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Outline: 3. Inference

a. Exact Inference
(Weighted) Model Counting

* Model counting
* Weighted model counting, knowledge compilation (KC)

ii. Variable Elimination and the Like
e Variable elimination (VE)
e Junction tree algorithm (JT)
ii. Lifted Inference
* First-order KC, Lifted VE, lifted JT
b. Approximate Inference
e Direct sampling: Rejection sampling, (lifted) importance sampling
e (Lifted) Markov Chain Monte Carlo sampling

—,
.

T. Braun — StaRAl 3
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Inference Tasks

* Query Answering Problem (as before) * Model: either parfactor model or MLN

« Compute an answer to a query P(S|T)
given a model G representing the full joint
probability distribution P,

* Avoid grounding (parts of) G
* E.g,

 P(Treat(eve,m,))

 P(Travel(eve), Epid)

* P(Sick(eve)|Epid)

 P(Epid|Sick(eve) = true)

* P(#g|Epid(E)])

* P(#glEpid(E)] = [2,2])

10 Presents(X, P, C) = Attends(X,C) |

3.75 Publishes(X, C) A FarAway(C) = Attends(X,C) |

T. Braun — StaRAl 4
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Lifted Variable Elimination

Inference algorithm
Complexity analysis, tractability

T. Braun — StaRAl 5
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What Happens During Variable Elimination Given Relations?

PEpid) e« $(Epids) - Y Epids) e Y (Epid,sy)

si€ran(Sick(x1)) sp€ran(Sick(x3)) snpe€ran(Sick(xy))

= ¢/ (Epid) - ¢'(Epid) - - ¢/ (Epid) = (¢’ (Epid))"

n times
P(Epid) « ( z ¢ (Epid, Sick(x) = s) )} — (¢’(Epid))n

seran(Sick(x))
# of X relative to Epid

Representative for X in cl)(Epid, Sick(X))

T. Braun — StaRAl 6
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Lifted Variable Elimination (LVE)

e Qutline:
1. Absorb evidence t in each parfactor g covered by t, i.e., rv(g) Nt # @, in a lifted way,
2. Eliminate non- query PRVsU = R\ rv(S,t) in a lifted way in model G

P(S|) =5+ z Pe(S,t,U = u) Lifted operators for
uEran(U) ¢ Summing out
1 * Multiplication
p— z 1_[ ¢g (Rl’ ) « Absorption of t
uEran(U) JgEG — Lifting operators of LVE

T[I'V(f) (S, t; U o u)
* Factor out parfactors from sums if arguments not covered by sum

Lifting operators to enable
* May require manipulation of constraints as at least constants the main operators above
appearing in query are distinguishable necessary

3. Divide by P(t) = Normalise P(S, t)

T. Braun — StaRAl 7



m— T — Universitit -
Miinster Exact: Lifting

LVE in Detail

e Example: P(Travel(eve)) inG = {g;};_,
* Pre-processing:
Split all parfactors whose constraint contains constants occurring in query terms: eve
* If parameterised query P(A|C): split parfactors based on C

Called shattering

So, we need a formal split operation to split of (set of) constants X € {alice, bob)

T. Braun — StaRAl 8



m— T — Universitit
Miinster

Equivalent Ground
Eliminations

* Let us concentrate

on alice, bob parts

first X € {alice, bob)

f2

f2 3
CSickalice > '('

Treat.alicem, Travel.eve m Treat.eve.m,

Travel.bob

|
e

T. Braun — StaRAl
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Equivalent Ground

Eliminations

 Eliminate
variables
e Sum out

* Multiply f3 results
over same arguments

X € {alice, bob)

f2

f3

T~ Treat.alicem; >
Travel.alice f2 3
.w 1 O Treat.evem,; Ol]
]

- Travel.eve m Treat.eve.m,

T. Braun — StaRAl

Travel.bob

10
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Equivalent Ground
Eliminations

 Eliminate
lifted

* Sum out representative

* Exponentiate result
with # of M’s for each X

X € {alice, bob)

f2 f2

i = (1) K=y
w reat.eve.mq @

Travel.eve m Treat.eve.m,

T. Braun — StaRAl 11



— — U o oo
——— Minster Travel(eve) Acc (blaet: ifting

Equivalent Ground w“@
Eliminations
Preconditions for lifted sum-out operator M I w
e PRV contained in only one parfactor (like in VE) @ 92 93
e Operation eliminates the same number of ' X € {alice, bob)
instances for each remaining instance w

(then all have the same exponent; otherwise:
split operation as for shattering)

Travel. bob
Treat.eve.m, & @

T. Braun — StaRAl 12
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Equivalent Ground

Eliminations

 Eliminate
variables

e Sum out

 Eliminate
lifted

* Sum out representative
e 7

= (2 5 = 6"
CTravelalice > ; CTravel. bob >

Travel.eve m Treat.eve.m,

@: Lifting

X € {alice, bob)

T. Braun — StaRAl 13
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Equivalent Ground

Eliminations
 Eliminate

« Multiply f5, f3' into f,3
e Sum out from f53
* Multiply f,53 results

@: Lifting

X € {alice, bob)

i /2

fis = ()" 2 = ())?

f2 3
- 1 O .T reat.eve.my [ ] -
Travel.eve m Treat.eve.m,

T. Braun — StaRAI 14
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Equivalent Ground

Eliminations Yo
 Eliminate

lifted
e First: X € {alice, bob)

* Multiply g5, g3 lifted

* Then, eliminate Nat.flood >-LJ [ @
lifted : Formal lifted multiply operator
* Sum out representative fis = Uza )= @ e Open question: What

happens if both parfactors

e Exponentiate result
with # of X’s for Epid (©)

represent different number
of groundings?

Treat.eve.m,

T. Braun — StaRAl 15



— Universitat
Miinster

Equivalent Ground

Eliminations
 Eliminate
variables

e Sum out variables

e Multiply results over
same arguments

f
X
* Multiply f3, f5' for eve ‘
e Sum out fas = (fz'a)

@: Lifting

Travel.eve - -

T. Braun — StaRAl 16
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Equivalent Ground

Eliminations
 Eliminate

@: Lifting

lifted,

Sum out representative of

Exponentiate with 2

Multiply g, g3
e Sum out

Travel.eve

T. Braun — StaRAl 17
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Equivalent Ground

Eliminations

* Eliminate ,
variables

e Start with

* Multiply f3, f1 over
Acc.chem, Acc.nucl

e Sum out
e Same for
* |dentical result

 Multiply identical results
into fi1

e Sum out ,

Travel(eve) @: Lifting

Travel.eve

T. Braun — StaRAl 18
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Equivalent Ground

Eliminations

e Eliminate Nat(D),
Acc(]) lifted
* Problem:

Neither contains all
logical variables of g4

Nat.flood > [ w
* Solution: Ground I? S T
e Eliminate NClt(D) o =(f2’3) ormal ground-logicai variaoie

@ operation
* Eliminate Acc(chem),

* As a last resort operation
Acc(nucl)

e But: local symmetries,
encode in histograms

e Better solution: Count I!

* Form of split operation,
splitting off all constants

T. Braun — StaRAl 19
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Travel(eve) Lifting

Equivalent Ground

Eliminations

* Eliminate Nat(D),
Acc(]) lifted 923

 Count!inAcc(l)
e CRV #;[Acc(I)] ¢ Sum-out operation needs to be
able to handle CRVs correctly

* Eliminate Nat(D) Nat.flood D11 T
lifted :
. ) Formal count conversion operator
* Sum out representative faz = (f23) @ * Number of instances of logical

* Exponentiate with variable to count identical for
#of D’s all instances of other logical
e Eliminate #I[ACC(I)] variables in parfactor
(to have identical histograms)
Logical variable to count

@ appears in only one PRV

Lifted sum-out operator addendum

e Sum out while
considering Mul(I)

T. Braun — StaRAl 20
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Equivalent Ground

Eliminations

* Eliminate
* |dentical in both cases
* Multiply all remaining factors into f
* Sum out

e (Multiply remaining factors) i
* Here only one factor f’

* Normalise result
— 1 = P(Travel(eve))

Exact: Lifting

it = ()

Travel(eve)

Travel.eve

T. Braun — StaRAl 21
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Treat(eve, M)
P(Travel(eve)) 0 0 w

92 93

x Z Z z z z Z Z Z Po CSiokqy> X € lalicebob)

eeVal(E) aeVal(#;[Acc(I)]) neVal(N) sgeVal(S,) ttp,eVal(Tt,) seVal(S) treVal(Tr) tteVal(Tt)

Y o) bilen, a))

eeVal(E) a€eVal(#j[Acc(D)]) <nEVa1(N)

Lifted operators for

* Summing out

2
Z ¢2(Travel,e,se)< Z ¢3(e,se,tte)> e Multiplication

se€Val(Se) tteeVal(Tt,) * Absorption of t
— Lifting operators of LVE

¢, (tr,e,s)
seVal(S) treval(Tr) 2 Lifting operators to enable
2 the main operators above
( ¢sle,s, tt)) necessary
tteval(Tt)

T. Braun — StaRAl E 2 Epid,N 2 Nat(D),A 2 Acc(I),S 2 Sick(X),Tt £ Treat(X,M), Tr £ Travel(X); subscript e for eve 22
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Lifted Operators and Sk er)> “ @
Their Preconditions i
& % ¢ w
9> g3

Preconditions for lifted sum-out operator
PRV contained in only one parfactor (like in VE) Formal lifted multiply Formal count conversion operator
operator * Number of instances of logical
« Operation eliminates the same number of * Open question: variable to count identical for
instances for each remaining instance What happens if all instances of other logical

(then all have the same exponent; otherwise: both parfactors variables in parfactor
split operation as for shattering) represent different (to have identical histograms)

number of Logical variable to count
Lifted sum-out operator addendum groundings? appears in only one PRV
* Sum-out operation needs to be
able to handle CRVs correctly

Formal ground-logical variable operation
* As alast resort operation
So, we need a formal split operation to split of (set of) constants * Form of split operation, splitting off all constants

T. Braun — StaRAl 23
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Count Normalisation

* For the different possible groundings of common logical variables X¢°™, the same number
of groundings of exclusive logical variables X¢*¢! exist

e X%l contains logical variables that are eliminated
during a sum-out operation or the logical variable to count

* Trivial if X“°™ = @:
* E.g,
« (X, Cx) = (0O, {(xy), ..., (x)})
o XM = [p(Epid) = @
« Xl = [y(Sick(X))\ 0 = {X}

* For each possible grounding of Epid, which is just one,
namely Epid, there are n groundings of X

* One lifted sum-out operation replaces n ground operations

T. Braun — StaRAl 24
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Lifted Summing Out

e Summing out transforms the current model G Preconditions for lifted sum-out operator

e Removes a PRV from rv(G) * PRV contained in only one parfactor (like in VE)
* Effecton Ioglcal variables : * QOperation eliminates the same number of
* Number of logical variables decreases over the instances for each remaining instance
whole LVE run for one query (then all have the same exponent; otherwise:

i = . split operation as for shatterin
e Until only propositional random variables and piit operat ing)

CRVs (counted logical variables are bound) are left

, oo i Lifted sum-out operator addendum
— Standard variable elimination A S R R R

e Preconditions act as a filter on possible able to handle CRVs correctly
sum—out operations

T. Braun — StaRAl 25
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Lifted Multiplication

e Operator for multiplication as an "enabler” for sum—out operator Formal lifted multiply
e SO Precondition 1: PRV to sum out may only appear in one parfactor Sfp el :
. * Open question:
* Multiply two parfactors What happens if
 Still a join of over arguments and a product of potentials both parfactors

represent different
number of
groundings?

* Since two parfactors represent two (different) sets of grounded factors,
lifted multiplication has to work as a representative multiplication for
those two sets

* Easy case:
1-to-1 correspondence between groundings of those parfactors

* But, what happens if the number of represented factors differ?
* 1-to-m correspondence
* n-to-m correspondence

T. Braun — StaRAl 26
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Lifted Multiplication: Trivial Case

* 1-to-1 correspondence between the ground factors of each parfactor
* Eg. $1(S(0) - 2(SCD, AC)) H(S(X)) -+ $a(S(X),AX)  wulipheation  6a(S(X), A(X))

¢1 (S(ml)) <.--:--.|> (}52(5(1'1), A(ml)) """"""""" > ¢3(S(xl)a A(ml))
. Ground

Multiplications

$1(S(@n)) ot P2(S(2n), A(Tr)) -ooeeiiee > 03(5(z), A(zn))

Each grounding of X

in gr ((,bl (S(X))) b1 S(z1) b2 A(z) S(z1) #3  A(x)
interacts with one

corresponding A AR
grounding of X in : Mulﬁ;ﬁg;g{m
r(o,(S(X), A(X '
g (¢2( ( ) ( ))) b1 S(xy) b A(z,) S(zn) @3 Alzy)

T. Braun — StaRAl Figure taken from: Nima Taghipour, Daan Fierens, Jesse Davis, and Hendrik Blockeel: Lifted Variable Elimination: 27
Decoupling the Operators from the Constraint Language. In: Journal of Artificial Intelligence Research, 2013.



—— — —— Universitit -
Miinster Exact: Lifting

Lifted Multiplication: More General

* ]-to-m correspondence between the ground factors of each parfactor
necessary

* E.g., $1(SX)) - ¢2(SX), F(X, V)

1(S(X)) - $2(S(X), F(X,Y))  Sealingér [T, ¢y (S(X))/™ . 2(5(X),F(X,Y)) & $3(S(X), F(X,Y))

Each [ fXi
ac groundlng 0 N ¢2(S(x1),F(:1:1,y1)) ‘ ¢1(S($1))1/m<___.____>¢2(S(-'El),F(zl,yl)) __________ > ¢3(5($1),F($1,y1))
or (¢1 (S(x ))) interacts NG PIRIIRE Seallog é1, ] ; ;
with m corresponding G 61(S@))/ " ...t 92(5(@1) F @1 ym)) oo > L 65(S(21), F(z1,4m))
Ground
groundings Of X, Y in Multiplications
gr (¢2 (S(X)) F(X) Y))) ¢2(S(zn):F(x-myl)) <f>1(S(wn))1/"‘<;--'.--4>¢2(S("Bn),F(mn,y1)) """"" > ?3(5((1371),}‘“(:1:.,“3/1))
o1 (S(.'En))q_ _____ P Scaling ¢1 :
¢2(S(mn)?F(mn:ym)) ¢1(S(mn))1/m<- ----- D¢2(S($n):F(mn:ym)) ---------- I ¢3(S(mn),F(mn,ym))

Figure taken from: Nima Taghipour, Daan Fierens, Jesse Davis, and Hendrik Blockeel: Lifted Variable Elimination: 28
Decoupling the Operators from the Constraint Language. In: Journal of Artificial Intelligence Research, 2013.
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Lifted Multiplication: General Case

* n-to-m correspondence between the ground factors of each parfactor
necessary in both directions
* g, $1(S(X),T(X,2)) - ¢2(SCN), F(X,Y))
o dom(X) = {xq, ..., xx},dom(Z) = {zq, ..., z,},dom(Y) = {yq, ..., Vi }
* Each grounding of X, Z in ¢, interacts with m groundings of X,Y in ¢,
* Each grounding of X, Y in ¢, interacts with n groundings of X, Z in ¢4
e Scaling:

1 n

($r50 T D))" | [ (20500, Fex. 1))

=1 =1

Z
n

1z

Exact: Lifting

T. Braun — StaRAl
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Count Conversion

* Counting a logical variable binds a logical variable, i.e., removes Fi N aeilidase = aite e o= el

logical variable from the logical variables of the parfactor * Number of instances of logical
variable to count identical for

° bg, _ all instances of other logical
* g1 = ¢1(Epid, Nat(D), Acc(I)) = lv(g,) = {D, 1} variables in parfactor
« g1 = ¢1(Epid,Nat(D), #;[Acc(I)]) — lv(g;) = {D} (to have identical histograms)

Logical variable to count
appears in only one PRV

* Helps with Precondition 2 of summing out!

e SO Precondition 2: PRV to sum out has to contain all logical variables of
parfactor

* Operator count—convert
e Count a logical variable — convert a PRV into a (P)CRV
* Works as an “enabler” for sum—out operator
e Preconditions for count—convert as well

T. Braun — StaRAl 30
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Generalised Counting

e Count conversion as discussed here, first introduced by Milch et al. (2008)
e Generalised counting by Nima Taghipour et al. (2013)
1. Count logical variables that appear in more than one PRV

* Eg, 9(Q(X), R(X),S(Y), T(Y))
= ¢ (#x[Q(X), R(X)], S(Y), T(Y))

2. Merge CRVs with counted logical variables of the same domain

+ E.g., p(Hx[QX), R cx and P (#y[Q(Y), R cv with gr(Xcx) = gr(Y,cr)
= ¢p(#x[Q(X), R(X)]¢

3. Merge-count a PRV and a CRV with an inequality constraint

« E.g., p(#x[Q(X)],R(Y)) - With C encoding X # Y
— ¢(#Hx[QX), R(X)] )¢

Brian Milch, Luke S. Zettelmoyer, Kristian Kersting, Michael Haimes, and Leslie Pack Kaelbling: Lifted Probabilistic
T. Braun — StaRAI Inference with Counting Formulas. In: AAAI-08 Proceedings of the 23rd AAAI Conference on Artificial Intelligence, 2008. 31
Nima Taghipour and Jesse Davis: Generalised Counting for Lifted Variable Elimination. In: ILP-13 Proceedings of the
International Conference on Inductive Logic Programming, 2013. (or in Nima Taghipour’s PhD thesis)
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Lifted Absorption

e Remember: Observations for Sick(X)

* Observations for groundings of a PRV can be Sick(x;) = Sick(x,) = - = Sick(x;y) = true

* One of the range values

Sick(X) ¢T WM Sick(X) ¢F
* Not available (N/A)
alse

true 1 true 0

 Compactly encode evidence with PRVs and
parfactors
e Within each group:
instances are indistinguishable again

— Absorb evidence for each group at once
using the parfactors

T. Braun — StaRAl 32
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Lifted Absorption: Shattering on Evidence

 As observations are seldom for all constants in a
constraint, parfactors have to be split based on
the constants that occur in the observations

* Only then: absorb applicable evidence in each
parfactor individually

* E.g., given evidence parfactors geT, , every
parfactor containing Sick (X) has to be split on the
constraints: g,, gz

* After shattering, absorb each evidence parfactor
g in each applicable parfactor g;

* Possible to interleave shattering and absorption

Exact: Lifting

T. Braun — StaRAl
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Lifted Absorption: Example

e Absorb gl in g,:

