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What does “p-adic” mean?

p � prime number, e.g. 2, 3, 5, 7, 11, ...

Definition (p-adic absolute value)

|ps � r |p �
�
1
p

	s
for p and r coprime integers

Definition (p-adic integers)

The p-adic integers Zp are the completion of the integers Z by
the absolute value |�|p, i.e. a p-adic integer is of the form

a0� a1 � p� a2 � p
2� a3 � p

3� . . . for some integers ai p0 ¤ ai   pq.

Definition (p-adic numbers)

The p-adic numbers Qp are

the fraction field of the p-adic integers Zp

the completion of the rational numbers Q with respect to |�|p
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What do 3-adic integers look like?

a0 � a1 � 3� a2 � 3
2 � a3 � 3

3 � . . . pp � 3q

Source of underlying pictures: “Visualizing the p-adic Integers” Albert A. Cuoco, The American Mathematical Monthly,
Vol. 98, No. 4 (Apr., 1991), pp. 355-364
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real vs. p-adic numbers: so similar and yet so different
. .

real numbers R
completion of Q with
respect to usual absolute
value |�|

connected

one compact subgroup
under addition: t0u

p-adic numbers Qp

completion of Q with
respect to p-adic absolute
value |�|p

totally disconnected

infinitely many compact
subgroups under addition:
Zp, p � Zp, p

15 � Zp,
1
pZp, . . .

real (algebraic) Lie groups

GLnpRq, SLnpRq,SOnpRq,
Sp2npRq, . . .

p-adic groups

GLnpQpq,SLnpQpq,SOnpQpq,
Sp2npQpq, . . .
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A sister field

Qp (p-adic numbers)

ta�n � p
�n � . . .� a0 � a1 � p � a2 � p

2 � . . . | ai p0 ¤ ai   pqu

characteristic 0

Fppptqq (Laurent series over a finite field with p elements)

ta�n � t
�n � . . .� a0 � a1 � t � a2 � t

2 � . . . | ai P Fpu

characteristic p

p-adic groups

GLnpQpq,SLnpQpq,SOnpQpq, Sp2npQpq, . . .

or GLnpFppptqqq,SLnpFppptqqq,SOnpFppptqqq, Sp2npFppptqqq, . . .
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Representations of p-adic groups

Notation: F � Qp or Fppptqq
G = p-adic group, e.g. GLnpF q, GLnpF q, SOnpF q, or Sp2npF q

Definition (representation)

A representation of G is a group homomorphism π : G Ñ AutpV q
for some complex vector space V .

Long term goal

Understand the category of all smooth representations of G .

Building blocks = supercuspidal representations

Problem 1

Construct all supercuspidal representations.
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Supercuspidal representations - the building blocks

Long term goal

Understand the category of all (smooth) representations of G .

Problem 1

Construct all supercuspidal representations.

Applications to, for example,

representation theory of p-adic groups

explicit local Langlands correspondence

automorphic forms
(e.g. J. F. and S. W. Shin, 2021)

...

Vague answer to Problem 1

We can do this under minor assumptions.
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Show me a representation (not yet a supercuspidal one)

G � SL2pQpq, B �

�
Qp Qp

0 Qp



det�1

Example of a smooth representation

V � tf : BzG Ñ C | f locally constantu

�
 
f : P1pQpq Ñ C | f locally constant

(
πpgq : for g P G

V �

"
f : G Ñ C |

f pbgq � f pgq @ b P B, g P G
f locally constant

*

A parabolic subgroup of G � GLnpF q (or SLnpF q, SOnpF q or
Sp2npF q) is a subgroup of the form

g

�
�����������

� � � � � �

� � � � � �

� � � �

� � �

0 � � �

� � �

�
����������

g�1

for some choice of number and sizes of blocks

and some g P G .
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Supercuspidal representations = building blocks

An irreducible representation pπ,V q is called supercuspidal if

V ��HHãÑ IndGP Vσ

for every proper parabolic P � M 
 U � G and repr pσ,Vσq of M.

