Chapter 5
Size-biased Galton-Watson trees with a spine

LYONS, PEMANTLE & PERES [24] developed a conceptual tool that allows to give
new and totally different probabilistic proofs of some classical limit theorems for
GWP’s including Theorem 2.2 of KESTEN & STIGUM. It is based on the compar-
ison of a GWT GW with a certain size-biased version of it, denoted as (/;V\V, and
essentially amounts to a change of measure argument involving a harmonic trans-
form. In order to elaborate this further, we first provide a short introduction of the
concept of size-biasing before proceeding with the definition of a size-biased GWT
and a subsequent study of its relevant properties.

5.1 Size-biased distributions and random variables

As size-biased distributions and random variables form an important ingredient to
the construction of a size-biased GWT in the next section, we start by defining these
objects properly.

Definition 5.1. Let v be a distribution on (R>,%(R>)) with finite and posi-
tive mean ¥y = [ xv(dx). Then the distribution V, defined by

9(B) = %//va(dx), Be B(R.),

is called the size-biasing of v or size-biased distribution associated with V.
Given a random variable X with distribution v, any random variable X with
distribution V is called a size-biasing of X.

In the following, we will mainly consider size-biasings of distributions v =
(Vn)n>0 on No. In this case, we obviously have V = (V,,),>0 with
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92 5 Size-biased Galton-Watson trees with a spine

where y =Y > nv,.
If X Adenotes the size-biasing of a random variable X with distribution v, then
vV =P(X € ) has the v-density

dv X X
E(X) = ;1RZ(X) = ﬁlRZ(X) (5.1)

which immediately implies that, for any measurable function ¢ : R> — R>, the
identity

EXo(X)

B(%) = [o00 () = [0 viay = FEEX (55

holds true. We further note that X is almost surely positive.

If v has a A-density g, where A denotes Lebesgue measure, then the same holds
naturally true for V, and we infer with the help of the product rule for Radon-
Nikodym derivatives that

. dv _dv,  dv ~xg(x)
B = Wiy = WDy =

1. (x). (5.3)

Problems

Problem 5.2. Let v = (V,,),>0 be a distribution on Ny with gf f and finite positive
mean. Find the gf f of the size-biasing V.

Problem 5.3. Let v be a distribution on R> with finite positive mean. Show that v
is stochastically larger than v, i.e. v((x,%0)) < V((x,o0)) for all x € R>.

5.2 Size-biased Galton-Watson trees: construction and
properties

The concept of size-biasing a nonnegative random variable shall now be extended
in an appropriate manner so as to construct a size-biasing GWofa given GWT GW.
In connection with the Kesten-Stigum theorem, we will then deal with the question
under which condition on the underlying offspring distribution the distribution of
GW. , denoted as C-/i\/\V ,is dominated by GW, which is the analog of (5.1). As it further
turns out, GW and GW are mutually singular [ Lemma 5.24 and Theorem 5.25]
whenever domination fails to hold.
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Construction of GW. Given any offspring distribution (py),>o with finite positive
mean m, the reader is reminded that an associated GWT GW is constructed from a
family {X, : v € V} of iid random variables with this distribution, where X,, denotes
the number of children of the (potential) individual v. Let now {(X,,U,) : n >0} be
an additional family of iid random vectors, defined on the same probability space
(£,2(,P), with generic copy (X,U), and satisfying the following conditions:

(SB1) {(X,,U,):n>0} and {X, : v € V} are independent.
(SB2) The distribution of X is (p,)u>0, that is

_ NP
m

for n € Ny. N
(SB3) For any n with p, > 0, the conditional distribution of U given X =n is a
discrete uniform distribution on {1, ...,n}, that is

-~ 1
P(U=KZ=n) = -

fork=1,...,n.

With the help of these random vectors, the construction of the size-biased GWT
GW with distinguished path V = (v,),>0, called spine, can now be accomplished
as follows: As usual, start at the root & which is viewed as the ancestor of a given
population and is also the first vertex of the spine. It produces )?o > 1 children of
which vy, the next vertex of the spine, is picked at random with the help of Uj. This
vertex (individual) has )/(\1 > 1 descendants (children), while any other individual
v of the first generation produces offspring in accordance with (p,),>0 (using the
random variable X,,). Continuing in this manner, each v, of the spine is picked at
random from the )?,,_1 > 1 children of its predecessor (mother) v,—; (using U,—1)
and reproduces in accordance with the size-biased distribution (py),>0. All other
individuals not belonging to the spine reproduce in the usual way in accordance with
the offspring distribution (p,),>0. As a result, we obtain an infinite, but locally finite
random tree GW with a distinguished infinite path (v,),>0 as depicted in Figure 5.2.

Here are the formal details: Put GW := Un>o GW,, where GW, := {@} and the

éVV,, for n > 1 are recursively defined by
GW, = A,UB,,
with

Ay

{vi EN":v e GW, \{Vp_1},i ng},
B, — {vn_li: 1<i g)?n_l}.

Put further V := (v,)n>0, where vg := & and
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Uy = Uy 1Upr = Up...Uy_q.
for n > 1. We have thus defined a mapping
(GW,V): Q = TxdV,

where
OV := {(V")nz0: V" € N" and V"' = V" for n > 0}

denotes the set of infinite paths (rays) in V. It may be identified with N* via
(Vn)nzo — (Vn)nZO

where v = vj...v, for each n > 1. This will be done hereafter wherever useful.

Fig. 5.1 A size biased Galton-Watson tree with distinguished path (v, vy, ...)

The next step is to turn (6‘\4’ ,V) into a random element in T x dV by endowing
the latter space with a suitable o-field. The subsequent lemma, which is proved in
a similar manner as Lemma 4.2, provides us with a metric on the enlarged Ulam-
Harris tree V := VU dV. Notice that the ordering introduced in Definition 4.6 as
well as the minimum relation A extend to V in an obvious manner.
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Lemma 5.4. Defining p : VxV — [0,1] by

—|vAw|

plv,w) = e

with e~ := 0, the pair (V,p) forms a compact metric space with topological
boundary dV and countable, dense and open subset V.

Proof. Problem 5.10. a
In analogy to the definition of Z(T) we now define
B(v,e) ={w e V:p(v,w) < e} (5.4)
forv €V, € > 0 and then
BV) = o({B(v,e):veV, e>0}).

By the separability of (V, p), this is again the Borel o-field with respect to p with
countable generator {B(v,€):v €V, € >0} [ Problem 5.11]. The good news for
our purposes comes next.

Lemma 5.5. The mapping (EV\V, V):Q = TxVisA-B(T)®B(V)-measur-
able.

Proof. It suffices to verify [B=° [5, Remark after Thm. 22.2]] that
() GWisA-2 (T)-measurable and

(i) VisA-A(V)-measurable.
As for (i), we proceed as in Lemma 4.11(a). Given 7 € T and n € N, we obtain
— 1 —
GW ([t],) = {a) €Q:GW,(0) = qn}
€ G(()?k, Ur)o<k<ns (XV)M<n> c A
and thus the asserted measurability.

Turning to (i), let u = ujuy... e N*, u® ;== @, u" ;== uy...u, forn > land 0 < € <
1, wlo.g. € = e for some m > 1. Then

VU (B(ue)) = {0€Q: vp(0)=u"} ¢ c((vk,Uk)0§k<m) c A

gives the desired conclusion. a
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We now put
GW, = P((éV\V,V)e-) and GW := P(EV\VG-)

and note the following counterpart of Prop. 4.13.

Proposition 5.6. Let (6"\V ,V) be a size-biased spinal GWT with distribution
GW « Then the following assertion holds true for anyn € N: IfI, CN" and v €
I, are such that ]P’(E‘TV € I,,v, = v) > 0, then the mappings (@V(/H\’VV,@VV)
and ©,GW", u € in\{v} are measurable and conditionally independent given
(EVV ,Un) = (I, V) with distribution GW, and GW, respectively.

Proof. Problem 5.12. a

The relation between GW and GW forms the key for the techniques developed
hereafter and is described by the next result. For 7 € T, n € Ny and u € 7,,, we define
the set

[t;u], = {(1/, (V¥ )i0) €T x AV : T € [1], and v" = u}.

which consists of all pairs (7, (v¥)z>0) € T x dV such that the tree 7’ equals T up
to level 7 and the infinite path (v¥);>o passes through u.

Lemma 5.7. [Comparison lemma] Let (p,),>0 be an offspring distribution
with finite positive mean m and put w,(T) := m~"z,(7) for T € T and n € N.
Then the following assertions about GW, GW and GW, hold true:

(a) Forallt €T andn € Ny,

z1(7)

GW([Tlns1) = Pyyr) kr_Il GW([Or4],). (5.5)

(b) ForallteT, neNyandu € 1,

GW. ([ul,) = m™" GW([). 5.6)
(¢c) ForallteTandn € Ny,

GW([z) = wa() GW([). (5.7)
(d) Put ZL ST (/}V\Vfor n € Ng. Then Z, is a size-biasing of Z,, that is

_ kP(Z,=k) kP(Z,=k
P(Z,=k) = (mn ) _ (EZ ) (5.8)
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for all k,n € No.

