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Proving Partition Properties

We first show the easiest version of the partition relations.

Theorem
wy — (w1)<1.

Remark

The same proof shows that if I" is a NM!-like class (I is closed
under Vv, A, v, and pwo(I)) then § — (6)<1.

Remark
The proof uses the Martin framework for showing partition
properties from AD.
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Proof: Fix € < w1, fix a bijection 7: w - € = w.

For x € w®, x codes a partial w - € sequence fy by: for @ < w - €,

If fy has domain w - € and is increasing, we let Fx: € — w1 be the
function it induces: Fx(a@) = supfy I w- (@ +1).
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Given the partition P: [w1]¢ — 2, play the following game.
I plays out x, II plays out y.

If there is a least @ < w - € such that either X;(,) ¢ WO or
Yr(a) € WO then I wins iff X;(,) € WO.

Otherwise, fy, fy: w - € = w4 are defined. Let for a < e,

F(a) = max{Fx(@), Fy(a)}.

Then I wins iff P(F) = 0.
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Suppose w.l.o.g. that II has a winning strategy .

Fora < w-€eand B < wr, Let
Rop = {x: Vo' <af(a’) < B}

Here fy(a’) < 8 means X,y € WO and [x;()| < B.
Easily, R, € Al. So, 7[R, p] € Z1.

By the payoff condition on the game,
7[Rap] € Re = {y: Y@’ < @ Yr(y) € WO}
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A Z] subset of R, codes a bounded set of ordinals.
Let g(a,B) = sup{lyn(a): ¥ € T[Rapl}-

Let C be c.u.b. and closed under g.

Then C’ is homogeneous for P:

Fix F: € —» C’ of the correct type and let f: w - € — C induce F,
i.e., F(a) =supf{f(¢/): @ <w-(a+1)}.

Fix x coding f.
Since x € Ry f(o) foralla’ < w-e, fy(a’) < g(a’, f(a’)) < f(a’ +1).

So, Fx = F, = F, and as 7 is winning for II, P(F) = 1.
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We abstract the above argument into a definition.

Definition
Let A < k, where A € On, « a cardinal. We say « is A-reasonabile if
there is a non-selfdual pointclass I closed under 3 and a map ¢
with domain w® satisfying:
1. ¢(x) S Ax«k.
2. ¥f: A >k Ix € w* ¢(x) = f.
3. Ya < AVB <k R,p € A, where
X € Rog © ¢(X)(a.B) A (¢(x)(.8') = B = B).
4. Suppose a < 4, A € 3*"A, and
ACR,={x:38<kxeR,p}. Then
ABo < k ¥x € A B < Bo ¢(x)(a,B).
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Theorem (Martin)
Suppose k is w - A reasonable. Then k — k*.

Proof: Exactly as in the previous proof.
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We now show the strong partition relation at w1.

Theorem (Martin)

wy — (wy)?1.

Proof (J): We show there is a coding of the functions f: w1 — w1
witnessing that w4 is wy-reasonable.

The main step is to analyze the measure on w1, and then convert
this to an analysis of the subsets of w1 via an argument of Kunen.
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The (cub) partition relation x — (k)? gives that the w-cofinal c.u.b.
filter of x is a normal measure W, on «.

Let W} denote the n-fold product of W, .

Theorem (AD + DCp)

Let u be a measure on w1. Then u is equivalent to W' for some n
(or to a principal measure).
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Proof: Assume u is non-principal.

Let fi: w1 — wq represent the least equivalence class such that f;
is almost everywhere non-constant, and monotonically increasing.

Let vi = fi(u). Then vy = W1‘. Fix a u measure one set A; on
which fy is monotonically increasing.

Let g1(B) = supf{a € Ar: fi(a) < a}.
Let x4 be such that V81 g1(81) < |Tx, I Bil.

For u almost all @, let ry(«) be such that

@ =Ty 1 H(@)(r (@)l
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Now we proceed with the measure rq (u).
Consider the case ry not constant almost everywhere. Note that
a.e. ri(a) < fi(a).

Let f> represent the least u equivalence class such that f is not
a.e. constant, and is a.e. monotonically increasing with respect to
.

That is, there is a u measure one set A such that if @, @’ are in A,
fi (oz) =f (a’), and ry (a) <n ((X’), then fg(a’) < fg(a").
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Note that there does not exist a c.u.b. C C w1 and a u measure one
set A such that for all g € C, {f2(a): fi(a) = B A @ € A} is bounded
below fi(a). [Otherwise ry is constant i almost everywhere.]

