distributions are shown on an increased scale). This is
further visualized in Fig. 20(e), where the difference AI(w)=I(®,7>300 ns)-I(n.(®)) is
plotted for =400 ns and =500 ns. As seen from the graph, this difference has a
shape of a peak with the width Aw=27A4f=27-250 MHz which is equal to the frequency
resolution of the interferometer. This allows to conclude that the observed difference
in experimental spectra A/(w) is caused by very narrow magnons population peak

An(w). In fact, it appears that that A/(w) is nicely fitted by instrumental function

Al(w) = IA(a) -o"D'(0)An(@")do' = aA(w—a,,, ) (corresponding fits are shown by

solid lines) which directly implies An(w)=n,0(w—-®,, ). Thus, a fully
correspondence between the observed situation and BEC transition scenario can be
pointed out: after the concentration achieves some critical value all newly introduced
particles are accumulated at the lowest energy state.

To prove further the conclusion that the finite width of the observed peak at minimal
frequency is caused solely by the limited frequency resolution of the spectrometer

additional measurements with better resolution were carried out. In all cases the width
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inset — magnon distribution measured with the ultimate resolution of the interferometer.

(f) Dependence of the chemical potential of magnon gas on time.

of the peak correlated with the value of the spectral resolution of the interferometer.

Minimal width, obtained with the best achieved resolution value is 50 MHz (see inset

in Fig. 20(e)).
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It is worth noting, that based on the estimation, made in the beginning of this section
temperature of magnon gas was regarded as to be constant in all fitting procedures.
This approach, being fairly reasonable, however is not the only reason for temperature
can be omitted in the current consideration. In fact, since the energies of magnons /w
are much smaller than the mean thermal energy of the gas x7 the shape of the

xT
ho—u

-1
magnons distribution n(w) = {exp[hw;,u j_l} ~ appears not to depend
K

on the temperature, since x7 serves just as a multiplication factor. Thus, the value of
the chemical potential, obtained by the fitting procedure and the assignment of the
critical distribution (n.(®)) to the certain experimental conditions, described above, is
insensitive with respect to changes of 7 (until Zw<<kT).

Thus, experimental results cited here provide a direct evidence of quasi-
equilibrium Bose-Einstein condensation in pumped magnon gas at room temperature.
Pumped magnons, initially observed to be distributed over the whole accessible
frequency range at some critical pumping power form extremely narrow (4/<50 MHz)
peak at the minimal frequency of magnons spectra. Besides being observed at room
temperature the effect of magnon BEC has another intrinsic feature, which distinct it
from all other known BEC transitions: the minimum energy is doubly degenerated,
namely two points in k-space correspond to minimal frequency of magnons (kmin,
®min). That means that magnon condensate is composed of two sorts of magnons with
opposite directed wave vectors. This fact demonstrates universal nature of BEC and
makes further investigation of magnon condensation attractive from the general point

of view.

4.3 Spatiotemporal dynamics of magnon Bose-Einstein condensate

Being itself one of the most fascinating phenomena BEC opens way for further
investigation, implying the condensation being is not only the ultimate goal to be
reached but rather assuming experiments with the condensates as macroscopic
quantum objects and the interaction of two or more of them. In fact, since the all
particles in the condensate behave as a single wave (described by the wave function of

the lowest energy state) one can expect to observe coherent wave-like effects
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involving macroscopic number of particles. Moreover, the presence of interaction
between single particles allow for nonlinear dynamics. In particular, formation of
solitons [106, 107] and collapse [108] in atomic Bose-Einstein condensate was
experimentally observed. Besides experiments on single condensate dynamics,
interference [109] and linear Josephson oscillations [110] along with effect of
nonlinear self trapping [111] in the system of two interacting condensate were
reported. The fact that the experiments are mainly carried out with atomic condensates
is explained by their relatively long lifetimes allowing for them, once being prepared,
to be manipulated by means of applying of energy potentials with different spatial
configuration.

