Chapter 2
Classical limit theorems

2.1 Supercritical case: The theorems by Heyde-Seneta and
Kesten-Stigum

Throughout this section, (Z,),>0 will always denote a supercritical GWP in a stan-
dard model with nondegenerate offspring distribution (p,),>0 (i.e. VarZ; > 0) and
finite offspring mean m. We keep the notation of the previous chapter, thus f de-
notes the gf of (p,),>0, ¢ the extinction probability under P = Py, W,, = m~"Z, for
n € Ng and W its a.s. limit. As should be clear by now, it is enough to study the
asymptotic growth behavior of Z, under P. The goal is to prove the following two
famous results.

Theorem 2.1. [Heyde-Seneta] Any supercritical GWP (Z,,) >0 with finite off-
spring mean m admits a normalization (k,),>o such that k; 'k,+1 — m and
W) .= k;'Z, converges a.s. to a nondegenerate finite random variable W*
satisfying P(W* > 0) = P(Z, — «) = 1 — q. Moreover,

a.s. on {Z, — }. 2.1)

lim — =
et~ oo, if0<p<m

Z, {Q if i >m,

The second theorem addresses the question of a necessary and sufficient condi-
tion under which we may choose k, = m™", n > 0, as a normalizing sequence in the
previous result.

Theorem 2.2. [Kesten-Stigum] In the situation of the previous result, the fol-
lowing assertions are equivalent:
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24 2 Classical limit theorems

P(W >0) >0, (2.2
EW = 1, 2.3)
lim E|W,, —W| = 0, 2.4

n—yoo
(Wy)n>0 is uniformly integrable (ui), (2.5)
EsupW, < oo, (2.6)

n>0
EZlogZ, = Z panlogn < oo, (ZlogZ)
n>1

Remark 2.3. Due to their importance in the theory of branching processes, the re-
sults deserve some historical comments. It was LEVINSON [18] who first observed
that W may vanish a.s. if VarZ; = o. Later, SENETA [27] first proved that any su-
percritical GWP (Z,),>0 with finite offspring mean m admits a sequence (ky)n>0 of
normalizing constants such that k! Z, converges in distribution to a nontrivial lim-
iting variable W*. He further showed that EW* < oo iff k, >~ Cm" for some C € R
iff (ZlogZ). HEYDE [15] improved his result by showing that the convergence holds
even almost surely and that k, 'k, 1 — m. This explains that nowadays any such se-
quence (ky,)n>0 is often called Heyde-Seneta norming. Finally, KESTEN & STIGUM
[16], in the more general context of multitype processes, obtained Theorem 2.2.

Remark 2.4. With the help of the Heyde-Seneta theorem, is not difficult to verify
and left as an exercise [F=¥ Problem 2.9] that the nondegenerate limit of a normalized
supercritical GWP is unique up to a multiplicative constant. In particular, W* = ¢W
a.s. for some ¢ > 0 if (ZlogZ) holds true.

We begin with the proof of Theorem 2.1 which is based on a martingale argu-
ment due to HEYDE [15] and furnished by Lemma 2.5 below. Since f is increasing,
convex and one-to-one on [g, 1], it possesses an inverse g := f ~1 on this subinterval
which is increasing and concave with g(q) = ¢ as shown in Figure 2.1. Let g, = g*"
be the n-fold composition of g and notice that g, = ;' for each n € Ny, where
go(s) = fo(s) := s. Then define

Xu(s) = gu(s)? = e %/kl)  p>0 2.7)

for any s € [g,1), where k,(s) := (—logg,(s)) "' € Rx. Let (#,),>0 denote the
filtration defined in Section 1.1.

Lemma 2.5. For each s € [q,1), the sequence (X,,(s),-Fn)n>0 constitutes a
martingale taking values in [0, 1] and thus converges P-a.s. and in LP for any
p > 1 to a random variable X (s) which is nondegenerate for any s € (q,1).
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0.5

Fig. 2.1 The gf f and its inverse g.

Proof. The martingale property of (X,,(s),-Zn)n>0 is easily deduced from

Zn—]
Zn1> =E <H g”(s)xn,k an)
k=1

= <]E(gn(s)zl))zni1 = ngn(S)Z”*‘ = Xn_1(s) P-a.s.

