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Exercise 1 (6 points)

Let Px be the measure of a BM starting in x and Qx the measure of the Ornstein-Uhlenbeck Process.
Remember that the O-U process is BM with drift b(x) = −cx and so corresponds to the operator

1

2

d2

dx2
− cx d

dx
.

Calculate the Radon-Nikodym derivative dPx

dQx

∣∣
F[0,t]

.

The following exercises let you train some earlier topics of this course.

Exercise 2 (continuous martingales and OS) (4 points)

(i) Let X be a right-continuous martingale. Show that

λP( sup
0≤s≤t

Xs ≥ λ) ≤ E[X+
t ], λ > 0,

where X+
t = max{0, Xt}.

Hint: Remember the proof of Doob’s inequality.

(ii) Let (Xt)t≥0 be a continuous, non-negative supermartingale and τ = inf{t ≥ 0 : Xt = 0}.
Show that

Xτ+t = 0 for all t ≥ 0

a.s. on the set {τ <∞}.

Exercise 3 (quadratic variation of BM) (3 points)

Let B be SBM and Pn be the partition of [0, t] given by tj = j2−nt, j = 1, ..., 2n. Show

lim
n→∞

2n∑
i=1

(Bti −Bti−1
)2 → t a.s.

by calculating mean and variance of the sum and using Borel-Cantelli.

Exercise 4 (BM as martingales) (3 points)

Let B,B(1), B(2) be SBM. Show that

(i) Xt = B3
t − 3tBt is a martingale



(ii) Yt = B4
t − 6tB2

t + 3t2 is a martingale

(iii) X, Y are martingales, where (Xt, Yt)
T = A(B

(1)
t , B

(2)
t )T for a 2 × 2 matrix A and where

B(1), B(2) were independent.

Exercise 5 (Itô formula) (4 points)

Let B be SBM and f some function s.t.
∫ t
0
f 2
s ds <∞ a.s. for all t. Define Zt to be

Zt = exp

{∫ t

0

fsdBs −
1

2

∫ t

0

f 2
s ds

}
.

Use Itô to show

(i) Zt = 1 +
∫ t
0
ZsfsdBs.

(ii) If Yt = 1/Zt, then Yt = 1 +
∫ t
0
Ysf

2
s ds−

∫ t
0
YsfsdBs.

We wish a merry Christmas and a happy new year.


