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In the following we will always consider a probability space (Ω,F ,P) carrying a filtration (Fn)n∈N0 .

Definition: A stochastic process (Xn)n∈N0 on a probability space (Ω,F ,P) is called a martingale
if the following properties are satisfied for each n ∈ N0:

• Xn is Fn-measurable.

• Xn ∈ L1(P) (i.e.
∫
|Xn|dP <∞).

• E[Xn+1|Fn] = Xn almost surely.

Exercise 1 (6 points)

Prove each of the following statements:

(a) Let {ξj}j∈N be independent and identically distributed random variables with E[ξj] = 0 for
all j. Then the partial sum (Sn)n with S0 = 0 and Sn = ξ1 + ...+ ξn is a martingale w.r.t. the
natural filtration (Fn)n

(b) Let {ξj}j∈N be independent and identically distributed random variables with E[ξj] = 1 for
all j. Then (Mn)n with Mn =

∏n
j=1 ξj is a martingale w.r.t. the natural filtration.

(c) Let {Zj}j be a sequence of i.i.d. Gaussian random variables such that Zj ∼ Normal(0,1) (that

is, for any j, P(Zj ∈ A) = 1√
2π

∫
A
e−
|z|2
2 dz). Then for any sequence of real numbers (βj)j ⊂ R,

we set

Mn := exp

{ n∑
j=1

βjZj −
1

2

n∑
j=1

β2
j

}
.

It follows that (Mn)n is a martingale w.r.t. the canonical filtration.

Exercise 2 (5 points)

The following model describes the evolution of a population:

Let (Yn,k)n∈N0,k∈N be iid random variables in N0, where Yn,k is the number of children of the k-th
individual in the n-th generation. We assume E[Yn,k] <∞ for all n ∈ N0 and k ∈ N. After one step
every individual of the last generation dies such that we can define the number of living individuals
by

S0 = 1 Sn =

Sn−1∑
k=1

Yn−1,k, n ≥ 1.



Prove that

Zn :=
Sn
µn
, n ≥ 1

is a martingale with respect to Fn = σ(S0, ..., Sn).

Exercise 3 (3 points)

Construct a non-negative martingale (Xn)n, such that E[Xn] = 1 for all n ∈ N but X? =
supn∈NXn /∈ L1.

Hint: Use the probability space (Ω,F ,P) where Ω = [0, 1], F = B[0, 1], P =Unif(0, 1) with filtration
Fn = σ-alg. generated by intervals ending with j/2n for some positive integer j and the random
variables

Xn =

{
2n, if 0 ≤ x ≤ 2−n

0, if 2−n ≤ x ≤ 1

Definition: Let T be a random variable, which is defined on the probability space (Ω,F ,P) with
values in N0

⋃
{∞}. Then T is called a stopping time (with respect to the filtration (Fn)n), if the

following condition holds:
{T ≤ n} ∈ Fn for all n ∈ N0.

Exercise 4 (6 points)

(a) Let (Xn)n∈N0 be a martingale and T be a stopping time. Show that the stopped process
(XT∧n)n∈N0 again is a martingale.

(b) Show that E[XT∧n] = E[X0].

Hint: If (Xn)n is a martingale and (Cn)n is a sequence of random variables that is previsible
(i.e. Cn ∈ Fn−1 for all n) and bounded (i.e. for any n there is someKn, s.t. supω |Cn(ω)| ≤ Kn),
prove that the process (Yn)n with Y0 = 0 and Yn =

∑n
k=1Ck(Xk −Xk−1) for n ∈ N defines a

martingale.


