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Motivation

Numerics for non-smooth phenomena
in nonlinear dispersive PDEs (and beyond) ?

Talbot effect (dispersive quantisation)

0

1

2

blue: exact solution, red: numerical (Strang splitting)
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Model problem: Korteweg–de Vries equation

∂tu(t, x) + ∂3
xu(t, x) +

1

2
∂xu

2(t, x) = 0

◦ Splitting methods:

(S1) ∂tu+ ∂3
xu = 0 (S2) ∂tu+

1

2
∂xu

2 = 0

Numerical approximation: u(0) 7→ u1 (Strang)

u1 = ϕ
τ/2
S1 ◦ ϕτS2 ◦ ϕ

τ/2
S1 (u(0))|

Theorem (global error): [Holden, Karlsen, Risebro, Tao ’12]

‖u(tn)− un‖H1 ≤ c(tn)τ2‖u‖L∞
tn
H6

Assumptions:

◦ Burger eq is solved exactly

◦ smooth solutions, e.g., u ∈ L∞tnH6
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The Korteweg–de Vries equation

∂tu(t, x) + ∂3
xu(t, x) +

1

2
∂xu

2(t, x) = 0

◦ Exponential integrators:

u(t) = e−t∂
3
xu(0)− 1

2
e−t∂

3
x∂x

∫ t

0
es∂

3
xu2(s)ds

= e−t∂
3
xu(0)− 1

2
e−t∂

3
x∂x

∫ t

0
es∂

3
xds

(
u2(0)

)
+O

(
t2∂x∂tu

)

Numerical approximation: u(0) 7→ u1

u1 = e−τ∂
3
xu(0)− 1

2
τe−τ∂

3
x∂xϕ1(τ∂3

x)
(
u2(0)

)
, ϕ1(z) =

ez − 1

z

• Requires smooth solutions
• Error analysis difficult (at least for me): discrete Bourgain spaces
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The problem with classical methods

Structure of KdV solution: (Duhamel’s formula)

u(t) = e−t∂
3
xu(0)− 1

2
e−t∂

3
x∂x

∫ t

0
es∂

3
x
(
u2(s)

)
dshalllllloooo(KdV flow)

u(t) = e�t@3
xu(0) � 1

2
e�t@3

x@x

Z t

0
es@3

x

⇣
e�s@3

xu(0)
⌘

2ds +

Z t

0

Z s

0
. . .

v

0 / 1

Classical methods linearise frequency interactions (here f(u) = u2)

(splitting) es∂
3
xf
(

e−s∂
3
xv
)
≈ f (v) (splitting)

(exponential) es∂
3
xf
(

e−s∂
3
xv
)
≈ f (v)
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Numerical experiment for ‘non-smooth’ data (Schrödinger with H1 data)

10-2 10-1
10-5

10-4

10-3

10-2

Classical order (dashed lines) : one and two
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Nonlinear idea : KdV solution with periodic b.c.

u(t) = e�t@3
xu(0) � 1

2
e�t@3

x@x

Z t

0
es@3

x

⇣
e�s@3

xu(0)
⌘

2ds +

Z t

0

Z s

0
. . .

v

0 / 1

Resonances as a computational tool:

OscKdV(v, t) = ∂x

∫ t

0
es∂

3
x

(
e−s∂

3
xv
)

2ds =
∑

k+`=m

v̂kv̂`e
imxim

∫ t

0
eisR(k,`)ds

R(k, `) = −m3 + k3 + `3 = −3k`m (factorisation of frequencies)

I integrate R(k, `) exactly + map back to physical space (numerics !)

Scheme:

un 7→ un+1 = e−τ∂
3
x un − 1

6

[
∂−1
x

(
e−τ∂

3
xun
)2
− e−τ∂

3
x∂−1
x (un)2

]
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0
eisR(k,`)ds

R(k, `) = −m3 + k3 + `3 = −3k`m (factorisation of frequencies)

I integrate R(k, `) exactly + map back to physical space (numerics !)

