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From surface tension to minimal surfaces

Due to forces akin to surface tension, some physical 
phenomena exhibit interfaces that tend to minimize their 
surface area at macroscopic scales

… actual physical energies are not!

(e.g., soap film molecule’s size: ~5 nm)

But while Surface area is scaling 
invariant …
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Absolute energy-minimizing configurations are known 
to behave like minimal surfaces at macroscopic scales

§ Regularity theory for energy-minimizing minimal 
surfaces has been successfully extended to several 
important scale-dependent models

§ Notable instance: macroscopic regularity theory 
for Allen-Cahn by Savin (in Ann. Math. 2009)

§ A key consequence of the macroscopic regularity theory 
is that absolute minimizing configurations for the 
scale-dependent model really behave like area-
minimizing surfaces at macroscopic scales



However, what happens if we replace absolute
minimizing configurations with stable equilibria? 

§ Stable equilibria are defined as those minimizing the 
energy among sufficiently small perturbations

§ As we will see, efforts to establish a regularity theory 
akin to that of minimal surfaces for stable equilibria in 
scale-dependent models present profound 
mathematical challenges

§ They encompass the observable states in nature, as 
unstable equilibria spontaneously decay to more stable 
lower energy states

§ It is then arguably premature to assert that all stable 
configurations within such models necessarily resemble 
minimal surfaces at macroscopic scales

§ Addressing this discrepancy emerges as a pressing open 
question in the Calculus of Variations
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Phase transition models: two distinct states coexist within a defined spatial region, 
leading to the emergence of an interface

ICE WATER

BACTERIA 1 BACTERIA 2

FLUID 1 FLUID 2

state 1 state 2

§ Intimately connected with free boundaries and 
minimal surfaces, phase transitions are 
characterized by the notable presence of 
'interfaces’

§ Interfaces often increase the system's energy, 
prompting them to minimize their surface area



The “black-or-white” or  “     ” model …

Cross section along axis

-0.99

+0.99

0

u✏ ✏

…is replaced by a “smoothed model”                                 depending on a small parameter

u✏ : Rn ! (�1, 1) small parameter✏ > 0

state 1 state 2

Instead of sharp interface, transition from  -0.99 to +0.99 occurs on a ‘fat surface’ with thickness      

Black = -1 White = +1
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Phase field models aim to describe the phase transitions using solutions to a 
PDE: the Euler-Lagrange equation associated to suitable energy functional



Illustration: phase field model for a binary fluid
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§ The potential term strongly penalizes intermediate states, not close to

-0.99

+0.99

0

✏

Allen-Cahn, a pragmatic phenomenological model, enjoys notable popularity in 
Physics, Calculus of Variations, Geometric analysis, …

Double-well potential

§ In one dimension, solutions to the Euler-Lagrange equation                                 are of 
the following type:

§ In equilibria, transitions are expected to occur on “fat surfaces” with thickness epsilon
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Theorem (Modica-Mortola, 1977)

u✏k minimizers of  

✏k # 0
E ⇢ Rn is a minimizer of the perimeter 

(in every compact subset)

is a minimal surface@E

✏ # 0
ALLEN-CAHN MINIMAL SURFACES
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E✏k

For infinitesimal epsilon, energy minimizers of Allen-Cahn become minimal 
surfaces
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Theorem (Savin, 2009; Wang-Wei 2019)

For                the 0-level sets 

u✏ ⇠ +1

u✏ ⇠ �1

E

+0.99
-0.990

+1

�1

✏ # 0
ALLEN-CAHN MINIMAL SURFACES

Moreover, the convergence is smooth and quantifiable in low dimensions
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bounds, and their mean curvature converges 
to zero with precise estimates in terms of  <latexit sha1_base64="NOBuaocTLMtYWbOJKCgoCjfUYYQ=">AAACH3icbVBNSwMxEE38rOu3Hr0Ei+Cp7IqoR8GLxypWC90iSXZag/lYkqxSlv4Jr3rx13gTr/4bs3UPWh0YeLw3w5t5LJfC+Tj+xDOzc/MLi42laHlldW19Y3Pr2pnCcuhwI43tMupACg0dL7yEbm6BKibhht2fVfrNA1gnjL7yoxz6ig61GAhOfaC6KeROSKNvN5pxK54U+QuSGjRRXe3bTYzTzPBCgfZcUud6SZz7fkmtF1zCOEoLBznl93QIvQA1VeD65eTgMdkLTEYGxobWnkzYnxslVc6NFAuTivo7N61V5H9ar/CDk34pdF540PzbaFBI4g2pvieZsMC9HAVAuRXhVsLvqKXch4x+uTBmZBbe0PDIjVJUZ2V6OS7TypMxcjmOohBaMh3RX3B90EqOWkcXh83Tgzq+BtpBu2gfJegYnaJz1EYdxJFET+gZveBX/Ibf8cf36Ayud7bRr8KfX0L0oik=</latexit>✏

u✏k minimizers of  

✏k # 0
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Rn \ E



Analogous to real functions of real variables, non-convex functionals like Allen-
Cahn can exhibit several types of ‘equilibria’ or critical points

Minimizers

Stable   
critical points

Critical points

Energy

u : Rn ! R is called…

§ (Absolute) minimizer if 

§ Critical point if t # 0as

8t 2 R

§ Stable critical point   if t # 0as

8' 2 C1
c (Rn)

8' 2 C1
c (Rn)

8' 2 C1
c (Rn)
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E(u+ t') = E(u) + o(t)
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E(u+ t') � E(u) + o(t2)
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E(u+ t') � E(u)



Stable equilibria (i.e., essentially local minima) are the ones observable in 
nature: minor disruptions make unstable states decay towards stable ones 

Souce: University of Cambridge (youtube)

1 2
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Regularity theory for stable critical points in        implies De Giorgi’s conjecture in 
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Rn+1

Natural question: can robust convergence of Allen-Cahn to minimal surfaces 
be generalized to stable critical points, at least in three spatial dimensions?

Connection to a celebrated conjecture of De Giorgi on monotone solutions of the 
Allen-Cahn equation (open in dimensions 4,5,6,7,8): 



Regularity theory for stable critical points in        implies De Giorgi’s conjecture in 
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Rn+1

Natural question: can robust convergence of Allen-Cahn to minimal surfaces 
be generalized to stable critical points, at least in three spatial dimensions?

Recent breakthroughs: 
Chodosh-Li (in Acta Math., 2023)

Known to be equivalent to Bernstein-type result: 
Must any complete stable minimal hypersurface be a hyperplane (up to dimension 7)?

Assume                embedded minimal (hyper)surface is stable inside the ball of radius 2 
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Do Carmo-Peng, Fischer Colbrie-Schoen, Pogorelov (1970’s)

Chodosh-Li-Minter-Stryker (preprint 2024) 
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Very related question for minimal surfaces:  stable Bernstein-type result

Counterexample: Simons’s cone (in Ann. Math. 1968) is 
minimizer by Bombieri-De Giorgi-Giusti (in Invent. Math. 1969)
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n � 8

Connection to a celebrated conjecture of De Giorgi on monotone solutions of the 
Allen-Cahn equation (open in dimensions 4,5,6,7,8): 

In low dimensions,               is the 2nd fundamental form of the surface universally 
bounded in the ball of radius 1?
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n  7
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2. Phase-field models and Allen-Cahn

3. Known results and open questions on 
stable equilibria

4. New results: free boundary Allen-Cahn 
and one phase Alt-Caffarelli

OUTLINE OF TALK



Partial results only in dimension 3 (essentially no results in higher dimensions): 

§ Ambrosio-Cabré (in JAMS, 2000).  
Dimension n=3, classification of entire 
stable solutions (epsilon =1) under 
energy growth assumption 
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Natural question: can (robust) convergence of Allen-Cahn to minimal surfaces 
be generalized to stable critical points, at least in three spatial dimensions?