Proof. (a)Let t € T,n € Ny and z;(7) = . Since (5.5) is trivial if / = 0 or p; =0,

let further / > 1 and p; > 0. Then it follows with the help of Prop. 4.13 that
GW([t]ns1) = P(Z) =1, ,GWF € [647"], for 1 <k < 1)

piP(OGW* € (07", for 1 <k <1Z; =1)

!

i [TGW([6x7"],)

k=1
which is the assertion.

(b) Using induction over n, note first that
w=u=g, [1;]p=TxdV and [1]p=T

for all T € T imply

—

GW.([t:ulo) = GW.([r:2]o) = 1 = GW([t]o)

forallT e T.

Now assume the assertion has been proved for some n € Ny, all 7’ € Tand v’ € 7,
(inductive hypothesis). We need the following intermediate calculation: Given 7 € T
with z;(7) =1 > 1 and u € 7,4, there obviously exists a unique j € {1,...,1} such
that u € 7/. Setting A := {@iEV\Vi € [©7!], for 1 <i<1,i+# j}, we hence infer

{(év\v, V)e [r;u}w} - {;?0 =1,Uy = j, (O;,GW/,0,V) € [@jrf;@,u]n} NA.

If p; > 0, which entails P(Xy = [,Uy = j) = m p,I=" = m~!p; > 0, we obtain
with the help of Prop. 5.6

GW,([5:ulu1) = P ((GW,V) € [t:u] )
= 2p({(0,6W'.0,v) € [0;v:03ul, } nA[%o = 1.Us = ))

m

= 2ew.((e;7;05ul,) [T6W([O:7]).
m i#]

Applying to this the inductive hypothesis and then (5.5), we obtain

W ((muluer) = i OW(e,w1) [TGW())

1
mn+1

GW([T]11+1 )
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as claimed.

(c) Here the assertion follows with the help of (5.6), viz.

GW([t],) = P(GW € [t],)
= Y P(GWe (], v, =u)
= EZ a\\N*([T;U]n)
= Z minGW([T]n)

= wa(7) GW([1],)

forall T € T and n € N.

(d) Finally, the just shown (5.7) provides us with

P(Z,=k = Y  GW([t].)
T€Th:20(T)=k
= Z wn(T) GW([7]5)
€Tz, (T)=k
k
= Z v GW([7]n)
T€Ty:zx(T)=k
_ kP(Z, =k)
- —
for any k € N, thus (5.8). O

Remark 5.8. With the help of the parts (b) and (c) of the Comparison lemma, one can
easily prove the intuitively evident result that, given E‘TVH = {u!,...,u”} for some
p € N, the conditional distribution of the n’ h vertebra v, is uniform on this set [F=°
Problem 5.13].

Remark 5.9. Regarding the question raised at the beginning of this section, when

GW is dominated by GW, the Comparison lemma does not yet provide a complete
answer, but at least shows that, for any 7 € T and n € Ny,

GW([el,) = wn(1)GW([el,) = [ i) GW(dz).

[7]n

for w, is constant on [7],. We content ourselves here with this statement and return
to the question when reproving the Kesten-Stigum theorem in Section 5.4.
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Problems

Problem 5.10. Prove Lemma 5.4.

Problem 5.11. Let B(v, €) be defined by (5.4). Prove that {B(v,€):v €V, &> 0}
is a countable and a generator of the Borel o-field (V) with respect to p.

Problem 5.12. Prove Prop. 5.6.

Problem 5.13. Letn, p € Nand u', ...,u" € N" be such that P(GW,, = {u!,...,u"}) >
0. Show that

IP’(U,, =u*

— 1
GW, = {ul,...,up}) = —
" P
for any k = 1,..., p, that is, v, conditioned upon éV\Vn = {u',...,uP} is discrete uni-
form on this set.

5.3 Size-biased Galton-Watson trees and GWPI

In this section, we return to Galton-Watson processes with immigration (GWPI)
studied in Chapter 3 and prove extensions of two results from there in the noncritical
case, Cor. 3.3 by HEATHCOTE and Theorem 3.12 by SENETA, with the help of
the previously developed tools. The primary reason for doing this is that, as we
will show first, the size-biased GWP (Zn)nzo, given by 7 = 12,0 (/}V\V,Z and already
encountered in the Comparison lemma 5.7, forms a noncritical GWPI and may thus
be studied with the help of the afore-mentioned results.

Unlike our definition in Chapter 3, it is stipulated here for sake of convenience
that a GWPI (Y;),>0 starts with zero individuals, i.e. ¥y = 0, and is fed by an iid
sequence of numbers of immigrants i, {,,... as of generation one only. In other
words, it is (¥,+1)n>0 that constitutes a GWPI in the sense of the original Definition
3.1. As usual, let (p,)n>0 denote the underlying offspring distribution and (cp)n>0
the immigration distribution, thus the distribution of the {,. Then

Y1

Y, = Cn"’ Z gn,kv n>1 (59)
k=1

with iid random variables &, having distribution (p,),>0 and independent of
(&1)n>1- We also call (Y,),>0 a GWPI with immigration sequence (&,;),>1. It may
given in alternative form as

o

(agE

Y, = Zow(k,j), n>1 (5.10)

k=1j=1
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where the (Z,(j,k))n>0 denote iid ordinary GWP’s with one ancestor and off-
spring distribution (p,),>0 which are independent of ({,),>1. One may interpret
(Z,(j,k))n>0 as the process spawned by the j** immigrant in generation .

5.3.1 Connection between GWPI and size-biased GWT’s

The result we are going to show next is that in a size-biased GWT the children pro-
duced by the individuals of the spine may be viewed as immigrants. This provides
a connection with GWPI that will subsequently be utilized.

Theorem 5.14. Let (Y,),>0 be a GWPI with immigration sequence (&y)n>1
defined by §, = X, — 1 for n € N. Then

P((Y)n0 € ) = GW((zn— D)uz0 € -) = P((Zn)ns0 € )

Proof. Obviously, GW(zg— 1 € ) = & =P(Yy € -). Forn € Ny and (k... kns1) €
N1 we obtain by making use of the independence of {,, i, (6nt1,j)j>1 and
(Y1,...,Y,) that

]P(Yl :k17~-~7Yn :kanJrl = n+l)

Jj=1

ki
=P (Y] =k, Yy =ky, G + Z Cnt1,j = kn+l>

J=1

kn
= P(Yl = kla-~-7Yn = kn)IED (CnJrl + Z ‘gn+1,j = kn+1>

kn+l - kn
=PMi=ki,..Yo=ky) ) P (Xnﬂ =14+1,Y &rij=knti —1)

1=0 j=1

S Dprer

=P =ki . Yo =ka) Y, " (5.11)

3

On the other hand, setting IT(ki,...,k,) == {t € T, : zj(t) — 1 =kj for 1 < j <n},
we find that
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EV\V(ZI -1 :klv"',zn -1 :kn;ZnJrl -1 :kn+1)

) P(éV\V (], Un = u, Xy, + Y X =kt +1>
veT,\{u}

I I
™ ™
(ag
[9)
=

GW. ([; ]n)IP<J?n+ Y szk,,+1+1>

TEH(/{[, ,kn)UETn VET”\{U}
=y S U+ Dpi
= < Z GW([ﬂn)) (Z m Pknil_l
vell(ky,....kn) =0

o kn+l l+1
= GW( —1=ki,oszn—1=ky) (Z %p,’;ﬁﬁl (5.12)
=0

having utilized the independence of (61’\" ,0p) and (X, (X, )venn) for the second
equality, and the Comparison lemma 5.7 for the third one.
By combining (5.11) and (5.12), it follows upon induction over n that

—

]P)(Yl :kl,...,Yn = kn) = GW(Z1 —1 :kl,...,Zn— 1 :kn)
for all n € N and ki, ...,k, € N"* and thus the assertion. a

Remark 5.15. The previous result can be quite easily understood even without pro-
viding formal arguments: When removing the spine V from the size-biased GWT
(/}W, each generation n > 1 of the remaining population, and thus of size z, — 1,
can be decomposed into those members that are direct descendants of the spinal
vertex V,_1, i.e. B,\{v,} [*¥ Section 5.2] and all other ones that are children of
any individual inA,, = EV\Vn,l \{Vn—1}. The elements of B,\{v,} are interpreted as
immigrants, having offspring distribution (cx)x>0 defined by ¢; = pi.1, whereas all
other individuals reproduce in accordance with (py)i>0.

The next two subsections are devoted to the already announced derivation of two
results for noncritical GWPI that will be useful thereafter and are minor extensions
of results already obtained in Chapter 3. More important than the latter fact, how-
ever, is that the proofs do not use gf’s but rather probabilistic arguments based on
the previously developed theory.