7
E(X(s)[Fn-1) = E (gn(s)):k1lxn.k

for any n € N. Since the sequence is [0, 1]-valued and thus bounded, it converges [P-
a.s. as well as in L? by the martingale convergence theorem and its L”-extension [
[12, Cor. 2.2]]. Moreover, (X2(s),.%,)s>0 forms a submartingale and VarX (s) =
Varg(s)?1 > 0 for any s € {t € [¢,1) : 0 < g(t) < 1} D (g, 1), the last fact being
ensured by VarZ; > 0 (a standing assumption). Using Jensen’s inequality, we now
infer that

EX..(s)> > EX;(s)> > (EX;(s))*

and thereby VarX..(s) > VarX;(s) > 0. O
Proof of Theorem 2.1. Turning to
W*(s) := —logXw.(s) forse(q,1),

the previous lemma implies that W* () is nonnegative and nondegenerate and that

Wy (s) := —logX,(s) = — W*(s) P-as.

kn(s)
However, we must still verify that W*(s) is a.s. finite (at least for one s € (g, 1)).

Towards this end, we first show that k,,(s) "'k, (s) — m for each s € (¢,1). As
g(s) > s for s € [g,1) [*= Figure 2.1], we have that g, increases to a limit g. on
[g,1) satisfying
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8-(q) =g and gu(s)=1forse (q,1).

Note for the second assertion that g..(s) < 1 for some s € (¢, 1) in combination with
Corollary 1.8 would entail the contradiction

s = lim fyog,(s) < lim fy08.(s) = ¢.
n—roo Nn—yo0

Using —logx ~ 1 —x as x T 1, we now infer

1 1
k(s) = — ~ 2.8)
" o= T T-s)
which together with lim Iﬁ(ss) =g'(1) = m~! yields
. kn+l(s) . 17g”(S)
lim = lim ——— = m forallse(q,1 2.9)
PE T R T g @1

as desired.

With (2.9) at hand, we may invoke Problem 1.27(b) to infer that, for any s €
(g,1), P(W*(s) =0) and P(W*(s) < o) are both fixed points of f and thus (using
the nondegeneracy of W*(s))

g =PW*(s)=0) and P(W*(s) <) € {g,1}.
But we also have for any s € (g, 1) that
s = EXuo(s) = Ee 120 < P(W*(s) < o)

and therefore P(W*(s) < o) = 1. Hence, any (ky(s))n>0 with s € (g, 1) provides a
Heyde-Seneta norming.

It remains to verify (2.1) which is easy. First, u="Z, — 0 a.s. for 4 > m follows
directly from the a.s. convergence of W,, = m~"Z,. Turning to the case g € (0,m),

observe that
kn+l /‘un+1 m

lim ——— = > 1
ek /W u
implies u "k, — oo and therefore on {Z, — oo} = {W* > 0}
Z Z, k
lim = = lim -2 = o P-as.
n—eo M n—eo k, U™
which completes the proof of Theorem 2.1. a

A second, purely analytical lemma provides the key to the crucial part of the
proof of the Kesten-Stigum theorem and will in fact be used also in the subcritical
case [ Section 2.2]. It is therefore derived first after some preparations.

A first order expansion of f at 1 has the form
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f(s) = 1—-m(1—s)+r(s)(1=s) forse(—1,1), (2.10)
where

r(s) = m—ll_if(;) (2.11)

has the properties

r(@g=m—1, r(l):= liTr?r(s) =0 and 7(s)<0 forse[0,1) (2.12)

as one can easily verify.
Replacing s with g(s) in (2.10), we obtain after a simple calculation that

1—g(s) 1 (1_ rog(s)

1—s m m

-1
) fors e (¢,1)
and then for general n € N (replace s with g, (s))

1—gu(s) 1 (1 _ rogn(s)

~1
= f 1).
—r - - ) ors € (q,1)

Consequently, for eachn € Nand s € (¢, 1),

1oanls) _ pplosds) n}ln(lrfn(s))]l 2.13)

l—s =1 1—gr_i(s) k=1

The announced lemma provides an equivalent condition for (ZlogZ) in terms of the
function r just introduced. We write Y x,, < ¥y, as shorthand for ¢; Y x, <Yy, <
c2 Y x, for suitable 0 < ¢1 < ¢y < oo,

Lemma 2.6. For each § € (0,1), the condition Y~ r(1 —0") < o is equiva-
lent to (ZlogZ).