Travel(X) Epid Sick(X) ¢,

Sick(X) ¢l

false false—ifalse 5 false 0

false false trpe 0 true 1

false true false 4

false true triie 6 Travel(X) Epid ¢l
—eye— falso  falco A false false 0

true false trpe 6 false true 6

Hrae——rruge false 2 true false 6

true true true 9 true true 9
e Same for gl in g3, 9. in g, gl in g3

Exact: Lifting

T. Braun — StaRAl
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Lifted Absorption: Eliminating a Logical variable

e Output: g’ = qb’(cﬂ’)lcf
¢'(...,a;_1,a;41,...) = d(...,a;_1,€, 541, ... )"
 withe =0if A; = R(Y)
e« E.g., Treat(X,M) =trueV(x,m) e T
* Parfactor g5 contains Treat(X, M)
* Qutput: qb’(Epid,Sick(X))
* Absorbing Treat(X, M) = true eliminates M
* 7 = ncountyx(C) = 2

e Potentials in selected lines have
to be raised to the power of 2

Exact: Lifting

@ gO

I
ik
93

After lifted absorb

T. Braun — StaRAl
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Lifted Absorption: Eliminating a Logical variable

* Equivalent ground case:
* Absorb Treat(x,m) = true in r propositional factors for each x

* Qutput: gb*(Epid, Sick(x)) r times (one for each x)
e Multiply all gb*(Epid, Sick(x)) into one factor qb’(Epid, Sick(x)), i.e., raise to the power of r

(Epid) (Epid)
" ¢ -
;' ® '
CSick(x)> CSick(x)>

Initial model After absorb After multiply

T. Braun — StaRAl 36
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Types of Shattering

e So far considered: Pre-emptive shattering

* Recursively shattering the model on evidence, query terms, and itself before starting with any calculations

* Shattering a model on itself: Ensure that all sets of constants for logical variables occurring in constraints are either
identical or disjoint

e Allows for introducing one logical variable for each set of constants and T constraints except when an inequality is

encoded
* Avoids splitting during LVE and makes PRV comparisons easier Nat(D) Ace(])
* On-demand shattering 91

* Splitting on constraints only if the application
of an LVE operator requires it

* |ninitial example calculation for P(Travel(eve)):
Eliminate Treat(X, M) before splitting of Sick(eve)

* Does not change complexity of the problem
 May be hard to determine when to shatter + extra work for checking

T. Braun — StaRAl 37
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LVE: Algorithm

* Assumption:
* Pre-emptive shattering

 Ground query terms
» Set of propositional random variables, instances (groundings) of PRVs,

* Inputs:

* Model G = {g;}j=

* Queryterms Q

* Evidence e encoded in evidence parfactors {g, }5_;
* Qutput:

 Parfactor g = ¢(Q)
* Encodes the a-posteriori probability distribution of Q given e: P(Q|e)

T. Braun — StaRAl 38
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LVE: Algorithm

LVE(G, Q,{gec}e=1)
G < Shatter G on Q, {g.}i_,, and on itself
G < Absorb {g.}5_,inG
while ¢ contains non-query terms do
if a PRV A fulfils the preconditions of sum—out then  _ |
G < Apply sum—outto 4 in G e
else
G < Apply an enabling operator (multiply, count—convert, expand,
count—normalise, split, ground) on some parfactors in G
lg < Multiply all parfactors in G into one parfactor
g < Normalise the potentialsin g

return g parfactors ¢;(Q)

G may contain several

T. Braun — StaRAl 39



—— ~ —— Universitit -
Miinster Exact: Lifting

LVE: Heuristics

* Important for an implementation
e Cannot search all possible permutations of all possible operator applications
* Preconditions of lifted operators already restrict possible elimination order

* One possible greedy heuristics (as used in the upcoming implementation):
* Choose sum-out operations over any other operation
e Explicitly written down in algorithm
* Only consider multiplication if the arguments of the two parfactors are the same or ground
e Avoid scaling
* Choose operation that results into the smallest parfactor(s) to be added to G
* |f same size: choose at random

 E.g., if agrounding is unavoidable, the heuristics may lead to various count conversions being applied before grounding
as the result of a count conversion is usually smaller in size than the result of grounding the same logical variable

T. Braun — StaRAl 40
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Interim Summary

e LVE lifted operators
e Eliminate PRVs: lifted summing out, lifted absorption
* Enable elimination: lifted multiplication, count conversion, splitting
e Other based on splitting: expand, ground, count-normalise
e Shattering = splitting on query terms, evidence, model constraints
* Pre-emptive, on-demand
e LVE algorithm
* Heuristics

Exact: Lifting

T. Braun — StaRAl
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root

Sick(x) Sick(x) T,
Epid Epid Acc(l), Epid
Nat(d
Sick(x) 9Tm Acc(C;)(E)id T;
Epid il

Formal Analysis P

Complexity, runtimes
Tractability, completeness

T. Braun — StaRAl 42
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Complexity of Probabilistic Inference in PRMs

* Informally, LVE complexity still
worst case size of an interim result times number of eliminations

* Use a so-called first-order dtree (FO dree), to get worst case size of an interim result
characterised by so-called lifted width

* In dtree representation of VE for gr(G),
duplicate subtrees whenever a lifted sum-out applicable in G

* In FO dtree of LVE for G,
representative subtree for lifted sum-out (compactly encode duplicate subtrees)
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Dtree with Repeating Structures

* Decomposition of gr(G)
e a £ alice
* e £ eve
* b2 bob

Duplicated for alice, bob, i.e., for

each x that is indistinguishable

Exact: Lifting

T. Braun — StaRAl

Epid
/ Epid
. . Epid Acc.chem Epid
E.pld b.?pld Acc. clhe”m Acc.chem
el Sl Acc.nucl Acc.nucl
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Decomposition into Partial Groundings

* |Introduce a new inner node: DPG node denoted V x : C

* DPG = Decomposition into partial groundings
* Replaces a logical variable with a representative constant
* The resulting model/subtree is identical for each constant represented
* Allows for considering the resulting model without the grounded logical variable for further decomposition
(top-down)
* E.g., submodel below Epid in the graph
e Logical variable X appears in each parfactor
* Grounding X leads to copies of the same submodel
* Replace X with representative x — partial grounding
 Whatever you do to x applies to all constants represented

 Represent thatV x : C, C a constraint,
the subtree would be identical

T. Braun — StaRAl 45



—— = Universitat .
Miinster Exact: Lifting

FO Dtree Construction

 Recursively, starting with G as the current model G’ at the root

* Check if there exists logical variable X that allows for a DPG in G’

* If so, make current node a DPG node Ty for X, replace X with representative x, i.e., apply 8 = {X — x}
to G', add child node T, with G’ = G6 as current model

* If parent node is a DPG node Ty as well, with current node being T,.r, add new DPG node T as child of T,/
* Otherwise: Partition G' on logical variables (if exist) or random variables into {G; }-,

e Add a child node for each G; with G; as current model
' ' Nat(D) J Acc(D)
1

e Until
* All logical variables replaced by representatives
and

* Only one parfactor per partition
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FO Dtree: Example

Root: In G, no logical variable for a DPG
* Partition based on, e.g., X = Gy = {92, 93}, G1 = {91}, G2 = {90} \
. LEft Go = {92, 93} .
DPG with X — Replace X with x
* No logical variable for DPG
 Partition basedon M — Gy = {g,}, Gpo = {93}
* Left: Go; = {g2}
* No logical variables and only one parfactor left
* Right: Go, = {g3}
e DPG with M — Replace M withm
* No logical variables and only one parfactor left

¢ nght Gl — {gl}
 DPG with D — Replace D with d

e DPG with I — Replace I with i
* No logical variables and only one parfactor left
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FO Dtree Definition

* An FO dtree has three node types

* DPG node Ty
* Represents a DPG (top-down)

* Given by a tuple (X, x, C) with X a logical variable, x a
representative constant, and C a constraint

* Inthislecture:C =T
* Denoted (Vx : C) in graphical representation of the tree

e VEnodeT

* Represents a partitioning

e Allinner nodes that are not DPG nodes
* Leaf node L

e Contains a parfactor, grounded with representative
constants

Exact: Lifting

T. Braun — StaRAl
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FO Dtree Properties (as before)

* Ancestor cutset: acutset(T) = Ugprepnc(r) cutset(T”)

* Definitions of Ch if DPG nodes Ty involved Epid
* Oy all grounding substitutions of X
* Ch(Ty) = {Txg|Ty is child of Ty A 6 € Oy}
* Ch(Ty) = {Txg|Tx is child of T, A 0 € O}

Sick(x) i
¢ ConteXt Epid Acc(l), Epid
context(T) = rv(T) n acutset(T) SiEcIchi(;c) Ton Ac%(g;l 9T
e Cluster
cluster(T) = cutset(T) U context(T) 92 9s Yo 91
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FO dtree: Bottom-up Interpretation

* If only lifted summing out and multiplication involved
* VE node: (Multiplication), elimination

e DPG node: Exponentiation
e Cutset and context interpretation

* Context: Sick(x)
All other PRVs involved at this point in operation Epid

Acc(l), Epid

Nat(d)
Acc(i), Epid

92 93 Yo 91
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FO dtree: Bottom-up Interpretation

« If DPG logical variable occurs in the context of its DPG node: (Travel() >

Count conversion necessary!

e E.g., Acc(I) in context of DPG node T}
e Shows “only” that PRV not directly eliminable

* Occurs when eliminating
Nat(d) at Ty

* No direct interpretation
in terms of LVE operations
 Rework FO dtree to represent
calculations in count-converted
model

e E.g., consider model with
#;|Acc(I)] instead of Acc(1)

Exact: Lifting

9o

Epid

#,[Acc()] @ To

Epid

#,1accn] T

Epid

91

Sick(x)
Epid

Ucc(l), Epid

Nat(d)
Acc(i), Epid

T. Braun — StaRAl
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Liftability

e Given an FO dtree T for a model G

* |f the clusters of T only consist of PRVs with representative constants and PRVs with one logical
variable, then G has a lifted solution

* Lifted solution: no groundings necessary; only lifted calculations (sum—out, multiply, count—convert)
* PRVs only with representative constants — lifted summing out possible

* PRVs with one logical variable — count conversion necessary (and possible)
e Called countable

e T is called liftable

* Apply the count conversions to the countable logical variables, transforming G — resulting FO
dtree T' called counted

* For complexity analysis: Concentrate on models with liftable (counted) FO dtrees
e Otherwise: the worst case is grounding G and performing VE
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Exact: Lifting

Liftability: Example FO Dtree

e Only PRVs with
representative

constants or

Epid root

one logical g
variable in the s
clusters Epid
— liftable Sick(x) Sick(x)

. Epid Epid

* If counting |
. Travel(x) Travel(x)
and reworking siccx) € sicko To Sick(x) §  Sick(x) T;
the FO dtree """ Epid Epid Epid Acc(D), Epid
Treat(x, m) Treat(x, m) Nat(d)
— counted, Sick(x) T4 Sick(x) $Tm p@ e
. Epid Epid ’
liftable g .
92 93 9o 91 9> 93 Yo 91
counted, liftable liftable

T. Braun — StaRAl
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Lifted Width

e Lifted notion of tree width
* Bound worst-case parfactor size
e Given liftable, counted FO dtree T

for each node in T

e Lifted width w = (Wg, W#)

* Wy largest ground width

* Largest number of PRVs with representative

constants in any cluster
* Wy largest

e Largest number of CRVs in any cluster

e Eg.,wy = (Wg,W#) withw, = 3, wy =

Exact: Lifting

Travel(x)
Sick(x) ?
Epid

Treat(x, m)
Sick(x)
Epid

92 93 9o 91

T. Braun — StaRAl
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23 -

Worst-case Parfactor Size =23.2°=8-4=32
32 > 12 (actual largest size)

* Given lifted width wy = (Wg,W#)
* Worst-case parfactor size:
* Worst case: w,; + wy variables in one parfactor

e Worst-case range size for the w, PRVs: ;
r = max |ran(4)| Epid
Aerv(G)
* Worst-case range size for the wy CRVs: Sick(x)
ng +1ry —1 Epid
Ny — 1 Travel(x)
. . . . Sick(x) Sick(x) Tp
* ny largest domain size of any counted logical variable Epid Epid
* 14 largest range size of any of the PRVs in the CRVs Treat(x,m) :
. Sick(x) d
* Number of mappings by w, and wy: Epid
w — Wqg .
. =174 g2 93 Yo 91
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= 32

Complexity * logz(Jdom(X)]) -
* log,(ldom(D)]) -

e Worst-case parfactor size
* Complexity of lifted operations
* Multiplication (goes through each line of each parfactor):

0@ - )
 Summation (goes through each line):
0@ - )
* Exponentiation (goes through each line): 53;;?
0(log,(n) - . )
* n largest overall domain size Tg?;e(lif)
 Count conversion (goes through each line of parfactor): """ Tfe’;if(x >

* Multiplication and exponentiation: Sick (x)
O(logz(ny) - " - ) Epia
* Bounded by O(log,(n) - : ) 9> 93 9o 91
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= 32

Complexity * logz(Jdom(X))) -
* 9-logy(ldom(X)]) -

* Worst-case parfactor size
* Complexity of lifted operations
* Bounded by O(log,(n) - : )

 Complexity of LVE given a liftable FO dtree T

Sick(x)
Epid

O(ng - log,(n) - - )

Travel(x)
Sick(x)

* nr:number of inner nodesinT Epid TEpid( )
reat(x, m
* W;: bounded from below by maédrv(g)| vy "
gE Epid

92 93 9o 91
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Comparison

* Complexity of LVE given a liftable,
counted FO dtree T for a counted model G:

O(ny - LT - THYH)
* ny = [rv(G)] + [lv(G)]
* Complexity of VE: 0( : TW)
* Ngr(r) = |gr(rv(G))| Sick(x)
* If no count conversions involved, i.e., wy = 0, "
. 0 _ Travel(x)
n#v%=1-o O( . . ng ) Sick(x) Sick(x) Tp
) B Epid Epid
w = Wg Treat(x, m)
* Difference in for lifted computations and Sig;‘l.(j) -
 More noticeable if domain sizes increase ( ) 7 ga Jo 91
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Comparison

 If count conversions involved, i.e., wy > 0,

o« w > (wy + wy)

Exact: Lifting

* CRV with counted logical variable of domain size n appears grounded in a factor

 With one count conversion, O(ny - log,(n) - r*g -

* ¢ the number of random variables also occurring in the cluster

e E.g., withc = 2:

In the lifted case, domain
size n no longer occurs in
an exponent whereas it

does in the propositional
case thanks to count
conversion

T#) vs. O(ngr(T) T +C)

T. Braun — StaRAl

# s
¢1(E,Nat(D),Acc()) - ¢¥(E,Nat(D), ) > ¢4 (E,
¢1(E, Nat(dl),Acc(il)) | ) 5
: » > ¢1(E, Nat(dy), ) > oi(E, )
b1 (E, Nat(.dl),Acc(in)))
b1 (E, Nat(.dm),Acc(in))\ . .
; » > ¢1(E, Nat(dp), ) > pi(E, )
¢1(E, Nat(dp,), Acc(iy)))
59
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Runtimes: Increasing Domain Sizes

* Running example model with all domain sizes 2, except
|dom(X)| € {2,4, ..., 20, 30,...,100,200,...,1000}

» Query: P(Travel(x,))

Runtimes in milliseconds

Exact: Lifting

Linear scale Log scale

2000 — 10* 7 % LVE
T LVE —— VE
— VE

1500 -

500 o -

0 - 10°
[ [ [ | | | [ | [ ]
0 200 400 600 800 1000 10° 10" 102 108
Domain size |D(X)| Domain size |D(X)|

T. Braun — StaRAl
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Runtimes: Increasing Counted Domain Size

* One count conversion, i.e., wyz = 1,

* O(nr - logy(n) - ™o -
* With domain size of D and I (in g;) increasing

Runtimes in milliseconds

7000 —

6000 —

5000 —

4000 —

3000 —

2000 —

1000 —

0_

*

Linear scale
—— LVE
—— VE

. =

|
0

I I I I I
200 400 600 800 1000

Domain size |dom(D)| = |dom(I)|

T#) VS. O(ngr(T) r +C)

Exact: Lifting

o e Log scale
—*— VE

103 —
102 _ MGZ(
101 —
100 |

[ I I |

10° 10' 102 10°

Domain size |dom(D)| = |dom(I)|

T. Braun — StaRAl
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Tractability

* A query answering problem is tractable

e ifitis solved by an efficient algorithm, running in time polynomial in the number of random
variables

* Assume that the number of random variables is characterised by domain size n and
* In LVE, n does not occur in the exponent: O(n; - log,(n) - r'a - n"#W#)
e Solving a query answering problem is tractable under liftability
* Runtime still exponential in other terms (Wg, Wy, T)

 More general results by

Mathias Niepert and Guy Van den Broeck. Tractability through Exchangeability: A New Perspective on Efficient
Probabilistic Inference. In AAAI-14 Proceedings of the 28th AAAI Conference on Artificial Intelligence, 2014.

* Tractability through Exchangeability
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Completeness
e Class of models M’ e Existing liftable classes
e Set of all possible models given some . M2,
model characteristic « Two logical variables per parfactor max
* An algorithm is complete for a class of g(AX,Y),B(X,Y))
models M iff gAX,Y),C(X),C(Y)),X #Y
o groundings necessary in all models o . Aoy,

M
« All models allow for a liftable FO dtree . Ong Ioglcgl variable per PRV (arbitrarily many
logical variables per parfactor)

* Then, class called liftable g(A(X),B(Y), C(Z))
* Holds for various lifted algorithms
* E.g., LVE, LIT, FOKC
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Completeness

i ima Ta
. Genera\ised counting by N\rT\amo
1. Count logvars that appear g\( K
- X),R(X),S(Y),T |
| Ej‘i’%&f[((? o R(X)LS(Y; '\T (gtl)a)rs of the same domain
i ted |0 "
B e C;VS[:(;;‘ ;2;;\1) cxand oGy 1Q(Y), R(Dcr W
o E8. ¢ Gx %

= TYCY
C’;) g(e

Exact: Lifting

* LVE is complete for M P™" with generalised counting

« M'P": One logical variable per PRV
* Proof:

. 4 [QUOLRM);
Ef?pﬁxfe(xxn(xmc

Fact: Only PRVs with one logical variable to eliminate
1.

Perform count conversion on all logical variables in the model; possible scenarios in each parfactor
A.

Logical variable is the only one with a particular domain — Standard count conversion applies
B.
C.