The disadvantage of magnons BEC caused by the fact that it can be observed
only under the action of external pumping can, however, play positive role. In fact,
instead of manipulations with prepared condensate one can, apparently, make use of
correlation between the spatial configuration of the pumping and the condensate,
excited by it.

This section represents results of investigation of spatial characteristics of

magnon condensate and its temporal evolution by means of space and time resolved
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BLS spectroscopy. In particular, the problem of control over the spatial characteristics
of magnon condensate through the configuration of pumping field is addressed.

The experiments were performed on 5.1 pm thick YIG film in quasi-
backscattering geometry. The measurement procedure similar to that, described in the
previous sections, was applied for these studies at different positions of the focal laser
spot over the film surface. The only difference was that additional small space gap
was introduced between the film and the resonator and the probing light was now
reflected from YIG-air interface. This provided constant reflectivity for all points on
film surface, allowing to avoid problems with different reflection condition for region
directly above the resonator, which might cause uncontrolled fluctuations of the BLS-
intensity (see Fig. 21).

In order to examine possible influence of the shape of the pumping resonator on
the spatial distribution of the condensate two sets of measurements with two
resonators were performed. Along with the 25 pum diameter wire resonator used in the
previous experiments, rather wide microstrip resonator with the width of 500 pm was
also employed (Fig. 21). Both resonators were tuned to have the same resonant
frequency f=8.1 GHz.

All measurements of spatial distribution of the condensate were preceded by the
preliminary measurements in phase space. The distribution of magnons over the entire
range of the frequencies was examined in order to determine the minimum frequency
of the magnon spectrum i.e. the frequency of the condensed magnons fi,. After that,
the pass band of the interferometer was constricted to f~fnin=150 MHz. That ensured
that the detected signal corresponded to the condensate and was free from the
contribution from the other magnons. As one would expect from the symmetry
reasons, the measured spatial distributions of magnons were found to be uniform
along the length of the resonators. Therefore, one can restrict himself to the analysis
of one-dimensional distributions of the condensate density over the spatial coordinate
z perpendicular to the axis of the resonator and their temporal dependences.

Figure 22 represents typical results of the spatio-temporal measurements for the
case of the wire resonator obtained at Hy;=1000 Oe and P,=4 W. The dependence of
the condensate density on the spatial coordinate z is shown for different time delays ¢
with respect to the onset of the pumping pulse (Fig. 22(a)). The graph shows a certain

time delay in appearance of the condensate with respect to the start of the pumping.
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Figure 22. (a) Experimentally measured distribution of the condensate density as a function
of time and distance from the centre of wire resonator in colour-coded representation; static
magnetic field Hy=1000 Oe, pumping power Pp=4 W. (b) Top: settled distribution of the
spatial density of the condensate measured at the time delay =1 us and the calculated
dependence of the parallel component of the pumping field /;(z); bottom: schematic layout

of the cross-section of the experimental structure.

As described above, this delay is due to magnon thermalization, which is necessary
for formation of the condensate. As soon as the thermalization process is over,
magnon condensate arises. The figure reveals some initial spatial expansion of the
condensate, but after the certain time its width is decreased and a steady state with a
constant spatial distribution is formed. As it is seen from the figure, the condensate
cloud is concentrated over the resonator, and has a maximum density at its center.
This result is in a good agreement with the conception of BEC of magnons developed
in previous sections. Since the condensation arises as a consequence of the injection
of magnons due to the parallel pumping instability process, its spatial characteristics
should map the properties of the pumping. This fact is further illustrated in Fig. 22(b),
where the settled distribution of the condensate along with the dependence of the
parallel component of microwave field 7 over the coordinate z in the plane of the film
is plotted. For the calculation of the latter a well known expression for the magnetic
21 xF

field of a straight current-carrying wire (2(r)=— >
cr

) was used:
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Figure 23. (a) Experimentally measured distribution of the spatial density of the condensate
as a function of time in colour-coded representation for the case of microstrip resonator;
static magnetic field Hy=1000 Oe, pumping power Pp=4 W. (b) Top: settled distribution of
the spatial density of the condensate measured at the time delay =1 ps and the calculated
dependence of the parallel component of the pumping field /(z); bottom: schematic layout

of the cross-section of the experimental structure.