Proof. Puta, =P(Z > n) =Y, pr for n € Ny and recall that m =}~ a,. Then,
by embarking on the definition of r,

r(s) = m=Y (1 - ans”> sk
k>0 n>0
P SRS
n>0 k>0n>k
= m-— Zs"Jr Z(l —ay)s"
n>0 n>0

m — Zans"

n>0



28 2 Classical limit theorems

for s € (0,1). Putting o« = —log J, it follows for n > 2 that

r(l—96 —|—/ (1—e"*)dx > Zr1—6k

Consequently,

1
Y r(1-8") < o iff ") g < oo

n>1

The next thing to observe is that

0§/ / m—Y a,s" | s*ds
0 1_s 0k>0< ng(')n>

I
S—
=
Vv
Q
S
=
|
I}
QU
©

I

Q

) |
™=
= =

In order to finally conclude that the last sum converges iff (ZlogZ) holds, it suffices
to note that

EZ (logZ, —1) / logt P(Z) >1) dt =< Z a logn

n>1

holds true. O

Proof of Theorem 2.2. The implications ”(2.6) = (2.5)=(2.4) = (2.3)=(2.2)” fol-
low from standard facts in probability theory, which leaves us with the proof of
”(2.2) < (ZlogZ)” and ’(2.2) = (2.6)”.

Beginning with the equivalence assertion, we first show that (ZlogZ) holds iff

n

. m

which in view of k,(s) ~ (1 — g,(s))~" and (2.13) is equivalent to the assertion
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Y log <1’°g"(s)> = Y roga(s) < = forse(g1). (2.15)

n>1 m n>1

Fix any sy € (g, 1) such that mg := g’(so)~! > 1. The concavtity of g provides us
with | | |
— < 1=8(s) < — foralls € [sg,1).
m 1—s mo
Moreover, g,(so) > so and g, T imply g,([s0,1]) C [so,1] for all n, so that upon
iteration and some simple algebra

1— 1—
sggn(s)gl_ d

1— (2.16)

n n
mg m

for all s € [so,1) and n € Ny. For s € (g,s0), one can always find N = N; > 1 such
that g, (s) > s¢ for all n > N. Consequently, (2.16) implies that

1—gn(s) 1—gn(s)

for s € (¢,50) and n > N. A combination of (2.16) and (2.17) obviously shows that,
for each s € (g, 1) there exist a,b € (0,1) and N = N; € N such that

1—d" < guls) < 1-0" (2.18)

for all n > N. This finally proves the equivalence of (ZlogZ) and (2.15), and thus of
(ZlogZ) and (2.14). But the latter condition is also equivalent to (2.2) because
kn(s) ~ Zn

m"  ky(s)

W, =

obviously converges a.s. to a nondegenerate limit iff lim,,_,.o m ™"k, (s) > 0.

The proof of ’(2.2) = (2.6)” embarks on the fact that, if W is nondegenerate and
thus EW € R, the SLLN ensures, for any fixed a € (0,EW), the existence of N € N
and b € R+ such that

m
]P’<ZW(k)>atm”> > b forallz>1andn>N.
k=1

It follows for all + > 1 that
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P(W>at) > P (W > at, supW; > t>
J=N

= Y P|\W>a,Z,>m", sup W; <t
n>N

N<j<n

=Y Y Pk(W>atm”)IE”<Zn:k, sup W/>t>

n>N k>tmn N<j<n
tm”
>Y Y PlLYW@y)>am"|P|Z, =k sup W;>1t
n>N k>tm”" j=1 N<j<n

> bP <suij > t) ,
j>N

where (1.31), (1.32) have been utilized for the third line and (1.22) for the fourth
line. The obtained tail estimate may now be used to infer

EsupW, < N + EsupW, = N + P(suan>t> dt
n>0 n>N 0 n>N
1 [ EW
g(N+l)+f/ P(W >at)dt = (N+1) + — < oo,
b )1 ab
which is the desired conclusion. O

At least at first glance, the two theorems just proved have an intriguing aspect. If
(ZlogZ) holds, then the population grows like m” on the event of survival, whereas
otherwise the growth is slower by Lemma 1.24. On the other hand, a violation of
(ZlogZ) means that the offspring distribution has heavier tails a, = Y ;~, px which
in turn entails large numbers of offspring per individual with higher probabilities.
As a consequence, we would expect the population to grow faster than m” on the
event of survival if (ZlogZ) fails to hold. The following lemma, the simple proof
of which we leave to the reader as an exercise [I=¥° Problem 2.10], elucidates the
phenomenon.