Logical variable occurs in several PRVs without inequality constraints — Generalised Counting 1 applies
Logical variable occurs in several PRVs with inequality constraints — After count-converting PRVs of Scenario
B, Generalised Counting 3 applies

Afterwards: No uncounted logical variables remain

Eliminate all propositional random variables

2. Multiply all parfactors into one large parfactor and merge CRVs (Generalised Counting 2)
3. Eliminate all merged CRVs (possible since the different CRVs do not overlap after Step 2)
4,

T. Braun — StaRAl
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Completeness

e LVE is complete for M %%

e M2 : Maximum of two logical variables per parfactor
* Requires another operator: Group Inversion

* For the case qb(F(X, Y), F(Y, X))|C’ C encodes X #Y

e Cannot sum out F(X,Y) independently of F(Y, X) as they refer to same grounded random variables
* Sums out PRVs {4, ..., Ay} from ¢(A) ¢ at once where
 v(A4)) = =1Wv(4y) = 1v(A)

* C encodes X; # X; for each
pair of logical variables

Xi’Xj’ dom(Xl) — dOHl(X]) E

- e e o e = e = - - e o e = = = =

Figure taken from: Nima Taghipour: Lifted Probabilistic Inference by Variable Elimination. PhD Thesis, 2013.
Group Inversion: Nima Taghipour, Daan Fierens, Guy Van den Broeck, Jesse Davis, and Hendrik Blockeel:

T. Braun — StaRAlI Completeness Results for Lifted Variable Elimination. In: AISTATS-13 Proceedings of the 16th International 65
Conference on Artificial Intelligence and Statistics, 2013. (or Nima Taghipour’s PhD thesis)
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Completeness

e LVE is complete for M 2%
e M2 : Maximum of two logical variables per parfactor
* Proof idea:
e Fact 1: Each parfactor has two logical variables X, Y at most
* Fact 2: Once PRVs with two logical variables are eliminated, model is in M 1P"?
1. Multiply all parfactors together that share PRVs with two logical variables
* Preserves the number of logical variables per parfactor, namely, two
2. Eliminate each PRV with two logical variables in each parfactor; possible scenarios
A. Only PRVs with two logical variables and no inequality constraint — Eliminate using summing out

B. PRVs with two logical variables with an inequality constraint = Eliminate using group inversion
» Afterwards: Only PRVs with one logical variable and propositional random variables remain (Fact 2)

3. Count logical variables in all parfactors, multiply the parfactors and merge CRVs, eliminate
CRVs and propositional random variables (compare proof for completeness of M 1P"?)

T. Braun — StaRAl 66
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Exact: Lifting

Completeness

 Models with other constellations may be computed without groundings but not all
possible models

e E.g., for lifted variable elimination, models with three logical variables
g(A(X,Y,Z),B(X,Y),C(X)) — liftable
g(F(X,Y),F(Y,Z),K(X,Z)) - not liftable

— Not complete for class M'3%, i.e., models with three logical variables per parfactor

* Completeness results assume a liftable class of queries Q and a liftable class of evidence £

T. Braun — StaRAl 67
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Interim Summary

* (FO) dtrees

e Cutset, context, cluster — (lifted) tree width

 Liftable models
* Complexity

* No longer exponential in domain sizes given liftable model — tractability
e Completeness

* No groundings for
 Models with two logical variables per parfactor
* Models with one-logical variable PRVs and propositional random variables

Exact: Lifting

T. Braun — StaRAl
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Lifting Queries, Junction Trees,
Most Probable Assignments

Parameterised queries
Lifted Junction Tree Algorithm (LJT)

Lifted MPE / MAP
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What About Parameterised Queries?

* Allow logical variables in query terms: P(A|C|T)
* Represents a conjunctive query P(gr(A|C)|T)
 E.g, P(Sick(X)|T) for P(Sick(alice), Sick(eve), Sick(bob))

T. Braun — StaRAl Tanya B and Ralf Méller: Parameterised Queries and Lifted Query Answering. In: [JCAI-18 Proceedings of the 70
27th International Joint Conference on Artificial Intelligence, 2018.
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Indistinguishable Query Terms (Nar(D)>

* Indistinguishable instances in query:
. P(Sick(alice), Sick(eve), Sick (bob))
e Standard LVE:
e Shattering leads to groundings w.r.t. constants in query

f2 Epid ) f2

Travel.alice f Travel.bob
CSiclealice >t '} CSick.bob >
ravetove S SEE e

Treat.alice.m, Treat.bob.m,
T. Braun — StaRAI 71
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... And Their Effect

* Query: P(Sick(alice),Sick(eve),Sick(bob))
* After shattering, eliminate all non-query terms
* |dentical computations in eliminations

Sick(alice) Sick(eve) Sick(bob) g’

Exact: Lifting

* Large intermediate resul
arge te. _Ed ate results false false false 1
 Symmetries in result
* Encode with CRV
false true true 3 #x[Sick(X)] g
g [0,3] 1
Sick(alice) [ - Sick(bob) true false true 3
true true false 3 [2,1] 3
w true true true 4 [3,0] 4
T. Braun — StaRAl 72
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LVE for Parameterised Queries

e To avoid grounding, take PRV representation of query terms and apply LVE as before

* Shatter model on constraint of query terms = maximum of two groups per parfactor and logical
variable

* Eliminate all non-query terms
* If logical variable prevents application of operator — count or ground logical variable from query

» After all non-query terms eliminated, count or ground remaining logical variables to make logical
variables explicit

e Otherwise only in representative form but not a joint over all groundings
e At the end, the result contains the logical variables counted (or grounded)

* If counting the logical variables of A is not possible, then LVE needs to ground them to ensure
a distribution over 4¢

T. Braun — StaRAl 73
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Normalisation

e Histogram h may encode multiple assignments {ai}li\ilil(h)

e Mul(h) assighnments have the potential ¢(h)
* Incorporate into normalisation (just like we needed to incorporate that into SUM—OUT)

* To get the probability of one assignment a behi(n% histogram h in parfactor ¢ (#x[R(X)]):
¢ (h

Paln =
U Y herancigircop Mul(h) - ¢ (h)
* Probability of Mul(h) assighments
pr = Mul(h) - pajn

e Distribution: [0.3] !
[1,2] 2

z Ph = 2 Mul(h) - pgjp = 1 21] 3

heran(#x[R(X)]) heran(#x[R(X)]) [3,0] 4
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Example

* Query: P(Sick(X))
* No shattering necessary with T constraints

* Elimination: Here, count conversion as part

S Elireree Treat(X, M) of elimination, but if logical

o variables remaining after
[
Eliminate Travel(X) elimination, count conversions

e Count-convert Acc(I) AERERIECRCIVEINATIEE
* Eliminate Nat(D) I I

* Eliminate #;[Acc(1)] @

* Eliminate Epid
* Multiply parfactagfs (fulfil precondition 1)
e Count-convert X (fulfil precondition 2)

e Sum out Epid

A |

#y[Sick(X)] @'
03] 1
2] 2
21] 3
30] 4

T. Braun — StaRAl
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Exact: Lifting

single all
T Q. QIO assignment assignments

Pample g 031 1|~'/20 = /20
. Query:P(Sick(X)) [1,2 2| = %50 =%/
e Elimination: Finished 2, 3 i

 Normalisation: [ g

- B(h) _ B(h)
U Ynerancyroop MUl(W) - @A) ~ 1-1+3-2+3-3+1-4
* Probability distribution:

MUI(h)'pam
heran(#x[R(X)])
. 1+3 2+3 3+1 4_1+6+9+4_20_1
720 20 20 20 20 20

T. Braun — StaRAl 76
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Exact: Lifting

Splits Affecting Query Logical Variables

* Logical variables X in query terms may be split (or grounded) in result
* |f splits of the model affect the query logical variables

* Prominent case: evidence; three cases given query PRV R(X)c, evidence PRV E(Y),

1. Overlap of instances (i.e., R(X) = E(Y)): gr(R(X)|C) N gr(E(X)|Ce) *
* Split C on the overlap with C,, i.e., C/xC, — instances of C, will be absorbed
* Result has R(X) ¢ partitioned into C/xC, \ C, (absorbed instances: probability 1 of observed value)

2. Overlap of constants (Z shared logical variables): gr (ﬂZ(X|C)) N gr (T[Z(Y|Ce)) + @
* Split C on the overlap with C,, i.e., C/zC,
* Answer has R(X)¢ partitioned into C/xC, in the result (different evidence applies)

* No overlap (more of a non-case): gr(R(X)|C) N gr(E(Y)|Ce) = @ A no shared logvars Z
. R(X)|C is not partitioned in the result because of evidence (maybe partitioned for other reasons)

T. Braun — StaRAl . _ . . . 77
Tanya B. Rescued from a Sea of Queries: Exact Inference in Probabilistic Relational Models. PhD Thesis, 2020.
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Exact: Lifting

Splits Affecting Query Logical Variables: Examples

* Given query P (SiCk(X)I(X,{Xz}?Ol)):

1. Overlap of instances:

evidence ¢, (SiCk(X))KX,{xi 10 )
. Result:qb(#X[Sick(X)])l(X,{xi}lzgn)
2. Overlap of constants: Nat(D) Acc(D)
evidence ¢, (Travel(X))l(X e 10 Q ©
WA i=1

o Result: p(#,/[Sick(X")], #,1[Sick(X ”)D|(

(X" X" e}ty < xi}?ey )
3. No overlap:
evidence ¢, (Nat(D))l(D (@)
Adi}i=

* Result: p(#y[Sick(X)] )|(X»{xi}i2£1)

T. Braun — StaRAl 78
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Completeness Beyond Models: Queries

* Queries Q:
e Class of one ground query term Q liftable

* As argued on earlier slide, one query term does not
influence complexity and cannot cause groundings

e Class of sets of ground query terms Q not liftable
* Proof by counter example

. P(Sick( ), Travel( ), Treat( ,ml)) grounds
* LVE no longer polynomial in domain size

 Class of query terms Q containing at most one constant for each logical variable in lv(G) liftable

* Argument: Splits do not lead to a set of parfactors whose size depends on the domain size of logical
variables

e Examples: P(Travel(eve)), P(Travel(eve), Sick (eve)), P(T ravel(eve), N at(chem))

T. Braun — StaRAl Guy Van den Broeck and Jesse Davis: Conditioning in First-Order Knowledge Compilation and Lifted Probabilistic 79
Inference. In: AAAI-12 Proceedings of the 26th AAAI Conference on Atrtificial Intelligence, 2012.
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Exact: Lifting

Completeness Beyond Models: Queries

* Queries Q:
e Class of all parameterised queries not liftable
* Proof by counter example, using constraints or logical variables :
o P(Sle(X ), Travel(X ))|((X’,X"),{alice,eve}x{eve,bob})

* Query P( ) in model g(A(X), ) C(Y))
* Parameterised query terms with only one parameter per term and one subset of constants per

domain liftable
* Proof along the lines of proving completeness for M 1P™V

* Example: P(Sick(X), Travel(X))lT

e Corollary
* CRVs compactly represent the result of liftable queries

80

T. Braun — StaRAl Guy Van den Broeck and Jesse Davis: Conditioning in First-Order Knowledge Compilation and Lifted Probabilistic
Inference. In: AAAI-12 Proceedings of the 26th AAAI Conference on Atrtificial Intelligence, 2012.
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Completeness Beyond Models: Evidence

e Evidence &:

 Liftable class: Evidence on propositional random variables
* Example: Epid = true

 Liftable class: Evidence on instances of PRVs with one logical variable
e Example: Sick(X) = true,dom(X) = {alice, eve, bob}

e General evidence on PRVs with two logical variables not liftable in all cases
» Lifted calculations possible for some cases but not for all
* Proof by reduction to #2SAT problem

Exact: Lifting

T. Braun — StaRAl Guy Van den Broeck and Jesse Davis: Conditioning in First-Order Knowledge Compilation and Lifted Probabilistic
Inference. In: AAAI-12 Proceedings of the 26th AAAI Conference on Atrtificial Intelligence, 2012.
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Lifted Junction Tree Algorithm

* Repeated structures of dtree also occur in jtree, identical
messages sent

-
— |ift jtree to first-order version
R : . : |
First-order junction tree (FO jtree) | B

* Nodes = Parclusters = sets of PRVs with separators between them
e Jtree properties also apply to FO jtrees
* Local models of parfactors |

* Construct using clusters of FO dtree g,
* Keep constraints from DPG nodes
e Re-substitute representative constants

with logical variables again Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)
9o, J1 92 Sick(X) g3

T. Braun — StaRAl 82
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Lifted Junction Tree Algorithm

e Lifted Junction Tree Algorithm
* |nputs
 Model G
 Query variables {Q;}%,
» Evidence parfactors {g,}t_;
* Procedure (as before)

1. Construct FO jtree ]
2. Enter evidence

3. Pass messages
4. Answer queries
e Use LVE operators for steps 2-4

* Analogous complexity results

| x v ; m .t. X
. XexCl — lv ed W

Exact: Lifting

possible
 Even in liftable models!

* For message calculation, non-separator
PRVs are eliminated

* Have to fulfil sum—out preconditions
* Precondition 2 may be fulfilled

 Example: Add logical variable E to PRVs
Epid, Sick(X), Treat(X, M)

— Merge nodes to avoid grounding

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

9o» 91 92 Sle(X) 93

T. Braun — StaRAl
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Lifted MPE and MAP

* As before, if random variables are indistinguishable, then the same assignment has the
maximum value — Assign in groups

* Formally, computations are identical — can reuse result

MPEr(e) = argmax P(r | e) = arg max P(r, e)

reran(R) reran(R)
MAP; (U | ) = arg max z P(u,v|e) = arg max z P(u,v,e)
ucran(U) vetan(V) ucran(U) vetran(v)

e Replace lifted sum-out operator with a lifted max-out operator

T. Braun — StaRAl 84
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Interim Summary

* Parameterised queries
 PRVs as query variables allow for avoiding query-induced groundings
* Count conversion of query logical variables to yield compact distribution over groundings
* Liftable queries / evidence
e LJT for multi-query answering
* FO jtree: first-order version of jtree, built from FO dtree

* Procedure same as before (construction, evidence entering, message passing, query answering)
e Algorithm-induced groundings possible — avoid by merging nodes
* Complexity results analogous to LVE / JT

e Lifted MPE + MAP
 Most probable assignment for groups of indistinguishable random variables
e Lifted max-out operator

T. Braun — StaRAl 85
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=
=

10 Presents(X,P,C) = Attends(X, C)

3.75 Publishes(X,C) A FarAway(C) = Attends(X, C)

First-order
Knowledge Compilation

Lifting knowledge compilation for MLNs

T. Braun — StaRAl 86
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Remember: Markov Logic Networks (MLNs)

* Again: First-order view on probabilistic modelling
* Use logical formulas to specify potential functions

* Weights for each formula induce a full joint again
* Lower weight if constraint does not hold all the time

e oo weight for hard constraints, in practice either a high weight or only worlds considered that satisfy
hard constraints

* Next slides
e Syntax of MLNs

 Semantics of MLNs
O

Soft constraint, ° | oo Presents(X,P,(C) = Attends(X, C)
weight = exp(3.75)

Qoo 3.75 Publishes(X, C) A FarAway(C) = Attends(X, C)

T. Braun — StaRAl Matthew Richardson and Pedro Domingos: Markov Logic Networks. In: Machine Learning, 2006. 87
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Local Symmetries and Structure

* Consider potential function as given by the table on the right

¢(Travel(X), Epid, Sick (X))
+ Onl ighted formul
On( y two weighted formulas (w, ) nec)essary T ————

_ _ false false false

* (In7,travel(X) A epid A sick(X)) false  false true
* |If potential of 1 instead of 2, would reduce to

« (In7,travel(X) A epid A sick(X))

e Assignments that do not make the formula true automatically get
weightof 0 = 1In1

* |f external knowledge existing, provide FOL formulas directly
. Eg. ( ) true true false

false true false

false true true

true  false false

true  false true

true true true 7

T. Braun - StaRAI 88



——— = Universitat
Miinster Exact Inference: FOKC

Remember: Circuit for Weighted Model Counting — Knowledge Compilation

* Input: Propositional sentences, weight function for literals

e Build smooth dDNNF circuit Reuse for different queries

* Replace conjunctions / disjunctions with - / 0.2

* For probabilities of worlds or query terms w,
condition on truth values

1. Compute WMC (@, weight)
2. Compute WMC(¢p A w,weight)
3. Divide the two counts

—rainbow

rainbow

P(w = {sun,rain, rainbow})
_ WMC(p A w,weight) 0.2

WMC(p,weight)  525.4

= 0.00038

T. Braun - StaRAI 89



——— = Universitat
Miinster Exact Inference: FOKC

Propositional — First-order

* If input theory is in FOL-DC ((function-free) first-order logic with domain constraints), one
could ground the theory given domains and build a circuit for the grounded theory

 FOL-DS includes intensional conjunctions and disjunctions (V, 3)
* Leads to repeated structures in circuit
 Combine repeated structures using new inner node types for intensional conjunctions and
disjunctions (V, 3)
* We are not going into every detail of FOKC;
* For complete description, analysis, and discussion, see the PhD thesis by Guy Van den Broeck

T. Braun - StaRAI 90



—— " —— Universitit

Weighted First-order Model Counting

* Define a weighted first-order model counting problem using a weighted first-order model
count (WFOMC)

WFOMC (A, wr, wg) = z l_[ wr(pred(l)) 1_[ wr(pred(l))

W=wWTUWF [EwT lewr
WENA

 Aatheoryin FOL-DC

* wq a weight function for predicates being positive

* wpr a weight function for predicates being negative

e ()5 the set of worlds (i.e., models in logics) of A

* pred(l) a function mapping a literal [ to its predicate

* Query can be answered by computing
WFOMC(A A e A q;, Wy, wi)
P(g;le) =

WFOMC(A N e, wy, wg)

Miinster Exact Inference: FOKC

T. Braun - StaRAI Guy Van den Broeck, Nima Taghipour, Wannes Meert, Jesse Davis, and Luc De Raedt: Lifted Probabilistic Inference by First-order
Knowledge Compilation. In: IJCAI-11 Proceedings of the 22nd International Joint Conference on Artificial Intelligence, 2011.
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0 0 0

