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Exercise 1 (6 points)

Let (Xn)n≥0 be a Markov chain (MC) taking values in a statespace S with transition probability
π(x, dy). Let Px denote the law of the MC starting at x ∈ S. Let u : S → R be a function which is
bounded above and below with a uniformly positive lower bound. Show that for all n ∈ N

EPx

[
e
∑n−1
j=0 log

(
u(Xj)

πu(Xj)

)]
≤ σ <∞

where (πu)(y) =
∫
S
u(z)π(y, dz).

Exercise 2 (6 points)

We know BM in R has generator L = 1
2

d2

dx2 . Let u : R→ R s.t. u is bounded above and below with
a uniformly positive lower bound. Show that for all t > 0 and all x ∈ R

EPx
[
e
∫ t
0(−Lu

u )(x(s))ds
]
≤ C <∞.

Exercise 3 (3 points)

Show that BM in R has unbounded variation.

Exercise 4 (5 points)

Let τL = inf{t > 0 : x(t) /∈ (−L,L)} for some L > 0 that is fixed, where x(·) is BM starting at 0.
Show that

lim
t→∞

1

t
logP0(τL > t) < 0.

Determine the value of the limit.