1

T where A - is a distance from the center of the wire resonator to
1+z°/A

h(2) = h,

the plane of the film. Direct correspondence between the pumping field profile and
the distribution of magnons in condensate can be nicely observed. Slightly larger
spatial size of the condensate cloud should be addressed to the spreading of the
initially exited magnons during the thermalization.

To further investigate the influence of the configuration of pumping field on the
distribution of magnons in condensate measurements with the wide (w=500 pm)
microstrip resonator were carried. Typical picture of the spatial-temporal dynamics of
the magnon condensate, excited by the microstrip resonator, is shown in Fig. 23(a).
Observed distribution drastically differs from that, presented in Fig. 22(a) - instead of
one condensate cloud, concentrated over the resonator, two separate condensates are
formed. By mapping the position of the microstrip onto the observed distribution
(dashed line) one concludes that the condensates arise at the edges of the resonator, so
that the spatial separation between them is equal to the width of the microstrip w.

Despite completely different spatial distributions of the condensate density, the time
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evolution of each separate condensate is similar to that, observed for wire resonator:
after some initial expansion, a slight decrease of the width of the condensate cloud
followed by stabilization is seen.

The shape of the observed distribution is, apparently, connected with the
properties of the pumping process. An explanation can be found if one recalls that
there are two different types of parametric instability in ferromagnets: parallel

pumping, caused by the dynamic magnetic field 4 parallel to the static
magnetization M o, and perpendicular pumping, which arises when ZJJ\ZO (see

section 2.5). Since the pumping field, created by the resonators in our experiments has
components both parallel and perpendicular to the static field, both kinds of instability
are potentially possible. The case of oblique pumping, when both components of the
pumping fields are present was addressed in details in [112, 113]. The main
conclusion of these works is that under given experimental conditions the instability
characterized by a smaller power threshold dominates over the other. In general case
the threshold of the parallel pumping is lower for the low fields (when frequency of
pumped magnons corresponds to the exchange part of the spectrum) while the
perpendicular pumping dominates at high fields (when dipole magnons are pumped).
Using the theory developed in [48] one can calculate the thresholds values of the

dynamic magnetic field for the parallel and the perpendicular instability for given

experimental conditions (YIG film, Hy;=1000 Oe). They were found to be htlLr ~

0.99 Oe and hi, ~ 0.75 Oe, i.e. they are rather close to each other. At the same time

calculation of field configuration for wire resonator gives for the maximal values of

—

- 21xr
the components /. =2h+ (h(r)= P

), whereas for microstrip resonator, using

approach developed in [114], one obtains hﬂm ~ hnanx- Thus, for given experimental

conditions, parallel pumping dominates for a wire resonator whereas regime of
perpendicular pumping is realized for a microstrip. As a further proof of this fact, a
good correspondence between the condensate density distribution and the profile of
perpendicular component of dynamic field of the microstrip resonator plotted in

Fig. 23(b) can be pointed out.
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As a next step the spatial width of the single condensate cloud in the two-
condensate regime was investigated. Figure 24(a) represents the time evolution of the
full width at a half maximum (FWHM) value of the observed condensate distribution
for different pumping powers. The initial growth of the width can be referred to the
flow of the magnons from the pumping to the condensate. Since the condensation is a
threshold process and the flow of magnons from the pumping to the condensate is
provided by the four-magnon scattering, which depends on magnon density,
condensate first arises at the point corresponding to the maximum of the pumping
field. Then it spreads as the critical density is reached locally for the other spatial
points. This continues until the energy flow from the pumping is balanced by the
decay of the condensate. The further decrease of the width observed for high powers
can be caused by the spatial dynamic of already formed condensate. This compression
of condensate cloud fully corresponds with the fact that the interaction between
magnons in current experimental configuration is attractive [115]. Thus it is not
surprising, that the compression becomes more pronounced with increase in pumping

power.
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In spite of the presence of some spatial dynamics an important conclusion about
common increase of the width of the condensate cloud with the pumping power P,
can be made. This is also a consequence of the threshold character of the condensation

process, which demands the density of magnons to be larger than some critical value