Miinster 0 FOKC
0 0 0 1
Example
0 0 1 0 1-2.-3.2 12
* Theory: one sentence 0 0 - 1
VX € People : smokes(X) = cancer(X) 0 1 0 0
* People = {x{,x,} 0 1 0 1
* Weight functions 0 1 1 0 1-6-3.2 36
« wy(smokes(X)) =3 0 1 1 1
. WF(—lsmokes(X))zl 1 0 0 0 3-2.1.2 12
. WT(cancer(X))=6 1 i} o} 1 3=-2-1.6 36
. Wp(—lCClTlCBT'(X)):Z 1 0 1 0 3-2.3.2 36
* Model count: 9 1 0 1 1 3-2-3.6 108
WFOMC (A, wy, wg) 1 1 0 0
= Z 1 1 0 1
Ol 1 1 1 0 3.6.3.2 108
1 1




- 5(r0) | c(r) [ s0r) | c0) | Weight
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FOKC

Example X ¥ i
0 1 0 1.2.3.2 12
* Theory: one sentence 6 t t
VX € People : smokes(X) = cancer(X) - - ~
* People = {x{,x,} - = -
* Weight functions 1 1 0 1-6-3.2 36

. WT(smokes(X)) =3

Ha
Ha
HR

_ R R R R R R R P PP PP PO P ]

« wp(—asmokes(X)) =1 0 0 6 3-2.1.2 12
. WT(cancer(X)) =6 0 o} 1 3=-2-1.6 36
. WF(—lcancer(X)) =2 0 1 0 3-2.3.2 36
 Model count: 9 WFOMC(A A 5(xy), wp, wr) i} 1 31 3-2.3.6 108
P(sC)) = = FoMCa wrwe) N
36+ 108 + 324 468 1 0 1
- 676 =676 1 1 0 3.6.3.2 108
1
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First-order (FO) Circuits

* Assume theory in Skolem normal form + CNF
e Sequence of intensional conjunctions in CNF
 E.g., withs = smokes,c = cancer
VX € People : s(X) = c(X)
= VX € People : =s(X) V c(X)
* FO circuit (excerpt)
* Inner nodes:
» Extensional conjunctions/disjunctions (as before)
* Set conjunctions
e Leaf nodes
* Positive and negative predicates, true, false
* Full + construction: see PhD thesis by Guy Van den Broeck

Exact Inference: FOKC

VX
X € People

—|S(X) —|C(X)

T. Braun - StaRAl
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Smooth FO d-DNNF Circuits

* Properties
* Deterministic disjunctions

e Only one disjunct (child node) can be true
at the same time

e Decomposable conjunctions

* Each pair of conjuncts (child nodes) must
be independent

* Smoothness
e Each disjunct contains the same variables

Exact Inference: FOKC

FO d-DNNF

VX
X € People

smooth FO d-DNNF

VX
X € People

—|C(X)

T. Braun - StaRAl
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Arithmetic FO d-DNNF Circuits

* Replace
* Replace A with -
* Replace V with
* Replace V with exponentiation for [Domain
e Replace leaves with 1’s
e E.g., with |People| = |{x1,x,}| = 2

Exact Inference: FOKC

T. Braun - StaRAl
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WFOMC Circuits
WT(SmokeS(X)) =3
* Replace WF(ﬁsmokeS(X)) =1
* Replace A with - wr(cancer(X)) = 6
* Replace V with wr(—cancer(X)) = 2

* Replace V with exponentiation for [Domain
* Replace leaves with weights
e E.g., with |People| = |{x1,x,}| = 2

WFOMC (A, wr, wg)

— z 1_[ wr(pred (D)) 1_[ w(pred (D))

W=WTVUWF lEWT lewr
WEQ,

T. Braun - StaRAI 97
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. . Circuits also support adaptive inference
WFOMC Circuits as only leaves with changed values have

start propagating their values upwards

* Given P(q;)
* Basically, compile a circuit for A A g; reusing components from the circuit of A
* E.g, P(S(xl)) with |People| = [{x{, x5} = 2

26-18

P(S(x1))
_ WFOMC(A A s(x1), wr, W)

WFOMC (A, wy, wy)

—468—0692
676

261

|People\{x,}|

T. Braun - StaRAI 98
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Conditioning in FO Circuits

* Evidence on propositional variables L

* Replace leaf values with 0 where literal contradicts observation as in propositional circuits
» Evidence on unary variable L(X)

* For each variable L(X) that one wants to condition on,

* Replace FOL-DC formula with three copies with additional domain constraints, simplify based on observation
1. XeD;
2. XeD,
3. X¢D:AX¢éD,
 Compile a circuit for the extended theory
* Given specific evidence, domains for D+, D, are determined
e Might be empty
* Evidence on binary variable L(X,Y)
e Can compile a circuit, no longer polynomial in time (reduction of #2SAT problem)

T. Braun - StaRAl Guy Van den Broeck and Jesse Davis: Conditioning in First-Order Knowledge Compilation and Lifted Probabilistic
Inference. In: AAAI-12 Proceedings of the 26th AAAI Conference on Artificial Intelligence, 2012.
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Conditioning in FO Circuits

* E.g.,, VX € People : s(X) = c(X) and S(X)
1. VX € People; :s(X) = c(X) = VX € Peoplet : c(X)
2. VX € People; :s(X) = c(X) =VX € People, : true
3. VX € People, X & People,, X & People, : s(X) = c(X)
* Delete Formula 2 as it is always true

* |f one also wants to condition on C(X),
theory becomes larger again:

* Formulas (1) and (3) contain C(X) and
therefore need to be replaced by three
formulas, then simplify

VX

X € Peopler

VX
X € People’

—|C(X)

T. Braun - StaRAI 100
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First-order Knowledge Compilation (FOKC)

r

Given

 Theory A in FOL-DC in Skolem NNF

* Weight function wy for positive predicates, weight function wy for negative predicates
* Set of queries {P(q;|e)}i%,

Build a WFOMC circuit Cx for A, also preparing for evidence on rv(e)
Conditionon e

Calculate WFOMC (A A e, wr, wg) in Cp

For each query P(q;|e)

* Build a WFOMC circuit Cp 4, for A A g; conditioned on e

 Compute WFOMC(A A e Aq;,wr,wg)inCpgq,

__ WFOMC(ANeAq;,WT,WE)
* Return or store P(Cll|e) — WFOMC(ANe,WwT,WE) “

T. Braun - StaRAI 101
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MLNs for WFOMCs

* Weights in MLNs specified for formulas instead of single predicates
* E.g., example from the beginning
. (ln 7, travel(X) A epid A sick(X)),
* (In2,~travel(X) v —epid V —sick(X))
e Trick:
* Introduce a new predicate 8; containing all free variables of Y); as equivalent to y;
* VX € People : 6,(X) & (travel(X) A epid A sick(X))
* VX € People : 0,(X) & (—travel(X) v —epid V —sick(X))
* Specify weight functions such that 8; takes the weight of 1;
. WT(Ql(X)) =exp(In7) =7
. WT(HZ(X)) = exp(n2) =2
e All other predicates and =6+, =6, are mapped to 1 by both wr, wx

T. Braun - StaRAI 102
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WFOMC Reduction

 Formally, given an MLN ¥ = {(w;, ¥;)}i=4
* Transform each weighted formula (w;, ;) into an FOL-DC formula
VX, st 0;i(X;) ©
* where
* X; are the free variables in Y;
* cs; is the constraint set that enforces the domain constraints as given by the MLN
* 6;(X;) is a new predicate containing all free variables of y;
* Specify weight functions w, wr such that for each
+ wr(6;(X)) = exp(w;)
* wr(p;) = 1 for all predicates p; occurring in ¥
« wp(6;(X)) =1
e Continue with knowledge compilation

T. Braun - StaRAI 103
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Example

* @Given
* (In7,travel(X) A epid A sick(X))
. (ln 2, —travel(X) V —epid vV —|Sick(X))
* Resulting theory (t = travel,e = epid, s = sick)
» VX € People : 0;(X) © (t(X) AeAs(X))
VX € People : 6,(X) & (_It(X) V aeV —|S(X))
e with weight functions
« wr(6:(X)) =7
. WT(HZ(X)) =2
* Rest mapped to 1 by both wy, wg
* Transform formulas into CNF

Exact Inference: FOKC

T. Braun - StaRAl
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Example: Normal Form

* Transform formulas into CNF: VX € People : 8,(X) © (t(X) e /\S(X))

0.(X) & (t(X) AeA S(X)) (resolve &)
= (0, = (t() AeAs()) A(8:%) < (t(X) AeAs(X))) (De Morgan on =)
- (—|91(X) v (t(X) AeA S(X))) A (01(X) Y, —|(t(X) AeA S(X))) (move — inward)
= (26,0 v (t(X) Ae AsX))) A (B:.(X) V ~tX) V = V (X)) (distribute V)
= (16, X) VEX)) A (=0, Ve) A (=0:(X) VsX)) A (0,(X) vV =t(X) V—eVas(X)) (CNF)

e Result (each conjunct as own formula):
* VX € People : =6;(X) V t(X)
VX € People : =6;(X) Ve
* VX € People : =6;(X) Vs(X)
* VX € People : ;(X) Vat(X)V —e V as(X)

T. Braun - StaRAI 105
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Example: Normal Form

* Transform formulas into CNF: VX € People : 6,(X) & (—|t(X) VeV —IS(X))

0,(X) © (=t(X) vV =e Vv =s(X))
= (6,(0) = (=t vV =e v =s(X))) A (6,(X) & (2tX) v —e v ~s(X)))
= (26,(X) V =t (X) V e v s (X)) A (6,(X) V = (=t (X) V e v s (X))
= (26,(X) V =t(X) V e v s (X)) A (6,(X) v (E(X) Ae As(X)))
= (10, vV at(X) VvV —e Vv asX) A (0;X) VX)) A B,(X) ve) A (X)) vs(X))

e Result (each conjunct as own formula):
* VX € People : =60,(X) V —t(X) V e V =as(X)
* VX € People : 6,(X) vV t(X)
VX € People : 6,(X) Ve
* VX € People : 6,(X) Vs(X)

T. Braun - StaRAI 106
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Exact Inference: FOKC

Example: FO d-DNNF Circuit :

()
* Given theory in CNF @ o
* VX € People : =0,(X) vV t(X) Cad D
VX € People : =0,(X) Ve O & < xem
e VX € People : =6;(X) V s(X) (] 2 @
* VX € People : 0;(X) V=t(X)V —eV =s(X) Ged 0 G W
* VX € People : =0,(X) V —t(X) V =e V as(X) () ORECCIY RO
* VX € People : 6,(X) V t(X) Grad@> (N Crad@> ) Caed @
VX € People : 6,(X) Ve @@ D @@ (e
* VX € People : 6,(X) V s(X)

e Resulting FO d-DNNF circuit generated by the FOKC implementation
* Some leaves repeated for readability

T. Braun - StaRAl
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Example: FO d-DNNF Circuit

* Given theory in CNF

1. VX € People :

—10,(X) Vat(X) Vas(X) VvV —e

2. VX € People :

0.(X)V t(X)V —eV as(X)

. VX € People
. VX € People
. VX € People
. VX € People
. VX € People
. VX € People

0O N O U1 &~ W

L 20,(X) V t(X)
: —|61(X) Ve

. 20,(X) V s(X)
. 0,(X) V t(X)
:0,(X) Ve

L 0,(X) V s(X)

t(X)

Exact Inference: FOKC

T. Braun - StaRAl
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Example: FO d-DNNF Circuit

* Given theory in CNF

1. VX € People :

—IHZ(X) Vat(X)V-as(X)V —e

2. VX € People :

Vat(X)V eV —s(X)

. VX € People
. VX € People
. VX € People
. VX € People
. VX € People
. VX € People

0O N O U1 &~ W

L 20,(X) V t(X)
: —|61(X) Ve

. 20,(X) V s(X)
. 0,(X) V t(X)
:0,(X) Ve

L 0,(X) V s(X)

Exact Inference: FOKC

t(X)

T. Braun - StaRAl
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Not smooth since

* Right branch of root V misses s(X), t(X)

* Right branch of V after VX misses t(X) 0

Example: FO d-DNNF Circuit

* Given theory in CNF

1. VX € People :

—10,(X) Vat(X) Vas(X) VvV —e

2. VX € People :

Vat(X)V eV —s(X)

VX € People
VX € People
. VX € People
. VX € People
. VX € People
. VX € People

. 6,00 V £(X)
:0,(X) Ve

: —|(91(X)VS(X)
. 0,(X) V £(X)
:0,(X) Ve

: 0,(X) V s(X)

—e

G W CE@> )

Exact Inference: FOKC

0,(X)

T. Braun - StaRAl
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Example: Smoothed FO d-DNNF Circuit

* As generated by the FOKC implementation

* Grey parts new to not-smoothed version
* Abbreviated depiction of p V —p in one node
* Not-smoothed version for comparison I

Exact Inference: FOKC

@ Vr,x €
person

g (A)
® (V)
° 02(X), X € person
« : :
person
(N —wmamvstmawr— ()
@& ® O
(V) (A 02(X), X € person @ 0 @ °
e A @
Coick(@) V) Csick(@) D (A) ° @ °
(®) ™ @D (™

T. Braun - StaRAl 111
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Theoretical Results

 Compilation independent of domain sizes
e Just like construction of FO jtree is also independent of domain sizes
* Inference
e Polynomial in domain sizes
e Based on the computations that are computed at different node types
e Completeness as before
o MZlv
* Two-logvar theories with max. two logical variables per formula
o Mlprv

* One logical variable per predicate

T. Braun - StaRAl 112
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Implementation

* Available at
* https://github.com/UCLA-StarAl/Forclift
* May no longer work according to Guy so you may have to try
* https://github.com/tanyabraun/wfomc
e Officially three input formats
e Based on the normal form required (.wmc)
» Early version of parfactor graphs (.fg)
 MLN version (.mln)
— MLN file format only one | got the compiled version to parse

T. Braun - StaRAI 113


https://github.com/UCLA-StarAI/Forclift
https://github.com/UCLA-StarAI/Forclift
https://github.com/UCLA-StarAI/Forclift
https://github.com/UCLA-StarAI/Forclift
https://github.com/tanyabraun/wfomc
https://github.com/tanyabraun/wfomc

——— = Universitat
Miinster Exact Inference: FOKC

Runtimes: Increasing Domain Sizes

 Example model with all domain sizes € * Test
{2,4, ...,20,30, ,100, 200, ,1000} * |ncreasing
* No evidence * Ground width w,
» Queries: P(Travel(x,)), P(Sick(xy)), - Default: 3
p Treat(xl,ml)), P(Nat(dl)), e Counting width wy
PEMClTl(Wl)), P(Epld) e Default: 1
* Number of nodes n;
* Compare query answering times of . Default: 3
different inference algorithms « Domain size n
* Propositional: VE, JT  Default: 1000
* Lifted: LVE, LJT, FOKC - Based on O(n; - log,(n) - 7" - )

 Compare trade-off (overhead vs. fast
inference) between single / multi-query algs.
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Queries
Answering

/

FOKC almost invariant
w.r.t. domain sizes
whereas count
conversion hits LVE-
based algorithms

107" =

105 -

104 -

101 —

100 —

107" =

5 _
LJT LJT compile i
—>— LVE -—#- FOKC compile
A= JT 10* -
—*— VE
—=- FOKC 10%

107" =

10°

I I |
10" 102 10°

n ranging from 2 to 1000

compile: all overhead time Eexact Inference: FOKC

10°
104 |
103 |
102
10"
LJT LJT compile

—>— LVE = FOKC compile 10°

A JT

—— VE
I T |HEF FOKCE T 1 o=
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LJT LJT compile
—>— LVE = FOKC compile
—=— FOKC
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n; ranging from 2 to 11

FOKC does not
build histograms,
“——— which blow up the

LIT = LJT compile representation for
—>— LVE -—#- FOKC compile
—— T LVE-based algs.
—*%— VE
I IHEF FOKC% I 1
2 4 6 8 10

wy ranging from 0to 9
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Trade-off Evaluation: Criteria

* For multi-query algorithms * What is the ratio between individual query
* Overhead to set off (model is compiled into answering times?t
a helper structure) =
VS. Lquncpt
* Shorter individual query answering time ’ Howhma(rj\%/ queries does it take to offset the
. With overhea ._ oo
* tgcp1 runtime for answering single query k= o — Gyal
with an algorithm that uses compilation + Makes only sense if @ > 1

* tyuncpiruntime for answering single query
with an algorithm without compilation

* tccpr runtime for compilation with an
algorithm that uses compilation
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Trade-off .
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e S

I I ]
10 100 1000
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o o

- - 4 n=10
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wy ranging from 0to 9

Exact Inference: FOKC
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Probabilistic Theorem Proving (PTP)

* Based on theorem proving in logics
e Solves lifted weighted model counting problem

e Similar to the weighted first-order model counting problem by Guy Van den Broeck
* MLNSs as input

* Implementation available: Alchemy
* http://alchemy.cs.washington.edu
* Input format: MLNs

T. Braun - StaRAl Vibhav Gogate and Pedro Domingos: Probabilistic Theorem Proving. In: UAI-11 Proceedings of the 27th Conference on 118
Uncertainty in Artificial Intelligence, 2011.


http://alchemy.cs.washington.edu/
http://alchemy.cs.washington.edu/
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Interim Summary

 Lifted (weighted) model counting
« WFOMC definition

* FO circuits
* Inner nodes can also be set conjunctions/disjunctions
* Analogous FO dDNNF properties apply

e FOKC: Inference in FO circuits
* Allows for tractable inference

 Same completeness results as before

* Runtime almost invariant to changing domain sizes in contrast to LVE-based algorithms due to
count conversion
e But: You cannot really count in MLNs
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Outline: 3. Inference

a. Exact Inference
(Weighted) Model Counting

* Model counting
* Weighted model counting, knowledge compilation (KC)

ii. Variable Elimination and the Like
e Variable elimination (VE)
e Junction tree algorithm (JT)
ii. Lifted Inference
* First-order KC, Lifted VE, lifted JT
b. Approximate Inference
* Direct sampling: Rejection sampling, (lifted) importance sampling
e (Lifted) Markov Chain Monte Carlo sampling

—,
.
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Exact: Lifting

Appendix

LVE operator definitions

Example calculation with a greedy size-based heuristics (example model without g;)
Formal definitions for FO dtrees

Example derivation of FO jtrees and LJT run
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Count Normalisation: Formal Definition

* More general: Given a constraint (X, Cy), the same number of groundings of Y € X exist
for the different possible groundings of Z € X \ Y, with X the set of X’

* Count function:
Given a constraint (X, Cy), forany ¥ € X' and Z € X \ Y, the function countyz(t) :
Cy — N is defined by

countyz(t) = |my(Cx > mz({t}))|

e Count-normalisation:
Y is count-normalised w.r.t. to Z iff 3n € N s.t.
Vt € Cyx : countyz(t) = n

e Conditional count of Y given Z, denoted ncounty|z((X, Cx))
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Exact: Lifting