Comparison with classical methods:

Splitting method: R(k, `) ≈ 0 for all k, ` ∈ Z
Exponential integrator: R(k, `) ≈ (k + `)3 for all k, ` ∈ Z

8 / 20

katharina schratz



Nonlinear idea (for KdV)

0

4

0

4

0

4

Fig.: simulation of solitary wave solution (orange):
∗ classical method, - - resonance based approach
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What about a general class of (dispersive) eqs?

Dispersive PDE ∂tu− iL(∇, 1
ε )u = f

(
u
)

+ i.c. and b.c.

Classical methods: linearise frequency interactions, e.g.,

(splitting) e−iξLf
(

eiξLv
)
≈ f (v)

(exponential) e−iξLf
(

eiξLv
)
≈ f (v)

Nonlinear improvement:

e�i⇠Lf
⇣

ei⇠Lv
⌘

=
h
ei⇠L(r, 1

"
)dominantfdom(v)

i
fnon-oscillatory(v) + l.o.t.

1 / 1

Key: Choice of Ldominant?

Resonances as a
computational tool

LAHACODE’s overall ambition is to
establish and analyse a novel class of schemes at low regularity

Key to a reliable description of PDEs: bridge analysis and numerics

time
2000 2300 2600

lo
g
1
0
o
f
th
e
a
ct
io
n
s

-10

-8

-6

-4

-2

0

2

lo
g 

of
 |F

ou
rie

r m
od

es
|

time

lo
g 

of
 |F

ou
rie

r c
oe

ffi
ci

en
ts

|
lo

g 
|F

ou
rie

r c
oe

ffi
ci

en
ts

|

   time

lo
g|

Fo
ur

ie
r c

oe
ffi

ci
en

ts
|

time

How and to what extent can we reproduce
the qualitative behaviour of nonlinear
PDEs in a finite (discretized) world?

LAHACODE method:
Resonances as a computational tool

Equation (L, f) Resonancesa R(k)
P

(classical numerics) (LAHACODE method)

NLS i@tu + �u = |u|2u �2k2 + 2k(` + m) + 2`m

KdV @tu + @3
xu = @x(u2) 3k`(k + `)

KG "2@2
t u ��u + "�2u = |u|2u P

�=±2,4 eit� 1
"2 u�

non-oscillatory

aPDEs (Bourgain, Tao), rough paths (Gubinelli, Hairer), BVPs (Fokas), etc.

13 / 13
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Key: Choice of Ldominant?
Resonances as a

computational tool

Example: cubic NLS i∂tu = −∆u+ |u|2u with x ∈ Td
∫ t

0
e−iξ∆f

(
eiξ∆v

)
dξ =

∑

k=k1−k2+k3∈Zd
v̂k1 v̂k2 v̂k3e

ikx

·
∫ t

0
ei(k

2−k21+k22−k23)ξdξ

Q: Dominant part in R(k1, k2, k3) = 2k2
2 + 2k1k3− 2k2(k1 +k3) ?

11 / 20
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What about a general class of (dispersive) eqs?
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Key: Choice of Ldominant?
Resonances as a

computational tool

Example: cubic NLS i∂tu = −∆u+ |u|2u with x ∈ Td
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Numerical example: Talbot effect

Cubic Schrödinger equation with step function initial value

For times t = πQ : We observe quantisation

Analysis for linear dispersive eqs: K. Oskolkov, P. Olver, . . .
for 1d, periodic cubic Schrödinger eq: M.B. Erdogan, N. Tzirakis
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A lot of Questions

Bottleneck of resonances as a computational toolLAHACODE - The bottleneck of ‘Resonances as a computational tool’?

LAHACODE’s overall ambition is to
establish and analyse a novel class of schemes at low regularity

Key to a reliable description of PDEs: bridge analysis and numerics
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How and to what extent can we reproduce
the qualitative behaviour of nonlinear
PDEs in a finite (discretized) world?

