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Part Ill: Monotonicity and Continuity

We present two more recent results which are joint with W. Chan
and N. Trang.

Suppose k — (k)* where A < k. We let i be the measure on
[K] = {f: A — « of the correct type } defined by:

wl(A) = 1 iff there is a c.u.b.C C k such that [«]! C A

Theorem (Chan, J, Trang)

Suppose k — (k)*. Then the measure ! is monotonic. That is if
®: [k]* — On then there is a c.u.b. C C « such that if f,g € [C]?
and f(a) < g(a) for all @ < A, then ®(f) < d(g).
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As a corollary we have the following.

Definition

We say a measure yp on § is monotonic if for all f: § — On, there is
a u measure one set A C ¢ such that f I A in monotonically
increasing.

If « — (x)* and v is a measure on A, we let W(v), if 1 < «, or S(v),
if 1 = «, denote the measure on j, (k) be the measure induced by
! and the measure v.

Corollary

If «x — «* and v is a measure on 4, then the measure W(v) or S(v)
on j,(x) is monotonic.
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We consider the case 1 = «.

Lemma

If ®: [k]$ — On then there is a c.u.b. C C « such that if f, g € [C]¥
and for all @ < k we have:

1. f(a@) < g(a)

2. g(a) # supg., f(B) for all limit g < «.

3. f(a) # supg, 9(B) for all limit g < «.
then ®(f) < ®(g).
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Fix 7: k — « increasing, discontinuous, with range in the additively
indecomposable ordinals. We use functions of “indecomposable
type 77

For h € [«]%, let main(h)(@) = h(Z(a)). Note that main(h) is also
of the correct type.

P: partition h € [«]X according to whether

Vp € [h[«]]; ®(main(h)) < ®(main(p))

By wellfoundedness, on the homogeneous side of the partition the
stated property holds. Fix Co homogeneous for £ and let Cy € Cy
be the closure points of Cp.
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Fix f, g € [C1]¥ satisfying (1)-(3), and we show that ®(f) < ®(g).

We define two functions h, p with h € [Col%, p € [h[K]]%,
main(h) = f, and main(p) = g.

Let o3 be least so that g(os) > f(8). So o < B+ 1.

Proceeding inductively on « we assume:

» ForallB<a, h ! (Z(B)-+ 1) has been defined (of correct
type) and h(Z(8)) = f(B).

» Forallg<a,foralln <og, p ! (Z(n)+ 1) has been defined
and p(Z(n)) = g(n).
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> g = SUpPg., 0 < Q.

> A={B: supfla<g(B)<f(a),ot(A)=~¢

> If A #0then < a.

» supf I @ < g(ty) and sup(A) < f(a) from our assumptions.
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Let

do=sup{Z(B)+1: B<a}
o =sup{Z(B) +1: B <o}

So we have defined h | 6g, p | 79, andsuph | 6o =supf | «,
supp [ 7o =supg [ ta-

Forv < ¢, set:

8, = sup{do + L (ta + 1) +1: 17 <V}
€ =00+ I(tg +v) =06y + I(ta +v)

7, =sup{to+ L (ta + 1) +1: np < v}
=10+ IL(ta +v) =7, 4+ I(ta +v)
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Assume h | 6,, p | 7, have been defined and
suph 6, =supp I 7y =supg [ (ta + V).

t ™

supg [ to g(La) g(La/ I V) 9(oe)

For B8 < I(te + v), define:

h(6, +B) = p(t, +B) = nextg(')(ﬁ+1)(sup h 1 6v)
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This defines h | ¢,, p | uy,, and we then set

h(e) = p(uy) = 9(ta + ).

Lets =supfe, +1: v <&l v =sup{u, +1: v < &)
So, h ' 6, p | 7 have been defined and

suph [ 6 =supp I T =supg I (ta +&).

» Notethat7 <6 <o +sup(Z [ @)+ 1<d+ I(a) =I(a).
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supg ! ta g()  g(oa)
Let £ = min(x \ A) = 1, + &. We could have g(¢) > f(a) or
g(t) = f(a).
If g(¢) > f(e), setfor < I(a): h(s + ) = nexte(suph 1 )
and set h(Z(a)) = f(a).
If g(¢) = f(a) and € = a, set for B < I(a),
h(é6 + B) = ne wU}H)(suph 1 6),

p(t+pB) = nextco(ﬁ+1)(supp M),
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If g(¢) = f(a) and ¢ < «, set for B < I(¢),
h(s+B) = nexts " D(suph 1 5),

p(r+p) = next‘é;,(ﬁ“)(supp M 7),

and for B < I'(a) set

h(s+ I(6) +B) = next ¥ (sup h 1 1(0)),
as shown.