5.3.2 Asymptotic growth of supercritical GWPI

Let us begin with two general auxiliary lemmata the first of which is based on the
well-known Borel-Cantelli lemma.



102 5 Size-biased Galton-Watson trees with a spine

Lemma 5.16. Given a sequence (X,,),>0 of iid nonnegative random variables,
the following assertions hold:

X
(a) IfEXp < oo, then lim =% =0 a.s.

n—e n

X,
(b) IfEXy = oo, then limsup — = oo a.s.

n—oo N

(¢) IfEXy < oo, then Z "’ < ooas. forall c € (0,1).

n>1

(d) IfEXy = oo, then Z "’ = oo as. forall c € (0,1).

n>1

Proof. Using the well-known inequality Y, P(X > n) <EX <Y, ~(P(X > n) for
any nonnegative random variable X, we infer that

X, EX, X
ZP<">6) < 20 < ZIP’(”>£)
n E n

n>1 n>0

for all € > 0. Hence, by the Borel-Cantelli lemma, ]P’(n_lX,, >e€ei0)=0o0r=1
according as [EXjy < oo or = 0. This yields (a) and (b).

(c) Suppose that EXy < oo and let ¢ € (0,1) and 0 < € < —logc. For w € A :=
{lim, ,.,n~'X, = 0} and all sufficiently large n, we then infer X, () < ne from
P(A) = 1, thus

c"eX”(w) < en(erlogc).

This shows the convergence of c"e®n on A because e£1108¢ < 1,
g n>1

(d) If EXo = oo, then P(B) = 1 for B := {limsup,_,.,n"'X, = «}. As a conse-
quence, ¢"e*n(®) > 1 holds true for any fixed ¢ € (0,1), ® € B and infinitely many
n € N, which proves the divergence of } - c"e* on B. ad

The second lemma is an extension of the martingale convergence theorem to
sequences of nonnegative random variables having the submartingale property but
only conditionally integrable.

Lemma 5.17. Let M = (M,,),>0 be a sequence of nonnegative random vari-
ables adapted to a filtration (F,),>0 and satisfying the following two condi-
tions:

(i) EMy1|Z) > M, a.s. for alln € Ny, [submartingale property]
(ii)  sup,>oE(My|-F0) < a.s. [conditional L'-boundedness]

Then M, converges a.s. to a finite random variable M.
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Proof. Problem 5.22 a

We are ready now to prove the following variant of Theorem 3.12 by SENETA
for supercritical GWPL.

Theorem 5.18. [Seneta] Let (Y,),>0 be a supercritical GWPI with finite off-
spring mean m and immigration sequence (&,),>1 with generic copy §. Then
the following assertions hold true:

(a) IfElog" { < oo, then m~"Y, converges a.s. to a finite limit Y...
(b) IfElog" { = oo, then

. Yy

limsup— =  a.s.
cn

n—soo

forany c € R.

Proof. (a) Putting % := 6((§,)n>1), we obtain upon using (5.9) that

k
E(Y,|F0) = & + Y E (1{Ynlk} Y &
=

k>0

=L+ Y kmP(Y,_| = k|.%)
k>1

= G + mEY,1|F) as,

for Z];':1 &, jand (Y,—1,(8n)n>1) are independent for each k € Ny. Recalling Y =0,
this inductively leads to
mn

for all n € Np. An application of Lemma 5.16 to the sequence (log* {,),>1 now
shows that, if Elog™ { < oo,

Y, < Ck
supIE(mn‘ﬁo) = ZZW <Yy
k>1k=1

n>0 k>1

ﬁ'o) = = as.
Lo

gilog+ é’k
- < oo as. (5.13)

After these observations we infer the almost sure convergence of m™"Y,, from the
previous lemma if we still verify that besides its assumption (ii) [valid by (5.13)]
all other assumptions there are fulfilled as well. Put .%,, := o(({)r>1,Y0, ..., ¥n) for
n € N so that (¥;,),>0 is adapted with respect to (:#,),>0. Furthermore,

Yot Cnt1 1 " Y,
IE(mthl y"‘) = + mn+1E kg]éwrl,k T | > W a.s.

mn+1
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for each n € Ny, because the independence of .%, and (§n+17k)k21 and the .%,-
measurability of ¥;, ensure that

n
E (Z Snt1k
k=1

Having verified all assumptions of Lemma 5.17, the latter gives the desired conclu-
sion.

(b) If Elog™ { = oo, then Lemma 5.16 yields

5“,,) = Y,E&, 411 = mY, as.

g6 _ o s
- 5.

limsup
n—yoo

and therefore for each positive ¢

1 1 ; ; 1/n
co = limsup — exp< 086 ) = limsup (C> a.s.

n—oo C n N—so0 ch

As Y, > {, for each n > 1, we arrive at the assertion. O

Remark 5.19. Even when disregarding the slightly different definitions of a GWPI
here and in Chapter 3 concerning its initial distribution, Theorems 3.12 and 5.18 do
not match exactly. First of all, part (a) of the latter result considers the normalization
m”, whereas Theorem 3.12 uses the Heyde-Seneta norming k,, which is of the same
order of magnitude only if the &, ; satisfy the (ZlogZ)-condition. Since m~"k, — 0
if this condition fails to hold, we conclude further in Theorem 5.18(a) that Y., is a.s.
positive and finite under (ZlogZ) and a.s. equal to zero otherwise. If Elog™ { = oo,
then Theorem 3.12 asserts that kn_lYn — oo a.s. and thus ¢7"Y,, —  a.s. as well for
any 0 < ¢ < m, for ¢k, — o [B= Theorem 2.1 and its proof]. This is a stronger
assertion than in part (b) of the above result which, on the other hand, goes beyond
Theorem 3.12 by providing information on the behavior of ¢™"Y,, also for ¢ > m.

5.3.3 Subcritical GWPI: Heathcote’s result revisited

To take another look at Cor. 3.3 due to HEATHCOTE, we need the following gener-
alization of the Borel-Cantelli lemma.

Lemma 5.20. Let (k,),>0 denote a sequence of nonnegative integers,
(Ayk)nj>1 an array of independent events and By, := Ui”:] Apx forn €N (de-
fined as O if k,, = 0). Then the implication

kn
P (limsuan) =0 = Y Y Py <e

n—yee n>1k=1



5.3 Size-biased Galton-Watson trees and GWPI 105

holds true.

Proof (by contraposition). If Y~ Zi”zl P(Ap k) = o, then

kj
P(liminfB;) = lim P [ () (A%

n—soo n—roo a
j=n k=1

kj

= Jim [TTT (1-7(4,0))

Jj>n k=1

= lim exp <— Z ilog (1 —]P’(Aj,k))>

noree Jj>n k=1

IN

kj
exp (— Z Z]P’(Aj?k)> =0

i>nk=1

which proves the assertion. a

Theorem 5.21. [Heathcote] Let (Y,,),>0 be a subcritical GWPI with py < 1
and immigration sequence (&,),>1 with generic copy . Then the following
assertions hold true:

(a) IfElog® { < oo, then Y, converges in distribution to a nonnegative ran-
dom variable Y.

(b) IfElog" ¢ = oo, then ¥, 5 oo, i.e.

limP(Y, >1) = 1

n—soo

foranyt € R<.

By making a more precise statement in the case when Elog™ { = oo, this result
is a slight extension of Cor. 3.3.

Proof. 1t is a simple exercise [F¥ Problem 5.23] to verify that (5.10) implies the
distributional identity

v, £y =Y Y Zi (k) (5.14)

for any n € N, where it should be recalled that the (Z,(k, j)),>0 are iild GWP’s with
one ancestor and offspring distribution (p,),>0 and independent of the immigration
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sequence. The Y, in contrast to their copies Y,,, have nonnegative increments A, :=
ZE"ZI Z,—1(n,k) and hence converge almost surely to the random variable

Y, = Z A,.

n>1

taking values in Ny. Since the A, are obviously independent and a.s. taking values
in Ny, the ordinary Borel-Cantelli lemma provides us with the implications

n>1 —= o0 :0

Y P(A,>1) {<°° = P(A,>11.0)) {:O = P(Y, <) {:1

and thereby with
P(Y, <) € {0,1}. (5.15)

(a) Assume now Elog™ { < o and let %y = 6(({,)n>1) as before. Since all
Zn—1(n,k) are independent of .7, we infer

n
(Y. %) = Y E(Ad o) = ZE(ﬁz,,l(n,k)
k=1

k>1 k>1

§0> = Z n a.s.

n—1
nZlm

Now apply Lemma 5.16 to (log™ §,),>1 with ¢ = m € (0, 1) to infer the a.s. finite-
ness of the series )~ me'°¢" & and thus

Zmnilgn = E(Y,| %)) < = as.

n>1
Therefore, we arrive at the desired conclusion via (5.14), viz.
d v
Y, > Y, < o as.

