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Exercise 1 (4 points)

Let x(t) be a F-adapted, continuous process taking values in R? For z(0) = 0 the following
statements are equivalent:

(i) (z(t))i>0 is SBM

(ii) (z(t))i>0 is a continuous martingale with (z%,27) = §;;t for 4,5 € {1,...,d}, where (2", 27)
denotes the covariation.

Hint: For (i) = (ii) you can use that z'(t)z?(t) — (z',27) has to be a martingale. For the other
direction you can use that (ii) implies
(iii) x(t AT) is for every T a continuous martingale and for f = (f1, ..., f¢) the process
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is a C-valued martingale. Then use a proper f and uniqueness of the characteristic function.

Exercise 2 (8 points)

Calculate by using It6’s formula:
(i) [ s*B.dB,
(i) f, sB2dB,
(i) [} B exp(B2)dB,
(iv) f(f sB3 exp(B?)d B,
where B, is always SBM.

Exercise 3 (8 points)

We consider the time homogeneous case, where x(t) = z(t; z) is a family of solutions that solve

z(t) :x—i-/o a(x(s))dﬁ(s)—l—/o b(x(s))ds.

Show

(i) If a smooth function u(x) on [a, b] solves the equation

(Lu)(z) = 0; for x € (a,b)



(iii)

then
uw(z) = Py(z(1) = a)u(a) + Py(x(7) = b)u(b)

where 7 = inf{t : z(t) ¢ (a,b)}. u(z(t)) is a martingale and stop it at 7.

For A > 0, the quantity
EP [e7] = u(x)

where again 7 = inf{t : (t) ¢ (a,b)} can be obtained by solving
Lu = Au in (a,b);u(a) = u(b) = 1.

—A

The process u(x(t))e™ is a martingale.

For A > 0 and bounded f, the quantity
EP [/ e”f(:c(t))dt] = u(z)
0

can be obtained as the unique bounded solution of
A — Lu = f.

Use the fact that

e’\tu(x(t))—i-/ e f(x(s))ds

0
is a martingale. Equate expectations at £ = 0 and ¢ = oo.

The Feynman-Kac formula is valid and one can evaluate

attea) = B [exo [ Visto)as) statt)]

as the solution of

1 O*u(t, x) du(t, x)
o 2 g TR,

+ V(x)u(t, x)

with u(0,z) = f(x).