Example

+ countyz(t) = |my(Cx 4 mz({t}))]

* E.g,
« X =X,M)
. Y = {M)

« Z=X\Y =X}
« With a = alice,e = eve,b = bob : Cx = {(a,m,), (e, m,), (e,m;), (b,my), (b, m,)}

countM|X((a, mz)) CountM|X((e, ml))
nx({(a,mz)}) = {(a)} mx({(e,my)}) = {(e)}
Cxm @ {(@)} = {(a, my)} Cxm ™ {(e)} = {(e,my), (e, m;)}
ny({(a,my)}) ={(my)} mu({(e,my), (e,m3)}) = {(my), (my)}
{(m)} =1 [{(my), (my)}| = 2 Adding (a, m;) to Cx leads to

countyx((a,m,)) = 2
e Not count-normalised: 1 # 2

— M is count-normalised w.r.t. X

T. Braun — StaRAl 123



m— T — Universitit

Miinster Exact: Lifting

Lifted Summing Out: Operator

Multinomial coefficient to

* Inputs: o
eliminate CRVs correctly

* Parfactor g = ¢p(A) ¢, C = (X, Cx)

* PRV A; occurring in A for summing out
Preconditions:

1. VBerv(G\{g} : gr(B|C) N 81“(Ai|(x,cx)) =0
2. VXe{X||ng(Cyx)|l>1}:X €lv(4;)

3. Xxexel =1v(4) \ (X \ IV(Ai)) count-normalised w.r.t. X°" = lv(4;)) N X inC:r = ncountyexct ycom (C)
Output: d)’(cfl’)lcl with C' = (T[Xcom(X), TL'Xcom(Cx))

e A =44 ...,4;_1) o (4;;+1, ..., Ay) (concatenation of two sequences)

* Foreach assignmenta’ = (...,a;_1,a;4+1,...)to A',i.e,Va' €ran(A")

¢’(..., aAi—1,Ai+1, ) — ( Mul(ai)qb(..., aAi—1,4i,Aj+1, ))

n!
Mul(al-) = H{Zl ni!
1 oth.

ai:h

r

a;eran(4;)
Postcondition: P ¢\ (glusum—out(g,4,)} = Zgr( Ayc) Pc
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Lifted Multiplication: Operator

Operator does not assume that

* Inputs: logical variables with the same

* Parfactor g; = ¢1(A1)|c,, (1 = (xl! Cxl)

e Parfactor gz = ¢2(°A2)|C21 Cz = (‘XZ'CXZ)
* One-to-one substitution 8 = {Z; — Z,} between the logical variables of the shared PRVs in g; and g,

* Preconditions:
* Fori=1,2:Y; = X; \ Z; count-normalised w.rt. Z; in C;, with X; the set of X, i.e., ; = ncounty,z,(C;)
exists

* Output: ¢p(A)|c with C = (X16 X X3, Cx, 0 X sz)
c A=cA0 XA
* For each assignment a to A, witha, = m 4 g(a) and a, = ncﬂzlg (a)
1

d(a) = (¢1(a1))5' (¢2(a2))7‘_1
 Postcondition: G~G \ {g1, 9.} U {multiply(g;, g,,0)}

applicable constants share the
same name
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Lifted Multiplication: Example

g1+ 92 = $1(Sick(X)) - ¢p2(Sick(X), Treat(X,M)) = ¢(Sick(X), Treat(X,M))
e T constraints with |[D(M)| = 2
e ]1-to-m

1,
* X; =lv(gy) ={X} false 1 1i =V1=1
= 2
* Xz = viga) = X, M) Il false false 1-5(1- e . PN
« Z, = Iv(Sick(X)) = {X} = Z, L
No ali ; false true 1-
* No alignment necessar ;
e V. — Xg \Z, = ¢ / true false 2 Sick(X) Treat(X,M) ¢,
T T _ true true 2 - i false false 5
count-normalised w.r.t. Z; = {X} _ |
Sick(X),Treat(X,M) alse true 6
* Yy =X,\Z; = {M} ;
count-normalised w.r.t. Z, = {X} true false 7
* Scaling necessary: r; = ncounty, |z, (C;) = 2 true true 8
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Count Conversion: Operator

* Inputs:

* Parfactor g = ¢(A) ¢, C = (X, Cx)

e Logical variable X occurring in X for counting
* Preconditions:

1. Thereis exactly one PRV A4; € rv(g) s.t. X € lv(4)
2.  Xiscount-normalised w.r.t. X \ {X}in C

3.  For all counted logical variables X* in g: Ty x#(Cx) = Ty (Cx) Xy (Cx)
* Output: ¢'(A')c
o A = (Ag, ., Aj1) 0 (A)) 0 (Ajsq, o) Ap), Al = #x[A]
* Foreachassignmenta’ = (...,a;_q,h,a;4q,...) t0 A’,
¢’(...,ai_1,h, Ait+1, ) = 1_[ gb(...,al-_l, ai, Aj+1, ...)h(ai)
a;eran(4;)

« With h(a;) denoting the count of a; in histogram h
* Postcondition: G~G \ {g } U {count—convert(g, X)}

No inequality constraint between X and

any other counted logical variable X#
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Count Conversion: Example

Epid Nat(D) #;[Acc(I)] ¢;
false false -

false false
false false

false true

 From ¢1(Epid, Nat(D),Acc(I))
* To ¢p1(Epid, Nat(D), #;[Acc(I)])
* Preconditions fulfilled
e [ occursonlyinAcc(l)
 [iscount-normalised w.r.t. D in
((D, D), dom(D)xdom(I))
* No other counted logical variable

* Converting Acc(I) into #;[Acc(I)]

¢,( ) true false
e, Aj— a;
SR true  true

= ‘ ‘ p(..,a;_1,a;,04q, ...)) @) Mrie true

Epid Nat(D) Acc(l) ¢,

false false

false false true 2

false true

false true

true false false true

true false false true true 4

true false

true false true 6

true true

la;€ran(4;)]

R[OOI

true true true true true 3
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Splitting

* Need splitting for So, we need a formal split operation to split of (set of) constants

e Shattering of query terms and evidence

 Precondition 1 of sum—out operator: PRV A4 under (X, Cy) only occurs in g
* Formalism is very flexible in terms of constraints

« Eg, d:(RX)) Klrna]) ¥ b, (R(X)) i)
* Split parfactor s.t. the set of constants occurring in constraints for a logical variable are
either identical or disjoint
* |.e., no overlaps between sets of constants per logical variable

* E.g., split ¢, (R(X)) into

(X {x1,X2,X3,X4X5})

) ¢2(R(X))<x,{x1,x2,x3 h
* $2(R(X ))<x,{x4x5}>
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Splitting on Overlap

e Splitting a constraint C; = (Xl, Cxl) on its Y-overlap with a constraint C, = (Xz, CXZ),
denoted C; /yCy, partitions Cy, into two subsets containing all tuples for which the Y part
occurs or does not occur, respectively

f((xl), {t € Cxl | T[y({t}) € T[Y(CXZ)})l Part shared with C,

C1/yCy = <
1/Y%2 k((‘x\l)’ {t = Cxl | T[y({t}) ¢ T[Y(sz)})} Remaining part

e Parfactor partitioning
Given a parfactor g = ¢(A) | and a partition C = {C;};. =1 of C,

partition(g, C) = {¢(ﬂ)|c }
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Splitting on Overlap: Example

+ Consider ¢ (R(X), T(X. 1)), .

* (1 = ((X» Y), {x1, x5, x3, x4, xs}X{J’1»}’2})
* (= ((X); {x1;x2»x3})
* Splitting C; on its Y = {X}-overlap with C,

(<(X, Y),{t € Cixy) | mx({t}) € {X1;XZ,X3}}>\ ((X,7), {1, %2, 23 3%{y1, 72})
C1/yCs = 5 L = { }

k((X, V), {t € Cxyy | mx({t}) & {xl,xz,xg}})j (X, 1), {xq, x5 3x{y1, 723)

* Partitioning

¢(R(X), T(X,Y))

Snc |((X,Y),{xl,xZ,X3}X{yl,yz})
artition(g, C, /yC,) =

| ((X,Y),{X4_,x5 }X{ylryZ })
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Splitting: Operator

* Inputs:

* Parfactor g = ¢(A)c, C = (X, Cyx)
« PRVA = R(Y) occurring in A

* PRVA' = R(Y) ¢ or #y|R(Y) ]
Precondition: none

Output:

partition(g,C),C = C/yC' \ @

Postcondition:
G~G \ {g} U split(g,4,4")
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Splitting: Example
* Inputs:
» Parfactor ¢p(R(X), T(X, Y))lc

« C1 = ((X,Y),{xq, %2, x3, x4, X5 3% {¥1, ¥2})
e R(X)

* R(X)c, C2 = ((X), {x1, x2,x3})
* Qutput:

¢(R(X), T(X,Y))
¢(R(X), T(X,Y))

partition(g, C; /yC,) = (XY, {x0,%2,%33%{y1,v23)

|((X,Y),{X4,X5 }x{ylryZ })
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Other Operators

* Further “enablers” of lifted summing out all are variants of splitting on overlap and partitioning
* Splitting of CRVs: Operator called expand
* More complex as histograms have to be split
* E.g., ahistogram [1,3] for {x{, x,, x3, x4} may have to be split on {x;, x,}
e Count-normalisation: Operator called count—normalise

e Split a constraint s.t. in the set of resulting constraints, each constraint is count-normalised w.r.t. to
desired Y;|Z; property

* Group sets of constants by the different counts ncounty”Zi(Cl-) they yield
* Grounding — the last resort: Operator ground as expected
e Splitting on individual constants

e More information:

Nima Taghipour, Daan Fierens, Jesse Davis, and Hendrik Blockeel: Lifted Variable Elimination: Decoupling the Operators from the Constraint
Language. In: Journal of Artificial Intelligence Research, 2013. (or in Nima Taghipour’s PhD thesis)
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Lifted Absorption: Operator

* |nputs:
* Parfactor g = ¢(A) ¢, C = (X, Cy)
* PRVA; =R(Y)or(P)CRV A; = #4[R(Y)] occurring in A
* Evidence parfactor g, = qb(R(Y))lCe with o = observed value of R(Y) in g,

Let
o Xexcl =y \Iv(A\ {4;}) (exclusive to 4;), X™¢¢ = 1Iv(4;) \ lv(4 \ {4;}) (not-counted exclusive to 4;)
o XTM =1ly(X) \ X*¢! (remaining in g), X" = lv(A) \ X¢*“! (not-counted remaining in g)
Preconditions:
1. gr(A”C) C gr(A”Ce)
2. X" is count-normalised w.r.t. X" in C, i.e., 7 = ncountynce yncr (C) exists
OUtpUt: g’ — ¢,(c/q’)|cl, C' = (ﬂxrem(X),ﬂXrem(Cx))
C c/q’ = (Al, '"’Ai—l) o (Ai+1’ ,An) ,
¢'(..,a;_1,a544,..) =d(...,a;_1,6,a;44, ... )"

» withe=0ifA; = R(Y) and
* otherwise e = a histogram with e(0) = ncounty;;,(4)(C) ande(o’) = 0,0" # o0

Postcondition: G U {g.} ~ G \ {g} U {g., absorb(g, 4;, g.)}

Exact: Lifting

T. Braun — StaRAl
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Lifted Absorption: Evidence for CRVs
e Output: g’ = ¢’(dq,)|cl

Miinster Exact: Lifting

¢,(..., Ai—1,Ai+1, ) = ¢(, aAi—1,€,Aj4+1, )7‘

* e = ahistogram with e(0) = ncountyyy(4)(C) and e(0o’) = 0,0" # 0 false

1

* Evidence PRV appears as inner PRV of a (P)CRV true

0

e Turn observations into histogram
* All groundings have the same observation in evidence parfactor
e Peak-shaped histogram with ncountxuv(ﬂ)(C‘) at position o and 0 otherwise

Epid #p[Nat(D)] ¢*

 E.g.,, Nat(D) = false for all gr(Nat(D)) — o0 = falsein g,

* Given parfactor: g = ¢p(Epid, #p[Nat(D)])

Epid .

e 1|

* ncountpg(T) = 2
* Forms histogram: [0,2]

e OQOutput: g' = ¢'(Epid)

T. Braun — StaRAl
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Shattering on Evidence & Absorption

* Given a set of evidence parfactors {g,}o=, and a model G = {g;}i=,

Exact: Lifting

I Foreach g, = Pe(Ae)c,:
* Foreach g; = ¢;(A)c;:
« IfA, € rv(g;):
* Splitg;onC,,i.e.,

G <G \ {gl} U Sp]it(gi; Ae:Ae|Ce)

* Foreach g, = ¢.(4e)|c,:
* Foreach g; = ¢;(A);:
« IfA, € rv(g;):
e Absorb g, in g;

T. Braun — StaRAl
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LVE: Example

Model: G = {g;};_4

* T constraints

Query term: Travel(eve)
Evidence: Sick(eve) = true
After shattering:
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LVE: Example

* Absorbing evidence
* Absorb evidence in ¢, (Epld Slck(eve) Travel(eve))
* Yields ¢$ (Epld, Travel(eve))
 Absorb evidence in ¢ (Epid, Sick(eve), Treat(eve, M))
* Yields ¢§(Epid, Treat(eve, M))
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LVE: Example

* Eliminate all non-query terms
e PRVs fulfilling sum—out preconditions:
o |Treat(eve, M)
* Yields @&’ (Epid) — size: 21 = 2
 Travel(X)
* Yields ¢4 (Epid, Sick(X)) — size: 2% = 4
e Treat(X,M)
* Yields ¢%(Epid, Sick(X)) — size: 22 = 4

Treat(eve, M)

Travel(eve)
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Exact: Lifting

LVE: Example

* Eliminate all non-query terms
e PRVs fulfilling sum—out preconditions:
* Travel(X)
* Yields ¢4 (Epid, Sick(X)) — size: 22 = 4
e Treat(X,M)
* VYields ¢%(Epid, Sick(X)) — size: 22 = 4

Travel(eve)
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Exact: Lifting

LVE: Example

* Eliminate all non-query terms
e PRVs fulfilling sum—out preconditions:
» Treat(X,M)
* Yields ¢4 (Epid, Sick(X)) — size: 22 = 4 ‘

Travel(eve)
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LVE: Example

* Eliminate all non-query terms
 No PRVs fulfilling sum—out preconditions; others:
* Multiply ¢; and ¢3
* Yields ¢ (Epid, Sick(X)) — size: 2% = 4
* Multiply ¢$ and ¢%'
* VYields ¢35 (Epid, Travel(eve)) — size: 22 = 4

* Count-convert Nat(D) @ o) @
* VYields ¢p? (Epid, #p[Nat(D)], Acc())
—size:2:-3:-2=12
e Count-convert Man(W)

* Yields ¢l (Epid, Nat(D), #;[Acc()])
— size: 22 -3 =12
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Exact: Lifting

LVE: Example

* Eliminate all non-query terms

e PRVs fulfilling sum—out preconditions:
o Sick(X)
* Yields ¢, (Epid) — size: 2

Travel(eve) @ b1 @
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LVE: Example

* Eliminate all non-query terms

 No PRVs fulfilling sum—out preconditions; others:
« Multiply ¢§’ and ¢35
* Yields ¢55 (Epid) — size: 2
* Multiply ¢$ and ¢%'
> Yields ¢55(Epid, Travel(eve)) — size: 2% = 4
e Count-convert Nat(D)

* Yields ¢p? (Epid, #p[Nat(D)], Acc(I))
— size:2-3-2 =12

e Count-convert Man(W)

* Yields ¢! (Epid, Nat(D), #;[Acc(D)])
— size: 22 -3 =12

Travel(eve)

T. Braun — StaRAl 145



—— ~ —— Universitit -
Miinster Exact: Lifting

LVE: Example

* Eliminate all non-query terms
 No PRVs fulfilling sum—out preconditions; others:
»  Multiply ¢ and ¢53
« Yields ¢p¢%(Evid, Travel(eve)) — size: 2% = 4
e Count-convert Nat(D)
* VYields ¢p? (Epid, #p[Nat(D)], Acc())
—size:2-3-2 =12
e Count-convert Man(W)

* Yields ¢! (Epid, Nat(D), #;[Acc()])
— size: 22 -3 =12

Travel(eve)
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LVE: Example

* Eliminate all non-query terms
 No PRVs fulfilling sum—out preconditions; others:
e Count-convert Nat(D)
* Yields ¢P (Epid, #,[Nat(D)], Man(W)) — size:2-3 -2 = 12
* Count-convert Acc(I)
e Yields ¢l (Epid, Nat(D), #;[Acc(I)]) — size: 22 -3 = 12

Travel(eve)
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LVE: Example

* Eliminate all non-query terms
e PRVs fulfilling sum—out preconditions:
e Acc(])
* Yields ¢; (Epid, #p[Nat(D)]) — size:2-3 =6

Travel(eve)
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LVE: Example

* Eliminate all non-query terms
e PRVs fulfilling sum—out preconditions:
* #p[Nat(D)] |
* Yields ¢’ (Epid) — size: 2 |

Travel(eve)

No uncounted logvars left
(basically standard VE + CRVs)
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LVE: Example

* Eliminate all non-query terms
 No PRVs fulfilling sum—out preconditions; others:

»  Multiply ¢p1 and ¢55
* Yields ¢%,5 (Travel(eve), Epid) — size: 4

144

Travel(eve) !

