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Contents in this Lecture Related to Utility-based Agents

* Further topics

3. (Episodic) PRMs State

4. Lifted inference (in episodic PRMs) S —— S e WOIE

5. Lifted learning (of episodic PRMs)

6. Lifted sequential PRMs and inference What my actions do What it will be like
] o ] if | do action A

7. Lifted decision making

8. Continuous space and lifting How happy | will be

Utility

in such a state

What action |
should do now
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Setting

* Agent can perform actions in an
environment
* Episodic, i.e., not sequential, environment

* Next episode does not depend on the
previous episode

Or sequential environment
* Non-deterministic environment
e Qutcomes of actions not unique

e Associated with probabilities
— probabilistic model

e Partially observable

* Latent, i.e., not observable, random
variables

Lifted Decisions

* Agent has preferences over states / action

outcomes

* Encoded in utility or utility function —
Utility theory

* “Decision theory

= Utility theory + Probability theory”
 Model the world with a probabilistic model
 Model preferences with a utility (function)

 Find action that leads to the maximum
expected utility, also called decision making

T. Braun - StaRAl
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Outline: 7. Lifted Decision Making

A. Utility theory
* Preferences, maximum expected utility (MEU) principle
e Utility function, multi-attribute utility theory
B. Static decision making
 Modelling, semantics, inference tasks
* |Inference algorithm: LVE for MEU as an example
C. Sequential decision making
 Modelling, semantics, sequential MEU problem
* Inference algorithm: LDJT for MEU as an example
* Acting

Lifted Decisions

T. Braun - StaRAl
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Preferences

Lifted Decisions

* An agent chooses among prizes (A4, B, etc.) and lotteries, i.e., situations with uncertain

prizes

 Qutcome of a nondeterministic action is a lottery
* Lottery L = [p,A4; (1 —p), B]

A and B can be lotteries again

* Prizes are special lotteries: [1, R; 0, not R]

 More than two outcomes:

* L =1[p1,S1;0252 = ;Pm Sl Xie1pi = 1

* Notation

- A>B A preferred to B

- A~B indifference between A and B

c AZB B not preferred to A

T. Braun - StaRAl
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Rational Preferences

* |dea: preferences of a rational agent must obey constraints
e As prerequisite for reasonable preference relations
e Rational preferences — behaviour describable as maximisation of expected utility

* Violating constraints leads to self-evident irrationality

e Example

* An agent with intransitive preferences can be
induced to give away all its money C B

e If B > C,then an agent who has C
would pay (say) 1 cent to get B

e If A > B, then an agent who has B
would pay (say) 1 cent to get A A

e |IfC > A, then an agent who has A
would pay (say) 1 cent to get C

T. Braun - StaRAl
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Axioms of Utility Theory

1. Orderability
c A>B)V(A<B)V(A~B)
* {<,>, ~}jointly exhaustive, pairwise disjoint
2. Transitivity Equivalent lotteries:
e A>B)AB>C)=(A>0C)
3. Continuity
« A>B>C=>13p|p, 4 1—p,C|]~B
4. Substitutability
- A~B=|[p,A41-pC]l~I[p,B;1-p,C]
* Also holds if replacing ~ with >
5. Monotonicity

p A
c A>B=>{(p=2qe[pA1—pB]lz]|qA;1—-q,B]
6. Decomposability 1 —P)qB

Ip.4; 1—p,[q,B; 1 —q,C]| ~ [p,4; (1 —p)q,B; (1 —p)(1 —q),C] 1-pd-q ¢

Decomposability:
There is no fun in gambling.

T. Braun - StaRAl 8
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And Then There Was Utility

 Theorem (Ramsey, 1931; von Neumann and Morgenstern, 1944):

* Given preferences satisfying the constraints, there exists a real-valued function U such that
UA)>UB)=AxzZB
» Existence of a utility function
e Expected utility of a lottery:

M
U([ps, Sis -3 Pw SuD) = ) piUCS)
i=1

 MEU principle
* Choose the action that maximises expected utility

T. Braun - StaRAl 9
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Utilities

 Utilities map states to real numbers.
Which numbers?

e Standard approach to assessment of human utilities:
* Compare a given state A to a standard lottery L,, that has

* “best possible outcome” T with probability p
* ”worst possible catastrophe” L with probability (1 — p)

* Adjust lottery probability p until A ~ L,

0.999999 continue as before

pay-S30-and-
continue-as- o Il
before

0.000001 instant death

Lifted Decisions

T. Braun - StaRAl

10
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Utility Scales

* Normalised utilities: u+ = 1.0,u; = 0.0
e Utility of lottery L ~ (pay-$30-and-continue-as-before): U(L) = u+ - 0.999999 + u, -
0.000001 = 0.999999
* Micromorts: one-millionth chance of death
e Useful for Russian roulette, paying to reduce product risks, etc.