(b) Let Elog™ { = . Further assuming P(Y/, = =) < 1 we will produce a con-
tradiction hereafter. By (5.15),

P(Y., = 0) = ]P’(ZAnoo> =0,

n>1

which, for D,, := {A, > 1} = {£", Z,_1(n,k) > 1}, entails

0="P (1imsupD,,> =P (HmsupDn

n—yoo n—yoo

ﬁo> a.s.

Recalling the independence of all Z,_;(n, k) and .%, this means that
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Yn
Co=yn,n> 1) = P(limsup{Zz,,_l(n,k)z 1}) =0

n—=eo | k=1

P (lim supD,

n—oo

for P(({u)n>1 € -)-almost all y = (y,)x>1. For any suchy and all k,n € N, put A, ; :=
{Z,—1(n,k) > 1} and B, := Ui"zl A, . Then we may invoke Lemma 5.20 (with k,, =
yn) to infer from P(limsup,_,., B,) = 0 that

Yn

Z yzn,P(An,k) = Z ZP(Z”*I(n’k) >1)

n>1k=1 n>1k=1

= Y wP(Z1(1,1)>1) < oo

n>1

for P((§,)n>1 € -)-almost all y and therefore

Y GP(Zioi(1,1) 2 1) < o as.

n>1

By finally using the simple inequality €!°¢ & < 1+ ¢, and P(Z,-1(1,1) > 1) <
(1= po)"~!, we obtain (as 0 < py < 1)

Z(l—po)”el°g+gn < oo as.

n>1

and thereupon with the help of Lemma 5.16 (with ¢ = 1 — pg) the contradiction
Elog™ { < . So we have shown P(Y/, = o) = 1, which by another appeal to (5.14)
gives

limP(Y, >¢) = imP(Y, >t) = P(Y,>1) = 1

n—oo n—oo

forall ¢+ > 0. O

Problems

Problem 5.22. [Proof of Lemma 5.17] Let (M,,, .%,),>0 be as in Lemma 5.17.

(a) If H=(H,)s>1 denotes a predictable (with respect to (.%#,),>0) sequence of
bounded, nonnegative random variables and M@ := (M, — a)*),>0 fora €
R, prove that the martingale transform H - M@ = ((H-M()),,) ¢, defined by
(H-M@)o=0and (H-M@), =Y"_, Hk(Mk“) —M,Ei)l) for n > 1, satisfies
the inequality

—

E((H-M,1|Z) > (H-M9), as.

for any n € Ny.
(b)  Fora,b € R witha < b, let U,(a,b) denote the number of upcrossings of the
interval [a,b] made by M by time n and put U, (a,b) = lim,,_,. U, (a,b). Prove
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with the help of (a) [ also [36, Ch. 11]] that the conditional upcrossing
inequality

(b—a)E(Up(a,b)|Fo) < E((My—a)*|Fo) —E((Mo—a)*| %) (5.16)

holds true a.s. for all n € N and a < b.
(¢)  Use (5.16) and assumption (ii) of Lemma 5.17 to show that

(b—a)E(Ux(a,b)|%y) < |a] + supE(M,|.Zy) < o as.
n>0

and then conclude the a.s. convergence of M,, from this result.

Problem 5.23. Prove that (5.10) implies (5.14), for instance, by making use of gf’s.

5.4 Supercritical GWP’s: Another proof of the Kesten-Stigum
theorem

We have gathered all necessary ingredients to proceed with a first demonstration of
how the theory of GWT’s and their size-biasings can be utilized to give alternative
proofs of classical results for GWP’s. We begin with one of the most prominent
results in the supercritical case, the Kesten-Stigum theorem. As already mentioned,
the general method is due to LYONS, PEMANTLE & PERES [24] and essentially
rests upon the Comparison lemma 5.7, Theorems 5.14, 5.18 and the following very
generally formulated lemma about the relation between two probability measures
on a filtered probability space.

Lemma 5.24. Let P, Q be two probability measures on a measurable space
(%, o) and (<) >0 a filtration on X such that o/ = 6 (<, n > 0). Let further
P,, Q, denote the restrictions of P, Q to <, and suppose that P, < Q,, with
X, = 4 for each n € Ny. The the following assertions hold true with X :=

. dQ,
limsup,, ., X:

(a) P possesses the decomposition
P(4) — /X dQ + PAN{X =w}), Aco/ (5.17)
A

in a Q-continuous and a Q-singular part.

(b)  The following assertions are equivalent:
(bl) P<KQ.
(b2) X <ooP-as.
(b3) [xXdQ=P(X)=1
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(¢) By duality, the following assertions are equivalent as well:
(b1) PLQ.
(b2) X = P-a.s.
(b3) [xXdQ=0.

Proof. We restrict ourselves to the verification of (a) and leave the rather straight-
forward arguments for (b) and (c) to the reader [== Problem 5.26].

We first show that (X, 27,)n>0, called likelihood process of P with respect to Q,
forms a Q-martingale. Plainly, any X, is /,-measurable and also Q-integrable, for
[X,dQ=P(X)=1.Forany n € Ny and A € 7, we further obtain using <7, C 7,1,
that

[ %1 dQ = Pu(4) = Po(1) = [ X,4Q
and thus Eq(X,11]|9%) = X,, Q-a.s., which proves the martingale property.

For the proof of (5.17), we first consider the case when P < Q and let Y be the
Q-density of P. For each n € Ny and A € o7, we then have

[¥dQ = Pw) = Pa) = [x,4Q, = [ X, 1@

and thus infer X, = Eq(Y|.<7,) Q-a.s. This shows that (X, ),>0 is a ui martingale [I=

e.g. [36]] which converges a.s. and in L' (Q) to ¥, hence X =Y = % Q-a.s. and

P(X — o) — /{X:w}x dQ = 0,

This clearly proves (5.17).

Turning to the general case, we put v := (P+Q)/2 and let v, be the restriction
of v to &7, thatis v, = (P, +Q,,) /2 foreach n € Ny. Then P < v as wellas Q K v,
whence we may use the first part of the proof for U, := ‘él;: and V, := d(\%: . Define

U :=limsup,_,,, U, and V accordingly. For each n € N and A € ¢7,, we have

[V av = Pa)+Qu) = 2va) = [2av
JA A

implying
U,+V, =2 v-as. (5.18)

By the same arguments as above, we find that U, — U = % andV, -V = % v-a.s.,

which in combination with (5.18) further shows v(U =V = 0) = 0. Consequently,
% is v-a.s. well-defined, and it follows

u .. U . dPjdv, . dP, .
v T amys = MOS v, T AR, T amXe = X veas.
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and particularly {V = 0} = {X = e} v-a.s. Finally, we conclude
P(A) = / U dv
A

= Udv + / Udv
{An{V>0} AN{V=0}

= /XV dv + / Udv
A AN{V=0}

- /AXdQ + PAN{X = o)),

which is (5.17). O

Here is once again the theorem by KESTEN & STIGUM in reduced form, fo-
cussing on the main equivalent assertions.

Theorem 5.25. [Kesten-Stigum] Let (Z,),>0 be a supercritical GWP with
one ancestor, finite offspring mean m, extinction probability q and normaliza-
tion W, = m~"Z, for n € Ng with a.s. limit W. Then the following assertions
are equivalent:

P(W =0) =g, (5.19)

EW =1, (5.20)

EZilogZy = Y panlogn < e. (ZlogZ)
n>1

Proof. Let the Z, be given in the form z, o GW for a GWT GW. For n € Ny, we
define &, = {0, T} U{[7],: T € T} and &, = 6(&,). We will make use of the pre-
vious lemma with X =T, & = Z(T), P = GW and Q = GW. Notice that .7 is
indeed equal to o (%7,, n > 0) as required there, because & defined by (4.1) satisfies
& =U,>0én and o7 = 0(&) by (4.2).

Consider now, for n >1,

L(B) = /B wa(7) GW(dT), B e B(T),

which defines a probability measure on (T,Z(T)), the normalization following
from

L(T) = / Wa(T) GW(dT) = m " E(w,oGW) = EW, — 1.
T
Part (c) of the Comparison lemma 5.7, with A = [t],, € &,, provides us with

GW(A) = wi(1)GW([el,) = [ walx) GW(dz) = Ti(A).

[ln
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where we have utilized that w,,()) = w,(7) for any x € [7],. The measures GW and
I, thus coincide, first on &, but then in fact on <7, = 6(&),) because &, is N-stable
and containing T [*== [5, Thm. 5.4]]. We have thus found that

GW,,, < GW d GWo
A Ay an =W,
| | GW‘% n

where we should mention the .o7,-measurability of w, which follows from

' (k) = {reT:n()=k = J [t e

TETnilfn‘:k

for any k € N.

For the rest of the proof let w := limsup,,_,.,wy, so that W = wo GW P-as.
Having verified all assumptions of Lemma 5.24, its parts (b) and (c) provide us with
the crucial dichotomy: On the one hand,

/deWzl o GW<GW & w<ooGWeas. (5.21)
T

and on the other hand,
w=0GW-as. < GWLGW <& w=o GW-as. (5.22)

The dichotomy will help us here because it relates the distribution of w under GW

with the one under 6\/\V , for which the Theorems 5.14 and 5.18 yields further infor-
mation.