Fact

Let pπ,V q be an irreducible representation of G .

Then there exists
P � M 
 U � G and a supercuspidal representation pσ,Vσq of M
such that

V ãÑ IndGP Vσ.

Bernstein decomposition: ReppG q �
¹

pM,σq{�

ReppG qrM,σsloooooomoooooon
Bernstein
block

M � G Levi subgroup, σ supercuspidal representation of M
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The whole category of representations

Bernstein decomposition: ReppG q �
¹

pM,σq{�

ReppG qrM,σsloooooomoooooon
Bernstein
block

M � G Levi subgroup, σ supercuspidal representation of M

Example: G � SL2pQpq, then M � G or M � T �

"�
t 0
0 t�1


*

ReppG qrG ,σs � tσ, σ ` σ, σ ` σ ` σ, . . .u

ReppG qrT ,trivs �? ? ? Q triv, St

1 Ñ Ctriv ãÑ IndGB Ctriv

↠ Stloomoon
Steinberg representation

Ñ 1

ReppG qrT ,trivs � modules over an affine Hecke algebra Haff with
generators: Tw ,w P Waff � xs0, s1 | s

2
i � 1y

relations: TsiTw �

"
Tsiw ℓpsiwq ¡ ℓpwq
pTsiw � pp � 1qTw ℓpsiwq   ℓpwq
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Problem 2

Describe ReppG qrM,σs explicitly.

Answer (Adler–F.–Mishra–Ohara, in progress)

ReppG qrM,σs � ReppG 0qrM0,σ0s

for some G 0 � G , M0 � G 0, σ0 a depth-zero representation of M0,

i.e. corresponds to a representations of finite group

ReppG 0qrM0,σ0s � modules over a Hecke algebra CrΩ, µs 
Haff

with explicit generators and relations
(Morris 1993 + AFMO in progress)
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Applications to, for example,

representation theory of p-adic groups
(reduce problems to representations of finite groups)

explicit local Langlands correspondence

categorical local Langlands correspondence
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Construction of supercuspidal representations for general G

Problem 1

Construct all supercuspidal representations.

1994/96 A. Moy and G. Prasad

(L. Morris 1993/99)

1998, 2001 J. Adler, J.-K. Yu (J. F. 2021)

2007 J.-L. Kim: Yu’s construction yields all supercuspidal
representations if p is very large and F � Qp

’14, ’17, ’21 M. Reeder and J.-K. Yu, J. F. and B. Romano, J. F.
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Recent results

Theorem (F., 2021)

Suppose p is large, then Yu’s construction yields all supercuspidal
representations.

Expected Result (F.–Schwein, work in progress)

We provide a construction that yields new arbitrarily deep
supercuspidal representations.
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How things look like (proof sketches)

All supercuspidal representations are constructed as:

c-indGKVρ �

"
f : G Ñ Vρ

���� f pkgq � ρpkqpf pgqq @g P G , k P K
f compactly supported mod center

*

for some compact-mod center open subgroup K � G , e.g. SL2pZpq � SL2pQpq,

and some finite dimensional representation pρ,Vρq of K .

Let p be large.

Theorem (Kim–Yu 2017, F. 2021)

For all ReppG qrM,σs, there exists K � G compact, pρ,Vρq rep of K

such that for every irreducible representation pπ,V q

pπ,V q P ReppG qrM,σs ô c-indGKVρ ↠ V .

Corollary (Bushnell–Kutzko 1998)

ReppG qrM,σs � HpG ,K , ρq �modules,

where HpG ,K , ρq �

"
f : G Ñ EndpVρq

���� f pk1gk2q � ρpk1qf pgqρpk2q @g P G , k1, k2 P K
f compactly supported

*
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Everything comes to an end

ReppG qrM,σs � ReppG 0qrM0,σ0s � CrΩ, µs 
Haff �mod

Jessica Fintzen An introduction to representations of p-adic groups 16