* Example for low risk
* Drive a car for 370km = 1 micromort — lifespan of a car: 150,000km = 400 micromorts

» Studies showed that many people appear to be willing to pay USS10,000 for a safer car that halves the
risk of death = USS50/micromort

* QALYs: quality-adjusted life years
e Useful for medical decisions involving substantial risk
* In planning: task becomes minimisation of instead of maximisation of utility

T. Braun - StaRAl 11
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Utility Scales

e Behaviour is invariant w.r.t. positive linear transformation
U'(r) =k U(r) + k,
* No unique utility function; U'(r) and U(r) yield same behaviour
* With deterministic prizes only (no lottery choices), only ordinal utility can be determined,
i.e., total order on prizes
* Ordinal utility function also called value function

* Provides a ranking of alternatives (states), but not a meaningful metric scale (numbers do not
matter)
* Note:
An agent can be entirely rational (consistent with MEU) without ever representing or
manipulating utilities and probabilities
 E.g., alookup table for perfect tic-tac-toe

T. Braun - StaRAl 12
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Multi-attribute Utility Theory

* A given state may have multiple utilities
e ...because of multiple evaluation criteria
e ...because of multiple agents (interested parties) with different utility functions

* There are:

e Cases in which decisions can be made without combining the attribute values into a single utility
value

* Not this lecture
e Cases in which the utilities of attribute combinations can be specified very concisely
* This lecture!

T. Braun - StaRAl 13
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Preference Structure

* To specify the complete utility function U(r, ..., 1)), we need values in the worst case
M attributes
e each attribute with d distinct possible values
* Worst case meaning: Agent’s preferences have no regularity at all
e Supposition in multi-attribute utility theory
* Preferences of typical agents have much more structure
* Approach

* |dentify regularities in the preference behaviour

e Use so-called representation theorems to show that an agent with a certain kind of preference
structure has a utility function

U(ry, ....my) = Ef1(r1), oy fru(rag) ]

* where = is hopefully a simple function such as addition

T. Braun - StaRAl 14
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Preference Independence

* R, and R, preferentially independent (PI) of R5 iff
 Preference between (ry, 1, 13) and (r{, r,, r3) does not depend on 15
* E.g., (Noise,Cost,Safety)
* (20,000 suffer,$4.6 billion, 0.06 deaths/month)
« (70,000 suffer,$4.2 billion, 0.06 deaths /month)

 Theorem (Leontief, 1947)

* If every pair of attributes is Pl of its complement, then every subset of attributes is Pl of its
complement

e Called mutual PI (MPI)

T. Braun - StaRAl 15



— " — WWU

MUNSTER

Preference Independence

e Theorem (Debreu, 1960):
e MPI = 3 additive value function

M
V(ry, ..,ry) = zizlvi(ri)

 Hence assess M single-attribute functions
* Decomposition of I/ into a set of summands (additive semantics)

similar to
e Decomposition of Py into a set of factors (multiplicative semantics)

e Often a good approximation

e Example:
V(Noise, Cost, Deaths) = —Noise - 10* — Cost — Deaths - 102

Lifted Decisions

T. Braun - StaRAl

16
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Interim Summary

* Preferences
* Preferences of a rational agent must obey constraints
e Utilities
e Rational preferences = describable as maximisation of expected utility
e Utility axioms
 MEU principle
 Multi-attribute utility theory

* Preference structure
e (Mutual) preferential independence

Lifted Decisions

T. Braun - StaRAl

17
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Outline: 7. Lifted Decision Making

A. Utility theory
* Preferences, maximum expected utility (MEU) principle
e Utility function, multi-attribute utility theory
B. Static decision making
* Modelling, semantics, inference tasks
* |Inference algorithm: LVE for MEU as an example
C. Sequential decision making
 Modelling, semantics, sequential MEU problem
* Inference algorithm: LDJT for MEU as an example
* Acting

Lifted Decisions

T. Braun - StaRAl
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Decision Networks/Models

 Extend a PGM to handle actions and utilities
* Decision variables
e Utility variables

e Also called influence diagrams

* Given a decision model, use an inference method of one’s choosing to find actions that
lead to the highest expected utility

e Also allows to perform so-called
Value of Information calculations

* |s it worth it to spend resources on getting more information (in the form of evidence)?

B StaRA| Ronald A. Howard: Information Value Theory. In: IEEE Transactions on Systems Science and Cybernetics, 1966.
. Braun - Sta Ronald A. Howard, James E. Matheson: Influence Diagrams. In: Readings on the Principles and Applications of Decision Analysis, 1984.

19
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Decision PRVs RO TIX) ¢

 Decision PRV D free false free false 1

1
ree true 0 ree true
» Rangeran(D) = {d;}X , set of possible actions J ) d
1

1
ban alse 1

e Actions d; mutually exclusive (consistent with range definition) f
ban true 0

ban false

ban true

* Always have to get a value assigned
e Cannot not make a decision!

* Depicted by a rectangle in a graphical representation E'g_@

4

* E.g., travel restrictions for people X: Restrict(X) o) 0 @
* Range values: ban, free gu

e Set of decision PRVs D in a model,i.e, R=DUV
e D can occur as arguments to any parfactor
e Example:
. ¢1(Restrict(X), Travel(X)), P4 (Restrict(X), Interference)

T. Braun - StaRAl 20
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Utility PRVs & Utility Parfactors

e Utility PRV U
 Rangeran(U) = R
* Qutput variable, i.e., gets assigned a value by utility function
e Depicted by a diamond in a graphical representation
» Utility parfactor ¢y (A) ¢
* Arguments A a sequence of (decision) PRVs 94

e [ a utility PRV Restrict(X)

* Function qu:X%:lran(Ri) — ran(U)
* Tabular representation, additive function, ...