LAHACODE method:
Resonances as a computational tool

Equation (L, f) Resonancesa R(k)
P

(classical numerics) (LAHACODE method)

NLS i@tu + �u = |u|2u �2k2 + 2k(� + m) + 2�m

KdV @tu + @3
xu = @x(u2) 3k�(k + �)

KG "2@2
t u ��u + "�2u = |u|2u P

�=±2,4 eit� 1
�2 u�

non-oscillatory

aPDEs (Bourgain, Tao), rough paths (Gubinelli, Hairer), BVPs (Fokas), etc.
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NLS: A. Ostermann, K.S; Found. Comput. Math. (18’)
M. Knöller, A. Ostermann, K.S; SIAM J. Numer. Anal. (19’)
M. Knöller, M. Hofmanova, K.S; to appear IMA J. Numer. Anal.

KdV: M. Hofmanova, K.S; Numer. Math. (17’)
KG: S. Baumstark, E. Faou, K.S; Math. Comp. (18’)
Z: S. Herr, K.S; IMA J. Numer. Anal. (17’)
KGZ: S. Baumstark, K.S; SIAM J. Numer. Anal. (18’)

As in wellposedness analysis ‘Each equation is a new challenge’
Fundamental question: Can we find an overarching algorithm?

14 / 16

Q1 : Can we find an overarching algorithm ?

Q2 : Error estimates at low regularity ?

Q3 : More general class of equations ?

Q4 : Structure preservation, long time scales, . . . ?

13 / 20



Part 1 : Overarching algorithm

[Bruned–S, Forum of Mathematics Pi ’22]

E������� ��

= B̄2(D1(T1)) + B̄2(1)Ar(D̂(1,0)(T1)) + B̄2(X)Ar(D̂(1,1)(T1))

B̄2(D1(T1)) � B̄2(1)Ār(D̂(1,0)(T1)) + B̄2(X)Ār(D̂(1,1)(T1))

Then the only non-zero term is

Ār(D̂(1,1)(T1)) = 1

We want to approximate the next iterated integrals

I2(v3, v2, ⇠) =

Z ⇠

0
e�i⇠1�
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ei⇠1�v

⌘⇣
e�i⇠1�v
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ei⇠1�I1(v2, v, ⇠1)

⌘i
d⇠1

I3(v3, v2, ⇠) =

Z ⇠

0
e�i⇠1�

⇣
ei⇠1�v

⌘2⇣
e�i⇠1�I1(v2, v, ⇠1)

⌘�
d⇠1.

(�.�)

The Fourier coe�cient of these iterated integral can be described using the following
decorated trees:

T2 =

k1

k2 k4

k3

k5

, T3 =

k1

k2 k4

k3

k5

, T 1
2 =

k1

k
k5

T 2
2 =

k2

k3
k4

,

�Dr(T2) = Dr(T2) ⌦ 1 +
X

mr

Xm

m!
⌦ D̂(r,m)(T2) + T 2

1 ⌦ T 2
2 ,

where k = �k2 + k3 + k4.

�T3 = T3 ⌦ 1 + 1 ⌦ T3 +

k1
k̄

k5

⌦
k2

k3
k4

,

where k̄ = k2 � k3 � k4.
Then, by definition,

R(T2) = (�k1 � k2 + k3 + k4 + k5)2 + k2
1 + k2

2 � k2
3 � k2

4 � k2
5,

Rdom(T2) = 2k2
1 + 2k2

2

R(T3) = (k1 + k2 � k3 � k4 + k5)2 � k2
1 � k2

2 + k2
3 + k2

4 � k2
5,

Rdom(T3) = 2k2
3 + 2k2

4.

Now, we focus on T2 for the next computations.