<. It is obvious, that with the increase in the pumping power the size of the

spatial region were the threshold of the condensation is reached increases as well.
This width can be estimated based on the distribution of the pumping field, shown in

Fig. 23(b), and the fact, that the number of magnons excited by pumping is
n~+h*—h, >n_,,where h - is the microwave pumping field applied to the sample
and A, 1s its threshold of parametric pumping process. Taking into account that

h,, <<h one obtains following condition for the condensation region

h(z)>h,, ~/n, , where h,, is the field corresponding to the onset of the BEC. The

results of these calculations are shown in Fig. 24(b) by the line. Comparing the
experimental and the theoretical data one can see their good qualitative agreement.
Note that the experimentally determined width of the condensate appears to be
slightly larger than the theoretical one. This result is expected, since the additional
spreading of the condensate cloud due to the non-zero velocities of the magnons,
existing at the intermediate stage between the pumping and the condensate is not
taken into account in the estimation cited above. The same effect leads to the absence
of an abrupt decrease of the condensate intensity at the spatial point, where the
pumping field becomes smaller than the threshold field on the observed experimental
distributions (Figs. 22(a), 23(a)).

Concluding this section one can point out that obtained results on spatiotemporal
dynamics of magnon condensate demonstrate a possibility of control over the spatial
distribution of magnons through the geometry of pumping resonator. In particular,
two separated condensates can be excited with controllable separation and spatial
width, which creates a perfect base for further study of interaction of magnon Bose-

Einstein condensates.
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4.4 Radiation of magnon Bose-Einstein condensate

In the previous sections it was shown that magnons in YIG being pumped by
parametric pumping can undergo BEC transition when power of the pumping exceeds
some critical value. As a result of such transition an essential part of magnons is
accumulated in the lowest energy state and forms Bose-Einstein condensate — a
macroscopic quantum state of coherent magnons. In classical interpretation formation
of magnon condensate means appearance of intense dynamical component of
magnetization over a macroscopic area of the sample, which should radiate
electromagnetic waves. Experimental observation of such radiation would be a clear
proof of the coherent nature of the condensate. This section represents the result of
experimental investigation of microwave radiation generated by Bose-Einstein
condensate of magnons in YIG films. The properties of the radiation are examined in
details with respect to the properties of the pumping signal, to prove the possibility of
above discussed energy conversion.

The layout of the experimental setup is shown in the Fig. 25(a). The standard
arrangement of the microwave part (see Fig. 12) was slightly changed, due to the
necessity of microwave detection of the radiation of the condensate. The pumping
field is now created by open dielectric resonator which is driven by means of
conducting-wire loop serving as a coupling element between the resonator and the
microwave transmission line. The system is fed with microwave pumping pulses with
a duration of 5 us and a repetition period of 5 ms. The pumping frequency of about
/=821 GHz, corresponds to the TM;jo oscillation mode of the resonator. The
utilization of open dielectric resonator allows to minimize the mutual coupling
between the pumping channel and the part of the experimental setup, serving for
detection and analysis of the electromagnetic radiation arising in the system. The
detection of the radiation is performed by means of 40 pm wide microstrip pickup
antenna attached to the surface of the film close to the edge of the resonator. The
microwave signal induced in the antenna is amplified by a low-noise microwave
amplifier and then is sent to a spectrum analyzer. A microwave switch is introduced
between the antenna and the spectrum analyzer in order to have a possibility to
analyze the received signal after the pumping pulse, which excludes any influence of

the pumping on the observed spectra.
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Figure 25. (a) Schematic layout of the experimental setup. (b) Spectrum of magnons for

5 pm thick YIG film at H;=520 Oe. Solid lines illustrate parametric pumping process,

dashed lines — confluence process of two magnons from the bottom of the spectrum.