THEN: 

stable IF: 

with  
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Partial results only in dimension 3 (essentially no results in higher dimensions): 

§ Ambrosio-Cabré (in JAMS, 2000).  
Dimension n=3, classification of entire 
stable solutions (epsilon =1) under 
energy growth assumption 

§ Wang-Wei (in CPAM, 2019) 
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Natural question: can (robust) convergence of Allen-Cahn to minimal surfaces 
be generalized to stable critical points, at least in three spatial dimensions?

THEN: 

stable IF: 

with  

IF: 

with  

stable,

THEN: 
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o Precise sheet separation 

o 2nd fundamental form of  0-
level set uniformly bounded

o Mean curvature of 0-level set 
converging to zero with rate
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§ Chodosh-Mantoulidis (in 
Ann. Math. 2020)

<latexit sha1_base64="OT0Guremt2Wm1nO+NBZh9smKEhQ="></latexit>�
E1(u)

�

<latexit sha1_base64="g04yuheKZE9nqSi22Pzjs/Z8gPc="></latexit>�
E✏(u)

�



Reduction to stable De Giorgi-type result

Natural question: can (robust) convergence of Allen-Cahn to minimal surfaces 
be generalized to stable critical points, at least in three spatial dimensions?

By a well-known scaling and compactness argument, the question boils down to: 

Is every stable critical point                                 of 
<latexit sha1_base64="uHvghA/UZkBZ4RwfLCnu+m63J1s=">AAACK3icbVDLSgMxFE181vHV1qWbYBEUtMyIqLgquHGpxarQqSXJpBqax5Bk1DL0V9zqxq9xpbj1P8zULnxduHA4517OvYekglsXhq9wYnJqema2NBfMLywuLZcr1XOrM0NZi2qhzSXBlgmuWMtxJ9hlahiWRLAL0j8q9ItbZizX6swNUtaR+FrxHqfYeapbrmaHKG5eKRQ7jTa2o61os1uuhfVwVOgviMagBsZ10q1AGCeaZpIpRwW2th2Fqevk2DhOBRsGcWZZimkfX7O2hwpLZjv56PghWvdMgnra+FYOjdjvGzmW1g4k8ZMSuxv7WyvI/7R25noHnZyrNHNM0S+jXiaQf7RIAiXcMOrEwANMDfe3InqDDabO5/XDhRAtEv+GYndUS4lVksfNYR4XnoSg5jAIfGjR74j+gvOderRX3zvdrTV2xvGVwCpYAxsgAvugAY7BCWgBCu7BA3gET/AZvsA3+P41OgHHOyvgR8GPT+IOpDw=</latexit>

u : Rn ! (�1, 1)
<latexit sha1_base64="Iyn1HGs/VOCvdbi9vT3ddoHqKaI="></latexit>R |ru|2

2 +W (u)dx

<latexit sha1_base64="xuRuF3qKgJ2bqYi0ANbMBbWA3IU="></latexit>

F✏(u) :=
R
|(��)1/4u|2 + 1

✏W (u)dx

Stable De Giorgi-type result by Figalli-Serra (in Invent. Math. 2020)

<latexit sha1_base64="ikb0dh7iFSTzvL7GHS6WmLgBgqE="></latexit>

u(x) = �(e · x)of the form                              for some                   ?  
<latexit sha1_base64="bPJpO8ZTNI7ejIG9LO5PvV3sAYw=">AAACLnicbVDLSgMxFE18W19VceUmWAQ3lpki6lJw49JXVejUkmRuNZjHkGSUMszHuNWNXyO4ELd+hmmt4OtA4HDOvdyTwzIpnI+iFzwyOjY+MTk1XZmZnZtfqC4unTmTWw5NbqSxF4w6kEJD0wsv4SKzQBWTcM5u9vv++S1YJ4w+9b0M2opeadEVnPogdaorBBKhSaKov2aMnFwWejMuO9VaVI8GIH9JPCQ1NMRhZxHjJDU8V6A9l9S5Vhxlvl1Q6wWXUFaS3EFG+Q29glagmipw7WKQvyTrQUlJ19jwtCcD9ftGQZVzPcXCZD+n++31xf+8Vu67u+1C6Cz3oPnnoW4uiTekXwZJhQXuZS8Qyq0IWQm/ppZyHyr7cYUxI9PwDQ133ChFdVokx2Xx1dtxWamE0uLfFf0lZ416vF3fPtqq7TWG9U2hVbSGNlCMdtAeOkCHqIk4KtA9ekCP+Ak/41f89jk6goc7y+gH8PsHfCimvQ==</latexit>

e 2 Sn�1

Without assumptions on energy growth, only similar known result in 
dimensions >2  is for Peierls-Nabarro energy (crystal dislocations):   

<latexit sha1_base64="QuJnBpwV14BcyIKL1nze5ilNjLc=">AAACHXicbVDLSgNBEJzx7frWo5fBIHgKu0ESj4IXjyomCtlFZmY7OmYey8ysEpb8g1e9+DXexKv4N05iDr4aGoqqbqq7WCGF83H8gaemZ2bn5hcWo6XlldW19Y3NjjOl5dDmRhp7yagDKTS0vfASLgsLVDEJF6x/NNIv7sA6YfS5HxSQKXqtRU9w6gPV0akE0rpar8X1eFzkL0gmoIYmdXK1gXGaG14q0J5L6lw3iQufVdR6wSUMo7R0UFDep9fQDVBTBS6rxucOyW5gctIzNrT2ZMx+36iocm6gWJhU1N+439qI/E/rlr53kFVCF6UHzb+MeqUk3pDR7yQXFriXgwAotyLcSvgNtZT7kNAPF8aMzMMbGu65UYrqvErPhlU68mSMnA2jKISW/I7oL+g06kmz3jzdrx02JvEtoG20g/ZQglroEB2jE9RGHN2iB/SInvAzfsGv+O1rdApPdrbQj8Lvn5SdoLE=</latexit>

n  7

Counterexamples for              : 
<latexit sha1_base64="hpT7JWqJrzq3HZvnePMCKxAZdRg="></latexit>

n � 8 § Del Pino- Kowlaczyk-Wei (in Ann. Math 2011)
§ Liu-Wang-Wei (JMPA, 2017)



Open question we would like to address in coming years:  

Natural question: can (robust) convergence of Allen-Cahn to minimal surfaces 
be generalized to stable critical points, at least in three spatial dimensions?