I2(v3, v2, ⇠) =

Z ⌧

0
e�i⇠�

���ei⇠�v
���
2
ei⇠�I1(v2, v, ⇠)

�
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=
X

�k1+(�k2+k3+k4)+k5=k

v̂k1 v̂k2 v̂k3 v̂k4 v̂k5(⇧T2)(⌧ ) eik⌧

(⇧T2)(⌧ ) =

Z ⌧

0
ei⇠(k2+k2

1�k2
5�(�k2+k3+k4)2)

Z ⇠

0
eiRdom(T1)⇠1eiRlow(T1)⇠1d⇠1d⇠

(�.�)

Framework for periodic dispersive pdes

∂tu+ iL
(
∇, 1

ε

)
= f(u)

via decorated trees

E������� ��

The first term of interest is given by:

I1(v2, s) =

Z s

0
e�s1@3

x@x(es1@3
xv)2ds1.

One can associate the following decorated tree

T1 =

k1 k2

, �2T1 = T1 ⌦ 1 + 1 ⌦ T1

In the previous representation, we only show the leaves decorations k1 and k2. The
decorations of the inner nodes comes from (�.�). Then, by definition,

R(T1) = (k1 + k2)3 � k3
1 � k3

2, Rdom(T1) = 3(k1 + k2)k1k2, Rlow(T1) = 0.

The next term is

I2(v3, s) =

Z s

0
e�s1@3

x@x

✓
es1@3

xves1@3
x

Z s1

0
es2@3

x@x(es2@3
xv)2ds2

◆
ds1.

One can associate the following tree

T2 =

k1 k2

k3

, �2T2 = T2 ⌦ 1 + 1 ⌦ T2 +

k1 k2

⌦
k k3

where k = k1 + k2. Then, by definition we get

R(T2) = (k1 + k2 + k3)3 � k3
1 � k3

2 � k3
3,

Rdom(T2) = 3(k1 + k2)(k1 + k3)(k2 + k3), Rlow(T2) = 3k1k2k3.

�.� Nonlinear Schrödinger
We consider the cubic nonlinear Schrödinger equation

i@tu + �u = |u|2u (�.�)

with Duhamel formula

u(⌧ ) = ei⌧�u(0) � iei⌧�

Z ⌧

0
e�i⇠�

�
|u(⇠)|2u(⇠)

�
d⇠. (�.�)

Here L = {t1, t2}, Pt1 = �X2 and Pt2 = X2 . Then, we denoted by an edge
decorated by (t1, 0), an edge denoted by (t1, 1) by an edge decorated by (t2, 0)
and by an edge decorated by (t2, 1). The rules that generate the trees obtained by
iterating the Duhamel formulation are given by:

R( ) = R( ) = {( , , )} , R( ) = {( ), ()} , R( ) = {( ), ()}

Difficulty: control of frequency interactions

u(t) = eitLu0 + eitL
∫ t

0
e−iξ1Lf(eiξ1Lu0)dξ1

+ eitL
∫ t

0
e−iξ1L

[
f ′(eiξ1Lu0)eiξ1L

∫ ξ1

0
e−iξ2Lf(eiξ2Lu0)dξ2

]
dξ1 + . . .

Idea (tree series): ûk(t) =
∑

T∈Vpk

Υf (T )

S(T )
(IpT )(t, u0) +O(tp+1)

(Ip = It,ξ1,..,ξp integral operator, T trees with leaf decoration k`)
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Then the only non-zero term is
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Then, by definition,

R(T2) = (�k1 � k2 + k3 + k4 + k5)2 + k2
1 + k2

2 � k2
3 � k2

4 � k2
5,

Rdom(T2) = 2k2
1 + 2k2

2

R(T3) = (k1 + k2 � k3 � k4 + k5)2 � k2
1 � k2

2 + k2
3 + k2

4 � k2
5,

Rdom(T3) = 2k2
3 + 2k2

4.

Now, we focus on T2 for the next computations.