The spectrum of magnons along with the schematic representation of main
processes occurring in the system during the experiment is shown in Fig. 25(b). As in
previous experiments, pumping injects substantial number of magnons into the film,
which then quickly redistribute over the spectrum (thermalize) and a quasi-
equilibrium state is settled. For high pumping powers most of the pumped magnons
are accumulated in the states with the minimal frequency fmin, (the overpopulation of
this state reaches several orders of magnitude) and form a condensate. As discussed
above, for magnons in tangentially magnetized films there are two states with minimal
frequency (Fkmin, @min) corresponding to two oppositely-directed wave vectors. The
value of the minimal frequency depends on the magnetic field Hy (wmin =
2 fmin~YHy) whereas the value of the wave vector is mainly determined by the
thickness of the film. For 5 um thick YIG film and Hy~0.5 kOe one obtains for the
magnons at the bottom of the spectrum finin~1.5 GHz and kpin~3.5%10* cm™ which is
significantly larger than the wave vector of electromagnetic waves of the same
frequency kem=27fmin/c<0.3 cm’!. This means that although the transverse dynamic
magnetization, corresponding to these magnons, is huge, there is almost none direct
electromagnetic radiation at frequency fmin due to the significant mismatch in their
wave vectors (i.e., direct radiation of photons by condensed magnons is forbidden by

the momentum conservation law).
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However, using the process of confluence of magnons from different minima (see
dashed arrows in Fig. 25(b)), one can reduce the wave vector of the magnetization
oscillations corresponding to magnons at the lowest states. In fact, since the both
minima in magnon spectrum (kmin, Wmin) are symmetric with respect to each other,
the resulting magnon, created by confluence of two magnons from different minima
will have frequency f=2fmin and almost zero wave vector k~0. Such magnons can
easily radiate photons, the latter being detected by the pickup antenna.

Fig. 26(a) represents the results of measurements of the power of the
electromagnetic signal at frequency 2fnin detected by the pickup antenna as a function
of pumping power. A radiation of the condensate is undoubtedly observed, confirming
the coherent nature of the created condensate. From figure it also follows that there is
a certain threshold in pumping power (Py~4.5 W), above which a radiation is
observed. For pumping powers just below this value the power of the radiation lays
below the noise level P(rad)(Pp< Py)<0.05 uW. This is, apparently, caused by the
threshold character of both BEC and the process of confluence of magnons from
bottom states (£kmin, @min)-

Fig. 26(b) shows the spectra of the signal discussed above recorded for pumping
powers corresponding to different parts of the dependence illustrated in Fig. 26(a):
just above the threshold value, for intermediate powers and in the saturation region.
All spectra were measured during 1 ps time window starting 100 ns after the end of
the pumping pulse. The chosen delay guaranties that the measured spectra are free
from direct influence of the pumping and represent properties of the thermalized
magnon gas. On the other hand, the chosen width of the window exceeds the magnon
lifetime excluding, therefore, any effects of additional spectrum broadening due to the
finite measurement time. The spectra are normalized at their maxima for convenience
of the comparison. As follows from the graph, the width of the spectra of the radiated
signal practically does not change with the pumping power being equal Afs=6 MHz in
the whole observable range.

The constant value of the linewidth for different pumping power indicates that the
observed spectra at 2fn,i, is a result of confluence of magnons from single states rather
than from states in some frequency band near fni,. The fact is that according to
previous observations the distribution of magnons near the bottom of the spectrum

converges with increase in pumping power, whereas none narrowing is observed for
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Figure 26. (a) Dependence of the power of microwave radiation vs pumping power. (b)

Normalized spectra of the radiation for different pumping powers. H,=520 Oe.

spectrum of radiation at double frequency. However, although being rather small, the
obtained value of the linewidth is still larger than the value one would expect to obtain
for radiation caused by the confluence of magnons from single quantum states. In fact,
the intrinsic linewidth of the single mode, corresponding to certain magnon, is
determined by its lifetime Af = (277,) L. For typical values of spin-lattice relaxation
times of 7p~0.25 us one obtains Af~0.6 MHz. A possible explanation of this
discrepancy can lie in the fact that the confluence process itself, as a process which
leads to an annihilation of magnons at the lowest energy state, can be treated as an
additional relaxation channel, increasing, therefore, the linewidth of the emitted
microwave signal.