(A)  Stable De-Giorgi for Allen-Cahn without energy growth assumptions in dimension 3

Is every stable critical point                                 of 
<latexit sha1_base64="Iyn1HGs/VOCvdbi9vT3ddoHqKaI="></latexit>R |ru|2

2 +W (u)dx
<latexit sha1_base64="ikb0dh7iFSTzvL7GHS6WmLgBgqE="></latexit>

u(x) = �(e · x)of the form                              for some                 ?  

<latexit sha1_base64="6ssh6dvxa+0kI1A4FhSM851BOQo="></latexit>

u : R3 ! (�1, 1)
<latexit sha1_base64="zfE8Z8DdAmtlVNfcV9kVU8eZ7Uk=">AAACLHicbVDLSgMxFE181vqqunQTLIKrMlNEXQpuXGq1KnRqSTK3GsxjSDJKGeZb3OrGr3Ej4tbvMK0VfB0IHM65l3tyWCaF81H0gicmp6ZnZitz1fmFxaXl2srqmTO55dDmRhp7wagDKTS0vfASLjILVDEJ5+zmYOif34J1wuhTP8igq+iVFn3BqQ9Sr7ZGIBGaJIr6a8bIyWXRLHu1etSIRiB/STwmdTTGUW8F4yQ1PFegPZfUuU4cZb5bUOsFl1BWk9xBRvkNvYJOoJoqcN1ilL4km0FJSd/Y8LQnI/X7RkGVcwPFwuQwpfvtDcX/vE7u+3vdQugs96D556F+Lok3ZFgFSYUF7uUgEMqtCFkJv6aWch8K+3GFMSPT8A0Nd9woRXVaJK2y+GqtVVarobT4d0V/yVmzEe80do636/vNcX0VtI420BaK0S7aR4foCLURRwN0jx7QI37Cz/gVv32OTuDxzhr6Afz+AR2ipg8=</latexit>

e 2 S2

(B)  Stable De-Giorgi  for Allen-Cahn with energy growth assumptions in dimensions 4,5,6,7 

Minimal (hyper)surface analog of (B): Complete stable minimal (hyper)surfaces 
with area growth assumption are flat in dimensions 3,4,5,6,7,8

§ Schoen-Simon-Yau (in Acta Math. 1975)
§ Schoen-Simon (in CPAM 1981)

Is every stable critical point                                 of 
<latexit sha1_base64="uHvghA/UZkBZ4RwfLCnu+m63J1s=">AAACK3icbVDLSgMxFE181vHV1qWbYBEUtMyIqLgquHGpxarQqSXJpBqax5Bk1DL0V9zqxq9xpbj1P8zULnxduHA4517OvYekglsXhq9wYnJqema2NBfMLywuLZcr1XOrM0NZi2qhzSXBlgmuWMtxJ9hlahiWRLAL0j8q9ItbZizX6swNUtaR+FrxHqfYeapbrmaHKG5eKRQ7jTa2o61os1uuhfVwVOgviMagBsZ10q1AGCeaZpIpRwW2th2Fqevk2DhOBRsGcWZZimkfX7O2hwpLZjv56PghWvdMgnra+FYOjdjvGzmW1g4k8ZMSuxv7WyvI/7R25noHnZyrNHNM0S+jXiaQf7RIAiXcMOrEwANMDfe3InqDDabO5/XDhRAtEv+GYndUS4lVksfNYR4XnoSg5jAIfGjR74j+gvOderRX3zvdrTV2xvGVwCpYAxsgAvugAY7BCWgBCu7BA3gET/AZvsA3+P41OgHHOyvgR8GPT+IOpDw=</latexit>

u : Rn ! (�1, 1)
<latexit sha1_base64="Iyn1HGs/VOCvdbi9vT3ddoHqKaI="></latexit>R |ru|2

2 +W (u)dx

of the form                              for some                  ?  
<latexit sha1_base64="bPJpO8ZTNI7ejIG9LO5PvV3sAYw=">AAACLnicbVDLSgMxFE18W19VceUmWAQ3lpki6lJw49JXVejUkmRuNZjHkGSUMszHuNWNXyO4ELd+hmmt4OtA4HDOvdyTwzIpnI+iFzwyOjY+MTk1XZmZnZtfqC4unTmTWw5NbqSxF4w6kEJD0wsv4SKzQBWTcM5u9vv++S1YJ4w+9b0M2opeadEVnPogdaorBBKhSaKov2aMnFwWejMuO9VaVI8GIH9JPCQ1NMRhZxHjJDU8V6A9l9S5Vhxlvl1Q6wWXUFaS3EFG+Q29glagmipw7WKQvyTrQUlJ19jwtCcD9ftGQZVzPcXCZD+n++31xf+8Vu67u+1C6Cz3oPnnoW4uiTekXwZJhQXuZS8Qyq0IWQm/ppZyHyr7cYUxI9PwDQ133ChFdVokx2Xx1dtxWamE0uLfFf0lZ416vF3fPtqq7TWG9U2hVbSGNlCMdtAeOkCHqIk4KtA9ekCP+Ak/41f89jk6goc7y+gH8PsHfCimvQ==</latexit>

e 2 Sn�1

<latexit sha1_base64="QuJnBpwV14BcyIKL1nze5ilNjLc=">AAACHXicbVDLSgNBEJzx7frWo5fBIHgKu0ESj4IXjyomCtlFZmY7OmYey8ysEpb8g1e9+DXexKv4N05iDr4aGoqqbqq7WCGF83H8gaemZ2bn5hcWo6XlldW19Y3NjjOl5dDmRhp7yagDKTS0vfASLgsLVDEJF6x/NNIv7sA6YfS5HxSQKXqtRU9w6gPV0akE0rpar8X1eFzkL0gmoIYmdXK1gXGaG14q0J5L6lw3iQufVdR6wSUMo7R0UFDep9fQDVBTBS6rxucOyW5gctIzNrT2ZMx+36iocm6gWJhU1N+439qI/E/rlr53kFVCF6UHzb+MeqUk3pDR7yQXFriXgwAotyLcSvgNtZT7kNAPF8aMzMMbGu65UYrqvErPhlU68mSMnA2jKISW/I7oL+g06kmz3jzdrx02JvEtoG20g/ZQglroEB2jE9RGHN2iB/SInvAzfsGv+O1rdApPdrbQj8Lvn5SdoLE=</latexit>

n  7

satisfying
<latexit sha1_base64="m/c3LD+oS8mP6uyhwGYQSztv/Wo="></latexit>R
BR

|ru|2
2 +W (u)dx  CRn�1

<latexit sha1_base64="ikb0dh7iFSTzvL7GHS6WmLgBgqE="></latexit>

u(x) = �(e · x)



1. Motivation 

2. Phase-field models and Allen-Cahn

3. Known results and open questions on 
stable equilibria

4. New results: free boundary Allen-
Cahn and one phase Alt-Caffarelli
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Free boundary Allen-Cahn (Jerison, Kamburov, Liu, Wang, Wei,…)