Claim
We have fo(u) = W

For suppose C C w1 is c.u.b. and ¥, fx(a) ¢ C.
Let f), = {c o fo where {(y) is the largest element of C > y.

Then for u almost all @ we have f(a) < f2(«) and £} is
monotonically increasing “on the f; blocks” with respect to r1. Also,
f3 is not constant u almost everywhere. This contradicts the
definition of f5.
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Fix a u measure one set A> C Ay on which f» is monotonically
increasing on the f; blocks with respect to ry.

Define g» by:

gg(ﬂg,ﬁ1) = SUp{I’1 (a): o € A2 A f1 (a) :B1 A fg(a’) :,82}

Then for W12 almost all (B2,1), g2(B2) < B1. This follows from the
monotonicity of f> on the f; blocks and the fact that f; is not
constant u almost everywhere.
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For W2 almost all (B2,1), g2(B2.51) depends only on Ss.
Fix X, such that for W' almost all B2, g2(B2) < ITx, | Bal-

This then defines r»: \/;;oz

a=|Ty I fi(@)(|Tx, I f2(@)(r2(@))])l

Continuing, we define fy,...,f, g1,...,gn for some n, reals
X1,...,Xpn, and ry, ..., rp such that r,, is constant almost
everywhere, say equal to 6.
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We then have: ¥, a
@ = [T (fi(@)) (I T (f2(@)) (- - (I T, (Fa( ) (8))1) - - DI

We also have that if F(a) = (fi(a),..., f,(a), then F(u) = W]

Let G(B1,....8n) = Tx, I (Bn)(Gn-1(B1,-..,Bn-1))l, where
Gk(ﬁ% cee ’ﬁk) = |TXk rﬁk(Gk—“l (ﬁ‘l’ e ’ﬂk—‘l))ls

and Go(0) = 6.
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We have defined a u measure one set A, on which F is one-to-one
and F(u) = WY

This completes the analysis of measures on w1.
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Fact (AD)

(Martin) The cone filter is a measure on the set D of Turing
degrees.

Definition
© is the supremum of the lengths of the pwos of R.

Fact
(Kunen) Let A < ©. Then every countably additive filter ¥ on A can
be extended to a measure on A.
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Proof: Let 7: w* — P(2) be onto (coding lemma).
Let v be the Martin measure on D.
Ford e D, let

f(d) = min N{x(x): x e d An(x) € F}.

Let u = f(v).
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Fix the Kunen tree T at w.
We say 7 € w” is a code for a c.u.b. set if Yx € WO 7(x) € WO.
Let Cy = {a<wi: Vy<al|Tx [ vl <al.

Fact
For every c.u.b. C C w1 there is a code x such that Cyx C C.
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Definition
A set S C wq is simple if there is a c.u.b. code 7, an ag < w1,
X1, ..., Xnp With Ty, wellfounded such that

S={a:day < <ap€ Cra=hp(ay,...,an X)}
where

hi(aq,...,ai; X) = Ty T aj(hii(ay, ..., @i-1; X))l

and
ho()_()) = ap.
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A code for the simple set S a real of the form (xo; X1, ..., Xn; 7)
where 7 is a c.u.b. code, xo € WO, and Ty, are wellfounded.

Following an argument of Kunen we show:

Fact
Every A C w1 is a countable union of simple sets.

Proof: Let I be the o-ideal generated by the simple sets contained
inA.

Assume toward a contradiction 7 is a proper ideal, and let u be a
measure on A extending the corresponding filter 7.
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By the analysis of measures on w1, there are xy, ..., X, with Ty,
wellfounded and an @ < w4 such that for all B C w4 (assuming B
is not bounded):

u(B) =1 eub. C CwiVpy <---<ppeC
hn(ao;ﬁu--.,ﬁn,x1,...,x,,) € B.

Since u(A) = 1, we may fix a c.u.b. code 7, a xo € WO coding ay,

and the xi,..., X, above.
Let S = S(xo; X1, ..., Xn; T) be the simple set given by these reals,
so SCA.

Then u(S) = 1, but this contradicts S € 1.
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We now define the coding map ¢. As a warm-up we first define a
coding for subsets of w1, s0 ¢(x) C w1.

View x € w® as coding countably many (x}; X}, ..., x}; 7).
Set ¢(x)() iff Ji a € S(X') = S(x; X}, ..., x}; T') iff

FiPi < <PneCanallxfl<a
A A(IX Brs - Bri X, X1,) = B.