”(Z1ogZ)=(5.20)" Integrability of Z;log™ Z; obviously implies (by means of
(5.2)) that N
Elog"(X; —1) = m 'EZjlog"(Z — 1) < oo,

for X) is a size-biasing of Z;. Denoting by (Y;),>0 a GWPI on the given probability
space (£2,%(,P) with offspring distribution (p,),>0 and immigration sequence §, =
X, — 1 for n > 1, we infer from Theorem 5.18 that

.Y,
Yoo := lim =% < o P-as.
n—eo Mt

Since, by Theorem 5.14, the distributions of (m~"Y,),>0 under P and of (w, —
m~"),>0 under GW coincide, we further infer upon using m~" — 0 that

GW(w < o0) = G/V\V(limsup(w,,—m”)<oo> =1,

n—yo

which, by (5.21), finally shows

1 = /deW = / woGW dP = EW,
T Q
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that is (5.20).

”(5.20)=(5.19)” Clearly, EW = 1 entails P(W = 0) < 1| and thus P(W =0) =g¢
by Lemma 1.24.

”(5.19)=(ZlogZ)” (by contraposition) If EZ;log™ Z; = o, we infer by similar
arguments as in the part ”(ZlogZ)=-(5.20)” and by making use of Theorems 5.14
and 5.18 that

E\/\V(w =oo) =1
and therefore, by an appeal to (5.22), the desired conclusion GW(w = 0) = 1. The
details are left to the reader [*¥ Problem 5.27]. O

Problems

Problem 5.26. Prove the parts (b) and (c) of Lemma 5.24, of course with the help
of part (a).

Problem 5.27. Provide the details for the proof of ”(5.19)=(ZlogZ)” in the above
proof of Theorem 5.25.

5.5 The limiting behavior of subcritical GWP’s

If (Z,) >0 is a subcritical GWP with one ancestor and offspring mean m, the simple
estimate
P(Z,>0) < EZ, = m"

for any n € Ny provides first evidence on the rate of exponential decay of the survival
probability P(Z, > 0) to 0. As in Section 2.2, but by different methods again taken
from LYONS, PEMANTLE & PERES [24], we will pursue the question when m” is
the exact rate of decay of P(Z, > 0), which suggests to study the sequences

ni=m"P(Z,>0) and mfi=E(Z|Z, >0)=c;"

for n € Ny. The already known answer, given in Theorem 2.13 by KOLMOGOROV,
is restated and proved here as part of Theorem 5.29 after the following preparative
lemma about size-biased distributions.

Lemma 5.28. For each n € Ny, let X,, be an integrable N-valued mndoAm vari-
able with distribution P, := P(X, € -) and associated size-biasing X,, thus
P, =P(X, € -). Then the following assertions hold true:

(a) If (Pp)nso is tight, then sup,,>. EX, < o.
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(b) If, in contrast, X\,, L oo, i.e. lim,_se0 IF’()?" <t) =0 forall t € R, then
lim,,_,.. EX,, = oo,

Proof. (a) The tightness of the IA’n ensures the existence of some N € N such that
inf P(X, € {1,...,N}) = f o L kPa({k})
go (Xn € {1,....,N}) 1n Z n({k})

and therefore

EX,
sup EX,, < sup 7'1 <2
N n>0 n>0 Zk 1kP ({k})

(b) Suppose that liminf, .. [EX,, < oo and thus w.l.0.g. (possibly after switching
to a subsequence) M := sup,~oEX;, < . Since then

lim ZkP ({k}) < hm—ZkP ({k}) = M IimP(X, <N) = 0

}’l*)w n—yoo

holds true for any N € N, we obtain

lim P(X, <N) < lim ZkP ({k}) =

n—yoo

and thereby
sup EX, > supsup NP(X, >N) =
n>1 n>1 N>1
contradicting our assumption M < oo, a

Theorem 5.29. For any GWP (Z,),>0 with finite positive offspring mean m
the sequence ¢, = m~"IP(Z, > 0), n € Ny, is nonincreasing and hence conver-
gent. Moreover, in the subcritical case m < 1, each of the following assertions
is equivalent to (ZlogZ):

¢ := limc¢, > 0, (5.23)
n—yo0

sup W, < oo. (5.24)

n>0

Proof. As U, = c’l the equivalence of (5.23) and (5.24) is trivial once the mono-
tonicity of the ¢, (or the u, ) has been verified.

For n € Ny, put P, :=P(Z, € -|Z, > 0) and let Z, again be given in the form
zn o GW for a GWT GW. For v € GW, define Z,(v) := z, 00, o GW", which is the
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size of the n'* generation of the subpopulation stemming from v with associated
(shifted) subtree ®, c GW" (a copy of GW). On {Z, > 0}, we further define p,, to be
the individual of the first generation GW1 with minimal label having descendants in
generation 7, the number being H,,. Formally,

pn:=inf{v € GW:Z,_1(v) >0} and H,:=Z,1(pn)liz,50)

for n € N. A simple calculation for k,n € N yields

P(H,=k) = Y P(py=i,Z,>0,H, =k)

i>1

— Y B(Z > i, Zy 1 (1) = O for | < i, Z, 1 (i) = k)
i>1

:Z Z p;iP =0forl <i,Z,_1(i) =k|Z, =)
i>1j>i:p;>0

=Y Y P =kPZ=0)"
i>1 j>ip;>0

= ]P( n— l*k ZP Zl >l)]P>(Zn 1:0)1._1’

i>1

where Prop. 4.13 has been used in the penultimate line. It follows that

P(Z,>0) = Y. P(H,=k) = P(Zi-1>0) Y P(Z; > i)P(Z,-; =0)""" (5.25)

k>1 i>1
and then upon taking ratios

P(Hn = k) _ IED(Zn—l = k)
P(Z,>0) P(Z,>0)

P(H, =k|Z,>0) = = P(Z,-1 =k|Z,—1 > 0),
for any k € N, thatis P(H,, € -|Z, > 0) =P,_ forn € N.
As H, < Z,, we now obtain for k,n € N that

P,([k,)) = P(Z, > k|Z, > 0)
P(H, > k|Z, > 0)
= P(Zu—1 2 k|Zy—1 > 0) = Pu_i([k,))

Y

and thereby

E(Z,|Z, > 0) = ZPn([k>°°)) 2 ZPn—lqu‘x’)) = E(Zy-11Zy-1 > 0),
k>1 k>1

that is the monotonicity of the sequence (W, ),>0-

For the rest of the proof let m 1 < 1. Bringing the size-biasings Z into play, the
reader is reminded that Z, = zn oGW. By part (d) of the Comparison lemma 5.7 and

Problem 5.32, we have Zn 4 Pn, the latter as usual denoting the size-biasing of P,,.
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~

Hence, if (¥;),>0 is again a GWPI with immigration sequence {, =X, —1,n > 1,
and offspring distribution (p,),>0, then also

~

P, = P(1+Y,€") (5.26)

for any n € Ny by Theorem 5.14.

”(5.24)=(ZlogZ)” If ([,Ln+ )n>0 is bounded, then Lemma 5.28(b) shows that Z,
cannot tend to oo in probability, nor can Y, by (5.26). Hence, Theorem 5.21(b) in
combination with (5.2) yields

Elog* {; = Elog™(X; —1) = m 'EZlog"(Z; — 1) < oo (5.27)

and thus validity of (ZlogZ).

”(ZlogZ)=(5.24)” A look at (5.27) shows that (ZlogZ) is equivalent to the inte-
grability of log™ {;. Now use part (a) of Theorem 5.21 to infer the a.s. convergence
of Y, and thus the weak convergence of the P, in particular the tightness of this
sequence. By another appeal to Lemma 5.28, this finally provides us with

sup [ xP, = supE(Z,]|Z, >0) < oo,

n>0 n>0

which is the desired conclusion. O

For the next result let ||P — Q|| denote the total variation distance of two distribu-
tions P and Q on Ny [¥° Appendix A.2 for a short survey of the most relevant facts
about || - || and coupling]. The next result shows the convergence in total variation of
P, =P(Z, € -|Z, > 0). Since, for distributions on Ny, weak convergence and total
variation convergence are actually equivalent [F¥ Theorem A.§ in the Appendix],
this does not improve, but only reconfirm the classical result by YAGLOM stated in
Theorem 2.14. On the other hand, (5.28) gives little more than just total variation
convergence of the P,,.

Theorem 5.30. [Yaglom] Given a subcritical GWP (Z,)n>0 with one ances-
tor and po < 1, the conditional distributions P, = P(Z, € -|Z, > 0) satisfy

Y P =Py < oo (5.28)

n>1

In particular, lim,,_,o |P, — || = O for a distribution & on Ny (viz. the quasi-
stationary distribution of (Z,),>0, ¥ (2.25)).