I2(v3, v2, ⇠) =

Z ⌧

0
e�i⇠�

���ei⇠�v
���
2
ei⇠�I1(v2, v, ⇠)

�
d⇠

=
X

�k1+(�k2+k3+k4)+k5=k

v̂k1 v̂k2 v̂k3 v̂k4 v̂k5(⇧T2)(⌧ ) eik⌧

(⇧T2)(⌧ ) =

Z ⌧

0
ei⇠(k2+k2

1�k2
5�(�k2+k3+k4)2)

Z ⇠

0
eiRdom(T1)⇠1eiRlow(T1)⇠1d⇠1d⇠

(�.�)

Framework for periodic dispersive pdes

∂tu+ iL
(
∇, 1

ε

)
= f(u)

via decorated trees

E������� ��

The first term of interest is given by:

I1(v2, s) =

Z s

0
e�s1@3

x@x(es1@3
xv)2ds1.

One can associate the following decorated tree

T1 =

k1 k2

, �2T1 = T1 ⌦ 1 + 1 ⌦ T1

In the previous representation, we only show the leaves decorations k1 and k2. The
decorations of the inner nodes comes from (�.�). Then, by definition,

R(T1) = (k1 + k2)3 � k3
1 � k3

2, Rdom(T1) = 3(k1 + k2)k1k2, Rlow(T1) = 0.

The next term is

I2(v3, s) =

Z s

0
e�s1@3

x@x

✓
es1@3

xves1@3
x

Z s1

0
es2@3

x@x(es2@3
xv)2ds2

◆
ds1.

One can associate the following tree

T2 =

k1 k2

k3

, �2T2 = T2 ⌦ 1 + 1 ⌦ T2 +

k1 k2

⌦
k k3

where k = k1 + k2. Then, by definition we get

R(T2) = (k1 + k2 + k3)3 � k3
1 � k3

2 � k3
3,

Rdom(T2) = 3(k1 + k2)(k1 + k3)(k2 + k3), Rlow(T2) = 3k1k2k3.

�.� Nonlinear Schrödinger
We consider the cubic nonlinear Schrödinger equation

i@tu + �u = |u|2u (�.�)

with Duhamel formula

u(⌧ ) = ei⌧�u(0) � iei⌧�

Z ⌧

0
e�i⇠�

�
|u(⇠)|2u(⇠)

�
d⇠. (�.�)

Here L = {t1, t2}, Pt1 = �X2 and Pt2 = X2 . Then, we denoted by an edge
decorated by (t1, 0), an edge denoted by (t1, 1) by an edge decorated by (t2, 0)
and by an edge decorated by (t2, 1). The rules that generate the trees obtained by
iterating the Duhamel formulation are given by:

R( ) = R( ) = {( , , )} , R( ) = {( ), ()} , R( ) = {( ), ()}

Difficulty: control of frequency interactions

u(t) = eitLu0 + eitL
∫ t

0
e−iξ1Lf(eiξ1Lu0)dξ1

+ eitL
∫ t

0
e−iξ1L

[
f ′(eiξ1Lu0)eiξ1L

∫ ξ1

0
e−iξ2Lf(eiξ2Lu0)dξ2

]
dξ1 + . . .

Idea (tree series): ûk(t) =
∑

T∈Vpk

Υf (T )

S(T )
(IpT )(t, u0) +O(tp+1)

(Ip = It,ξ1,..,ξp integral operator, T trees with leaf decoration k`)
14 / 20



Part 1 : Overarching algorithm

[Bruned–S, Forum of Mathematics Pi ’22]
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T∈Vpk

Υf (T )

S(T )
(IpT )(t, u(0)) +O(tp+1)

Discretisation operator Ip ≈ Id
p (in spirit of resonance approach)

I(d)
p =

(
Î(d)
p ⊗A(d)

p

)
∆ (Birkhoff-type factorisation)

structure close to SPDEs with Regularity Structures [M. Hairer 2014]
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Part 2 : Sharp error estimates in low regularity spaces
[Ostermann–Rousset–S, JEMS, FoCM ’22]

Continuous level: Strichartz estimates (Ginibre–Velo, Keel–Tao)

‖eit∆v‖LptLqx(Rd) ≤ cd,q,p‖v‖L2
x(Rd) 2≤p,q≤∞, 2

p+ dq=
d
2 , (p,q,d)6=(2,∞,2)

Finite dimensional (discrete) counterpart ?