Steve Jackson Determinacy, Partition Properties, and Combinatorics Il



So, every A C wy is of the form ¢(x) for some x € w®.
Thisis a A] -coding of the subsets of wy:
Forall @ < wr, {x: ¢(x)(a)} € A].

We modify this coding to code functions from w1 to w1. So,
#(X) C w1 X w1.

It is not quite good enough to just regard f: w1 — w1 as a subset
of wi X wy ~ w1.
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Suppose f: w1 — wq is increasing.

A simple subfunction S C f is one where there is a c.u.b.code T,
X1, ..., Xp With Ty, wellfounded, and two o, y1 < w1 such that:

(a,8) € S & Amax{yo, y1} <P1 < - <Bn<a
w1,---aﬂn € CT/\h(yo,ﬁ1,...,,8n;)_<)) =«
Ah(y1.B1s .. X) = B
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An argument similar to that for sets shows that every function f is a
countable union of simple subfunctions.

> We let X = f, and analyze the measures on X.

> If uis a measure on X, let fo: X — wq represent the least
equivalence class of a function which is not i a.e. constant
and monotonically increasing in the first argument (if @y < @,
then fo((l1,ﬁ1) < fo(az,ﬁg)).

> fo(u) = W, as before.

> Let go(6) = sup{max{a,B}: (a,B) € X A fo(a) < 6}

> The rest of the argument proceeds as before.
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Fact (AD)
Every ultrafilter on a set X is countably additive (i.e., a measure).

Fact (AD)

(Martin) The cone filter is a measure on the set D of Turing
degrees.

Definition
© is the supremum of the lengths of the pwos of R.

Fact
(Kunen) Let 1 < ©. Then every countably additive filter ¥ on A can
be extended to a measure on A.
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Proof: Let 7: w* — P(2) be onto (coding lemma).
Let v be the Martin measure on D.
Ford e D, let

f(d) = min N{x(x): x e d An(x) € F}.

Let u = f(v).

Steve Jackson Determinacy, Partition Properties, and Combinatorics Il



Fix the Kunen tree T at w.
We say 7 € w” is a code for a c.u.b. set if Yx € WO 7(x) € WO.
Let Cy = {a<wi: Vy<al|Tx [ vl <al.

Fact
For every c.u.b. C C w1 there is a code x such that Cyx C C.
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Definition
A set S C wq is simple if there is a c.u.b. code 7, an ag < w1,
X1, ..., Xnp With Ty, wellfounded such that

S={a:day < <ap€ Cra=hp(ay,...,an X)}
where

hi(aq,...,ai; X) = Ty T aj(hii(ay, ..., @i-1; X))l

and
ho()_()) = ap.
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A code for the simple set S a real of the form (xo; X1, ..., Xn; 7)
where 7 is a c.u.b. code, xo € WO, and Ty, are wellfounded.

Following an argument of Kunen we show:

Fact
Every A C w1 is a countable union of simple sets.

Proof: Let I be the o-ideal generated by the simple sets contained
inA.

Assume toward a contradiction 7 is a proper ideal, and let u be a
measure on A extending the corresponding filter 7.
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By the analysis of measures on w1, there are xy, ..., X, with Ty,
wellfounded and an @ < w4 such that for all B C w4 (assuming B
is not bounded):

u(B) =1 eub. C CwiVpy <---<ppeC
hn(ao;ﬁu--.,ﬁn,x1,...,x,,) € B.

Since u(A) = 1, we may fix a c.u.b. code 7, a xo € WO coding ay,

and the xi,..., X, above.
Let S = S(xo; X1, ..., Xn; T) be the simple set given by these reals,
so SCA.

Then u(S) = 1, but this contradicts S € 1.
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We now define the coding map ¢. As a warm-up we first define a
coding for subsets of w1, s0 ¢(x) C w1.

View x € w® as coding countably many (x}; X}, ..., x}; 7).
Set ¢(x)() iff Ji a € S(X') = S(x; X}, ..., x}; T') iff

FiPi < <PneCanallxfl<a
A A(IX Brs - Bri X, X1,) = B.
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So, every A C wy is of the form ¢(x) for some x € w®.
Thisis a A] -coding of the subsets of wy:
Forall @ < wr, {x: ¢(x)(a)} € A].

We modify this coding to code functions from w1 to w1. So,
#(X) C w1 X w1.

It is not quite good enough to just regard f: w1 — w1 as a subset
of wi X wy ~ w1.
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Suppose f: w1 — wq is increasing.