Lemma 2.7. [Antipodal lemma] Le? (Z,),>0 and (Zn)nZO be two GWP with
one ancestor, the same finite offspring mean m, reproduction variances >
and &2, extinction probabilities q and §, and offspring distributions (Pn)n>0
and (Pn)us0 with gf’s f and f, respectively. Suppose that

P(Zi>n) = Y pe < Y pr = P(Zi >n)

k>n n>k

for all n € N with strict inequality for at least one n. Then
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f(s) < f(s) forallse|0,1),

in particular py < po, and q < § if m > 1. Furthermore, py > p, and 6* < 6>
if 62 < oo,

What the lemma shows is that, if among two supercritical populations with iden-
tical offspring mean one has a higher chance of producing n or more children per
individual for any n > 2, then this must be compensated by a higher probability per
individual to have no offspring and thus by a higher extinction probability of the
population. Bearing in mind that each population is exposed to the antipodal forces
extinction and explosion, the lemma further tells us that an increase of one force,
while keeping the reproduction mean fixed, must come along with an increase of its
antipode and that, as a result of a thus increased reproduction variance, extinction
becomes the more attractive force owing to the fact that it is absorbing while explo-
sion is not. In the context of these observations, the two theorems by Heyde-Seneta
and Kesten-Stigum now tell us that (ZlogZ) marks a phase transition in the sense
that, a supercritical population for which this condition fails not only has a higher
chance of extinction but also a smaller growth rate as a population with the same
offspring mean and satisfying (ZlogZ).

Striving for further information on the distribution Q, say, of the Heyde-Seneta
limit W*, that is of W if (ZlogZ) holds, leads back to the distributional equation
(1.25) it satisfies [==" Problem 1.28]. Although an explicit computation of Q is usu-
ally impossible [ Problem 2.11 for an exception], the equation may be used to
derive interesting properties of Q like absolute continuity with respect to Lebesgue
measure (when restricted to R-) or density properties. This will indeed be accom-
plished in Section ??, but the following result provides a first taste of the procedure.

Theorem 2.8. The Laplace transform (LT) @ of the Heyde-Seneta limit W* in
Theorem 2.1 satisfies the functional equation

¢(mt) = foo(r) (2.19)

for all t € R>. Furthermore, EW* = |@'(0)| := lim, o |@'(¢)| is finite iff
(ZlogZ) holds true in which case ¢ forms the unique solution to (2.19) with
given right derivative at 0.

Proof. The functional equation is a direct consequence of (1.25) and Problem 1.6.
Rewriting it in the form ¢(f) = fo @(¢z/m), we see that @(t/m) = go ¢(¢), for
(1) > @(e0) = P(W* = 0) = q. Then, by iteration,

¢ (L) = 8o9(1)

mVl
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forallt € R> and n € N, thus

t 1
by (2.8). It follows that
, L l=e(m™) 1 m”
@' (O)] = r}g{l m~"¢ B ?ngllkn(q)(t))’

which is finite iff (ZlogZ) holds true [®= (2.14) in the proof of Theorem 2.2].

Suppose now that y is another solution to (2.19) with the same (finite) derivative
as @ at 0. By convexity, (s — )" (f(s) — f(r)) < f/(1) =mforall 0 < r < s < 1
which via iteration yields

o)~ ()l = |[foo (L)~ row (L)
<o) v ()l
< m” <p(#)—w(7) =5 119 (0) -y (0)] = 0.
forallt > 0,i.e. ¢ = y. a
Problems

Problem 2.9. Let (Z,),>0 be a supercritical GWP satisfying k;},Zn — Y; as. for
two sequences (kj,)n>0 of positive reals and nondegenerate random variables Y;
(j € {0,1}). Show that ¥} = cYp a.s. for some ¢ > 0.

Problem 2.10. Let the assumptions of the Antipodal Lemma 2.7 be given.

(a)  Prove the lemma and furthermore f,(s) < f,(s) forall n> 1 and s € [0, 1].
(b) If m>1and @, denote the LT’s of the a.s. limits of m™"Z, and m—"Z,,
respectively, then @(¢) < @(z) for all t € R>.