+1�1

Recall potential term’s purpose: 
penalize intermediate states not close to

-0.99

+0.99

0

✏

<latexit sha1_base64="ut2KuhPrXLm2YDNmIa8wfCqMjCk=">AAACHHicbVC7SgNBFJ2JrxhfiZY2g0GwCrsBH50BG0uVJArZEGZmJ3FwHsvMrBKWfILaauNX+Al2YivY+B92ThILYzxw4XDOvZx7L0kEty4IPmBuZnZufiG/WFhaXlldK5bWm1anhrIG1UKbC4ItE1yxhuNOsIvEMCyJYOfk6mjon18zY7lWdddPWFvinuJdTrHzUiNKJAo7xXJQCUZA0yT8IeXDr+Tus/58e9IpQRjFmqaSKUcFtrYVBolrZ9g4TgUbFKLUsgTTK9xjLU8Vlsy2s9G2A7TtlRh1tfGlHBqpvycyLK3tS+I7JXaX9q83FP/zWqnrHrQzrpLUMUXHQd1UIKfR8HQUc8OoE31PMDXc74roJTaYOv+giRRCtIj9GYrdUC0lVnEWnQ2yaJhJCDobFAr+aeHfF02TZrUS7lV2T4NyrQrGyINNsAV2QAj2QQ0cgxPQABRwcA8ewCN8gi/wFb6NW3PwZ2YDTAC+fwPf2aTj</latexit>

±1

W (u)

<latexit sha1_base64="5+6yXzD44mQs4FFrcmLDPZ5F3UI="></latexit>

E✏(u) :=
R
✏ |ru|2

2 + 1
✏W (u)dx

W (u)

+1�1

-1

+1

0

✏u✏

Cross 
section 

axis
<latexit sha1_base64="Rd1Apt2txTzuSbo/TA6BNJqycEA=">AAACGnicbVDLTgIxFG19Ir5Al24aiYkrMkN8LUncuEQUJAFC2k6Bhj4mbUclEz7BrW78GnfGrRv/xvJYCHiTm5ycc2/OvYfEglsXBD9wZXVtfWMzs5Xd3tnd28/lD+pWJ4ayGtVCmwbBlgmuWM1xJ1gjNgxLItgDGVyP9YdHZizX6t4NY9aWuKd4l1PsPHX33Ak7uUJQDCaFlkE4AwUwq0onD2Er0jSRTDkqsLXNMIhdO8XGcSrYKNtKLIsxHeAea3qosGS2nU5uHaETz0Soq41v5dCE/buRYmntUBI/KbHr20VtTP6nNRPXvWqnXMWJY4pOjbqJQE6j8eMo4oZRJ4YeYGq4vxXRPjaYOh/PnAshWkT+DcWeqJYSqyhtVUdpa+xJCKqOslkfWrgY0TKol4rhRfH89qxQLs3iy4AjcAxOQQguQRncgAqoAQp64AW8gjf4Dj/gJ/yajq7A2c4hmCv4/QuR4p+o</latexit>x1

<latexit sha1_base64="jDs1M+/DSno8hhoIRbZrJiuHMMw=">AAACGnicbVDLTgIxFG3xhfhEl24aiYkrMkOMuiRx4xJRHgkQ0nYKNPQxaTsqmfAJbnXj17gzbt34N5bHQsCb3OTknHtz7j0kFty6IPiBmbX1jc2t7HZuZ3dv/+Awf1S3OjGU1agW2jQJtkxwxWqOO8GasWFYEsEaZHgz0RuPzFiu1YMbxawjcV/xHqfYeer+uRt2DwtBMZgWWgXhHBTAvCrdPITtSNNEMuWowNa2wiB2nRQbx6lg41w7sSzGdIj7rOWhwpLZTjq9dYzOPBOhnja+lUNT9u9GiqW1I0n8pMRuYJe1Cfmf1kpc77qTchUnjik6M+olAjmNJo+jiBtGnRh5gKnh/lZEB9hg6nw8Cy6EaBH5NxR7olpKrKK0XR2n7YknIag6zuV8aOFyRKugXiqGl8XLu4tCuTSPLwtOwCk4ByG4AmVwCyqgBijogxfwCt7gO/yAn/BrNpqB851jsFDw+xeSNJ+p</latexit>x1

<latexit sha1_base64="jDs1M+/DSno8hhoIRbZrJiuHMMw=">AAACGnicbVDLTgIxFG3xhfhEl24aiYkrMkOMuiRx4xJRHgkQ0nYKNPQxaTsqmfAJbnXj17gzbt34N5bHQsCb3OTknHtz7j0kFty6IPiBmbX1jc2t7HZuZ3dv/+Awf1S3OjGU1agW2jQJtkxwxWqOO8GasWFYEsEaZHgz0RuPzFiu1YMbxawjcV/xHqfYeer+uRt2DwtBMZgWWgXhHBTAvCrdPITtSNNEMuWowNa2wiB2nRQbx6lg41w7sSzGdIj7rOWhwpLZTjq9dYzOPBOhnja+lUNT9u9GiqW1I0n8pMRuYJe1Cfmf1kpc77qTchUnjik6M+olAjmNJo+jiBtGnRh5gKnh/lZEB9hg6nw8Cy6EaBH5NxR7olpKrKK0XR2n7YknIag6zuV8aOFyRKugXiqGl8XLu4tCuTSPLwtOwCk4ByG4AmVwCyqgBijogxfwCt7gO/yAn/BrNpqB851jsFDw+xeSNJ+p</latexit>x1

Cross 
section 

axis
<latexit sha1_base64="Rd1Apt2txTzuSbo/TA6BNJqycEA=">AAACGnicbVDLTgIxFG19Ir5Al24aiYkrMkN8LUncuEQUJAFC2k6Bhj4mbUclEz7BrW78GnfGrRv/xvJYCHiTm5ycc2/OvYfEglsXBD9wZXVtfWMzs5Xd3tnd28/lD+pWJ4ayGtVCmwbBlgmuWM1xJ1gjNgxLItgDGVyP9YdHZizX6t4NY9aWuKd4l1PsPHX33Ak7uUJQDCaFlkE4AwUwq0onD2Er0jSRTDkqsLXNMIhdO8XGcSrYKNtKLIsxHeAea3qosGS2nU5uHaETz0Soq41v5dCE/buRYmntUBI/KbHr20VtTP6nNRPXvWqnXMWJY4pOjbqJQE6j8eMo4oZRJ4YeYGq4vxXRPjaYOh/PnAshWkT+DcWeqJYSqyhtVUdpa+xJCKqOslkfWrgY0TKol4rhRfH89qxQLs3iy4AjcAxOQQguQRncgAqoAQp64AW8gjf4Dj/gJ/yajq7A2c4hmCv4/QuR4p+o</latexit>x1