Set h(Z(a)) = f(a), p(Z(£)) = 9(£) = f(a).
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General Case

We now consider the general case, without the restrictions on f
and g.

Let Co be homogeneous for the previous restricted version, and C4
the closure points of Cp.

Fix f, g € [C1]§ with f(a) < g(a) for all @ < .

> We first lower g to get k with f < k < g and such that (k, g)
satisfies the assumptions and (f, k) satisfies k() is not of the
form sup f | g for limit 3.

» We then define h with f < h < k where (h, k) and (f, h) satisfy
the assumptions.
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Definition of k:
Let (s, ve) enumerate the pairs with g(n:) = sup f | v.
If @ is not of the form 7, let k(@) = g(«).

supf [ ue  flug) flue+1) supf ve  f(ve)

k(1)

supg [ me 9(n¢)

We have 17 < pe <pe +1 < ve.
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Definition of h:

Let (¢, ve) enumerate the pairs with f(v:) = supk | 7.

supf I vg f(ve)

h(ue) suph I e

-

supk | ug k() supk [ ne k()

*

Ue is least so that k(uz) > sup f [ ve.
He < Mg < Ve
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Continuity and Application

Theorem (Chan, J, Trang)

Suppose € < k, cof(€) = w, and k — (k)€€. Then for any

®: [k]¢ — On, there is a c.u.b. C C x and a § < € such that if
f,ge[Cléwithf I 6 =g | 6 andsup(f) = sup(g), then

o(f) = &(g)-

We have the following application.

Theorem (CJT)

Suppose k — (k)<*. Then for all A < k, there does not exist an
injection of k<~ into *On.
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We prove the application from the theorem.
Proof: Suppose ®: k< — On is injective.

For each y < 1and e < «, ® induces ®5: [«]{ — On by

®3(f) = (f)(v)

By the Theorem, Yy < A Ve <« AC C k36 < e for all f, g € [C]S, if
supf=supgandf|d=gd,then & (f) = d5(g).

Let 6; < € be the least such 6.
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For each y < 4, let 6, < « be such that for almost all € of cofinality
w, we have 5; =0,.

Let 6" = sup,, 6y < k.
For each y < 4, there is an w-club in « of € such that &, = 6, < 6"

By additivity of the club filter, we may fix an €* < « so that for all
y<a,65 <5

So, for all y < A there is a club C C « such that for all f,g € [C]¢
with supf =supgand f | 6* = g I §* we have ®(f)(y) = ®(g)(y).

We need a variation of the additivity argument.
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If we find a c.u.b. C C « that works for all v < 4, then we have a
contradiction:

Consider f,g € [C]¢ withsupf=supg, f | 6* = g | 6* and with
f#g.

Additivity argument.

Forally <A, V*fe[«]S ifg | 6" =f | 6*,and g C f, then

®(9)(y) = ®(9)(»)-

By the additivity of the function space measure, there is a c.u.b.

C CksuchthatVy <AVfe[C]S ifg 6" =f16* and gC f, then
O(f)(y) = *(9)(7)-

This c.u.b. C C kworks. If f,g e [C]S, f | 6* =g | 6, and

sup(f) = sup(g), then there is an h € [C]¢ with h | 6" = f,g | &%,
andwith fC h, gC h.
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Proof of continuity

We first prove the following consequence of continuity.

Definition
We say f,g: € — « are Eg-equivalent if Ja¥p > a f(B8) = g(B).

Theorem

Assume k — k=*. Let € < k with cof(k) = w. Let ®: []¢ — On be
Eo-invariant. Then there is a c.u.b. C C « such that if f, g € [C]S
wirth sup(f) = sup(g), then ®(f) = ®(g).
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Assume first that € is indecomposable.

Partition: For f € [«]$, P1(f) = 1 if there is a g C f with
d(g) > ®(f).

Assume towards a contradiction that #¢(f) = 1 on the
homogeneous side.

Partition: For h € [k]$€, P2(h) = 1 iff letting h’: € — « be

h’(a) = sup{h(e-a + B): B < €}, thereis an f € [Cy]¢ with h' C f
and o(f) < o(h").
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From #; = 1 on the homogeneous side we get > = 1 on the
homogeneous side. Suppose not, and let Cq, C> be homogenous
forP1 =1and P, =0. Let C = (C1 N Cy)'.

Fix f: € —» C of the correct type and g C f of correct type with
d(g) > P(f).

We construct h € [C]$€ with i’ = gand h’ C f, and f € [Cy]¢. This
contradicts P2(h) = 0.
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o.t. B,

| |
I I

SUpPs<q 9(8) 9(@)

Let p: w — € be cofinal. Let b(a) be least n such that p(n) > a.
Let B, = {a: b(a) = n} = p(n) —p(n—1).