[Hint: Show first that
fls) = 1=(1—=s) Y aps" forallse0,1], (2.20)

n>0
where a, = Y, pr = P(Z) > n) forn € Ny.]

Problem 2.11. Use (2.19) to show that (Z,),>0 has linear fractional offspring distri-
bution if P(W € -|W > 0) is an exponential distribution, necessarily with parameter
1—g, forEW =1and P(W =0) =g4.
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Problem 2.12. The following parts provide an alternative proof of the Kesten-
Stigum theorem, taken from [2, Ch. 2]. We make the assumptions stated at the
beginning of this section and further define (in the usual notation)

1 Zy_1
Wo = 5 X Xaslix,cmny and - Rumy = EWooy =W 7)
k=1

for n € N. Then show:

@ W,—W,_i=m™" Zf"z’ll (X, x —m) for each n € N.

() Ry =EWu1 —W, | |#,) =m 'W,EZ1(z .y for each n € Ny.

(c) (W) —W,_1 +Ry—1)n>1 forms a L*-bounded martingale difference sequence.

(d) L1 P(Wy #W,) < oo, thus P(W,, = W, eventually) = 1 by the Borel-Cantelli
lemma, and ¥, E(W, — W1 + R,—1)? < oo.

(e  Yu>1(W,—W,_;)and ¥, >oR, are both a.s. convergent.

O Yus1(W) =W, +Ry_1) exists a.s. and in L.

(&) Y.>0ER, <eoand (ZlogZ) are equivalent conditions.

(h)  Proof of "(ZlogZ) = (2.3): (ZlogZ) implies that both, ¥,,~o R, and ¥_,,~ | (W, —
W,_1) existin L', and

EW > 1+E <Z (W,Z—Wn—l)>

n>N

for all N > 1. This yields EW = 1 (why?).
(i)  Proof of 7(2.2) = (ZlogZ)”: Put W’ = inf,>o W,,. Then (2.2) implies P(W' >
0) >P(W > 0) > 0 as well as

w'
7Z]EZII{ZI>m”} < ZR" < oo a.s.
m n>0 n>0

und thus also (ZlogZ) (why?).

2.2 Subcritical case: Two theorems by Kolmogorov and Yaglom
and the expected extinction time

Keeping the notation from the previous section, we now consider the subcritical case
when m < 1. Since ultimate extinction occurs with probability one, two questions
of interest are how fast P(Z, > 0) decays to 0 and about the behavior of Z, if the
population has survived n generations. These are addressed by the subsequent two
theorems due to KOLMOGOROV [17] and YAGLOM [33]. Defining the extinction
epoch

T :=inf{n>1:2,=0},
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we further prove by means of Kolmogorov’s theorem a result on its expectation E; T
as k — oo,

Theorem 2.13. [Kolmogorov] For a subcritical GWP (Z,),>0 with po < 1
and offspring mean m

¢ = limm™"P(Z, >0)

n—r

>0, if(ZlogZ) holds true,
=0, otherwise.

With regard to the extinction epoch, Kolmogorov’s theorem states that
P(T >n) ~ cm™", asn— oo, (2.21)

provided that py < 1 and (ZlogZ) is valid. In other words, 7 has exponentially de-
creasing tails of order m. An analytic definition of the constant ¢ will be given in the
proof of the theorem.

Theorem 2.14. [Yaglom] Let (Z,,),>0 be a subcritical GWP with py < 1 and
c as in the previous result. Then

A = lim P(Z, =k|Z, > 0)

n—yoo

exists for any k € N and defines a probability law on N, i.e. Y1 Ay = 1, with
mean

1
Y b = - 222)

Y
Y X L8y (2.23)

where all occurring random variables are independent with
YL A, X1, Xa L (p)iso and 8 < Bern(m).
In terms of gf’s, (2.23) takes the equivalent form
ho f(s) = mh(s) + (1 —m) (2.24)

forall s € [0,1], where h denotes the gf of (A)k>1.
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Note that a combination of the previous two theorems shows that, as n — oo,
P(Z,=0) ~ 1—cm" and P(Z,=k) ~ chm" fork>1

if pg < 1 and (ZlogZ) are valid.
The distribution A = (A)>; is often called Yaglom distribution or Yaglom limit

associated with (Z,),>0 or (pn)n>0- It has the notable property that, if Z 4 A, then
the conditional law of any Z, given Z, > O is also A, i.e.