* Tabular example ¢,,,;;(Interference, Epid)

 Example from slide 18 additive:
V(N,C,D) = —Noise - 10* — Cost — Deaths - 1012

Lifted Decisions

I I8 Util
false false 10
false true —10

true false —20
true true 2

Ju

T. Braun - StaRAl
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Parfactor-based Decision Model

e Decision model = Parfactor model that allows decision PRVs in the arguments of its
parfactors as well as utility parfactors

* Formally,
_ n
G =19i}i=1 Y {9u}
e g; parfactors with (decision) PRVs as arguments W
* gy utility factor mapping to a utility variable U Restrict(X) & @
gu
* E.g,

* G =1{90,91,92 93 94 9u}

e T constraints

T. Braun - StaRAl 22
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Decision Model: Action Assighments

o Let D = {Dy, ...,Dk}|c be the set of decision PRVs in G with a constraint C for the logical
variables in D

* Then, d is a compound event for D that assigns each decision PRV D; a range value d;
» Refer to d as an action assighment

e E.g., without evidence in G (e = @, T constraints) @
9a

 Action Restrict(X) with range {ban, free}
e d, = {ban} Restrict(X) [] 7 @
* d, ={free}

* Given another action D with range {d’,d"’,d"""}

 dy ={ban,d’} o d, = {freed'}
* dy ={ban,d"} + ds={free,d"}
* d3 ={ban,d'"'} < dg={freed""'}

T. Braun - StaRAl 23
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Decision Model: Setting Decisions RO 1 o N RC
* Given a decision model G and an action assignment d ’p'if ’f”Sf . ’;:i ’f‘sf -
* Let G[d] refer to G with d set, i.e., friee—true—6—| free—true—1
G|d] = absorb(G, d) ban false 0 ban false 1

ban true 1 bean true O

* In each g with decision PRV D;,
* Drop the lines where D; # d; and the column of D;
* E.g,setd; ={ban}inG ={go, 91,92, 93, 94 9u} Y4
e e=0 Restrict(X) [ J @
U

* Absorb d; in g4

° G[dl] — {gO) ,g:ll; gz, g3’glll-’ gU}
+ g1 = ¢1(Travel(X))
* g, = ¢.(Interference)

T. Braun - StaRAl 24



Decision Model: Semantics

* Semantics of decision model G = {g; ?:1 U {gu}

Lifted Decisions

* Given an action assignment d for the grounded set of decision PRVs D = {D,, ..., Dk}|C occurring

in G

* Then, the semantics is given by grounding and building a full joint distribution for the non-utility

parfactors

1
Pgld] = 7 1_[ f
fegr(Gld\{gu})

= S Y ] s

ri€ran(R,) ry€ran(Ry) fegr(Gld\{gu})

» Utility parfactors irrelevant for probabilistic behaviour

Semantics multiplicative with
an inner product and outer

sum: Multiply parfactors,
then sum out PRVs.
— Sum-product algorithms

T. Braun - StaRAl
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Decision Model: Example

 Decision model
G = {go: 91, 92,93, 94, gU}

e T constraints

o G withd, = {ban} set
Gld1] =190, 91, 92, 93, 91 9u}
¢ g = cl)i(Travel(X))
* g, = ¢,(Interference)

* Model relevant for probabilistic query answering:
Gld1]\ {gu} = {90 91, 92, 93, 94}

T. Braun - StaRAl 26
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Expected Utility Queries

* Given a decision model G = {g; ?:1 U1{gu}

* One can ask queries for (conditional) marginal distributions or events as before given an action
assignment d based on the semantics, P |d]

 New query type: query for an expected utility (EU)
 What is the expected utility of making decisions d in G?

eu(e, d) = 2 P(rle,d) - ¢y (r, e, d)
reran(gr(rv(gy)\E\D))

* P(r|e,d) means that the PRVs not occurring in this expression need to be eliminated accordingly
* le,V=rv(G)\D\ E\rv(gy)

T. Braun - StaRAl 27
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EU Query: Example

* Expected utility of d4
eu(d,)

{ban}in G = {90, 91, 92, 93, 94 9u}
> ). Pleild) - dyled)

ieran(Interference) eeran(Epid)

e Withe=0
* Compute P(Epid, Interference|ld,) in G
* By computing P(Epid, Interference) in G|d,]

* E.g., using LVE with model G[d4] \ {gu} = {90, 91, 92, 93, 9}
* G|d,] depicted on the right

T. Braun - StaRAl 28
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EU Query: Example

* Compute P(Epid, Interference)

. o / /
in G [dl] — {90» 941,92, 93, Ya, gU} differently, had we set d, = {free}.
* Using LVE, eliminate all other PRVs in G[d,]:

1. Eliminate Treat(X, M) - TI(X) ¢

Parfactors g; and g, would look

2. Eliminate Travel(X) false false 1
3. Eliminate Sick(X) true 1 true 0
4. Multiply all factors and normalise result

* Result: P(Epid, Interference) in G[d]: ¢ (Epid, Interference)
* Corresponds to P(Epid, Interference|d,) in G

T. Braun - StaRAl 29
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EU Query: Example

 Calculations with |[dom(M)| = 2, |dom(X)| = 3:
1. Sum out Treat(X, M), exponentiate result for M

E  SX) Tt(X,M) ¢ E SX) b3

false false  false 9 false false (94 1)? =100
false false true 1 false true (5+6)*=121
false true false 5 true false (3+4)*>= 49
false true true 6 true true (4+5)?= 81
true false  false 3
true false true 4
true true false 4
true  true true 5

T. Braun - StaRAl 30
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EU Query: Example

 Calculations with |[dom(M)| = 2, |dom(X)| = 3:
Multiply g1, g,, sum out Travel(X)

2.