Figure 27 summarizes the results of the measurements of the frequency of the
radiated signal as a function of the pumping frequency f, (Fig. 27(a)) and static
magnetic field H, (Fig.27(b)). Obtained results fully correspond to the ideas
discussed at the beginning of this section. As seen from the figure, the frequency of
the emitted radiation does not depend on the frequency of the pumping. During the
measurements the latter was varied in the range allowed by the width of the resonant
line of the pumping resonator (Afp=60 MHz). At the same time the frequency of the

microwave signal remained constant with the accuracy within the experimental error
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Figure 27. Dependence of the frequency of the radiation vs pumping frequency (solid
squares) and magnetic field (open circles); solid line is the best linear fit of the field

dependence.

(/<3 MHz). This results directly indicates on the possibility of the system to convert
any frequency into the monochromatic radiation with f=2fni,. Thus, it can be
successfully used for the purposes of spectral compression of the energy of broadband
incoherent radiation, provided the latter is powerful enough to ensure magnon
thermalization and condensation. The required density of energy of incoherent
radiation can be provided by its focusing on the sample or, in some cases,
conventional coherent pumping can be used as seeding. As also follows from the
figure, the frequency of the resulting radiation can be controlled by tuning the static
magnetic field. In accordance with the fact that the observed microwave signal is a
result of confluence of two magnons with @wmin=27/min=yHo obtained dependence of its
frequency on the magnetic field is linear and characterized by the slope equal to 2y.

Thus, obtained results demonstrate an ability of the system of pumped magnons
for conversion of arbitrary frequency pumping into a signal with constant microwave
frequency controlled by the applied magnetic field. The conversion is based on the
effect of BEC of pumped magnons. The linewidth of the emitted radiation is relatively
small and appears to be independent on the external characteristics (magnetic field,
frequency and the power of the pumping) being, therefore, determined by the
properties of the processes inside the magnon system.

One can, apparently, make use of the observed radiation for purposes of

generation of coherent microwaves in a way similar to applications of uniform
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precession mode in YIG oscillators [47]. An efficiency of a BEC-based device
appears to be doubtful at the first glance, since to obtain a microwave signal from
condensate one needs first to apply parametric pumping (a microwave signal of
different frequency). However, intrinsic properties of BEC can result in certain
advantages, making reasonable the utilization of such conversion. In fact, since BEC
occurs as a result of multi-step thermalization process of pumped magnons with their
further accumulation in the lowest energy state, whose frequency is determined solely
by the applied magnetic field there is, obviously, no principal constrains on the
frequency of the pumping field. Moreover, spectrally wide pumping signal containing
different frequencies appears to be even more preferable for condensation, since it
favors faster thermalization of pumped magnons [116]. Thus, under condition of BEC
a conversion of the energy of broadband -electromagnetic radiation into a
monochromatic signal generated by the condensate becomes possible. This effect
might be very attractive if used in far-infrared frequency region, since radiation of
these frequencies dominates in the room-temperature environment and can easily be

focused on such a converter.



Chapter 5

Summary and outlook

The presented thesis addresses experimental study of kinetic processes in
parametrically driven magnon gas in YIG films. Besides providing novel
experimental data on magnetic relaxation processes, the main motivation for the
current investigation was a possibility of experimental observation of Bose-Einstein
condensation in quasi-equilibrium magnon gas. Successfully achieved in experiments
BEC of magnons was then further investigated, addressing, mainly, properties of the
magnon condensate. In particular, its spatiotemporal dynamics and properties of
microwave radiation, generated by the condensate, were studied. Space- and time-
resolved Brillouin light scattering technique in combination with standard microwave
technique for excitation and detection of magnons were used for the current
investigations.