P,(Z,€:Z,>0) = A forallmneN, (2.25)

where P := Y';~| 4Px. This is the defining property of a so-called guasi-stationary
distribution for the Markov chain (Z,),>0 and follows from

7Lj = Uim P(Zy1y = j|Zpsn > 0)
k—yo0

~ lim Yix1 P(Z =) Pi(Z, = j)
ko Y P(Zy = i) Pi(Z, > 0)

~ i 221 P(Zy = i|Z > 0)Py(Z, = j)
k—soo Zizl P(Zk =i|Z; > 0) P,-(Zn > 0)

Yis1 AiPi(Z, = j)
Yis1 AilPi(Z, > 0)
P)L(Zn = ])
P;L(Zn > 0)

for all j,n e N.

Turning to the extinction epoch T, our final result determines the asymptotic
behavior of its mean value when the number of ancestors goes to infinity.

Theorem 2.15. Let (Z,),>0 be a subcritical GWP with py < 1. Then

im ExT
k%mlogl/mk B

if (ZlogZ) is valid.

Proof of Theorem 2.13. Let r(s) be given by (2.11), som—r(s) = (1—s5) "1 (1— £(s))
for s € [0,1). Replacing s with f;(s) for any k € N and taking products, we obtain

1=fuls) _ ”l:[1 1= freri(s) _ mn'ﬁ<1mﬁ(s)> (2.26)

I—s izo 1= fi(s) k=0
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for s € [0,1) and n € N. Since 0 < m~!r(s) < 1 for s € [0,1), we then infer that
m~"(1—s)"'(1— f,(s)) decreases to a nonnegative limit y/(s), say, as n — oo, giving

in particular
P(z 1-
¢ = lim Pz, >0) = lim 1=£(0)

n—soo m” n—oco m”

= (0) (2.27)

and

- }gﬂ( rofil )) >0 iff Y rofi(0) < e (228)

k>0

By convexity of f, we further have 1 — f(s) < m(1 —s) for s € [0,1] as well as
1—f(s) = f'(po)(1 —s) for s € [po,1]. When combined with f(s) > f(0) = po for
all s € [0, 1], this yields upon iteration

F (o) (1= f(s)) < 1—fils) < m*(1—5)
for all s € [0,1] and k > 1, in particular
1-mk < f(0) < 1-4dF

for all k € N, where a:= f/(po) A (1 — po). The latter constant is positive iff py < 1,
whence we infer from Lemma 2.6 that the equivalent assertions in (2.28) are actually
valid iff (ZlogZ) and po < 1 hold true. a

Proof of Theorem 2.14. Put h,(s) = E(s%|Z, > 0) for n € N, so

1
ha(s) = ———= Zn qPp
(5) P(Z, > 0) /{z,,>o}s

_ Fls) — £u(0)
l_fn(o)

_ fn(s)

=1- l—fn( ) (2.29)

1 —rofk(s)/m>
=1—(1-s —_—
-l (= em
forall s € [0,1] and n € N, where (2.26) has been utilized for the last equality. Since

r is nonincreasing and fi(s) > f;(0) for all s € [0, 1] and k € Ny, all factors in the
above product are < 1. Consequently, /,, decreases to a limit # as n — oo, Viz.

1—(1—s L —rofi(s)/m
h(s) = 1—(1 )g(l_rofk(o)/m> € [0,1]

for all s € [0, 1]. Obviously,

h(0)=0, h(1)=1 and h(s)=Y Xs"
k>1
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for suitable A, > 0 and all s € [0, 1), but it must still be verified that i(s) T k(1) =1
as s 7 1 which then ensures via Y4~ A4x = 1 that (A¢)> defines a proper distribution
on N. But f,(0) — g = 1 implies

ho fi(0) = lim hyo fi(0) = lim1— =1-m (2.30)

for any k£ € N and thus, by letting k — oo,

Y & = limhofi(0) = 1.
>l k—yo0

In order to verify (2.22), recall from (2.27) that ¢ = lim;_,.. m (1 — £;(0)) and
use (2.30) to infer

1 —ho £, (0) mFk 1

LM = W) = fim 570 = im e T e

By Theorem 2.13 the last constant is finite iff (ZlogZ) holds true.
Finally bound for a proof of (2.24) (the equivalence with (2.23) is left an exercise
[t Problem 2.16]), we note that for all s € [0, 1]
hof(s) = lim h,o f(s)

n—yoo

i (1)) (Lo Tehl0))
-t (=) (5 (O (229

1= lim (1= A1 (s)) ',}ii?ollf;f&)()m

= 1—(1—h(s))m

O

which is the desired result.