Let r*: € — (supg<, 9(B), g(@)) with

re(g) = nextg'(’BH)(G(a, b(B))) where G witnesses g has uniform
cofinality w.
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Let F* be those points of [supg<.f(B), f()) N ran(f) not a limit of
ran(r®).

Let {h(e- @ + B): B < €} enumerate ran(r®) U F*.
This shows that on the homogeneous side we have P, = 1.

We now do an argument which contradicts £y = 1 on the
homogenous side.
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Let Do = (CQ),, and Dn+1 = D,’7

We construct functions go, g1, . .. in [[D1]$ with
®(go) > ®(g1) > - -+, a contradiction.

Let go € [D1]¢ be such that (+): for all n and all large enough a < €
we have go(@) € D,. Assume g, also has these properties.

Let h: € - € — Dy be such that if @ € Dp,, then h(e - @ + ) € D1
and h’ = g,.

By homogeneity of Co, there is a gn1 € [Ch]¢ with g = h' E gnt1
and ®(gn+1) < ®(gn). Easily g1 also satisfies (x).

Let gn+1EoQn+1 and gni1 € [Dq]5.

Steve Jackson Determinacy, Partition Properties, and Combinatorics Ill



Now we prove the general continuity result.
Let @: [«]¢ — On. We assume ¢ is indecomposible (general case
similar). Again let p: w — € be cofinal.
We say (f,g) is of type niif f,g: € — « are of the correct type and
1. Ya < p(n) f(a) = g()
2. supf I p(n) < g(p(n-1))
3. Form>n,supg | p(m) < f(o(m—-1))

Steve Jackson Determinacy, Partition Properties, and Combinatorics Ill



For each n we consider the partition

P partition pairs (f, g) of type n by:

0 if®(f) =d(g)
P(f,g) =41 if &(f) < d(g)
2 ifo(f) > d(g)

Claim
There is an m* such that for all n > m*, P" is homogeneous for the
0 side.
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First suppose there are infinitely many n such that #" is
homogeneous for the 1 side.

Say ng < ny < --- are homogeneous for the 1 side. Let C be a
homogeneous set for the P".

Fix 69 <81 <--- in C”.

We define fy, f1, ... in [C]¢ such that (fi1, f;) is of type n; for all i.
Then ®(fi11) < ®(f;) for all i, a contradiction.

Let o € [C]€ with fo | [o(n = 1), p())  (6n_1,6n)-
fo fo fo

(50 01 02

Steve Jackson Determinacy, Partition Properties, and Combinatorics Ill



Given f;, define fi14 by:

> fiea 1 p(m) = fi T p(n)
> Fora € [p(m).p(n; + 1)), fis1(a) = nexts @ (s))
» Forj>njand a € [p(j),p(j+ 1)),

fiet(a) = nexte Disup f; 1 p(j + 1))
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Suppose there are infinitely many n for which £" is homogeneous
for the 2 side. Againfix np < ny <---

The argument is similar to the previous case except now start with
fy such that fy | [o(n —1),p(n)) < C(.
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Fix m* € w such that for all n > m*, $" is homogeneous for the 0
side. Let C be homogeneous for all of the £". Let " = p(m*).

For £ € [CI™, let &, : []¢ — On be given by ,(u) = d(¢"u).

Claim
&, is Eg-invariant.
To see this, suppose u, v € [C”]¢ with uEgv. Let f = ¢ u, g =€ v.

So, f | p(m*) =g | p(m*), and say Ya > p(n*) f(@) = g().
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Let fpr = f, gm = g. We define fy, fp1,. .., fr- and likewise for
g with f« = gy, so that

O(f) = Ofy) = D s1) = -+ = B(f)
=®(gn:) =+ = P(gm+) = ®(9)
fir1 fi fivq fi fitd
—————————— —
p(m”) p(i) p(n)

> For a < p(i) fiy1(a) = fi(a).
> For a ¢ [o(i), p(i + 1)), fis1(a) = next ™ (sup ; I p(i))
» Forj>iand« € [p(j),p(j + 1)),

fivs (@) = nextg, ™ (sup i 1 p(7))
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So, for almost all ¢, ¢,(u) depends only on sup(u) for almost all u.
Let 5 = p(m*).
To finish, consider the partition:

P: partition f € []¢ according to whether, if we let £ = f ' 6 and
u=fr][se),forall vC uwe have ®({"u) = (V).

Since (¢~ u) only depends on sup(u) almost everywhere, on the
homogeneous side the stated property holds.

Let C C x be homogeneous for P.

Thenif f,ge [C]S, f 6 =g | 6, and sup(f) = sup(g), then
®(f) = d(g) (consider f U g).
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