At the first step a detailed investigation of thermalization of parametric magnons
was carried out. Taking advantage of high temporal resolution of BLS technique it
was possible to observe directly all stages of the thermalization process: excitation of
primary magnons by the parametric pumping, their interaction with thermal magnons
and creation of secondary magnons with subsequent redistribution of the latter over
the magnon spectrum. This redistribution was found to happen as a result of multiple
magnon-magnon scattering events. The main mechanism for this scattering, four-
magnon interaction, depends on the concentrations of magnons involved. Thus,
increasing the pumping power and, consequently, the number of injected magnons it
was possible to observe an increase in efficiency of magnons redistribution over the
spectrum. Moreover, at some critical power, the efficiency of the redistribution
process was high enough to provide total thermalization of injected magnons with the
entire magnon gas. As a result, a quasi-equilibrium state of pumped magnon gas
described by Bose-Einstein statistics was observed to be settled in the system within
the lifetime of magnons. For pumping powers higher then this critical value,

thermalization time was found to decrease quickly and to reach the value of 50 ns,
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which is about order of magnitude smaller than magnon lifetime. Observed quick
thermalization of magnons straightforwardly opens a way to the experimental
investigation of Bose-Einstein condensation, since it shows a possibility of creation of
quasi-equilibrium pumped gas with increased number of magnons.

The experiments on thermalization of magnon gas were then directly followed by
measurements at higher pumping powers. Experimentally measured distributions of
magnons were used to determine a chemical potential u of the quasi-equilibrium
pumped magnon gas, created in these experiments. The chemical potential u
characterizes a quantum degeneracy of magnon gas. It was found to increase with the
pumping, reflecting the growth of the total concentration of magnons due to their
parametric excitation. At high enough pumping power the value of the chemical
potential x4 reached its maximum value yu = hw,y;,, Which indicated the onset of
Bose-Einstein condensation. At the same time an appearance of an intense narrow
peak of magnon population at the lowest magnon frequency was observed in
experimentally measured spectra. The conclusion about Bose-Einstein condensation
was also supported by the analysis of the experimentally measured distributions for
higher densities of magnons. It appeared that the injection of additional magnons
above the critical value changes the distribution of magnons only close to the minimal
frequency (within the limits of the peak at the bottom), whereas the population of
magnons at all other frequencies remains constant. The above mentioned behavior
allowed to associate the observed peak with the Bose-Einstein condensate of
magnons.

To verity the assumption about the BEC of magnons, further measurements of the
spectral width of the peak at the bottom were carried out. Its observable width was
found to be determined solely by the frequency resolution of the setup, which means
that the intrinsic width of the peak is much smaller than this value. BLS
measurements with the ultimate resolution have shown that it is less than 50 MHz.

As a next step investigations of the properties of the formed condensate of
magnons were carried out. Using frequency selective detection of condensed magnons
in combination with the high temporal and spatial resolution of BLS technique it was
possible to map the distributions of the condensate density and investigate its
spatiotemporal dynamics. Measurements with two different types of pumping

resonators showed that the profile of the spatial distribution of the condensate is
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mainly determined by the configuration of the pumping field. At the same time a
slight narrowing of the condensate cloud in the course of its formation was observed.
This narrowing was more pronounce for higher pumping powers, which is a direct
consequence of the nonlinear attractive character of the interaction between magnons.
Using a specific character of dynamic fields produced by a pumping resonator, it was
possible to realize a regime with the simultaneous excitation of two spatially
separated magnon condensates. Moreover, it follows from the measurements that the
spatial characteristics of the condensates, such as their width and the separation
between them, can be easily controlled by the geometry of the resonator and the
power of the pumping signal.

In addition to BLS measurements, high frequency resolved measurements with
microwave technique were performed. A threshold-like appearance of a microwave
signal generated by the condensate was detected in these experiments. An existence of
such radiation is a clear evidence of the coherent nature of magnon condensate. The
linewidth of this signal was found to be Af=6 MHz. Neither this value of the
linewidth, nor the frequency of the radiated signal depended on the frequency and the
power of the parametric pumping (as long as its value is above the threshold of
condensation), which support the idea that this signal is radiated solely by the
condensed magnons. Correspondingly, a field dependence of the frequency of the
radiated signal was in full correspondence with the field dependence of the frequency

of the condensate.
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