Ignat–Zuazua: L2 error estimates for cubic NLS: u ∈ H2(Rd), d ≤ 3

Theorem (Ostermann–Rousset–S): For every (p, q) admissible (p > 2) ∃
C > 0 s.t. for K = τ−α/2 with ‖F‖lpτLq =

(
τ
∑
k∈Z ‖Fk‖

p
Lq

)1/p and α ≥ 1
∥∥eitn∆ΠKv

∥∥
lpτL

q
x(Rd)

≤ cd,q,pτp(1−α)‖v‖L2
x(Rd) (discrete tn = nτ)

L2 error estimates for u ∈ Hσ, σ > 0 (u
p→ uΠK

tn→ unΠK )

‖u(tn)− unΠK‖L2(Rd) ≤ τ δc(T, ‖u‖Hσ(Rd)), δ = δ(d, σ, α)

(T, T2: discrete Bourgain ‖ΠKun‖l4τL4(T) .
(
Kτ1/2

)1/2 ‖un‖
X

0, 38
τ

)
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Part 3 : Non periodic b.c., general class of equations
[Rousset–S, Li–Ma–S, SIAM J. Numer. Anal. ’21, ’22]

Model problem:

∂tu+ Lu = f(u, u) (t, x) ∈ R × Ω ⊂ Rd

• L generates contractive C0 semigroup on X
• −L+ L generates unitary group on X
• f(u, u) = B (F (u) ·G(u)), F, G : C→ CJ smooth, B linear

Ex.: NLS, Ginzburg-Landau, (half-)wave, Navier–Stokes, etc.

Resonance based approach:

u`+1 = eτL
(
u` + τB

(
F (u`) · ϕ1

(
τ(−L+ L)

)
G(u`)

))

Convergence∗ : ‖u(tn)− un‖X ≤ cτ if ‖C[f,L](u, u)‖L∞t≤tnX <∞
C[f,L](v, w) = −Lf(v, w) +D1f(v, w) · Lv +D2f(v, w) · Lw
∗improves classical convergence results (if L satisfies Leibniz rule)
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Part 4: What about structure preservation, long time scales, etc. ?

Problem: numerical resonances (= purely discrete artifact) trigger non-
physical energy shift from low to high modes (even for C∞ data)

Example: cubic NLS on T i∂tu = −∂2
xu+ |u|2u with small C∞ data

Splitting method:

time
2000 2300 2600

lo
g 1

0
of

th
e
ac
ti
on

s

-10

-8

-6

-4

-2

0

2

time
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lo
g 1

0
of

th
e
ac
ti
on

s

-10

-8

-6

-4

-2

0

2

non-resonant > resonant
(∆t = 0.315) (∆t = 0.1× π ≈ 0.314159)
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Part 4: What about structure preservation, long time scales, etc. ?
. . . gets even worse for rough data !

Example: cubic NLS on T with O(1) rough data

[Alama Bronsard–Bruned–Maierhofer–Schratz, arXiv:2305.16737]
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Still a lot of open Questions

Q1 : Structure preservation for rough data?

Q2 : Non-smooth phenomena on long time scales
(e.g., blow up, growth of Sobolev norms, wave turbulence, . . . ) ?

How far can we actually go at the discrete level :
down with regularity and up in time scales ?

haaaaaaooo

time
2000 2300 2600

lo
g 1

0
of

th
e
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on

s

-10
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0

2

1

t = 0
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