Only propositional and ground

random variables left (standard VE)
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Exact: Lifting

LVE: Example

* Eliminate all non-query terms
e PRVs fulfilling sum—out preconditions:
 Epid
* VYields ¢(Travel(eve)) — size: 2

Travel(eve)
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LVE: Example

 No non-query terms left

Multiply all parfactors in G together

* Only one parfactor g = gb(Travel(eve))

Normalise g

* Yields g’ = qb’(Travel(eve)) containing the probability distribution over Travel(eve)

!/
Return g ¢
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minser  LVE: EXample — Complete Derivation Exact: Lifting

P(Travel(eve)|sick(eve))

1 |dom ()]
~Z Z oS (Travel(eve), e) Z Mul(hy,) ( Z P4 (e, hy, a))
e€ran(Epid) hp€ran(#p[Nat(D)]) aEran(Acc(I))
DM |[dom(X)|
D D tslesn) > $aes
S€E tte te
ran(Sick(X)) \ran(Treat(x,M)) ran(Travel(X))
Z ¢s(e, te)

tee

ran(Treat(eve,M)) Travel(eve)

Treat(eve, M)

* After shattering, absorption, and
the required
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DPG Definition

e Assume that (sub)model G fulfils a normal form* where
* possible to rewrite any model in polynomial time into normal form
* Domains are either disjoint or identical
e Logical variables share the same name if they refer to the same domain over different parfactors
* Constraintsare T
* Formal definition by Taghipour includes inequality constraints
= No further splitting operations necessary (split, expand, count-normalise)

* Decomposition into partial groundings of G by logical variable X with Vg € G: X € Iv(g)

DPG(G,X) = Ug@,@ ={X - x}
gEeG
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LVE for Parameterised Queries

LVE(G, Qc, {ge}ox1)
At this point, G contains only G < Shatter G on Q|¢, {ge}e=1, and on itself
terms but the logical variables in G < Absorb {gc}¢=; in G
may still be uncounted; the while G contains non-query terms do
if a PRV A fulfils the preconditions of sum—out then
G < Apply sum—outto A4 in G
else
G < Apply an enabling operator on some parfactors in G
while [v(G) # @ do
if 3X € lv(G) s.t. X is countable in g € G then
G < Apply count—convertto X in g
else
G < Apply an enabling operator on some parfactors in G
g < Multiply all parfactors in G into one parfactor
g < Normalise the potentials in g
return g

next loop counts them if possible

Normalisation changes to account

for histograms encoding multiple
assignments

T. Braun — StaRAl Tanya Braun and Ralf Méller: Parameterised Queries and Lifted Query Answering. In: I/CAI-18 Proceedings of 155
the 27th International Joint Conference on Atrtificial Intelligence, 2018.
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Complexity

* Given liftable query over query terms Q

 Class of query terms Q containing at most one constant for each logical variable in lv(G) if
ground or one set of constants if parameterised

* Assumption is that g = |Q| is reasonably small
 Especially if comparing r? to ro - n,"#W#
s.t. we can consider it outweighed by O(ny - log,(n) - r'a - n"#W#)

* Liftable parameterised queries require only at most g additional count conversions, which
are bounded by O(log,(n) - rYa - n"#W#), and hopefully, ¢ K ny

l.e., LVE complexity given a liftable model, a liftable query, and liftable evidence remains at
O(ny - log,(n) - r'Va . n"#W#)

T. Braun — StaRAl Tanya B. Rescued from a Sea of Queries: Exact Inference in Probabilistic Relational Models. PhD Thesis, 2020. 156
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Exact: Lifting

FO Dtree Definition

* Let DPG,VE, Leaf be the sets of all DPG, VE, leaf nodes each

* Then, an FO dtree T for a model G is given by T = (V, E) where
e V=DPGUVE U Leaf

E = (DPGXVE) U (VEXDPG) U (VEXVE) U (VEXLeaf)

* VE can follow DPG / VE nodes, DPG / leaf can follow VE nodes

* Each DPG node Ty has a child VE node T,, whose model G, is a
representative model of Gy with G, = Gx0,0 = {X — x}

* Each leaf with representative constant x in its parfactor descends
from exactly one DPG node Ty = (X, x, C)

* Each leaf descending from DPG node Ty = (X, x, C) has
representative constant x in its parfactor

» Effect: At beginning of construction, one has to partition initial model G
into one partition of parfactors containing only random variables and
one partition of parfactors containing logical variables

92 93 Yo 91

T. Braun — StaRAl 157



——— = Universitat
Miinster Exact Inference: LUT

Problem: Many Queries

e Set of queries
* P(Travel(eve))

« P(Sick(bob
et

 P(Epid)

 P(Nat(flood))

* P(Acc(chem))

 Combinations of variables
* Under evidence

o Sick(X'") = true

« X' € {alice, eve}

T. Braun - StaRAI 158
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Clustering of Models

* |dea: Find subsets (clusters) of PRVs that are “enough” for certain queries
* E.g,

* For queries about instances of
Nat(D), Acc(1), Epid
 Nat(D), Acc(l), Epid enough

* For queries about instances of

Travel(X), Sick(X), Epid Nat(D) %91 Acc(1)
o Travel(X), Sick(X), Epid enough

 For queries about instances of ' ?Epid ?Dgu
Treat(X,M), Sick(X), Epid

* Treat(X,M), Sick(X), Epid enough Travel(X) g | g Treat(X,M)
2 3

. )

T. Braun - StaRAI 159
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Clustering of Models

Exact Inference: LUT

e But: If only parfactors used that contain the PRVs of a cluster, information stored in all

other parfactors ignored
* E.g,
 Nat(D), Acc(l), Epid: g4
— misses g3, 93
* Travel(X), Sick(X), Epid: g,
— misses g1, 93
* Treat(X,M), Sick(X), Epid: g5
— misses g1, 92
* Whatever we do with gg...

* Only correct if clusters are independent
from each other

* How can we achieve independence?

-

Nat(D)

o

Travel(X
CTravel() >

Acc(])

91

L]

T %Epld?

o'l

Jd0

Treat(X,M)
93

v

T. Braun - StaRAl
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Clustering of Models

* Factorised models encode independences:

e Any two subsets of variables are conditionally independent given a separating subset §

subset S: All paths from one subset
to the other run through S

* Also known as global Markov property

* Eg,
* Nat(D), Acc(I), Epid: g4

I
J91
— independent of the rest given
o Travel(X), Sick(X), Epid: g, = .
— independent of the rest given 2

* Treat(X,M), Sick(X), Epid: g4 Travel(X) I Treat(X, M)
— independent of the rest given 9> 93

o

Nat(D) Acc(l)

T. Braun - StaRAI 161
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Clustering of Models

e Put clusters and their separators into
a graph structure where

* Nodes are clusters with parfactors
assigned containing the cluster PRVs
(local model)

* Edges are labelled with the separator
(separating subset) between
neighbouring nodes

e |f two nodes contain the same PRV,
every node on the path between the
two nodes contain the PRV (running
intersection property)

Epid Acc(I) Epid Sick(X)
Nat(D) Travel(X)

Jdor 91

Exact Inference: LUT

Epid Sick(X)
Treat(X, M)

93

é

Acc(])

L]

T ravel(X )

\_

=
s

o'l

Jd0

Treat(X,M)
93

_/

T. Braun - StaRAl
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Exact Inference: LUT

Clustering of Models

* Next: Make clusters actually Epid Acc(I) Epid Sick(X) Epid Sick(X)
independent of each other Nat(D) Travel(X) Treat(X M)
e Each cluster i asks its neighbours

Yo, 91
j € nbs(i) for information about

the separator §;; between them

e Other clusters have to collect all the information from the model that lies behind the separator on its

part, eliminate the non-separator PRVs from that information using LVE, and send the result in a
message m;j, i.e., a set of parfactors, back

* Having the information on the separators to all neighbours makes a cluster independent from its
neighbours and therefore all other parts of the model

* Ensures that each cluster of PRVs has all model information needed available for query answering on
instances of its cluster PRVs

T. Braun - StaRAI 163
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Clustering of Models

* Next: Make clusters actually independent of each other
* E.g., C3: g3 — independent of the rest given Epid, Sick(X)
* Asks neighbour €, for information on Epid, Sick(X)
* (, asks neighbour €4 for information on Epid

e (, sends information on Epid in message m;,
* Eliminates Nat(D), Acc(I) from g,, g, for m,,

* C, sends info. on Epid, Sick(X) to C5 in message m23
* Eliminates Travel(X) from g,,m,, for m,5

* With m,3, C5 is independent of its Epid ACC(I) Epid ka( Epid Slck(X
neighbour €, and therefore also of C, Nat(D) Travel(X) Treat(X, M)

* As C, is independent given m;, of C4 9o, 91 m1292 m2393

Eliminate EI|m|nate
Nat(D),Acc(l
The same has to be done for €, and C; B Epid! ngravel(X) Epid, Slck(xy

Epid? Epld Slck(X)?

T. Braun - StaRAI 164
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Clustering of Models

* With each cluster i independent of the rest, each i can answer queries about instances of
its PRVs based on its local model and the messages received
 Query terms: grounded instances or parameterised versions of its PRVs
e Conjunctive queries if terms only concern the cluster PRVs
* E.g., C3: g; — independent of the rest given Epid, Sick(X)

* Based on g3 and m,3, C3 can answer queries
about Epid, Sick(X), Treat(X, M) such as

P(Sick(X)),
P%Treat(eve, mz)), [ Epid Acc(I) Epid Sick(X) Epid Sick(Xg
P(Epid, Sick(alice)) Nat(D) Epid | Travel(X)pm Epid | Treat(X,M)

* Cannot answer any queries about 9o, g1 My mqip,92 M35 Sick(X) m,393

Nat(D),Acc(l), Travel(X)
but C; and (5, respectively, can

T. Braun - StaRAI 165
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Clustering of Models

* Problem left: If each cluster asks for information on separators, some messages are sent
multiple times
* E.g,
e (5 asks C,, which asks €4
* Messages calculated and sent: m,,, M55
* C,asks C; and C;

* Messages calculated and sent: m,, m3,
* (C, asks C,, which asks C;

* Messages calculated and sent: ms,, M54 Epid Acc(l) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

Organise in way that messages Sick(X)
are calculated only once Mz M23

myq ms;

T. Braun - StaRAI 166
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Clustering of Models

e Use dynamic programming to organise the order of asking or rather sending information in
messages:

— If a node i has received all information from neighbours but one, j, node i sends a message
with its information on the separator §;; to j

— If a node i has received all messages, then it sends messages to all neighbours j that have not
received a message yet

* When computing the message,
I takes into consideration

: Nat(D) Epid Travel(X) Epid | Treat(X,M)
* the messages my,; received Sick(X)
from all other neighbours k W
but the receiving neighbour j

myq mjs

T. Braun - StaRAI 167
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CIustering of Models Graph structured called (first-order) junction tree

and algorithm called (lifted) junction tree algorithm

Observations:

— If a node i has received all information from neighbours but one, j, node i sends a message
with its information on the separator §;; to j

e Trivially true at leaf nodes (periphery), can start sending immediately to its only neighbour (in parallel!)
* From periphery inbound, new nodes trigger this first condition

— If a node i has received all messages, then it sends messages to all neighbours j that have not

yet received a message
Epid Acc(I) Epid Sick(X)
Nat(D) Epid Epid | Treat(X,M)

Sick(X)

Two passes from periphery to centre and back suffice to distribute all

information and make the clusters independent from each other*

* Shown by Steffen L. Lauritzen and David J. Spiegelhalter: Local Computations with Probabilities on Graphical Structures
T. Braun - StaRAl and Their Application to Expert Systems. In: Journal of the Royal Statistical Society. Series B: Methodological, 1988. 168
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Lifted Junction Tree Algorithm (LJT)

* Inputs
* Model G
* Evidence e as evidence parfactors
* Set of query terms {Q;}/%,
* Querieson G: P(Q;|e),i €{l,..,m}

* LJT consists of four steps
1. Build FO jtree J for model G
2. Enterevidenceein]
3. Pass messagesin /
4. Answer queries {Q;}%,

Exact Inference: LUT

Evidence:
sick(eve)

Queries:
{{E pid}, {Travel(eve) ,Treat(eve, ml)}}

Epid Acc(
Nat(D)

) Epid Sick(X) Epid Sick(X)
Epid | Travel(X) Epid | Treat(X, M)
g3

P Sick(X)

T. Braun - StaRAl
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First-order Jtree (FO Jtree)

* As seen on the earlier slides

e Acyclic graph

 Nodes contain PRVs, which form clusters

* Edges are based on the separators between the clusters

 Nodes have parfactors assigned
* Next slides:

 Formal definition

* Construction

e Get an acyclic structure
with valid separators and Epid Acc(1) Epid Sick(X) Epid Sle(X

assigned to a local model T i Sick(X) gs

T. Braun - StaRAI 170
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Parameterised Clusters

* Node of an FO jtree: Set of PRVs called parameterised cluster (parcluster)

* Let X be a set of logical variables, 4 a set of PRVs with [v(4) € X, and (X, Cy) a
constraint on X

* Then, a parcluster C is given by
VXx € CX . A|(X;Cx)
* Ayxc,) forshort

* Again, (X, Cy) can be omitted if T constraint encoded
* Depicted as a round shape containing A or just A

* Again, constraint usually not depicted Epid Sick(X)

* E.g., parcluster C, Travel(X)
Vx € dom(X) : {Epid,Sick(x),Travel(x)}l(x,dom(x)) Epid Sick(X)

= {Epid, Sick(X), Travel(X)}l(X,dom(X)) Travel(X)

= {Epid, Sick(X), Travel(X)}

T. Braun - StaRAI 171
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FO Jtree

* An FO jtree ] for a model G is a cycle-free graph (I, E)

* Set of nodes VV < 277(6)
* |.e,, nodes are sets of PRVs (parclusters)

« 2™(6) denotes the power set of rv(G)
e Set of edges E C {{i,j} |i,jEV,i ij},
* Has to be cycle free, which includes no self-loops

 E.g., as depicted on the left
e But at this point in the definition,
Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)
Yo, 91 9> SiCk(X) 93

could be any subsets of PRVs

T. Braun - StaRAI 172
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FO Jtree | |
* An FO jtree ] for a model G is a cycle-free graph (I, E) \——\f/

e Has to satisfy three properties:
1. VCeV:C<crv(G)
* Every parcluster consists of PRVs from G
2. VgeGg:3CeV:rv(g)<ccC
e Arguments of every parfactor in G occur in a parcluster
3. If3Aerv(G):A€C; NA€EC;withC;,C; €V,
then VCy, € V on the path between C;,C; : A € Cy,
(running intersection property)

* |f a PRV occurs in two parclusters,

it also occurs in every parcluster _ o -
on the path between them [ El?\l]d AZC)CU) E?d Slik)gx) —— gpld Sl)?kl\glxg
. t J l t(X,
+ E.g, as depicted on the left o) J Epid { ravelCOpy Spe \Treatt M)
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FO Jtree

* An FO jtree ] for a model G is a cycle-free graph (I, E)

* |s minimal if by removing a PRV from a parcluster,
’ Nat(D
the FO jtree ceases to be an FO jtree @

* |.e., nolonger fulfils at least one property
e E.g., depicted on the left

e Cannot remove any PRV from any parcluster w

e Otherwise, a parfactor would no longer have its arguments in

one parcluster
Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

Yo, 91 9> SiCk(X) 93

T. Braun - StaRAI 174
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FO Jtree

* An FO jtree ] for a model G is a cycle-free graph (I, E)
* Set §;; called separator of edge {i, j} € E, defined by Nat(D el
S Eine Qvat(0)> o G

* Term nbs(i) refers to the neighbours of C;, defined by
nbs(i) ={j | {i,j} € E}
* Each C; has a local model G; and
Vg € G; : rv(g) < C;
* Local models G; partition G, i.e.,

G=UGi,Vl’,jEV,l.:/:j:Ginszm,Gi:/:Q)

€V
l Epid Acc(l) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

9o, J1 92 Sick(X) J3
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Construction

* Where do we get the FO jtree from s.t. the jtree
* js acyclic
 fulfils the three FO jtree properties
* has the model parfactors automatically assigned to
fitting parclusters? o

— Clusters of an FO dtree
+ undirected dtree edges

Sick(x)
Epid

+ minimisation I
= FO jtree Sick (x) | | T;
Epid Epid Acc(1l), Epid
Treat(x, m) 0
Epid Acc(I) Epid Sick(X) Epid Sick(X) gicic(x) i Aclc\’g§(g) 9T
Nat(D) Epid Travel(X) Epid Treat(X M) Epid o
Jdo, 91 Sick(X) 92 93 9o 91
176

T. Braun - StaRAl
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Clusters — Parclusters

Let’s carry the constraint around

Given an FO dtree T for a model G with clusters for each node RN A

Given a cluster {44, ..., A, } of a DPG node (X, x, C)
* Resulting parcluster C; = {4, ..., An}ic —
-

| Epid, Sick(x),
— Travel(x)
9>
9>

* Local model G; = @
 Given a cluster {44, ..., A, } of a VE node
* Resulting parcluster C; = {Ay, ..., Ap}i7
* Local model G; = @
* Given a cluster {44, ..., A, } from a leaf node with parfactor g;
* Resulting parcluster C; = {Ay, ..., Ap}i7
* Local model G; = {g;}

T. Braun - StaRAI 177
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FO Dtree — FO Jtree

* Forming an FO jtree J from an FO dtree T of a model G

 Nodes of |

* Parclusters resulting from clusters of T as shown on previous slide
e Each parcluster has a source node in T

 Edges of J

 Add an edge between two parclusters whenever there is an edge between the source nodes of
the two parclustersin T

T. Braun - StaRAI 178
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FO Dtree — FO Jtree

e Result after transformation
 Fulfils the three jtree properties

[Epid, Sick(x))

|Epid, Acc(D)aomm) )

[Epid, Acc(I), Nat(d))

[Epid, Sick(x), Travel(x) ] [Epl'd, Sick(x) |dom(M)]

(Epid, Acc(D), Nat(d)4om@y | Sick(x)

[Epid, Sick(x), Treat(x, m) ]

[Epid, Acc(i), Nat(d) )

|
[Epid, Sick(x), Travel(x) ] [Epid, Sick(x), Treat(x, m) ] [Epid]

[Epid, Acc(i), Nat(d) )

92 93 Yo

91

Travel(x)

Epid

9>

Sick(x)
Epid

Treat(x, m)

Sick(x)
Epid

Exact Inference: LUT

Acc(l), Epid
1)

Nat(d)

Acc(i), Epid

9o

T. Braun - StaRAl
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. VCelV:C<rv(G
FO Dtree — FO Jtree  VgeG: HCEV(:L}@QC
. If3A€erv(G): A€ C; NAEC;
* Transformation result fulfils the three jtree properties with C;, C; € V, then ¥C;, € V on
* Properties hold by construction of the FO dtree the path between C;, C; : A € Cy,
1. Parclusters can only contain model PRVs Epid)

2. Each parfactor occurs at a dtree leaf, which is turned into
a parcluster with the parfactor as local model

lEpid|dom(X) l [Epid:ACC(1)|dom(D)]
3. Based on how cutset & context are calculated, a PRV that
occurs in two parclusters will occur in all parclusters on
the path between them* [Epid,Sick(x)] [Epid,Acc(I),Nat(d)]
* E.g., Sick(X)

[Epid,Sick(x), Travel(x)] [Epid,Sick(x)|dom(M)] [Epid,Acc(I), Nat(d)|aom) ]