E LS00 T 9,4

false false false 10-1=10 false false 1040 =10
false false true 9-0= 0 false true 44+0= 4
false true false 4-1= 4 true false 8+0= 8
false true true 2:-0=0 true true 5+40= 5
true false false 8-1= 8

true false true 3-0= 0

true true false 5-1= 5 false 1

true true true 1-0= 0 true 0

Lifted Decisions

T. Braun - StaRAl
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EU Query: Example

 Calculations with |[dom(M)| = 2, |dom(X)| = 3:
3. Multiply g1, g3, sum out Sick(X), exponentiate for X

E_SUO 9l

false false 10 false false 100 false false 10-100 = 1000
false true 4 false true 121 | | false true 4-121 = 484
true false 8 true false 49 true false 8- 49 = 392

true true 5 true true 81 true true 5. 81 = 405

false (1000 + 484)3 = 3,268,147,904
true (392 + 405)3 = 506,261,573

T. Braun - StaRAl 32
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EU Query: Example

Calculations with [dom(M)| = 2, |[dom(X)| = 3:
3. Multiply 9123, 9o, 94, NOormalise

Result after normalising:

BT g = d(Interference, Epid)

false (1000 + 484)3 = 3,268,147,904 | | false false 0O

5
true (392 +405)3 = 506,261,573 | | true 1 true 1 .w. @
-

false false 3,268,147,904 - 0.000
false true 506,261,573 1-0 = 0 0.000
true false 3,268,147,904-10-1 = 30,268,147,904 0.984
true true 506,261,573+ 1-1= 506,261,573 0.016

T. Braun - StaRAl 33
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EU Query: Example

e Result ¢p(Epid, Interference) for P(e,ild{) in G

* Expected utility of d; = {

}in

G = {90,91» 92,93, g4'gU}
eu(d,) =

P(e,ildy) - py(e, i)

ieran(Interference) ecran(Epid)

p(e i) - Ppy(e, i)

ieran(Inter ference) eeran(Epid)

ieran(Inter ference) ecran(Epid)

= ¢'()

Interference
= Q-

<

Lifted Decisions

RS W I

false false 0.000 10
false true 0.000 —-10
true false 0.984 || —20
true true 0.016 2

false

false

false

true

true

false

true

true

0.000- 10 = 0.000

0.000-(—10) = 0.000

0.984 - (—20) = —19.680

0.016 - 2 = 0.032
Ju

‘ . 0+0-—19.680 + 0.032 = —19.360 \

T. Braun - StaRAl
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Answering EU-Queries (with LVE)

* Given a decision model G = {g;}i-; U {gy}, evidence e,
and an action assignment d
 AbsorbeanddinG
 Calculate the posterior, P(R|e, d), of the Markov blanket of the utility node

* le.,, R =1rv(gy) \ rv(d) \ rv(e) (remaining PRVs in g, after previous step)
 Using LVE: With R as the query terms, eliminate all non-query termsin G, i.e., call LVE(G \ {gy}, R, ®)
* Evidence already absorbed, decisions made — e = @ in the call

e Calculate the expected utility by summing over the range values of R:
eu(e,d) = z P(rle,d) - ¢y (r)

reran(R)
e Using LVE: Eliminate remaining PRVs in G

* Result: parfactor mapping empty argument to a single value (U)

T. Braun - StaRAl 35
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MEU Problem

e Given a decision model ¢ and evidence e, maximum Expected Utility (MEU) problem:
* Find the action assignment that yields the highest expected utility in G

* Formally,
meu(G|e) = (d*, eu(e, d*)) Additive semantics with inner
sum and outer max: Sum up
d* = arg max eu(e, d) utilities, then pick maximum

deran(D) — Max-sum algorithms

 For an exact solution, meu(G|e) requires an algorithm to go through 2l' d € ran(D)
* Size of ran(D) in |gr(D)]

Alternative specification

meu(G|e) = (arg maxeu(e,d), max eu(e,d)
| (dE%an(D) deran(D) )

T. Braun - StaRAl 36
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MEU Problem: Example

* Problem instance with G = {9y, 91, 92, 93, gy}, e = O :
meu(G) = (d*, eu(d*)) d* = arg max eu(d)

de{d, d,}
e d, ={ban},d, = {free}
* Expected utility of d; = {ban}: eu(d,) = —19.36
* Expected utility of d, = {free}: eu(d,) = 9.88 %I@
* Solution Restrict(X) [] @
 d* = argmax eu(d) =d, gu

de{d,,d,}
* meu(G) = (d,,9.88)
e Decision that leads to maximum EU:
No travel restrictions

T. Braun - StaRAl 37
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. meu(Gle) = (d*, eu(e, d*))
Lifted MEU d* = arg maxeu(e, d)

deran(D)

In terms of semantics, d € ran(D) means
* Grounding D and going through all possible combinations of assignments to gr(D)
But: grounding is bad!
 Combinatorial explosion: number of action assignments to test
any parfactor in G containing a logvar of D
Also: Grounding to full extent often unnecessary

* Within groups of indistinguishable constants, the same decision will lead to its maximum
influence in the MEU solution

* Only need to test each assignment for complete group
Thus: Test out all possible combinations of assignments w.r.t. the groups occurring in G
* No longer exponential in the size of gr(D)!