<latexit sha1_base64="yyEtU4lo5jqF72eH2gugLxoOTL4=">AAACHnicbVDLSgMxFE3qq9ZndekmWAQXWmZE1IKLghuXtdhWaEtJMmkbmseQZJQy9CPc6savcSdu9W9MHwttvXDhcM69nHsPiQW3Lgi+YWZpeWV1Lbue29jc2t7Zze/VrU4MZTWqhTYPBFsmuGI1x51gD7FhWBLBGmRwM9Ybj8xYrtW9G8asLXFP8S6n2HmqkVyfBsVSqbNbCIrBpNAiCGegAGZV6eQhbEWaJpIpRwW2thkGsWun2DhOBRvlWollMaYD3GNNDxWWzLbTyb0jdOSZCHW18a0cmrC/N1IsrR1K4icldn07r43J/7Rm4rpX7ZSrOHFM0alRNxHIaTR+HkXcMOrE0ANMDfe3ItrHBlPnI/rjQogWkX9DsSeqpcQqSlvVUdoaexKCqqNczocWzke0COpnxfCieHF3XiifzOLLggNwCI5BCC5BGdyCCqgBCgbgGbyAV/gG3+EH/JyOZuBsZx/8Kfj1A0QcoHE=</latexit>

u < �0.99

<latexit sha1_base64="y6DuVjSAQcyrt8v/l1KnqVsfx6E=">AAACHnicbVDLSgMxFE3qq9ZndekmWAQXWmZE1G6k4MZlLbYV2lKSTNqG5jEkGaUM/Qi3uvFr3Ilb/RvTx0JbL1w4nHMv595DYsGtC4JvmFlaXlldy67nNja3tnd283t1qxNDWY1qoc0DwZYJrljNcSfYQ2wYlkSwBhncjPXGIzOWa3XvhjFrS9xTvMspdp5qJNenQbFU6uwWgmIwKbQIwhkogFlVOnkIW5GmiWTKUYGtbYZB7NopNo5TwUa5VmJZjOkA91jTQ4Uls+10cu8IHXkmQl1tfCuHJuzvjRRLa4eS+EmJXd/Oa2PyP62ZuO5VO+UqThxTdGrUTQRyGo2fRxE3jDox9ABTw/2tiPaxwdT5iP64EKJF5N9Q7IlqKbGK0lZ1lLbGnoSg6iiX86GF8xEtgvpZMbwoXtydF8ons/iy4AAcgmMQgktQBregAmqAggF4Bi/gFb7Bd/gBP6ejGTjb2Qd/Cn79AEeOoHM=</latexit>

u > �0.99

<latexit sha1_base64="icQ5Z6Jvb6I/isg0XtoqU6t1GqU=">AAACG3icbVDLSgMxFE3qu75aXboJFsGFlhmR6kYouHGpYlVoS0kyqQ3NY0gyShnmF9zqxq9xJ25d+Ddm6ixs64ULh3Pu5dx7SCy4dUHwDUtz8wuLS8sr5dW19Y3NSnXr1urEUNaiWmhzT7BlgivWctwJdh8bhiUR7I4Mz3P97pEZy7W6caOYdSV+ULzPKXY5lZwdhr1KLagH40KzICxADRR12atC2Ik0TSRTjgpsbTsMYtdNsXGcCpaVO4llMaZD/MDaHiosme2m42MztOeZCPW18a0cGrN/N1IsrR1J4icldgM7reXkf1o7cf3TbspVnDim6K9RPxHIaZR/jiJuGHVi5AGmhvtbER1gg6nz+Uy4EKJF5N9Q7IlqKbGK0s51lnZyT0LQdVYu+9DC6Yhmwe1RPWzUG1fHteZBEd8y2AG7YB+E4AQ0wQW4BC1AwQA8gxfwCt/gO/yAn7+jJVjsbIOJgl8/w9WftQ==</latexit>

u = �1

<latexit sha1_base64="+izxsKkMdx0YD48w/52dsTCtW/o=">AAACG3icbVDLSgMxFE3qu75aXboJFkFQyoxIdSMU3LhUsSq0pSSZ1IbmMSQZpQzzC25149e4E7cu/BszdRa29cKFwzn3cu49JBbcuiD4hqW5+YXFpeWV8ura+sZmpbp1a3ViKGtRLbS5J9gywRVrOe4Eu48Nw5IIdkeG57l+98iM5VrduFHMuhI/KN7nFLucSs4Owl6lFtSDcaFZEBagBoq67FUh7ESaJpIpRwW2th0Gseum2DhOBcvKncSyGNMhfmBtDxWWzHbT8bEZ2vNMhPra+FYOjdm/GymW1o4k8ZMSu4Gd1nLyP62duP5pN+UqThxT9NeonwjkNMo/RxE3jDox8gBTw/2tiA6wwdT5fCZcCNEi8m8o9kS1lFhFaec6Szu5JyHoOiuXfWjhdESz4PaoHjbqjavjWvOwiG8Z7IBdsA9CcAKa4AJcghagYACewQt4hW/wHX7Az9/REix2tsFEwa8fwGufsw==</latexit>

u = +1

<latexit sha1_base64="JIxnv7RQeTzJgN/fuLwwRTOgapc="></latexit>

�u = ✏�2W 0(u) = 0
<latexit sha1_base64="QJfJ8873abQ2kE6hqXS04BjfNqg=">AAACI3icbVDLSgMxFE181vpqdekmWAQXUmZEqhuhoAuXKlaFTpEkc6vBPIYko5Shv+FWN36NO3Hjwn8xfSyseiBwOOdezs1hmRTOR9EnnpqemZ2bLy2UF5eWV1Yr1bVLZ3LLocWNNPaaUQdSaGh54SVcZxaoYhKu2P3RwL96AOuE0Re+l0FH0VstuoJTH6QkOQbpKcnJIYluKrWoHg1B/pJ4TGpojNObKsZJaniuQHsuqXPtOMp8p6DWCy6hX05yBxnl9/QW2oFqqsB1iuHRfbIVlJR0jQ1PezJUf24UVDnXUyxMKurv3G9vIP7ntXPfPegUQme5B81HQd1cEm/IoAGSCgvcy14glFsRbiX8jlrKfehpIoUxI9PwDQ2P3ChFdVok5/0iGWQyRs775XIoLf5d0V9yuVuPG/XG2V6tuTOur4Q20CbaRjHaR010gk5RC3GUoSf0jF7wK37D7/hjNDqFxzvraAL46xs1+qJ9</latexit>

�u = 0

<latexit sha1_base64="Xnm3njzNxhBTNHUosbDlnWpEGeQ="></latexit>

@⌫u = 2/✏



THEOREM  (Chan-Fernández Real-Figalli-Serra, 2024)

In forthcoming work (with Chan, Fernández Real, and Figalli) we establish the 
stable De Giorgi-type result for free boundary Allen-Cahn in 3D 

Every stable critical point                                 of 
<latexit sha1_base64="Iyn1HGs/VOCvdbi9vT3ddoHqKaI="></latexit>R |ru|2

2 +W (u)dx

for                                   must be of the form                              for some                   