Proof. We have shown in the proof of Theorem 5.29, the notation of which is natu-
rally kept here, that the conditional distribution of the there defined random variables
H, given Z, > 0 equals P,,_;. Therefore, (H,,Z,) provides a coupling of (P,_1,P,)
under P(+|Z, > 0), and we obtain with the coupling inequality (A.5) in the Appendix
that
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P, —P,—1|| < P(H, #Z,|Z, >0).
Since the event {H, # Z,} = Y.;>1{pn = i, Hy # Z,} can be decomposed as
J
ZZ Z]—],ZZ,, 1 O,Z,Zf](l')>0, Z Zn,](l)>0 3
i>1j>i I=i+1
another application of Prop. 4.13 shows

(LS = <H £ 2,\2, > 0)

Zn— 1>0 ZZ J )z 1(1 P(Zn,1:0)j_i).

Zn > 0 i>1j>i

As one can easily see with the help of gf’s,

1 < P(Z,—1 > 0)

m ~— P(Z,>0) v

1
—, asn—oo
m

so that § := sup,~. % < oo, Defining
a(k) = min{n>1:P(Z, >0) < 1/k}, k>1,

we obtain after a suitable rearrangement of terms that

Y PPt < 8 Y Y Y5y Bzt =0) (1= Bz = 0))
n>1 n>1is1j>i
< 6(h +h),

where I = ij Z i]P)(anlzo)i_l(l—]P(Zn,I:O)j_i)
and 12 = Zp] Z ] ]P’(Zn71 :0)[—1(17]?(2”71 :0)j—1)

The expressions /1 and I» will now be estimated separately. The following inequality
results from the monotonicity of the ¢, viz.

P(Zgy1 > 0) < m*O-1=1p(Z, > 0)

for 0 < n < a(k), and is utilized to give



5.5 The limiting behavior of subcritical GWP’s 117

j ‘
L < ij ZP(ZHH :0)#1

a(j)—1 1
< ). Dj
j; ! = P(Z,>0)
a()-1  La()-1-n
< ) Dj o < m
j; / n; P(Zg(j)-1 > 0)
<Yirym (as P(Zg(jy-1>0) = 1/))
j>1 n>0
=

For I, we proceed in a similar manner. First,
P(Z,>0) < m"*WP(Zy4 > 0)

for n > a(k), which in combination with 1 — (1 —x)/ < jx forx € [0,1] and j € N
yields

‘/ . .
B Lo X Y0P =07)
j=1 n>a(j)i=1
J
<Y p Z IP’Z>OZ( i)
jzl n>o(j i=1
<Y p./-Zm Za(j) > 0)
ji>1 n>0
m .

So we have verified that

Z ||Pn_Pn—1H < 5(11+I2) < o

n>1

which is (5.28). In particular, (P,),>0 forms a Cauchy sequence with respect to || - ||
and thus converges in total variation to a distribution 7. a

Problems

Problem 5.31. Prove the following stronger version of Lemma 5.28: The sequence
(P,)n>0 is tight iff the sequence (X, ),>o is ui. [Hint: Show that tightness (P,),>0
holds iff there exists a nondecreasing, unbounded function ¢ : R> — R> such that
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sup EQ(X,) < oo
n>0

Then use (5.2).]

Problem 5.32. Let X be a nonnegative integrable random variable with distribution
P and Q :=P(X € -|X > 0). Show that P and Q have the same size-biasings, that is

P=Q.

Problem 5.33. Let the situation and notation of Theorem 5.29 and its proof be
given. Further, let Z] be a random variable with P(Z] = i) = m~'P(Z; > i) for
i € N. Show with the help of (5.25) that

Cn—Cntl = Cn (1 —E(1- mncn)ziil> < m"E(Z] - 1)2
(which particularly shows the monotonicity of the c¢,) and use this to conclude
Cn = c+0(mn)7 n— oo,

if (Z,)n>0 has finite offspring variance.

Problem 5.34. Given the situation and notation of Theorem 5.30 and its proof,
prove the following assertions:

(a) If (ZlogZ) holds, then o (k) ~logk/log|m| as k — oo.
(b) Foreachp>1,

Zp,,nlogpn<oo = ZnPHPann,lH <oo = limn”||P,—x||=0
n>1 n>1 n—yee

holds true.
(¢) Foreachye (1,m),

v+l oo — oo i — =
Yl <o = Y 7B~ By ]| <oo = lim [P, — ]| =0

n>1 n>1
holds true.
Problem 5.35. Given again the situation and notation of Theorem 5.30, recall that
pij = PZurk = j1Zy=1) = Pi(Z= )

denote the k-step transition probabilities of the Markov chain (Z,),>0. A distribution
T = (7)) n>0 is called

—  B-invariant for (Z,),>0 for some 0 < < 1 if, for all j € Ny,

Br; = Zﬁipij~

i>1

Notice that this entails 7y = 1, for pgg = 1.
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— quasi-invariant for (Z,) >0 if © = Pz(Z, € -|Z, > 0) foralln € N, i.e.

Pe(Zi=j)  Ye1mupy
Pr(Z,>0)  Yis1Xis1 Dy
for j,n € N [ also (2.25)].

—  quasi-stationary for (Zy)n>0 if Py (Z, € -|Z, > 0) % & for some initial distri-
bution A on Ny, i.e.

T =

% = lim P3(Z, = jlZ,>0) forall j € No. (5.29)

Prove the following assertions for the limiting distribution 7 in Theorem 5.30, which

is obviously quasi-stationary with A = J:

(a)  mis m-invariant.

(b)  mis quasi-invariant.

(¢) 7 satisfies (5.29) under each initial distribution A with Ag = 0. [Hint: Prove
(5.29) for any A = &, k € N, by induction over k.]

(d)  mis the unique quasi-invariant distribution for (Z,),>0.

5.6 And finally critical GWP’s again

We close this chapter with an approach towards critical GWP’s (Z,),>0 in the
framework of GWT’s and their size-biasings, again in essence taken from [24]. The
following decomposition of Zn =240 GW is fundamental.

Keeping the notation of the previous sections, put

Zy(u) = znO(*DuoEV\V”

for n € No and u € GW, and then, for (j,n) € N>< := {(k,]) e N2 : k <},

Snji= )y Zn-j(p) = Zn—j+1(Vj-1) = Zu—j(V})
PEGW;:v; | Zp#V;
and R,; = Z Zy—i(p).

pEE‘\’VjZ‘Uj,l =p,v;<p

This means that S, ; counts the number of descendants of v;_ in GW n, 1.6. genera-
tion n, which are not descendants of v;, while R), ; gives the number of descendants
of vj_;in GW » Whose unique ancestors in generation j are positioned right of v;
in the size-biased GWT GW. Obviously, R, ; < S, j for any (j,n) € N>=.

The announced decomposition of Zn may now be stated as a telescoping sum,
viz.
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Zy = 14+ Zy(00) = Zy(0n) = 1+ Y . (5.30)
j=1

Finally putting
Anj = {Rnj=Snj}

for (j,n) € N>=, which describes the event that all descendants of v;_; in gener-
ation n that are not descendants of v; have an ancestor in generation j to the right
of v;, the subsequent lemma lists a number of relevant properties of the previously
defined random variables.

Lemma 5.36. Given a critical GWP (Z,) >0 with reproduction variance 6> >
0, the following assertions hold true:

(a) Foreachn €N, the random vectors (R, 1,8n.1);---s (Rn.1,Sn.1) and thus
also the events Ay 1, ..., A, , are independent.

(b)  Foreach (j,n) € N*< ER, ;= 62/2.

(c) Foreach (j,n) e N><,

P(Zn_j+1 > 0)

P =Bz, ;5 0)

(d) Foreach j€eN,
(e
lim ERy, jl4,, = —-
n—yoo 2
and furthermore, if 62 is finite,
,}i_l,?oER"vleﬁ,j = 0.
Proof. (a)For 1 < j<n,let (rj,s;) € N>=,
M; .= {p EEVVj:pivj,l,p<vj}
and N; = {p€GW;:p =0, 1,p>0;}.

These sets divide the children # v; of v;_ into those left and right of v; in GW.
On the event D,, := {X; = k;, U; = v, for 0 <i < n}, we have that

Vj=vp...vj—1 € Nj,
and, given P(D,) = H?;OI Pk; > 0, the random variables

Z, j(u), 1<j<n,ueM;UN;
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are conditionally independent and for fixed j also identically distributed as I, ; :=
P(Z,—; € -). The last assertion can be deduced from Prop. 5.6. Since

{Ruj=rjs Snj=sj} = { Y, Znj(u)=sj—rj ) Zn-j= Vj}
uEMj U€Nj
for any j, it follows that

P(Ryj=rjSnj=sj 1 < j<n)
" (=) (ki 1—uj 1)
=) Hopk,- Hll"n,j- ({s;—rN L ()
* = j=

T X o B DR (),

J=11<uj1<kj

where Z denotes summation over all ((ug, ko), ..., (Un—1,kn—1)) € (N>=)" and the

*
last line is obtained after rearrangement of this sum. This shows the asserted inde-
pendence of the (R, ;,S, ;) for j=1,...,n with

k
P(Ruj=15.;=5) = ¥l ({s =) L5 () (531)

for (r,s) €eN*><and j=1,...,n
(b) Using (5.31), we obtain

IERnJ = Z r}P’(Rn,j = r)
r>1

\
%
~
[\

Il
e
=~

M~
\
71
~.