T. Braun - StaRAl 38
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. meu(Gle) = (d*, eu(e, d*)
Lifted MEU: Groups d* = arg HEaX cule, d) )

deran(D)

* |n parameterised models without evidence
(or evidence for complete domains), d € ran(D) means

* Going through all possible combinations of assignments to D
* One group per logical variable

* In models with evidence affecting parfactors
containing decision PRVs, d € ran(D) means W
* Going through all possible combinations of Restrict(X) [ @
assignments for each group of constants after gu

evidence handling
* Specifically, after shattering

» Effect: size exponential in number of groups

T. Braun - StaRAl 39
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Hited MEU: Groups = Example sy

deran(D)

 Decision model G = {99, 91, 92, 93, 9, Gu }
 Decision PRV Restrict(X) with range {ban, free}

* Evidence e = {Sick(X') = true},dom(X’) = {x, ..., x10}
* Overlap in domain of X, X" — Shattering duplicates g4, 92, 93, 94
* Fordom(X') = {xq, ..., %10}, dom(X"") = {x10, ..., X0}
e Alternative: Duplicate + restrict constraints %9_@

4

* Action assignments Restrict(X) [ p @
U

* R £ Restrict,b 2 ban, f £ free
d, = {R(X") = b,R(X") = b}
d, ={R(X") =b,R(X') = f}
d; = (RX") = f,R(X") = b}
d, ={RX") = f,R(X") = f}

T. Braun - StaRAl 40
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Answering EU-Queries for MEU

* Given a decision model G = {g;}i-1 U {gy}, evidence e, and an action assignment d

1. Calculate the posterior, P(R|e, d), of the Markov blanket of the utility node
* le.,, R =rv(gy) \ rv(a) \ rv(E) (remaining PRVs in g,,’s after previous step)

e Using LVE: With R as the query terms and e, d as evidence, eliminate all non-query termsin G, i.e., call
LVE(G \ {gu}, R, eu d)

2. Calculate the expected utility by summing over the range values of R:

cule,d) = Y P(rle,d)- ¢y ()
reran(R)

 Using LVE: Eliminate remaining PRVs in {g} U {gy},g = LVE(G \ {gy}, R, e U d), i.e., call
LVE({g} U {gy}, R,e U d)

e e,d not yet handled in gy; alternatively: absorb e, d at beginning in G
* Result: parfactor mapping empty argument to a single value (U)

T. Braun - StaRAl 41
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LVE for MEU Problems

Lifted Decisions

function MEU-LVE(G = {g;,}", U {gy}. e)
Absorb e in G

d <0
eumax
for each action assignment d in G do

g < LVE(G \ {gU}; T"U(gu), d)
eu — LVE({gy, g}, 8, d)
if eu > eu,,,, then
d <d
U gy < €U
return d”

«— —00

> g normalised

LVE-MEU

* Modify to save all assighnments that lie within e-margin

T. Braun - StaRAl
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Structure in Multi-attribute Settings

e So far: Set of attributes without structure
* Single utility functions mapping to one utility
* Example: ¢y (Interference, Epid)
e Cases with structure:

1. Set of (distinguishable) attributes with structure

* Set of utility functions, mapping to interim utilities,
combined into one overall utility

2. Set of indistinguishable attributes

e Utility parfactor mapping to an interim utility PRV, which is combined into one utility
3. Sets of distinguishable and indistinguishable attributes

* Set of utility parfactors and utility factors, combined into one utility
e Considering structure requires a combination function =
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MUNSTER Lifted Decisions

1. Set of Attributes with Structure

» Set of attributes that show MPI — Utility function “factorises” into sets of functions over
attributes, combined with a combination function %, i.e.,

U(ry, ., my) = Elp1(ry), oo, ()]
* l.e., each ¢;(r;) maps to its own interim utility, U;, combined into an overall utility U through =

 More general: Each f; has a set of random variables r; as input with r = {ry, ..., )y} = U2, 1;

e Extended syntax: Decision model
G ={9i}i=1 V{gu}u=1 V{E}
* Refer to submodel of potential parfactors by Gp and to submodel of utility factors by Gy
* g; = ¢i(A;)|c, parfactors with (decision) PRVs as arguments
* gu = ¢y, (Ry) utility factors, each mapping to a utility variable U,
* X a combination function, combining all U,, into one U, i.e.,

bdy(ry, ...,ty) =& ’gbul (77,':721 (14, ...,rM)), Py (Tl.':Rm(Tl, ...,rM))]
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MUNSTER Lifted Decisions

1. Set of Attributes with Structure: Example

 Example:

* ¢y,,(Unterference, Epid)
utility factor over Interference, Epid
* ¢y, (Enforce.bus)
utility factor over Enforce. bus
e (Effort it takes to enforce travel restriction on busses)
* X acombination function, combining U;, U, into Util

* Could rewrite model using = into a model containing only
one utility factor gy (shown above)

* ¢y(Interference, Epid, Enforce.bus)
= E[¢UIE (Interference, Epid), ¢y, (Enforce. bus)]
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MUNSTER

Lifted Decisions

1. Set of Attributes with Structure: EU Query & MEU Problem

* Given a decision model G = Gp U Gy U {Z} = {g;}i=1 U {gy}i, U {Z}
 Query for an expected utility (EU): change in sum over rv(G ) instead of rv(gy)

cule, = Y PWled) E[py, (rz,@ e, d), .. b, (T2, @ e, D))
veran(rv(Gy)\E\D)
e |f = addition, then
eule,d) = Z P(vle,d) - Z bu, (TR, (v e, )

veran(gr(rv(Gy)\E\D)) gu€Gy

* Works like muLTIPLY, i.e., like a join, but with summing of utilities
instead of multiplying of potentials

e MEU problem: no changes

meu(G|e) = (d*, eu(e, d*))

d* = argmax eu(e, d)
deran(D)
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1. Set of Attributes with Structure: Additive Join

* Operator:

Operator 1 Additive join of utility factors

Lifted Decisions

Operator ADD

Inputs:

(1) Utility factor f,/ = ¢/ (Ryr)

(2) Utility factor fu” = ¢u” (Ru”)

Output: Utility factor ¢, (R.) such that

(1) Ru = Ru’ X Ru” and

(2) for each valuation r € ran(Ry) with vy = mg_,(r) and v =g _,, (T)

bu (’l") = Qo (’ru’) + Gy (ru”)
Postcondition: Gy = Gy \ {fu/, furr } UADD(fyr, furr)

I E Uig Eb Urp
false false 10 false 0
false true —10 true —10

true false —20
true true 2

e Example

¢y (Interference, Epid, Enforce. bus)
= :[QbU,E (Interference, Epid), ¢y, (Enforce. bus)]
= ¢y, (Interference, Epid) + ¢y, (Enforce. bus)

- add(gUIE’ gUEb)

I 8 Eb Uig
false false false 10+ 0= 10
false false true 10-10= 0 [®
false true false —-10+ 0= -10 ¢
false true true —10-—10=-20
true false false —-20+ 0=-20 S
true false true —20-10=-30
true true false a0 0 = —02% @
true true true 2—10= 8

T. Braun - StaRAl
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1. Set of Attributes with Structure: MEU-LVE

* Implement ADD operator
e LVE with ADD operator referred to as LVEAPP

* Changesin MEU-LVE
* Input: decision model G = Gp U G, ={g;}1-1 U {g, i1
* In for-loop:

g < LVEWM \ Gy, rv(Gy), d) > g normalised
eu « LVEAPP (G, U {g},0,d)

e If £ not addition, need to implement (change LVEAPD call)

* Combines Gy into one gy before multiplying with g and
summing out the remaining variables

Lifted Decisions

Splitting a single utility function into set of
utility factors has upside of needing to
learn / specify fewer entries BUT:
Complexity still exponential in M as
combined into g

T. Braun - StaRAl
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1. Set of Attributes with Structure: Simplification

* Assume (conditional) independence between the different R ATl e ss=rod et a1 1s 1

rv(fu) givene,d, i.e., stochastic independence
* Idea similar to Boyen-Koller algorithm
eu(e, d) = . E[¢U1 (Tl), e g[)Um (Tm)] * Preferential and stochastic independence
veran(V) - do not follow from each other!
= Z . z ¢y (1)
vgran(V) u=1

> ) pu(r)

u=1ryeran(rv(gy))
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Derivation .
eu(e, d) = z z Pu(ry) = z z - () = z z
v%ran(v) veran(V) u= u=1 veran(V)

* Pu (ry)

s
I
[N
S
m

|
0
Q
:'»M

—~
<
—

N

- P (ry)

an(R4) rmeran(Rm)

b~

Il
=
=
[uy
m
=

-
™M

* Py (ry)

u=1r;eran(R;) rmeran(Rm)
m m
= E E : ¢u(ru) :
u=1ryeran(Ry) u'=1u’#u )

Y
= il
* by (Tu) (probability distributions
— sums to 1)

-
™1

i
Il

1 ry€eran(Ry)

Lifted Decisions

* du (ry)

T. Braun - StaRAl
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MUNSTER

Lifted Decisions

1. Set of Attributes with Structure: Simplification — Example

e Example: d; = {ban}

« P(E,I,Eb|ld) = P(E|d) - P(I|d) - P(Eb|d) If adding Epid as an input to gy,
eu(dl) P(E,I,Eb|d) + P(E,Eb|d) - P(E,I|d)

-y YOy Yo

eberan(Eb) ieran(l) ecran(E)

eberan(Eb) ieran(l) ecran(E)

— 2 + pgp(eb)

eberan(EDb)
+ 2 ’ 2 ’ ¢IE (l, e)
ieran(l) ecran(kE)
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Structure in Multi-attribute Settings

e So far: Set of attributes without structure
* Single utility functions mapping to one utility
* Example: ¢y (Interference, Epid)
e Cases with structure:

1. Set of (distinguishable) attributes with structure

* Set of utility functions, mapping to interim utilities,
combined into one overall utility

2. Set of indistinguishable attributes

e Utility parfactor mapping to an interim utility PRV, which is combined into one utility
3. Sets of distinguishable and indistinguishable attributes

* Set of utility parfactors and utility factors, combined into one utility
e Considering structure requires a combination function =
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes

* Indistinguishable attributes R, ..., Ry, that show MPI — Utility function "factorises” into a
set of indistinguishable functions f; over indistinguishable attributes
 Utility function:
U(ry, - Ty) = E[P1(r), oo, du(r)] = Ely, (1), -, Dy ()]
* All ¢; are ¢, mapping to an interim utility variable U;
 If £ addition, then U(ry, ..., 1) = M - ¢, (13,)
* Precondition: For the f; to be indistinguishable,
the R; need to be indistinguishable

* Encode indistinguishable attributes Restrict. bus(X)
as PRVR(L), |[dom(L)| =M

* Then, encode interim utilities U; as utility PRV U(L)

* Logical variables of utility PRV always follow
logical variables in PRVs of utility function
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes

e Extended syntax: Decision model
G ={9gi}i=1 V{gy} UV {E}
°* g; = qbl-(c/ll-)wi parfactors with (decision) PRVs as arguments
* gy = Py (A) a utility parfactor and U(L) a utility PRV
« L =1v(A) holds
* gr(gy) = {f1, -, fm}, all f; with utility function ¢y

e = a combination function, combining U (L)
into one U in lifted way (for liftability)

* Addition yields a multiplication Restrict. bus(X)

e Compare multiplication leading to an
exponentiation in multiplicative semantics

As of now, logical variables in utility model possible!
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: Example

 Example:

e Assume that effort for enforcing travel
restrictions on busses and trains is identical

* Ground:
* Utility factor ¢y, (Epid, Enforce. bus)
« Utility factor ¢y, (Epid, Enforce. train)
* Lifted:
« Utility parfactor ¢y (g) (Epid, Enforce(R))
e T constraint with dom(R) = {train, bus}
* Combination function: addition
 Lifted: multiplication with |[dom(R)]

Restrict. bus(X)
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: EU Query & MEU Problem

* Given a decision model G = Gp U Gy U {Z} = {g;}i=; U {gy} U {&}
* Query for an expected utility (EU): sum over gr(rv(gu))

eu(e, d) = Z Pvle,d) - £ [y, (nz, W, e,d), ... pu,, (1r, (v e, D)
veran(gr(rv(Gy)\E\D))
* MEU problem: no changes
meu(G|e) = (d*, eu(e,d*))

d* = argmax eu(e, d)
deran(D)

* But: Given semantics, EU query calculation
— Can we avoid grounding?
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: Liftability

* Given a decision model G = Gp U Gy U {Z} = {g;}i=; U {gy} U {&}
* Query for an expected utility (EU): sum over gr(rv(gu))

eu(e, d) = Z Pvle,d) - £ [y, (nz, W, e,d), ... pu,, (1r, (v e, D)
veran(gr(rv(Gy)\E\D))
* Changes in calculations for eu(e, d) with rv(G;) now containing logical variables
— P(v|e, d) a parameterised query with V = rv(G)
— If query liftable, then V as CRVs in answer — liftable
* But: logical variables in g not counted
— If = addition: additive count-conversion for utility parfactors
— Sum then over range of CRVs (include Mul(h)!)
— Lifted calculations: Sum polynomial in domain sizes
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Lifted Decisions

2. Set of Indistinguishable Attributes: Additive Count-Conversion

Operator:

Operator 2 Count-conversion for utility parfactors

Operator COUNT-CONVERT

Inputs:

(1) Utility par.factor gu = du(x)(A)c .

(2) logical variable X € lv(A) and X € X, to count in gy
Preconditions:

(1) There is exactly one atom A; € A with X € lv(4;).

(2) X is count-normalised w.r.t. Z ={v(A) \ {X} in C.

(3) For all counted logical variables X# in g: Tx x#(C) =7mx(rx(C)) X mxx (rx(C)).
Output: utility parfactor ¢7,,(A’)|c such that

(1) U =#x[U(X)],

(2) A = (Al, ooc ,Ai—l) o Afb o (Ai+1) 500 ,An), A; = #X[Ai]a and
(3) for each valuation a’ to A’ with a) = h,

(;S/U(X)(...,a,—_l,h,a,i_,_l,...): Z h(ai)qu(X)(...,ai_l,ai,ai+1,...)
a€ran(A;)

where h is a histogram {(a;,n;)}”, with m = |[ran(A;)|, a; € ran(A;), n; € N, and
D er(A;) Mai) = ncountX|Z(C’), and h(a;) = n;.
Postcondition: Gy = Gy \ {gu} U COUNT-CONVERT(gq,, X )

Compare multiplicate count-conversion:
¢ ( l—l’h Ait+1 )

— l_[ ¢( Ai—1,A, Aj4q, - -)h(ai)

aieran(4;)

T. Braun - StaRAl
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false false false false
false true 4 false true 0
true false 8 true false —5
true true true true —10