<latexit sha1_base64="6ssh6dvxa+0kI1A4FhSM851BOQo="></latexit>

u : R3 ! (�1, 1)
<latexit sha1_base64="foON1j5E6MC6AcYvouhiSlF3iJE="></latexit>

W (u) = 1(�1,1)(u)
<latexit sha1_base64="ikb0dh7iFSTzvL7GHS6WmLgBgqE="></latexit>

u(x) = �(e · x)
<latexit sha1_base64="zfE8Z8DdAmtlVNfcV9kVU8eZ7Uk=">AAACLHicbVDLSgMxFE181vqqunQTLIKrMlNEXQpuXGq1KnRqSTK3GsxjSDJKGeZb3OrGr3Ej4tbvMK0VfB0IHM65l3tyWCaF81H0gicmp6ZnZitz1fmFxaXl2srqmTO55dDmRhp7wagDKTS0vfASLjILVDEJ5+zmYOif34J1wuhTP8igq+iVFn3BqQ9Sr7ZGIBGaJIr6a8bIyWXRLHu1etSIRiB/STwmdTTGUW8F4yQ1PFegPZfUuU4cZb5bUOsFl1BWk9xBRvkNvYJOoJoqcN1ilL4km0FJSd/Y8LQnI/X7RkGVcwPFwuQwpfvtDcX/vE7u+3vdQugs96D556F+Lok3ZFgFSYUF7uUgEMqtCFkJv6aWch8K+3GFMSPT8A0Nd9woRXVaJK2y+GqtVVarobT4d0V/yVmzEe80do636/vNcX0VtI420BaK0S7aR4foCLURRwN0jx7QI37Cz/gVv32OTuDxzhr6Afz+AR2ipg8=</latexit>

e 2 S2

IF: stable critical point of 

THEN: 
<latexit sha1_base64="NsQmlhuwzv4bLL74m7zpAAmTZ1c="></latexit>

{u = 0}

<latexit sha1_base64="3fxATjSP+49SK9QkRrGwscuqHd4="></latexit>

u✏ : B2 ! (�1, 1)

<latexit sha1_base64="YMKHi576L6ZUHMwM662pPFU1eVs="></latexit>��II{u=0}
��  C

COROLLARY:

and mean 
curvature 
close to 0 

in            (with no assumptions on energy)
<latexit sha1_base64="9ILiwk+WaNQ2GbrpxWzTdcJdz+8="></latexit>

B2 ⇢ R3

<latexit sha1_base64="BpGajNhdnA8wE415gKcTOuibCl4="></latexit>R
B2

✏|ru|2 + 1
✏1(�1,1)(u) dx



Rough idea of the proof

stable critical point of 
<latexit sha1_base64="Iyn1HGs/VOCvdbi9vT3ddoHqKaI="></latexit>R |ru|2

2 +W (u)dx
<latexit sha1_base64="6ssh6dvxa+0kI1A4FhSM851BOQo="></latexit>

u : R3 ! (�1, 1)
<latexit sha1_base64="foON1j5E6MC6AcYvouhiSlF3iJE="></latexit>

W (u) = 1(�1,1)(u)

Stability condition 
(Sternberg-Zumbrun) :

Covering of                      with ‘good’ and ‘bad’ cubes: 
<latexit sha1_base64="t1kMB72lGYtK3NdepQdnFAfgcls=">AAACIHicbVC7TgMxELTDO7wSKGksIiSq6C5FoKCIREMJiCSgXBTZPges+HGyfaDoct9AQQsNn0JFhyjhP+hxEgpeK600mtnV7A5JBLcuCN5gYWZ2bn5hcam4vLK6tl4qb7SsTg1lTaqFNucEWya4Yk3HnWDniWFYEsHaZHA41tvXzFiu1ZkbJqwr8aXifU6x89RFlI3S0UEY5b1SJagGk0J/QfgFKo2NaPfj6TY67pUhjGJNU8mUowJb2wmDxHUzbBynguXFKLUswXSAL1nHQ4Uls91scnGOdjwTo742vpVDE/b7RoaltUNJ/KTE7sr+1sbkf1ondf39bsZVkjqm6NSonwrkNBq/j2JuGHVi6AGmhvtbEb3CBlPnQ/rhQogWsX9DsRuqpcQqzqLTPIvGnoSg07xY9KGFvyP6C1q1aliv1k98ejUwrUWwBbbBLgjBHmiAI3AMmoACCe7APXiAj/AZvsDX6WgBfu1sgh8F3z8BEhKl2w==</latexit>

{|u| < 1}
<latexit sha1_base64="JEUlcNyvV2k0Sj7soP1TOaOtwvI=">AAACJHicbVDLSgMxFE18W5/VpSBBEVyVGRfVpeDGZRWrQmcoSea2BvMYk4xShi79Bre68Rv8CHfiwo0/4E+Yti58HQgczrmXc3NYLoXzUfSGx8YnJqemZ2Yrc/MLi0vL1ZVTZwrLocmNNPacUQdSaGh64SWc5xaoYhLO2OXBwD+7BuuE0Se+l0OqaFeLjuDUBylNupCAp+2EC8vby5tRLRqC/CXxF9ncn386+rhdf2q0qxgnmeGFAu25pM614ij3aUmtF1xCv5IUDnLKL2kXWoFqqsCl5fDqPtkKSkY6xoanPRmq3zdKqpzrKRYmFfUX7rc3EP/zWoXv7KWl0HnhQfNRUKeQxBsyqIBkwgL3shcI5VaEWwm/oJZyH4r6kcKYkVn4hoYbbpSiOiuT436ZDDIZI8f9SiWUFv+u6C853anF9Vr9KLS3g0aYQWtoA22jGO2ifXSIGqiJOLpCd+gePeBH/Ixf8OtodAx/7ayiH8Dvn5X6p7Y=</latexit>

� ⌘�

<latexit sha1_base64="2MQB0JikgTgA9Q8pdbBV6ZfQ+64=">AAACInicbVDLSgMxFE181vqsLgUJiuCqzLhQFy4ENy5bsVrolJJkbjWYx5BklDJ06Se41Y0f4Te4E1eCf+BPmLYurHogcDjnXs7NYZkUzkfRO56YnJqemS3NlecXFpeWVyqr587klkODG2lsk1EHUmhoeOElNDMLVDEJF+z6eOBf3IB1wugz38ugreilFl3BqQ9S6zABTzsJF5Z3VraiajQE+Uvib7J1tPBc/7zbeK51KhgnqeG5Au25pM614ijz7YJaL7iEfjnJHWSUX9NLaAWqqQLXLoY398l2UFLSNTY87clQ/blRUOVcT7Ewqai/cr+9gfif18p996BdCJ3lHjQfBXVzSbwhgwJIKixwL3uBUG5FuJXwK2op96GmsRTGjEzDNzTccqMU1WmRnPaLZJDJGDntl8uhtPh3RX/J+W413qvu1UN7u2iEElpHm2gHxWgfHaETVEMNxJFB9+gBPeIn/IJf8dtodAJ/76yhMeCPL69DprY=</latexit>

< ⌘�
LHS (in cube)

↑
FREE BIDRY----

-
---
mYMino

§ Each ‘bad’ cubes contributes to 
the LHS of the stability, so we can 
bound their number (relatively to 
the energy) 

§ If we can show that in ‘good’ 
cubes the zero-level set and free 
boundaries are approximately 
minimal surfaces, then we can try 
to modify the classical proof of area 
growth for stable minimal surfaces 

<latexit sha1_base64="P9w+Rlv0UgI++wRVkM0XGr6XMt0="></latexit>Z

{|u|<1}\BR(x0)

|D2u|2  C

R2

��{|u| < 1} \B2R(x0)

��



But what could happen inside ‘good’ cubes?