L
z
—
——
~
(.
SN—

x~
v
_
—
Il
—_
3
Y
—

Il
=
v
=
=
-
=
|
=
N
)

~
[\

(c) Here we obtain with (5.31)



122 5 Size-biased Galton-Watson trees with a spine

P(A, ;) = P(Rnj=Sn)

_ )
" P(Z,,;>0) ,;p" Zn-j=0))

= — P(Z,—i+1>0|Z1 =k
]P)(Zn7]>0)]§1pk ( n—j+1 | 1 )

]P)(Zn,j+1 > 0)
P(Zn,j >0) '

(d) Once again with the help of (5.31), we find that

ER”JlAnA,j = Z ’"P(Rn,j = SﬂJ = I‘)

r>1
= gl kg”zpkr,:‘i Yoy 5 ()
= kZ,Pk Z]P) n— 1—0 Zl 1—:,(];71)({"})
>1 =l
Y Lk DRz =0
k>1 =1

which implies
o

||M»

lim ER, j1a,, = Y Pk
” ’ k=1

n—r

2
by an appeal to the monotone convergence theorem (using P(Z, = 0) 1 1) and the
calculation in part (b). If 6% < oo, this further entails

o2
ER"JIA;A/' = 7 — ERn,le,,Aj — 0,

as n — oo, and the proof is complete. a

Remark 5.37. By similar arguments as in the previous proof, it can be shown that
ES, ;= o? for any (j,n) € N>=. Since this will not be needed hereafter, we leave
its proof as an exercise for the reader [F¥ Problem 5.44].

The above proof has shown that ER,, j14, ;, ERy,j1s; . and P(A, ;) depend on
(j,n) only through its difference n — j. Therefore, we can define

a,l,j = ER,W'IA ﬁnfj = ER"’JIAZJ and ’)/n,j = P(A,w),

n,j?
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for which Lemma 5.36 provides us with

2
. (o . .
r}gtoloocn— > ,}52,7"— 1 and ’}gl(}c[in—o (5.32)
where the last statement further requires 6> < oo,
We are now able to give probabilistic proof of (2.31) and (2.32) in Theorem 2.24,
first derived by KOLMOGOROV [18] under IE:ZI3 < oo and later in full generality by
KESTEN, NEY & SPITZER [16].

Theorem 5.38. [Kolmogorov] Le? (Z,),>0 be a critical GWP with finite and
positive reproduction variance 6°. Then

-1
2
Z,,>O> = —

Z
lim nP(Z, >0) = limE (—” :
n (o3

n—oo n—oo

with the usual convention that L := 0.

Proof. For n € N, we define

Ry, = 14 Y Ry

Since Ry, ;j counts the number of individuals in EV\VH which are greater than v, and
stemming from v;_1, but not from v;, we see that R, just accounts for the total
number of individuals greater or equal to v,.

For a better understanding of the subsequent arguments that are again based on
a coupling, we first give the following informations: It is straightforward to infer
from Lemma 5.36(b) that n~! ER, has the same limit, viz. 6> /2, as asserted for
E(n~'Z,|Z, > 0). Therefore, we will proceed with the construction of random vari-
ables R}, n € N satisfying:
i Ry 2 P,=P(Z,€:Z,>0)foranyn>1 [85 (5.37)].
(i) Ifo? <oo, thenn 'E|R,—R:| —0asn— o [I=(532)].

However, this construction is by no means obvious and requires at first the insight
that Z, conditioned upon the event

A := {v, is leftmost individual in é—V\V,,} = {v, :min(fV\Vn}

has conditional distribution P, as well [F=° (5.34)]. As R, ; < S, ; for (j,n) € N2<,
we have

n
{Ruj=Suj} = ()Anj (5.33)
j=1 Jj=1

=

A, = {anin} =
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and thus infer with the help of Lemma 5.36 that

= P(Z, > 0).

T L PEZijn >0 P(Z,>0)
P(An) - jI;IIP<An,j) - jI;Il ]P(Zni-:>0) = ]P’(Z() >O)

By combining this with the calculation

P({Z, =k} NA,) = P(Z, =k, U, = minGW,,)
Z GW, ([;min,],)
T€Ty:z0(T)=k
GW([7],)
T€Ty:zn(T)=k
= P(Z,=k),

where the Comparsion lemma 5.7 has been utilized in the penultimate line, we arrive
at the announced distributional identity

P({Z, €-}NA,) = P(Z, €-Z,>0) = P,. (5.34)
Now we can turn to the construction of the R} with distribution P,,. Forn > 1, let
R} |,...,R;, be independent random variables on (£2,2(,?) which are independent

of (Ry.1,Sn1); s (RunsSnn) and such that
P(R,; €-) = P(Ry; €-|An;) = P(Su;j € |Anj)

for 1 < j <n.Here P(4, ;) = %—; > 0 should be recalled. Then defining

Ryj = Rujla,,+Ry Ly, 1<j<n (5.35)
and further
n
Ry =1+ Y Ry, (5.36)
j=1
the random variables Rj;, b ...,Rfm are also independent by Lemma 5.36, and we with

the help of the stated independence assumptions that
P(R; ; =k) = P({Ru; =k} NA,;)+P({R; ; =k} NA; ;)
= P({S,,; =k} NA, ) +IP’(R,’W» =k)P(A; ;)
= P(Sn,j = klAnj) (P(An) +P(A; )
= P(Suj = klAn,)

for k € N and 1 < j < n and thereupon, by (5.30) and (5.33), that
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P(R;=k) = Y PR, =kjfor1<j<n)
ki+...+kp=k—1
n
= Y [IP&,;=k)

kit thky=k—1j=1

n
= Y TIPS, =kjlAn))

ki +...+kn=k—1 j=1

1
— Z P({S, j=kjfor 1 <j<n}NA,;)

P(An) Kyt thp=k—1
1

= m ]P)({Zn =k}NA,)

= P(Z, = k|Ay).

N

In view of (5.34), this yields as announced in (i) above that
PR, €-) =P, = P(Z,€-|Z,>0). (5.37)

Next, we must verify (ii) and do so first under the assumption 6> < co. By the
definition of the R* and another appeal to Lemma 5.36, we then obtain

1 1
~|E(R, —R;)| < —E[R,—R;|
n n
< 7ZE|R’11 n,j
nj 1
n
< R: ;) dP
< nZ/A R+
= - R, ;+R, ) dP
ng’/Af;j( SAR
1 ,
= ;Z(ﬁn j+P(A; ) ER, ;)
=
1 & < _yn—j
= = B+ ER )
”J; n—j Y n.Jj
1 & o
=Z<ﬁn1 y'”z)- (5.38)
Yo

But the sum in (5.38) converges to 0, for it is the n’"* Césaro mean of a null sequence
[ (5.32)]. Consequently,
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ER;, 02| _ [E(R;—R.)| _ |ER, o°
n 2| n n 2
1 1 o’
= o(1 —+—-)Y ER,;——| = of1
o) + |5+ 5 LERy =T | = o)
N——
=02/2
as n — oo, which finally leads to
1 E(Z,|Z,>0) ER;, o

nP(Z, > 0) n n 2

Left with the case 62 = oo, it follows from (5.35) and (5.36) that

n
Rf, Z ZRn,/lAnj
j=1
and thereby furthermore
1 7ER;;>1iER‘1 *IEO"%GZ*
nP(Z,>0) n — n i A n = / 2

as n — oo, where we have used that Césaro’s theorem remains valid for sequences
with limit oo, O

Remark 5.39. Assertion (ii) in the previous proof, valid if 02 < oo, just states the
L'-convergence of n~! (R, — R%) to 0 and particularly implies that

R, R

n n

1=

0, asn—»oo.

This fact will be utilized in the proof of Theorem 5.43, for it ensures by Slutky’s
theorem that convergence in distribution of n~ 'R, and of n~! R}, are equivalent con-
ditions, with necessarily identical limit distribution.

In order to also give an alternative proof of the last statement (2.33) in Theorem
2.24 due to YAGLOM, viz. the weak convergence of the conditional distribution of
n~'Z, given Z, > 0 to an exponential law with parameter 2/c?2, three subsequent
results provide the necessary prerequisites. The first one sheds light on the distri-
butional relation between R, and Zl. Roughly speaking, R, is obtained from Zl by
scaling with a factor having a uniform distribution on (0, 1).