[Epid, Sick(x), Treat(x, m) ] [Epid, Acc(i), Nat(d) ]

l
[Epid, Sick(x), Travel(x) ] [Epid, Sick(x), Treat(x, m) ] [Epid] [Epid, Acc(i), Nat(d) ]
9> 93 Yo 91

T Braun - StaRAl * Proof for jtrees: Adnan Darwiche: Recursive Conditioning. In: Artificial Intelligence, 2001. 180

Proof for FO jtrees: Tanya B: Rescued from a Sea of Queries: Exact Inference in Probabilistic Relational Models. PhD thesis, 2020.
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FO Dtree — FO Jtree

e But: Parclusters may contain a logical
variable X or its representative x

* For each source DPG node Ty

* Apply the inverse substitution 671 to
the one applied during FO dtree
construction to all parclusters that
come from deslcendants of Ty:

-
={X > x}7!
= {x - X}

Exact Inference: LUT

(1)|dom(D) ]TD

|Epid | root
lEpid|d0m(X) ITX [Epid,ACC
[Epid, Sick(®)) T, [Epid, Acc(

[Epid, Sick (%), Travel (x) ] [Epid, Sick(x) |dom(M)]TM

[Epid, Sick (%), Treat(x,m) ]Tm

1), Nat(d)| T,

|Epid, Acc(D), Nat(@)aomn) ) T

[Epid, Acc(@), Nat(d) | T;

[Epid, Sick(x), Travel(x) ] [Epid, Sick(x), Treat(x,m) ] [Epid] [Epid, Acc(

I
i), Nat(d) |

iy 93 Yo

91

T. Braun - StaRAl
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FO Dtree — FO Jtree

e Result after transformation
 Can remove complete parclusters and still
have an FO jtree &)

* Even if we keep parclusters that carry

constraint information that we would
otherwise lose (Epid|aomn)) |Epid, Acc (D aom(p) |

* E.g,
e Parclusters

* Observation ( ) (Epid, Sick(X)|aoman) |Epid, Acc(), Nat (D) aom()
* Parclusters are subsets of other parclusters
e Use for minimisation [ J [ ]

|Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epid]  (Epid, Acc(I), Nat(D))

iy 93 Yo 91
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Minimisation

* Merge parclusters C;, C; with local models G;, G; iff gr(C;) S gr(Cj) % gr(Cj) c gr(C;)
 Assuming T constraints and same names for logical variables that reference the same domain
(from normal form of FO dtree), then the following suffices:

C;<CiVvC( <
e Checking on a PRV and logical variable level instead of a grounded level
* Merging parclusters C;, C; into parcluster Cy
* C, =C;U(;
* Gy = G; U G
e Changesin FO jtree (I, E)
« V=V \{C;Ci}uC,

« E=E\{{i,}|lenbs@}\{{, 3|1 €nbs(j)} Reassigns all neighbours
U{{k, 1} |l enbs@) vIeEnbs(),l+il+j} of C;, Cj to €y,

T. Braun - StaRAI 183
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Minimisation

e Possible merging strategy
e Start at leaves and merge inbound

e Until no further merging possible
* |.e., no parcluster a subset of another

* After merging, the resulting FO jtree (Epidigonco) Tx
is minimal
o E.g., [Epid, Sick(X)] T,

e Start at leaves with

* local model {g,}
* local model {g,}

[Epid, Sick(X), Travel(X))  (Epid, Sick(X)|aomn)|Tw
4 4

* local model {g,}

Exact Inference: LUT

|Epid | root
(Epid, Acc(D) 4om(p) | To
[Epid, Acc(), Nat(D) | T,

(Epid, Acc(D), Nat (D) jgome) | Ty
3

* local model {g3} J2

|Epid, Sick (X} Treat(X, M) |Tr, [Epid, Acc(), Nat(D) |T;
[Epid, Sick (P, Travel(X) ) [Epid, Sick Xk Treat(x, M) )[Edid)  [Epid, Acc(P), Nat(D))
93 Yo 91

T. Braun - StaRAl
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Minimisation: Example Continued

 Consider leaf parcluster with local model {g4}
* LetuscallitCy
* Merge inbound Epid) root

* C, and T; parcluster identical
— merge (call result C;again :
g ( 1 g ) Epid|d0m(X) TX [Epld:ACCEI)Mom(D)]TD
[Epid, Sick(X)]T, [Epid, Acc(), Nat(D) | T,
[Epid, Sick(X), Travel(X)]  (Epid, Sick(X)|aomn)|Tu (Epid, Acc(D), §at(D)jaoma) | Ty
[Epid, Sick(X), Treat(X, M) |T, [Epid, Acc(), Nat(D) |T;
[Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) ){Epid]  [Epid, Acc(p,Nat(D)] C,

iy 93 Yo 91
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Minimisation: Example Continued

 Consider leaf parcluster with local model {g4}

* LetuscallitCy
 Merge inbound

* (C, and T; parcluster identical
— merge (call result €, again)

* C; and T; parcluster identical
— merge (call result €, again)

Exact Inference: LUT

Epid | root

Epid|d0m(X) TX

[Epid, Sick(X)] T,

[Epid, Sick (), Travel(X)]  (Epid, Sick(X)jaomu)| T

[Epid, Sick(X), Treat(X, M) |T,

[Epid, Acc [1)|dom(D)]TD

[Epid, Acc(), Nat(D) | T,

(Epid, Acc(D), Bat (D) aome) | Ti

[Epid, Acc(, Nat(D)) C

\Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epid

g1

iy 93 Yo

T. Braun - StaRAl

186



m— T — Universitit
Miinster

Minimisation: Example Continued

 Consider leaf parcluster with local model {g4}

* LetuscallitCy

 Merge inbound

* (C, and T; parcluster identical
— merge (call result €, again)

* C; and T; parcluster identical
— merge (call result €, again)

(4 and T, parcluster identical
— merge (call result €, again)

Epid|d0m(X) TX

[Epid, Sick(X)] T,

[Epid, Sick (), Travel(X)]  (Epid, Sick(X)jaomu)| T

[Epid, Sick(X), Treat(X, M) |T,

Exact Inference: LUT

Epid | root

[Epid, Acc [1)|dom(D)]TD

[Epid, Acc(), Nat(D) | T,

[Epid,ACC(I); iJat(D)mom(l) ] Cl
1

\Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epid

92 93

Yo
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Minimisation: Example Continued

 Consider leaf parcluster with local model {g4}

* LetuscallitCy

 Merge inbound

* (C, and T; parcluster identical
— merge (call result €, again)

* C; and T; parcluster identical
— merge (call result €, again)

(4 and T, parcluster identical
— merge (call result €, again)

e Tp parcluster subset of C4
— merge (call result €, again)

Epid|d0m(X) TX

[Epid, Sick(X)] T,

[Epid, Sick (), Travel(X)]  (Epid, Sick(X)jaomu)| T

[Epid, Sick(X), Treat(X, M) |T,

Exact Inference: LUT

Epid | root

\Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epid

92 93

Yo

[Epid, Acc [1)|dom(D)]TD

[Epid, Acc@®, Nat(D)) C4

G
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Minimisation: Example Continued

Miinster

 Consider leaf parcluster with local model {g4}
* LetuscallitCy
 Merge inbound

C, and T; parcluster identical
— merge (call result €, again)

C, and T; parcluster identical
— merge (call result €, again)

C, and T4 parcluster identical
— merge (call result €, again)

Tp parcluster subset of €4
— merge (call result €, again)

Root parcluster subset of C4
— merge (call result €, again)

Epid|dom(x)

[Epid,

Sick(X)]T,

[Epid, Sick(X), Travel(X) )

(Epid, Sick(X)aomn)|Tu

[Epid, Sick(X), Treat(X, M) |T,

Exact Inference: LUT

[Epid, Acc(D), §at (D) aom)) €1
1

\Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epid

92

93

Yo
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Miinster Exact Inference: LUT

Minimisation: Example Continued

 Consider leaf parcluster with local model {g4}
* LetuscallitCy

root

* At this point, we have reached the former root (Epid, 4D, Nat®) Laomy) C4
and cannot merge further inbound g1
* Also: the Ty parcluster contains logical variable X, (Eridmnce]) T

which is not a subset or superset of the logical
variables of C4 (D, I)

* Merging stops

[Epid, Sick(X)] T,

[Epid, Sick(X), Travel(X))  (Epid, Sick(X)|aomn)|Tw

[Epid, Sick(X), Treat(X, M) |T,

\Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epid

iy 93 Yo
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Miinster Exact Inference: LUT

Minimisation: Example Continued

* Consider leaf parcluster with local model {g}
* LetuscallitC,

root

 Merge inbound [Epid, Acc(D), Nat(D) j4om) ) C
e C, subset of C; 1 g1
— merge (call result €, again) (i) Tx
e At this point, we have reached the former root
again and cannot merge further inbound Epid Sick (D),

* Also again: the Ty parcluster contains logical
variable X, whlch is not a subset or superset (Epid, ik, Travel(0)]  (Epid, Sick () aomien) o
of the logical variables of C; (D, I)

* Merging stops [Epid, Sick(X), Treat (X, M) |Trm

\Epid, Sick(X), Travel(X) | (Epid, Sick(X), Treat(X, M) )(Epfd ]

iy 93 Yo
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Minimisation: Example Continued

 Consider leaf parcluster with local model {g,}
 letuscallitC,
root

 Merge inbound [Epid, Acc(D), Nat(D) jaomm) ) C
* C, and neighbouring parcluster identical 9o 91

— merge (call result C, again) (i I
|[dom(X) | {1x

[Epid, Sfck (X)) T,

[Epid, Sick(XF), Travel(X))  [Epid, Sick 0O aoman|Tar

[Epid, Sick(X), Treat(X, M) |T,

C, \Epid, Sick(X}), Travel(X) | (Epid, Sick(X), Treat(X, M))

92 93

T. Braun - StaRAI 192



m— T — Universitit
Miinster

Minimisation: Example Continued

 Consider leaf parcluster with local model {g,}

 letuscallitC,
 Merge inbound

* C, and neighbouring parcluster identical

— merge (call result C, again)

* T, parcluster is a subset of C,
— merge (call result C, again)

Exact Inference: LUT

root
[Epid, Acc(I), Nat(D) |aom(p) ] C,

Yo 91

lEpid|dom(X) l TX

[Epid,

k(X)) T,

C. |Epid,Sick(X), Travel(X)
2

(Epid, Sick(X)aomn)|Tu

Y

[Epid, Sick(X), Treat(X, M) |T,

[Epid, Sick(X), Treat(X, M) )

93
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Minimisation: Example Continued

 Consider leaf parcluster with local model {g,}
 letuscallitC,

* Merge inbound [Epid,ACC(I),Nat(lr)gﬁizom(n)] C,
* C, and neighbouring parcluster identical 9o 91
— merge (call result C;, again) Fridm) T
* T, parcluster is a subset of C,
— merge (call result C, again) ¢, Epa sl Traveicn)

* Ty parcluster is a subset of C, g2
— merge (call result €, again)

(Epid, Sick(X)aomn)|Tu

[Epid, Sick(X), Treat(X, M) |T,

[Epid, Sick(X), Treat(X, M) )

93
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Miinster Exact Inference: LUT

Minimisation: Example Continued

 Consider leaf parcluster with local model {g,}
 letuscallitC,

root

¢ I\/Ierge inbound [Epid, Acc(D), Nat (D) \4om() | C,
* C, and neighbouring parcluster identical 9o, 91
— merge (call result C, again)

C, |Epid, Sick(X), Travel(X)|aomx) |
* T, parcluster is a subset of C, g>
— merge (call result C, again)

* Ty parcluster is a subset of C,
— merge (call result €, again)

* Merging cannot move further inbound

(Epid, Sick(X)aomn)|Tu

* ( is neither a subset nor a superset of C, [Epid, Sick(X), Treat(X, M) [Tm
[ i |
Merging stops [Epid, Sick(X), Treat(X,M))
93
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Minimisation: Example Continued

 Consider leaf parcluster with local model {g3}

* Letuscallit C;

* Merge inbound

* (5 and T, parcluster identical
— merge (call result €3 again)

Exact Inference: LUT

root
[Epid, Acc(I), Nat(D) |aom(p) ] C,

Yo 91

C, (Epid, Sick(X), Travel(X) jaom(x))

92

|Epid, Sick

’X) |dom(M)]TM

[Epid, Sick(X)

Treat(X, M) [T,

[Epid, Sick(X)

Treat(X, M)] CS

93
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Miinster Exact Inference: LUT

Minimisation: Example Continued

 Consider leaf parcluster with local model {g3}
* Letuscallit C;

. root
¢ Merge inbound [Epid, Acc(D), Nat (D) \4om() | C,
e C5 and T, parcluster identical 9o 91
— merge (call result €3 again)

C, |Epid, Sick(X), Travel(X)|aomx) |
* Ty parcluster is a subset of C; J>

— merge (call result €3 again)

(Epid, SickX) aomn | Tw

[Epid, Sick(XfTreat(X, M) | C
g3
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Miinster Exact Inference: LUT

Minimisation: Example Continued

 Consider leaf parcluster with local model {g3}
* Letuscallit C;

root

 Merge inbound [Epid, Acc(D), Nat(D) j4om) ) C
* (5 and T, parcluster identical 9o, 91
N )
merge (call result €3 again) C,, (FPd.Seh D Travel P igamis)
e Ty parcluster is a subset of C5 9>

— merge (call result €3 again)
* Merging cannot move further inbound
e (5 is neither a subset nor a superset of C, (Epid, Sicle(0), Trgat (X, M) oman)) C 5
* Merging stops g3
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Minimisation: Example Continued

e Resulting FO jtree | from FO dtree T given model G

* If we had started merging from leaf with g5 inbound before
merging from leaf with g,, C, and €5 would be switched

* go could have made one of the other parclusters if we had

started merging from leaf with g, or g5 before merging 0 "
from leaf with g, or by starting at leaf with g, and then o
merging from leaf with g, or g5 Sick(x)

Epid

Travel(x)
Sick(x) T;
Epid Epid Acc(l), Epid
Treat(x, m) 0
Epid Acc(I) Epid Sick(X) Epid Sick(X) Sick(x) Acfc\’g(g)id T,
Nat(D) Epid Travel(X) Epid Treat(X M) Epid o
Sick(X) 92 93 9o 91

Yo, 91
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Exact Inference: LUT

FO Jtree Construction

I Given a model G, the following steps are necessary

1. Bring G into the required normal form for FO dtree construction

2. Construct an FO dtree T for G

3. Translate T into an FO jtree ]

4. Apply inverse substitutions to parclusters of descendants of DPG nodes in |

5. Minimise

* Next?
* FO jtrees for query answering
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Message Passing in FO Jtrees

* Ensure independence between parclusters
* Send messages based on two conditions

— If a node i has received all messages from neighbours but one, j, node i calculates and sends
a message to j

— If a node i has received all messages, then it calculates and sends messages to all neighbours j
that have not received a message yet

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

Jo» 91 92 Sle(X) 93
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Message Passing in FO Jtrees

* Message m;; from sender C; to receiver C;

* Set of parfactors {g;};—, withrv(g;) € §;;
e To calculate
e Collect necessary information from local model and received messages:
Gij = Gi U U Myi
kenbs(i),k#j
* lIgnore the message that came from C; (if it already exists)

* Call slightly modified LVE with G;; as input model, S;; as query, and no evidence: LVE—MSG(Gl-j,Sij)

* Specification of LVE—MSG: next slide
Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)
93

Yo, 91 92 Si k(X)
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LVE for Message Passing

No shattering on separator (due to construction) or

evidence, no absorption (will have been handled)
LVE_MSG(G; S) * Model might need to be shattered on itself
G — Shatter G on it5e|f because of splits introduced by messages

while G contains non-query terms do
if a PRV A fulfils the preconditions of sum—out then
G < Apply sum—outto A in G
else

(G < Apply an enabling operator on some parfactors in G
return ¢ —

No normalisation (and multiplication of the remaining
factors to be able to normalise) at the end

* |nterim result returned
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Exact Inference: LUT

Message Passing in FO Jtrees: Example

* Message mq, from C; to C,
e Collect Gy, ={g,}U®
* No further neighbours except C,
* Call LVE—MSG({g4}, {Epid}, @)
* LVE—MSG eliminates Nat(D), Acc(I) from {g4}

* Count-converting Nat(D) into #,[Nat(D)]

* Summing out Acc(l)
* Summing out #,[Nat(D)]

* Returning {g;}
e Send{g;}asm, to C,

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

9o 91 S~ g2 __A SiCk(X)g3

myqo
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Message Passing in FO Jtrees: Example

* Message m3, from C5 to C,

e Collect G5, ={g3}U0®
* No further neighbours except C,
 Call LVE—-MSG({gs},{Epid, Sick(X)}, ©)
e LVE—MSG eliminates Treat(X, M) from {g3}
e Summing out Treat(X,M)
* Returning {g3}
* Send {g3} as m3, to C,

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

Yo 91 J2Mi; e Sick(X)gs/

msy
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Message Passing in FO Jtrees: Example

* Message m,; from C, to C4

* Collect G,; = {g,} Ums,
* Further neighbour: C3, sent message ms, = {g3}
* Call LVE-MSG({g,, g3}, {Epid}, ©)
« LVE—MSG eliminates Travel(X), Sick(X) from {g,, g3}
* Summing out Travel(X) from g,, yielding g,
* Summing out Sick(X) from product of g; and g3, yielding g5

* Returning {g;3}
Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

* Send {g;3}asm,, to C;
9o, 91 J2 My, 1B Sick(X)5s
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Message Passing in FO Jtrees: Example

* Message m,5; from C, to C;

* Collect G,53 ={g,} Um,
* Further neighbour: €, sent message m{, = {g1}
« Call LVE—MSG({g,, g1}, {Epid, Sick(X)}, ©)
« LVE—MSG eliminates Travel(X) from {g,, g1}
* Summing out Travel(X) from g,, yielding g,

° Returning {gé;g]’_}
* Send {g3, g1} as my3 to C3

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

90, 91z, G2 Sick(X)gs =

PR
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Exact Inference: LUT

Message Passing: Overview

I Given an FO jtree J, send messages if one of the two conditions is true
— If a node i has received all messages from neighbours but one, j, node i calculates and sends
a message to j
— If a node i has received all messages, then it calculates and sends messages to all neighbours j
that have not received a message yet
I* To calculate a message:
e Collect necessary information from local model and received messages:
Gij =G U U My
kenbs(i),k#j

* Call LVE-MSG(G;;, S;))
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Query Answering in FO Jtrees