Desired scenario:
§ Curvature of free boundary small
§ Different components of                    

do not interact  

<latexit sha1_base64="t1kMB72lGYtK3NdepQdnFAfgcls=">AAACIHicbVC7TgMxELTDO7wSKGksIiSq6C5FoKCIREMJiCSgXBTZPges+HGyfaDoct9AQQsNn0JFhyjhP+hxEgpeK600mtnV7A5JBLcuCN5gYWZ2bn5hcam4vLK6tl4qb7SsTg1lTaqFNucEWya4Yk3HnWDniWFYEsHaZHA41tvXzFiu1ZkbJqwr8aXifU6x89RFlI3S0UEY5b1SJagGk0J/QfgFKo2NaPfj6TY67pUhjGJNU8mUowJb2wmDxHUzbBynguXFKLUswXSAL1nHQ4Uls91scnGOdjwTo742vpVDE/b7RoaltUNJ/KTE7sr+1sbkf1ondf39bsZVkjqm6NSonwrkNBq/j2JuGHVi6AGmhvtbEb3CBlPnQ/rhQogWsX9DsRuqpcQqzqLTPIvGnoSg07xY9KGFvyP6C1q1aliv1k98ejUwrUWwBbbBLgjBHmiAI3AMmoACCe7APXiAj/AZvsDX6WgBfu1sgh8F3z8BEhKl2w==</latexit>

{|u| < 1}

A priori possible scenario:
§ Highly curved ‘microscopic necks’
§ Different components of                    

do interacting through the necks  

<latexit sha1_base64="t1kMB72lGYtK3NdepQdnFAfgcls=">AAACIHicbVC7TgMxELTDO7wSKGksIiSq6C5FoKCIREMJiCSgXBTZPges+HGyfaDoct9AQQsNn0JFhyjhP+hxEgpeK600mtnV7A5JBLcuCN5gYWZ2bn5hcam4vLK6tl4qb7SsTg1lTaqFNucEWya4Yk3HnWDniWFYEsHaZHA41tvXzFiu1ZkbJqwr8aXifU6x89RFlI3S0UEY5b1SJagGk0J/QfgFKo2NaPfj6TY67pUhjGJNU8mUowJb2wmDxHUzbBynguXFKLUswXSAL1nHQ4Uls91scnGOdjwTo742vpVDE/b7RoaltUNJ/KTE7sr+1sbkf1ondf39bsZVkjqm6NSonwrkNBq/j2JuGHVi6AGmhvtbEb3CBlPnQ/rhQogWsX9DsRuqpcQqzqLTPIvGnoSg07xY9KGFvyP6C1q1aliv1k98ejUwrUWwBbbBLgjBHmiAI3AMmoACCe7APXiAj/AZvsDX6WgBfu1sgh8F3z8BEhKl2w==</latexit>

{|u| < 1}

‘microscopic NECK’

<latexit sha1_base64="oYYZgX3bPzWjt/ehmAuCbDH3LN4="></latexit>Z

{|u|<1}\cube
|D2u|2 < ⌘� ⌧ 1



ILLUSTRATION OF NECK

Matthias Weber ChatGPT4.0



Zooming  in at the neck we discover what are the possible models of necks

<latexit sha1_base64="pMCVZJHDfLNfUG4b8MnwToXOBcw="></latexit>

v%(x) :=
u(%x)� 1

%

We obtain stable solutions of the Alt-Caffarelli problem:

<latexit sha1_base64="vE187PUvulrAVdAVT9WkfnBRCdo="></latexit>

% ⌧ 1

<latexit sha1_base64="zrX7Ul8R3I9lyTjZYjIfaUz3Jp0="></latexit>

v%(x) :=
�u(%x) + 1

%
or

Explicit solutions to the PDE with 
necks can be found even in 2D
They are unstable, but they have 
finite Morse index!

<latexit sha1_base64="Fh/fSphZqSxesOGp/rnbp6rwbIs="></latexit>

v : R3 ! [0,+1)

In 3D, it is easy to conceive two planar  
like free boundaries connected by 
countably many necks with varied 
sizes… and ruling out such scenario 
using stability is hard!



THEOREM  (Chan-Fernández Real-Figalli-Serra, 2024)

In a forthcoming work (with Chan, Fernández Real, and Figalli) we prove that 
stable solutions of Alt-Caffarelli in 3D must have flat free boundaries

Every stable critical point                                 of 

must be of either form:  
<latexit sha1_base64="zfE8Z8DdAmtlVNfcV9kVU8eZ7Uk=">AAACLHicbVDLSgMxFE181vqqunQTLIKrMlNEXQpuXGq1KnRqSTK3GsxjSDJKGeZb3OrGr3Ej4tbvMK0VfB0IHM65l3tyWCaF81H0gicmp6ZnZitz1fmFxaXl2srqmTO55dDmRhp7wagDKTS0vfASLjILVDEJ5+zmYOif34J1wuhTP8igq+iVFn3BqQ9Sr7ZGIBGaJIr6a8bIyWXRLHu1etSIRiB/STwmdTTGUW8F4yQ1PFegPZfUuU4cZb5bUOsFl1BWk9xBRvkNvYJOoJoqcN1ilL4km0FJSd/Y8LQnI/X7RkGVcwPFwuQwpfvtDcX/vE7u+3vdQugs96D556F+Lok3ZFgFSYUF7uUgEMqtCFkJv6aWch8K+3GFMSPT8A0Nd9woRXVaJK2y+GqtVVarobT4d0V/yVmzEe80do636/vNcX0VtI420BaK0S7aR4foCLURRwN0jx7QI37Cz/gVv32OTuDxzhr6Afz+AR2ipg8=</latexit>

e 2 S2

stable critical point of Alt-Caffarelli inCOROLLARY:

<latexit sha1_base64="Fh/fSphZqSxesOGp/rnbp6rwbIs="></latexit>

v : R3 ! [0,+1)
<latexit sha1_base64="GQlisdVdGwe5mx1mflTqm+315VA="></latexit>R
|rv|2 + 1(0,+1)(v) dx

<latexit sha1_base64="Hin6Za2pVVcvPNKUxflSXTdXMQI="></latexit>

v(x) = (e · x� a)+
<latexit sha1_base64="xsbdVvexaHw/jrc5EJg9jhQtsxs="></latexit>

v(x) = (e · x� a)+ + (e · x� b)�
<latexit sha1_base64="QSofcn93VickyJmwljC07vJKMF4=">AAACHXicbVBNSwMxEE38tn5Wj16CRfBUdkWqR8GLxyq2Ct1Skuy0RvOxJFmlLP0PXvXir/EmXsV/Y1p7sK0DA4/3Zngzj2VSOB9F33hufmFxaXlltbS2vrG5tV3eaTqTWw4NbqSxt4w6kEJDwwsv4TazQBWTcMMezof6zSNYJ4y+9v0M2or2tOgKTn2gmjTpAWGd7UpUjUZFZkE8BhU0rnqnjHGSGp4r0J5L6lwrjjLfLqj1gksYlJLcQUb5A+1BK0BNFbh2MTp3QA4Ck5KusaG1JyP270ZBlXN9xcKkov7OTWtD8j+tlfvuabsQOss9aP5r1M0l8YYMfyepsMC97AdAuRXhVsLvqKXch4QmXBgzMg1vaHjiRimq0yK5GhTJ0JMxcjUolUJo8XREs6B5VI1r1drlceXsaBzfCtpD++gQxegEnaELVEcNxNE9ekYv6BW/4Xf8gT9/R+fweGcXTRT++gG+4aDK</latexit>