#[ER] S
false [0 0.263 || false [0,2] 0-04+2-5=10 0.263 - 10 = 2.630
false [1,1] 41-10' = 40 0.105 || false [1,1] 1-0+1-5= 5 0.105- 5=0.525
false  [2,0] 4%-10°= 16 0.042 || false  [2,0] 2:0+0:5= 0 0.042- 0 = 0.000
true [0,2] 50. 82= 64 0.168 || true [0,2] 0-—-10+2--5=-10 0.168 - —10 = —1.680
true [1,1] 51. 8= 40 0.105 || true [1,1] 1-—-10+1--5=-15 0.105-—15 = —1.575
true [2,0] 52. 89= 40 0.105 || true [2,0] 2:-—-10+0--5=-20 0.105-—-20 = —-2.100

eu=1-2630+2-0525+1-0+1--168+2--1575+1--2.1=-3.25

T Braun - StaRAI Sum of ¢* potentials = 1-100+2-40+1-16+1-64+2-40+1-40 = 380 59
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: Simplification

 Assume all groundings are independent Lifted calculation:
c VR(x),R(y) € gr(rv(gU)) :(R(x) L R(y)|e, d) * Sum independent of domain sizes m

* Multiplication with domain size in O(logm)

 Then,

m Here, groundings are not independent because

eu(e, d) = z Z - ¢y, (ay,) of Epid; without Epid, the groundings would
be independent (of each other and anything

u=1 auEran(I‘V(gU)) else in the model)

= m- - ¢y (ay)
a,eran(rv(gy))
a representative query, i.e., a query over 4,, =

rv(gy) with a representative grounding x of its logical
variables X = 1v(4,)

« m=|gr(gy)l

T. Braun - StaRAI We will see an example later. 60
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: MEU-LVE

* Implement ADD-COUNT-CONVERT operator If parameterised query liftable, then:

* LVE with ADD operator and Complexity polynomial in M
ADD-COUNT-CONVERT operator referred to as LVE?3ddcC

* Changesin MEU-LVE
* Input: decision model G = Gp U Gy = {g;}i-1 U {9y}
* |n for-loop:
g < LVE(G \ Gy, rv(Gy),d) > g normalised
eu « LVE24dCC(G U {g},0,d)
e If X not addition, need to implement (change LV call)

* Count-converts the PRVs in gy before multiplying with g and
summing out the remaining variables

* If PRVsin gy not count-convertible = Ground logical variable and
join partially grounded utility parfactors using ADD operator

EaddCC
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: Logical Variables in Utility PRVs

 Definition says for a utility parfactor ¢y (1) (A) a utility parfactor and

U(L) a utility PRV
 What about ?

X Given grounding semantics, not valid as combination not defined

e Example: ¢y (Restrict(X), Epid)

* Groundings: ¢y (Restrict(alice), Epid), ¢yii(Restrict(eve), Epid), oyt (Restrict(bob), Epid)

 What about ?

v’ Given grounding semantics, valid as only more utility factors occur

* Example: ¢y (Enforce(R), Epid), |dom(C)| = 3

* Groundings: ¢y c,)(Enforce(b), Epid), pyw,c,)(Enforce(b), Epid), ¢y, c,)(Enforce(b), Epid),
bu(e,c)(Enforce(t), Epid), py(t,c,)(Enforce(t), Epid), pyt,c,) (Enforce(t), Epid),
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: Eliminating Logical Variables

e Grounding a utility parfactor with additional logical variables in its utility PRV leads to
copies of utility factors over the same inputs that can be combined based on =

* Eliminate beforehand as a first step to simplify a model
* Operator for eliminating additional logical variables in a utility PRV of a utility parfactor

Operator 4 Logical variable elimination in utility PRVs

Operator ELIM-LOG-VARS

Inputs:

(1) Utility parfactor g = ¢y (x)(A)|c

(2) Logical variables Y C X

Preconditions:

(1) Y do not occur in A, i.e., Y Niv(A) = 0.

(2) Y are count-normalised w.r.t. lv(.A) in C.
Output: utility parfactor ¢§J(Z)('A)|C’ such that

1) Z=X\Y,

(2) C"=C\Y (remove Y and its constants from C), and
(3) for each valuation a to A,

¢’U(z) (@) = ncounty | z(C) - ¢y (x)(a)

Postcondition: Gy = Gy \ {gu} U ELIM-LOG-VARS(gy, Y)
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MUNSTER Lifted Decisions

2. Set of Indistinguishable Attributes: Eliminating Logical Variables

* Example: ¢y ) (Enforce(R), Epid), |dom(C)| = 3
* New utility parfactor: ¢y r)(Enforce(R), Epid)
 Forallen € ran(Enforce(R)), ep € ran(Epid):
dury(en,ep) = 3 - Py, (en, ep)
* Ground comparison:
 Forall en € ran(Enforce(b)),ep € ran(Epid): ] Compineinto: .
bu(v,c,)(en, ep) -l(- ¢zib,c2)(€n,)epz)9 + ¢U(b,cf) (en,ep)| oot
=3 Puer,)(en, ep)
 Forallen € ran(Enforce(t)), ep € ran(Epid):
bu(t.c)(en, ep) + by, (en, ep) + dy(tc,)(en, ep)
=3 dywr,)(en ep)

T. Braun - StaRAl 64
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thread 1:
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