* |dea

* Pick parcluster in which query terms occur

e Use local model and outside messages as input model for LVE
E.g., for P(Epid)
 All parclusters contain Epid, choose one at random, e.g., C,

* Collect Ggpig = {g2} U my, Ums, = {g2, 91, g3} (depicted right)
* Call LVE({g,, 91, 93}, Epid, @), yielding a parfactor g containing the probability distribution over Epid

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

9o, g1, M2 Y92, Mq2, M33 SiCk(X) g3, My3

E.g., P(Travel(eve), Treat(eve,m,))
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Query Answering in FO Jtrees L asubgraph? o

-
~

* For query terms @, possibly contained in e Subgraph should be minimal in the
more than one parcluster number of PRVs in it for optimal
* Find a subgraph J’ of the FO jtree J such performance:
that Q € rv(J’) argmln lrv(J")
e Use local models in /" and messages from . t Q crv(J")

outside /' as basis for calling LVE
* No duplicate information used

* E.g., queryon Ry, R5 using C;, Cy, C;

e Trade-off between finding a subgraph fast
and finding a minimal one

. * Itis not about the number of parclusters!
* lIgnore inside messages My;, My, M, My

my; my; My My my mj;

) ( ) ( s
>[R1;R2,R3J (R2, R3, R4 LR3;R4:R5]<
m4j

My gdi Ik g;
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Query Answering in FO Jtrees: Example

* E.g., P(Travel(eve), Treat(eve, ml))

* Subgraph: C,, C;

* Submodel for query answering: Gg = (g2, g3, M17)
e Depicted right

* Call LVE with G¢ and
Q = {Travel(eve), Treat(eve,m,)}
e Split off query terms
e Eliminate all non-query terms
* Normalise the result

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)
9o, 91, M21 %My, s, Sick(X) 3, M3
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Query Answering in FO Jtrees

* After message passing, parclusters independent from each other given messages
* Prepared for query answering
f For each query with query terms Q
* Find subtreeJ' = (V',E")s.t.Q S rv(J’)
e Collect information from local model and messages, i.e,
Go = U G; U U m;;
ey’ jenbs(i)
jev’

e Call LVE(GQ, Q, (Z)) and return or store result of the call Query Answering
Epid Sick(X)

Epid Acc(I) Epid Sick(X)
Nat(D) Epid | Travel(X)pay Epid | Treat(X, M)pn

9o, g1, M2 Y92, Mq2, M33 SiCk(X) g3, My3
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Evidence in FO Jtrees

* Evidence applies to PRVs in some
parclusters

e Changes the distributions in local models
* |Information sent in messages might change

e Even if summed out and therefore hidden
from the other parclusters

* Therefore, handle evidence before
sending messages

* Only then send messages

Exact Inference: LUT

P Given a set of evidence parfactors

m
{¢e (Ae)|Ce}e:1
I Foreach ¢.(4.)c,
* For each parcluster C; where A, € C;

* Shatter G; on C,
Evidence Entering

* Absorb ¢.(4¢)c, in G;

Epid Acc(1) Epid Sick(X)
Nat(D) Epid Travel(X)

Epid Sick(X)
Epid Treat(X M)

9o 91 92

Sick(X)

T. Braun - StaRAl
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Evidence in FO Jtrees: Example

* Given Sick(eve) = true as evidence g, e After evidence handling, send messages
* InC, based on the local models that have
* Shatter G, = {g,} on Sick(eve), yielding absorbed the evidence
{93, 92} * Gy = {go, g1} (unchanged)
« Absorb g, in g5, yielding g5’ .« G, =1{9%, 95}
* Result: G, ={g5', 92} e Gy ={g%, g5}
* InCs
» Shatter G5 = {g3} on Sick(eve), yielding
{93, 93}

 Absorb g, in g§, yielding g5’

* Result: G3 = {93, g3} Epid Acc(1) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

Yo, 91 g5 Sle(X) 9%, g5
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Exact Inference: LUT

Evidence in FO Jtrees

* E.g., given Sick(eve) = true as evidence in g,
* Message m,, does not change compared to previous example
* Message ms, calculated based on {g5’, g3}
« Call LVE-MSG({g3', g3}, {Epid, Sick(X)}, ©), yielding {g5 ', 95 }
* Message m,4 calculated based on {g5', g5} U m,,
» Call LVE-MSG({g7, g2, 91}, {Epid, Sick(X)}, @), yielding {g3", 95, g1}
* Message m,, calculated based on {g5', g} U ms,
» Call LVE-MSG({g5', 92, 95", 93}, {Epid }, ®), yielding {g5", 97, 95", 93"}

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

9o, g1, Ma21 '\, 92 My, My St Ck(X) 93 93, Maq
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Evidence and Queries in FO Jtrees

e After evidence handling

* All queries are answered in an FO jtree with handled evidence {g,}o~ yield results conditional

on {gele
* So, given eV|dence {g.}0L 1 and query terms {Q;}{- for a model G

* The posed queries are P(Q; [{geloz1), 1 < i < n,w.rt. Pg
* FO jtree constructed without specific evidence
* Reuse for different evidence sets
* Aslong as model stays the same
* Reset the local models before entering new evidence

Epid Acc(I) Epid Sick(X) Epid Sick(X)
Nat(D) Epid Travel(X) Epid | Treat(X,M)

9o, g1, M1 ', G5, M2, M3y Sick(X) 93 93, Ma1
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Exact Inference: LUT

LIT: Algorithm

LJIT(G,{Qi}i=1, {gele=1)
Construct an FO jtree ] for G

Enter evidence {g,}i= into ]
Pass message in |

Answer queries with query terms {Q;};-, inJ

|- Look for blue boxes on the previous slides to find the descriptions of each stei \
Step Name

e Payoff if given multiple queries
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Foundations of Clustering

e History in propositional probabilistic inference:

e Based on probability propagation introduced by Pearl (1988)

* IfaBNis a polytree, i.e., the underlying undirected graph has no trivial

cycles, then
* Treat each node in a BN as a cluster with the random variables of the
accompanying conditional probability table as the cluster random variables

* Send messages along the edges (to parents and children), eliminating random
variables not occurring in the parent or child nodes

T. Braun - StaRAl Judea Pearl: Reverend Bayes on Inference Engines: A Distributed Hierarchical Approach. In: AAAI-82 Proceedings of the 218
2m National Conference on Artificial Intelligence, 1982.
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Foundations of Clustering

e History in propositional probabilistic inference:

* If no polytree, the cycles mess up the message passing along the edges (information arrives
multiple times)

* Send messages nonetheless (exact if polytree, approximate otherwise): called belief propagation as an
algorithm for approximate inference

* Exact inference required — put the cycles into one cluster

e Graph formed called a junction tree (jtree)
e Afirst-order version of a jtree was induced on the previous slides
* Also known as cligue tree (since the cycles often form cliques in the model graph) or join tree
* Propositional version introduced by Lauritzen and Spiegelhalter (1988)

* Shenoy and Shafer (1989) introduce three axioms of local computations to show correctness of doing
computations locally

Steffen L. Lauritzen and David J. Spiegelhalter: Local Computations with Probabilities on Graphical Structures and Their Application to Expert
T. Braun - StaRAl Systems. In: Journal of the Royal Statistical Society. Series B: Methodological, 1988. 219
Prakash P. Shenoy and Glenn R. Shafer: Axioms for Probability and Belief-Function Propagation. In: Uncertainty in Artificial Intelligence 4, 1990.
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Comparison to Ground Inference

* Propositional Junction Tree Algorithm (JT)

 Same algorithm,
only with propositional model

* E.g., gr(G)
Epid
2
Epid Sick.alice f2
] Travel.alice )
Epid Epid
Sick.alice Sick. alice

Epid Acc.chem L
Nat.fire Nat.flood

Epid Nat. fire Nat. flood

1 £2
Epid Acc.nucl fi fi
Nat.fire Nat.flood Epid

Epid Sick.eve
Travel.eve

Sick.bob

Epid Sick.alice
Treat.alice.m,

]f33 [ Epid Sick. alice

Treat.alice.m,

Exact Inference: LUT

Epid Acc(1)
Nat(D)

Epid

( . . 92
Epid Sick(X)

L Travel(X)

Epid Sick(X)

p
Epid Sick(X) [°
| Treat(X,M

9o, 91

R
Epid

Epid Sick.bob

f>
Travel.bob )
Epid

Sick.bob

pid

]f34

Epid Sick.bob
Treat.bob.m,

]f35 [ Epid Sick.bob

Treat.bob.m,

]f:?

Epid Sick.eve
Treat.eve.m,

Treat.eve.m,

1
]f3 {Epid Sick.eve

]fg?
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Junction Tree: Messages

* From periphery to and back Epid Ace.chem )/ £
* |Inbound Nat.fire Nat.flood
mc)ltem
/ mlve \D
2 1 3
Epid Sick.alice |2 Epid Sick.eve f2 Epid Sick.bob |2
Travel alice Travel.eve Travel bob
3 f3 5 f3

Epid Sick.alice |/3 Epld Sick.alice |3 Epid Sick.bob |/3 Epld Sick.bob
Treat.alice.m, Treat. alice.m, Treat.bob.m, Treat.bob.m,

m
1

2
1
[ Epid Sick.eve Jf3 [ Epid Sick.eve Jf32

Treat.eve.m, Treat.eve.m,
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Junction Tree: Symmetry — Inefficiency

* Identical messages incoming [ o i Jff £
* Information already present Nat.fire Nat. flood
* Calculating identical messages Mo

+ sending information partially present/ \mb
Mg pack Malice me,bac:%ve Mpop Bk

1
Meye: Eliminate Travel.eve, Sick.eve {Epid Sick.eve sz
1 Travel. eve
from f5, my, , My,

Mg Rom,

mml,back mmz,ba
My, : EliminateTreat.eve.m, | Epid Sick. eve fs Epid Sick. eve f5 My, Eliminate Treat.eve.m,
from f31 Treat.eve.m, from f32

Treat.eve.m,
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Minster There is also a lifted version of Hugin [easaiiitiuadedl
. . using a lifted division operator

Message Calculation Strategies [Hoffmann et al., 2022]
* Strategy used so far: so-called Shafer-Shenoy architecture miy VE—ITEEZ,mZi,mgi,m4i,m5i,mmg,.,.,.
m;, « VE=]T{f;, my;, m3;, My, Ms;, Mgi}, -, -, -
[Shal.‘er and Shenoy, 1989] | - | m; - VE_]T({firmii'mzi;mzi;mii:m;’};-,-;-
e Disadvantage: many operations (multiplications) duplicated My < VE=JT({f;, myy, myy, may, msi, M}, -, -, -
. . . . . m;s « VE=JT{f;, m1;, My, Mgy, My, Mg}y o))
* Especially in (FO) jtrees with high degree Moy VE—JT(, Mas. s, Mg Mg Teh

* Even if only one factor per parlcuster and message

* Example right: for each outgoing message, only one incoming message changes i Mai .
61 2
* Alternative: Hugin architecture [Jensen et al., 1989] >[ R,S, T ]<

 Hugin factor h; = ¢;(C;) per parcluster C; as a product of G; e . fi ) .
* Incoming messages m;; multiplied into h; (and stored): h; < h; 1y o b Svel
o ' . - VE— : .. C.. hi < hi - my; hi / my; = VE-IT
When calculating message m,; back: VE ]T(fl / mj;, S, O, ) e aae
* Divide h; by message mj;, then sum out non-separators hi < hy - my; h; / Mg = VEIT
o o . o h; < h; - mg; h; / ms; = VE-IT
* One multiplication and one division instead of multiple multiplications h; < h; - mg; hy / mg; — VE-IT

Glenn R. Shafer and Prakash P. Shenoy: Probability Propagation. In: Annals of Mathematics and Artificial Intelligence, 1990.
T. Braun - StaRAI Finn V. Jensen and Steffen L. Lauritzen and Kristian G. Olesen: Bayesian Updating in Recursive Graphical Models by Local Computations. In: Computational Statistics Quarterly, 1990. 223
Moritz Hoffmann, Tanya B, and Ralf Moéller: Lifted Division for Lifted Hugin Belief Propagation. In: AISTATS-22 Proceedings of the 25th International Conference on Artificial
Intelligence and Statistics, 2022
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In terms of Lifting: Is it that simple?

e Algorithm-induced due to message passing
* For message calculation, non-separator PRVs are eliminated
e Separator as the query terms containing logical variables \;fe‘:"\;‘;‘zorr:(:G \ () gr(
* Non-separator PRVs have to fulfil sum—out preconditions | 5 yx e (x| |mx (Cao)) >\1w
* Preconditions 1 + 3 fulfilled by construction 3, xert= WA -
* May be that Precondition 2 is fulfilled — can cause groundings
* E.g., logical variable E added to PRVs Epid, Sick(X), Treat(X, M)

* When calculating m-3, one has to eliminate Travel (X)
e But: does not contain both X and E, count conversion does not apply (E occurs in two PRVs) — E

Bic) N QT(Ai\(x»Cx)) -
1:X € lw(Ap)

(AD) count-norma\'\sed w.rt

Epid(E) Acc(l) | [ Epid(E)Sick(X,E) | [ Epid(E)Sick (X, E)
Nat(D) m Epid(E)L Travel(X) mEpid(E)L Treat(X, M, E)
9o, 91 92 m\ SiCk(X, E) I

28]
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Exact Inference: LUT

Conditions on Groundings

* For a lifted calculation of message m,;, it necessarily has to hold that
 foreachPRV A € (Cl- \ Sl-j), i.e., A has to be eliminated:

« for each separator PRV S € §;; : [v(S) E lv(4) (Cond. 1)
* |f Cond. 1 does not hold, i.e., lv(S) € lv(A4), one may induce Cond. 1 by count conversion
o |f in GU (Cond 2
Epid Acc(I) Epld Sick(X) Epld Sick(X)
Nat(D) Epld Travel(X) Epld Treat(X, M)
9o, 91 92 Si k(X) 93

Epid(E) Acc(l) | X X (EpiaE)sickx,£) | X ¥ [ Epid(E)Sick(x, E)
Nat(D) m Epid(E)L Travel(X) m Epld(E)L Treat(X, M, E)
9o, J1 92 Sick(X,E) J3
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Conditions on Groundings

* Problem with Cond. 1 induced using count conversions on logical variables (v (S) \ (v(4):
* Logical variables that were previously not counted are now counted

e All receiving parclusters need to be able to handle counted versions, which needs to be checked

* If newly counted logical variable arrives at parcluster Cy, it has to be countable in G as well (Cond. 3)

e For further calculations, since they refer to the same set of randvars, they have to occur in the same form, i.e.,
at one point the logical variable has to be counted in G as well

Epid Acc(I) \/ \/ Epid Sick(X) Epld Sick(X)
Nat(D) Epid Travel(X) Epld Treat(X,M)

9o, 91 92 Si k(X) 93
Epid(E) Acc(l) | (EpiaE)sickx,£) | X ¥ [ Epid(E)Sick(x, E)
Nat(D) m Epid(E)L Travel(X) mEpld(E)L Treat(X, M, E)
9o, J1 92 Sick(X,E) J3
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Fusion

r

Test each message m;; for each PRV A to

eliminate and each separator PRV S

e |If Cond. 1 holds: continue (no groundings)

* Else if Cond. 2 and Cond. 3 holds: continue

* Else: mark m;; ( ); continue with
next mij

For each message m;; marked:

* Merge parclusters C;, C;

*

Exact Inference: LUT

* Fusion an additional step after
construction to guarantee lifted
calculations for liftable models

* E.g., testing marks m,5
— merge C,, C5 (as in minimisation)

[Epid(E) Ace(D) Epid (c?ef&? (X, E)
HeiD) Treat(X,M,E)

EpiaE) Ace | [ Epiae)sicr X E) |
m Epid(E)L

Nat(D)
Yo 91

V' (Epid(E)sick(x, E)
Travel(X) mEpid(E)L Treat(X,M,E)
92 Sick(X,E) J3
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LJIT: Complexity

e Uses also the notion of lifted width wy = (Wg, W#)

* Wy largest ground width

* wy largest counting width
* As FO jtree constructed from FO dtree, w identical between LVE and LIT

* Fusion may change w7 in terms of the FO jtree
e Butin terms of the LVE calculations in the merged parcluster, wr is still the same with multiple nodes being

combined into one
e For simplicity, let us consider models that all fulfil Cond. 1 in fusion such that wr is identical for both LIT and LVE
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LJIT: Complexity

* LJT complexity based on complexity of LVE:
O(nr -logy(n) - 9 - )
* Complexity of individual steps
e Construction: linear in number of nodes, no calculations; negligible compared to later steps

* Evidence entering: O(n] -log,(n) : )
* Absorbing evidence complexity: 0(log2 (n) - - )
e Visits % . lines, possibly exponentiates the potentials
* At eachnode = n, 0(log2(n) : : )
* n; number of nodes in FO jtree J
* For each e evidence parfactors — e - O(n] -log,(n) - . )
* Assuminge K n; — O(n] -log,(n) - . )
 First two steps accumulated: O(n] -log,(n) : )
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LJIT: Complexity

* Complexity of individual steps
* First two steps accumulated: O(n] -log,(n) - ‘ )
* Message passing: O(n] -log,(n) - . )

e Calculating one message = answering one query on a parcluster
* Worst-case parfactor size at parcluster:

* Elimination of |Ci \ Sl-j| PRVs goes through each line, potentials may be exponentiated — O(log,(n) - : )
 Two messages per edge, n; — 1 edgesin ] = n; - O(log,(n) - : )
* Query answering: O(m - log,(n) - : )
* Each query answered in one parcluster = O(log,(n) - . )
* With m query terms = m - O(log,(n) - . )

e All four steps accumulated:
0; ((n] + m) -log,(n) - : )
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Comparison to LVE

* LVE complexity of one query = LJT complexity of message passing LJT only pays off if m > 1,
most likely, starting with

 O(ngy-log,(n) -r"a -n"#"#)vs, O(n; -log,(n) - o - n"#W#
( r 82( ) _ ) ( J 82( ) ) third query (two queries in

* Actual number of calculations: LVE = one message pass)

* |n LVE: CLVE

* For message pass: 2 * Ciyg

* For m queries

e WVE:O(m:nr-logy(n) - -r"o -n"#"#)
« UT:0 ((n] + m) -log,(n) - r"9 -n’"#W#)
* Differenceinm - ny vs. (n] + m)

 LVE has complexity of O(ny - log,(n) - v"Vo - n"#"#) for one query
* LT only complexity of O(log,(n) - v"Vo - n"#"#) for one query
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