a � b

<latexit sha1_base64="IkSQwXX+22FXLks54g80XDS1/P0=">AAACHnicbVDLSgMxFE18W1+tLt0Ei+CqzIhUlwU3LmuxVugMJcmkGprHkGSUMvQj3OrGr3EnbvVvzNRZ2NYLFw7n3Mu595BUcOuC4BsuLa+srq1vbFa2tnd296q1/VurM0NZl2qhzR3BlgmuWNdxJ9hdahiWRLAeGV0Weu+RGcu1unHjlMUS3ys+5BQ7T/VwxBWKOoNqPWgE00KLICxBHZTVHtQgjBJNM8mUowJb2w+D1MU5No5TwSaVKLMsxXSE71nfQ4Uls3E+vXeCjj2ToKE2vpVDU/bvRo6ltWNJ/KTE7sHOawX5n9bP3PAizrlKM8cU/TUaZgI5jYrnUcINo06MPcDUcH8rog/YYOp8RDMuhGiR+DcUe6JaSqySPOpM8qjwJAR1JpWKDy2cj2gR3J42wmajeX1Wb52W8W2AQ3AETkAIzkELXIE26AIKRuAZvIBX+Abf4Qf8/B1dguXOAZgp+PUDemKhKw==</latexit>

a 2 R
<latexit sha1_base64="b39wkEQoVkz18x44u82muD1kwzY=">AAACIHicbVDLSgMxFE3qq9ZXq0s3wSK4kDJTpLosuHFZi31Ip5Qkk2owjyHJKGXoV7jVjV/jTlzq15g+Ftp64cLhnHs59x6SCG5dEHzB3Mrq2vpGfrOwtb2zu1cs7betTg1lLaqFNl2CLRNcsZbjTrBuYhiWRLAOebic6J1HZizX6saNEtaX+E7xIafYeeoWn5KIKxQ1B8VyUAmmhZZBOAdlMK/GoARhFGuaSqYcFdjaXhgkrp9h4zgVbFyIUssSTB/wHet5qLBktp9NLx6jY8/EaKiNb+XQlP29kWFp7UgSPymxu7eL2oT8T+ulbnjRz7hKUscUnRkNU4GcRpP3UcwNo06MPMDUcH8rovfYYOp8SH9cCNEi9m8o9kS1lFjFWdQcZ9HEkxDUHBcKPrRwMaJl0K5Wwlqldn1Wrlfn8eXBITgCJyAE56AOrkADtAAFEjyDF/AK3+A7/ICfs9EcnO8cgD8Fv38Aus2hzQ==</latexit>

a, b 2 R

<latexit sha1_base64="ujzxVuM/9Xl5lAryMMojh0PgCRs="></latexit>

v : B2 ! [0,+1)
<latexit sha1_base64="9ILiwk+WaNQ2GbrpxWzTdcJdz+8="></latexit>

B2 ⇢ R3IF: 

THEN:  dimensional curvature estimates in  

<latexit sha1_base64="GgrtBaazBuqBUBEphBKh5KL8mMc="></latexit>

@{v > 0}

<latexit sha1_base64="n8ylqKKRJJtkA4CchRlyBa4R+8k="></latexit>��II@{v>0}
��  C

<latexit sha1_base64="Megv/fYrJH+/z1NTfLuDCbHRn2E=">AAACKnicbVC7TsMwFLXLq5RXCyOLRYXEVCUMhQkqsTACog+pqSrHccDCj8h2WlVRPoUVFr6GDbGy8Bc4LQNtOZLlo3Pv1bn3hAlnxnreByytrK6tb5Q3K1vbO7t71dp+x6hUE9omiivdC7GhnEnatsxy2ks0xSLktBs+XRX17ohqw5S8t5OEDgR+kCxmBFsnDau1IFQ8MhPhvmx04eWVYbXuNbwp0DLxf0n98jue4mZYgzCIFEkFlZZwbEzf9xI7yLC2jHCaV4LU0ASTJ/xA+45KLKgZZNPdc3TslAjFSrsnLZqqfycyLEyxnusU2D6axVoh/lfrpzY+H2RMJqmlksyM4pQjq1ARBIqYpsTyiSOYaOZ2ReQRa0ysi2vOJSwicmdIOiZKCCyjLLjLs6DwDEN0l1eK0PzFiJZJ57ThNxvNW6/eOgUzlMEhOAInwAdnoAWuwQ1oAwLG4Bm8gFf4Bt/hB/yctZbg78wBmAP8+gEDiKlf</latexit>

v > 0

<latexit sha1_base64="ddV7oUNtepjV+0Bf2MWvmTY57hE="></latexit>

v = 0

<latexit sha1_base64="zfE8Z8DdAmtlVNfcV9kVU8eZ7Uk=">AAACLHicbVDLSgMxFE181vqqunQTLIKrMlNEXQpuXGq1KnRqSTK3GsxjSDJKGeZb3OrGr3Ej4tbvMK0VfB0IHM65l3tyWCaF81H0gicmp6ZnZitz1fmFxaXl2srqmTO55dDmRhp7wagDKTS0vfASLjILVDEJ5+zmYOif34J1wuhTP8igq+iVFn3BqQ9Sr7ZGIBGaJIr6a8bIyWXRLHu1etSIRiB/STwmdTTGUW8F4yQ1PFegPZfUuU4cZb5bUOsFl1BWk9xBRvkNvYJOoJoqcN1ilL4km0FJSd/Y8LQnI/X7RkGVcwPFwuQwpfvtDcX/vE7u+3vdQugs96D556F+Lok3ZFgFSYUF7uUgEMqtCFkJv6aWch8K+3GFMSPT8A0Nd9woRXVaJK2y+GqtVVarobT4d0V/yVmzEe80do636/vNcX0VtI420BaK0S7aR4foCLURRwN0jx7QI37Cz/gVv32OTuDxzhr6Afz+AR2ipg8=</latexit>

e 2 S2

<latexit sha1_base64="WqGlD8kJx6pUdy374SASqlDMLUU=">AAACGnicbVC7TgJBFJ3xgYgv0NJmIjGxIrsUaEm0scQHSgKEzMwOOGEem5lZDdnwCRY22Nj7H3Zqa2P8GYdHoehNbnJyzr059x4SC25dEHzChcWl5cxKdjW3tr6xuZUvbF9ZnRjK6lQLbRoEWya4YnXHnWCN2DAsiWDXpH8y1q9vmbFcq0s3iFlb4p7iXU6x89TFcSfs5ItBKZgU+gvCGShWM2dfb6OH51qnAGEr0jSRTDkqsLXNMIhdO8XGcSrYMNdKLIsx7eMea3qosGS2nU5uHaJ9z0Soq41v5dCE/bmRYmntQBI/KbG7sfPamPxPayaue9ROuYoTxxSdGnUTgZxG48dRxA2jTgw8wNRwfyuiN9hg6nw8v1wI0SLybyh2R7WUWEVp63yYtsaehKDzYS7nQwvnI/oLrsqlsFKqnPn0ymBaWbAL9sABCMEhqIJTUAN1QEEP3IMReIRP8AW+wvfp6AKc7eyAXwU/vgFjHKN5</latexit>

B1



Thank you for your attention 