A simple subfunction S C f is one where there is a c.u.b.code T,
X1, ..., Xp With Ty, wellfounded, and two o, y1 < w1 such that:

(a,8) € S & Amax{yo, y1} <P1 < - <Bn<a
w1,---aﬂn € CT/\h(yo,ﬁ1,...,,8n;)_<)) =«
Ah(y1.B1s .. X) = B

Steve Jackson Determinacy, Partition Properties, and Combinatorics Il



An argument similar to that for sets shows that every function f is a
countable union of simple subfunctions.

> We let X = f, and analyze the measures on X.

> If uis a measure on X, let fo: X — wq represent the least
equivalence class of a function which is not i a.e. constant
and monotonically increasing in the first argument (if @y < @,
then fo((l1,ﬁ1) < fo(az,ﬁg)).

> fo(u) = W, as before.

> Let go(6) = sup{max{a,B}: (a,B) € X A fo(a) < 6}

> The rest of the argument proceeds as before.
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Non-partition results at w»

We give a new proof (Chan, J, Trang) of the Martin-Paris result that
w2 does not have the strong partition property.

Theorem
w2 —+ (wz)wz_

The new proof gives a specific partition witnessing the failure of the
strong partition property.
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Theorem (Chan, J, Trang)

Let A C w» and suppose there is a c.u.b. C C w» such that
ANC =cof,NnC. ThenA ¢ UItW11.

We use the following lemma.

Lemma (almost everywhere club uniformization)

Letf: w1 — P(w1) with V*a f(a) contains a club. Then there is a
club C C wq such thatV*a € C\ {a + 1} C f(a).

Proof: Partition f: wy — wq of the correct type according to
whether ran(f) \ {f(0)} € As(). On the homogeneous side this
must hold, say by C. Fix f: wy — C of the correct type. Then
ran(f) witnesses the Lemma.
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Lemma
Assume k — k*. Let u be a normal measure on k. Let§ = j,(k).
Then if D C ¢ is c.u.b., there exists a c.u.b. C C « with j,(C) € D.

Proof: Partition f, g: k — « of the correct type with
f(a) < g(@) < f(a + 1) according to whether [g],, > Np([f],)-

On the homogeneous side this holds. Say C C « is homogeneous
for this side.

Then j,(C") c D.
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Proof of Theorem: Let C C w» be as in the Theorem, so
A n cof,, = C N cof,,. Suppose A = [F]W;, where F(a) C w1.

Let Cp € w1 be such that jW11 (Co) c C.

Case 1. ¥*a F(a) contains a club.

By the Lemma, let Cy C w4 be such that V*a Cq \ {e + 1} C F(a).
Let Co = Cp N Cy.

Fix f: w1 — Gz such that f(a) has uniform cofinality «.

Steve Jackson Determinacy, Partition Properties, and Combinatorics Il



Then [f] has cofinality wy and is in j(Cp) € C.
So by the assumed property of A, [f] ¢ A.

On the other hand, YV*a f(a) € C1 \ {a + 1} € F(e). So,
[f] € [F] = A.

Case 2: Y*a F(«) is disjoint from a club.

The argument is similar, but now taking f: wy — C such that f(«)
has uniform cofinality w.
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Proof of ws + (w2)“2.

Consider the partition : [w1]y" — {0, 1}:

P(f) = 1iff f € Ultyy:.

Suppose D C w2 were homogeneous for P.
Let C € w1 be c.u.b. with ji,+(C) € D.
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Case I: D is homogeneous for the F ¢ Ulty: side.

Let f: w1 — C be of the correct type. Then F = jw11(f): ws — Dis
of the correct type. So, F ¢ UItW11, a contradiction.

Case II: D is homogeneous for the F ¢ UItW11 side.

We show in this case that P(w2) C Ulty:, a contradiction to a
previous lemma.

Fix H: wo, — D of the correct type.

Let A C wo.

Steve Jackson Determinacy, Partition Properties, and Combinatorics Il



Define:

F(a) = H2 - @)
_|H(2: ) ifaeA
G(a)_{H(Z-af—l—U ifag¢A

By the homogeneity of D, both F, G are in UItW11.
Then easily A € UItW11.
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Note « € A iff F(e) = G(a).
Let F = [f]W11, G= [g]W11.
Forany « = [k]W11 <wz, @ € A iff VT/V}'B f(B)(k(B)) = a(B)(k(B)).

So,
A =Bty <wi: 1(B)(y) = 9(B)(¥)w;-
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