Lemma 5.40. Let U be independent of (Z,),>0 with U 4 Unif(0,1). Then

d ~
R, = [UZ,]
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for eachn € N, where as usual [x] :=min{n € Z : n > x} forx e R.

Proof. We have seen in the proof of Theorem 5.38 that R, — 1 counts the number of
nodes in EV\VH lying to the right of v,, in particular R, < Zl. Given any 7 € T with
zu(T) = m, the nodes in 7, increasingly ordered are denoted as p,gl) (7). p,S’") (7).
By another appeal to the Comparison lemma 5.7, we infer for £ > 1 that

P(R,=k) = Y 1> kP(Z,=1,R, =k)
=Y Y Wm0l

>k 1€Ty:z(7)=1

=Y X GW(

>k T€Ty:z,(T)=1

Y P(z,=1)

1>k
~ k—1 k

= ZP(Z,Z_Z)IP’< <U< )

=t l /

=1/
= Plk—1<UZ, <k)
= P([UZ,] =k).
This obviously proves the assertion. a

The second lemma, the proof of which we leave to the reader as an exercise [I<
Problem 5.45], shows compatibility of distributional convergence ands size-biasing.

Lemma 5.41. Let (X,),>0 be a sequence of nonnegative random variables

~

with finite positive means and associated sequence (X,)n>0 of size-biasings.
d S L

Suppose that X,, — Xo and that X,, converges in distribution as well. Then

~ d ~

X, — Xo.

Two characterizations of the exponential distribution are the content of the third
preparative result and of interest also in their own right. One of these involves once
again a distributional equation which is further discussed in Problem 5.46 and 5.47.
For more detailed information including extensions to the multidimensional case
we refer to the articles by KOTz & STEUTEL [19], PAKES & KHATTREE [30] and
PAKES [29].
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Proposition 5.42. Let X,X|,X> be iid nonnegative random variables with
mean (L € R, Xa size-biasing of X and U a further Unif (0, 1)-variable inde-
pendent of the afore-mentioned variables. Then the following three statements
are equivalent:

(@) X<Ewp(1/p). ) XLUx. ) XLUX +X).

Proof. We first prove ”(a)<>(b)” and let ¢ denote the LT of X. Since LT’s deter-
mine the distribution uniquely, assertion (b) is equivalent to [use (5.2) and Fubini’s
theorem]

- 1 -
o(1) = Re VX = / Ee "X du
0

1 /1
—/ EXe ™ du
1 Jo

1 —
lE (X/ e*lux du) — 1 (P(t)
u 0 ut

for all t € R+ and thus

1/u
t) = , tER..
This gives (a) by another appeal to the uniqueness theorem for LT’s.

”(a), (b)=-(c)” may be assessed by a comparison of A-densities [I¥" 5.3 for the
density of X] which immediately gives X 4 X1 +X 4 r,1/u).
”(c)=-(a)” Since X + X, has LT ¢, we find the equivalence of (c) with

1 1 ot
o(1) = /0 o(ut)? du = ;'/0 o) du, 1R, (5.39)

which yields upon differentiation

2
o'(t) = ftiz/ot(p(u)2 du + @, teRs. (5.40)

A combination of both, (5.39) and (5.40), provides us with the differential equation
19'(1)+ (1) = ¢(1)’, 1R (5.41)

By next considering the function ¥ := (1 — @)/ ¢, positive on R+, and with deriva-
tive ¢’ = —¢'/@?, it follows from (5.41) that

v e 1
W) el -ew 1 (€%
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and then upon integration over arbitrary intervals (s,7) C R that

log (gg;) = .: ‘5((:)) du = /:% du = log (2),

that is t~'¥(¢) = s~ 1¥P(s) for all # > s € R~. Consequently, ¥(t) = at on R for
some a € R or, equivalently,

1 1 1/a
o() 420  lt+a  i+lja '

which means that X must have an exponential law with parameter 1/a. But a then
is the expectation of X and thus a = u. ad

Now we are ready to give a probabilistic proof of the convergence result (2.33)
due to YAGLOM [37].

Theorem 5.43. [Yaglom] For a critical GWP (Z,),>0 with offspring variance
o2 € R+, the conditional law of Z, given Z, > 0 converges weakly to an
exponential law with parameter 2/ o2, that is

Z,
lim P (—" <t
n—oo t

Zn>0> = 1-672#0‘2

foranyt € R..

Proof. We keep the notation from Theorem 5.38 and its proof. By (5.37), we must
show n~ 'R N Exp(Z/cz)A. Since 62 is finite, we know that ER/n — ¢2/2 [
proof of Theorem 5.38], EZ, = IEZ,%/IEZ =VarZ,+ 1 =nc?+1[= Prop. 1.4],

*
n

ER, o2
sup— = — +1 <o, K:=sup <oo and sup
n>1 n 2 n>1 N n>1 N

Zn

:62+1<oo,

which easily implies tightness of the distribution families

(r(Ze)m) {r(Be)onshufe(e )un],

The Helly-Bray selection theorem in combination with n=!(R, — R) 5 0 [5= Re-
mark 5.39] ensures the existence of random variables S,7, w.l.o.g. defined on the
same probability space (2,2(,P), such that

R R* *
S dog T dog g T dop (5.42)
ny ng ng
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for a suitable subsequence (7 )x>1. Moreover, using (5.37), we find that

_ Bz, jn<iy

N EZ,

_ E(an{zn/nglﬂzn > 0)
B E(Z,|Z, > 0)

~ E(gs <y R /n)

B ER;: /n

P(Zy,/n<1)

fort € R~ and n € N, so that Z, /n is a size-biasing of R/, in particular
]E(l{R;/,D,}R:;/n) < kP(Z,/n>1)

fort € R~ and n € N. Now the tightness of {P(Z,/n € -) : n > 1} entails the uniform
integrability of the sequence (R} /n),>; and thus

ER* 2
ES = lim—"% — £ ¢ R, (5.43)
k—boo  Np 2

Next, an application of Lemma 5.41 (with Xo = S, X; = R;, /ny and X, = Ztk /ny, for
k>1)yields T £ S for any size-biasing S of S and therefore

Let U be a Unif (0, 1)-variable independent of Sand (Zn)n20~ Then

Uz .
2o 4 S ks o
ny

Since R
uz,| Uz, 1
0< a4, = Ul U
n n n

we infer with the help of Lemma 5.40 that

Ry a [UZy] _ UZ,

F A, 5 US, ko
ny ny Ny

By combining this with the first statement in (5.42), we see that S £ US which in
turn shows § < Exp(2/0?) by invoking Prop. 5.42 and recalling ES = 62/2 from
above [ (5.43)].

The proof is finally completed by noting that the previous arguments obviously
apply to any subsequence (7 )g>1 such that (5.42) holds. In other words, any distri-
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butionally convergent n,:lR;klk has limit Exp(2/0?) whence n~ 'R itself converges
to this distribution, as required. O

Problems

Problem 5.44. Prove that ES,, ; = o2 for any (j,n) € N>= as claimed in Remark
5.37.

Problem 5.45. Prove Lemma 5.41. [Hint: Argue that it suffices to show vague con-
vergence of P(X,, € -) to P(Xp € -) and use Problem 5.31.]

Problem 5.46. Consider the situation of Prop. 5.42 and let T, = {J,>0{1,2}" be the
infinite binary tree. Then let {U, : v € T»} be family of iid random variables with
uniform distribution on [0, 1]. For v =vj...v, € Ty, put

T(V) = (Tl(v)sz(V)) = (UV7UV))
and then
L(v) == T,,(@)T,(vi) .. - T, (V1..Vy—1) = UgUy, - ... - Uy, .y, _,-

This may be interpreted as follows: To each edge (v,vi) in T, the weight T;(v) is
assigned, which upon multiplication of edge weights leads to a total weight L(v) for
the unique path connecting the root with v.

Finally, let {X, : v € T, } be a second family of iid random variables with common
distribution F, finite and positive mean 1, and independent of {U, : v € T, }. Prove
the following assertions:

(@) IfF=Exp(1/u), then

4

Xg L(v)X,

veT:|v|=n

foralln € N.
(b)  For general F with expectation u and finite variance

L(v)X, 4 Exp(l/u) asn— co.
veT:|v|=n
[Hint: Consider A, := ¥ cr:yj=n L(v)(Xy — Xy) for a family {X| : v € Tp}
of iid Exp(1/u)-variables which is independent of all X, and L(v), v € T.

Prove A, ﬂ 0 by computing Var A, and use (a).]
(¢) IfF =6, then

W,:= Y L)X = Y L), n>0

veT:|v|=n veT:|v|=n
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. . . d
constitutes a martingales which converges a.s. to some W = Exp(1/u).

Problem 5.47. Still in the situation of Prop. 5.42, let U;,U; be two independent
Unif (0, 1)-variables independent of X, X, X;. Prove the equivalence of

d d
@ X<r21/w) ) X LU X +UaX.
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