Proof of Theorem 2.15. By (2.27) and (2.28), f,(0) = 1 —c,m" for suitable ¢, € [0, 1]
with positive limit ¢, for (ZlogZ) is assumed. Using Py(T > n) = Py(Z, > 0) =
1 — £,(0)%, we obtain

E.T 1
= Pk(T > l’l)
logl/mk logl/mk ngb

- logll/mkré)(l_f”(o)k> -

1

log)/mk 10

(1—(1—c,m")E.

Fix any € € (0,1), put

n. =n(k,€) = (1 78)10gl/mka n" =n"(k,e)=(1 +8)10gl/m k,
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and divide the last sum in the previous display into three parts S; (k), S»(k), S3(k)
with summation ranges 0,...,n, — 1, n.,...,n* — 1 and n*,n* 4 1,..., respectively.
Each of these sums will now be estimated separately.

Choose N € N so large that inf,>y ¢, > ¢/2. Since log(1 —x) < —x and m™ =
k€1 it follows that

1—(1—cu™/2)F > 1 —exp(—ck®/2).

For S (k) we obtain

(1 —&— logl/mk> (1 —exp(—ck®/2))

< <1 e log:mk> (1 —q fc[.L"*/Z)k)

1 n*l
< 1—(1 o)k
log; /mk N( ( C‘u/))
<Sl(k)
1 n*—l
< 1—(1—cu™/2)%) < 1—
_10g1/mkn;)( ( c,u/))_ €

and thus lim;_, S1(k) = 0. As for S>(k), it suffices to note that 0 < Sp(k) < 2e.
Finally turning to S3(k), we obtain for sufficiently large k that

1 .
< S3(k) < 1—(1—m" Tk
0< 85l < e B (1-(-m )
1
_ 1— 1_k7(l+£)mnk
logl/mknzo( ( ) )
1

Z (1—exp(—2k~*m"))

- logl/mkn20
2
< Flos E L™
ké€logy mk /=

where 1 —e™ < x has been utilized for the last inequality. It follows that limy_,., S3(k) =
0. A combination of the previous estimation proves the theorem, for € was chosen
arbitrarily. a
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Problems

All problems in this section keep the usual notation and assume (Z,),>0 to be sub-
critical, given in a standard model, and with extinction epoch T'.

Problem 2.16. Prove the equivalence of (2.23) and (2.24) in Yaglom’s theorem.

Problem 2.17. Given the assumptions of Yaglom’s theorem, prove that
}Lk = lim ]P’i(Z,, = k|Zn > 0)
n—soo

for all i,k € N, which means that the Yaglom limit yields regardless of the number of
ancestors. [Hint: Consider 4; ,(s) = E;(s%*|Z, > 0) and prove that h; ,(s) /1y u(s) —
1 forallse€[0,1]and i € N.]

Problem 2.18. Given the assumptions of Yaglom’s theorem, prove that:

(@ A = (A&)r>o is degenerate, i.e., a Dirac distribution, iff pyp 4+ p; = 1. [Hint:
Use (2.23) or (2.24).]

(b)  If A is nondegenerate, then A; > O for infinitely many k.

(©) If (pn)n>0 is aperiodic, the same holds true for A.

(d)  If (ZlogZ) holds, then A has variance 1 ( m{;@l) — 1) which is finite iff the
reproduction variance is finite.

Problem 2.19. In the situation of Yaglom’s theorem, suppose that

1—
h(s) = % for some a € (0,1).
—as

Show that (p,),>0 must be linear fractional and determine the parameters in terms
of a and m.

Problem 2.20. Prove that, under P = [Py, the extinction epoch T satisfies the distri-
butional equation

T < I+min{7;: 1 <k<Z}
where Z,T1,T5, ... are independent and 77, T, ... are copies of T'.

Problem 2.21. Prove that Eexp(07) < o for any 6 < log(1/m) under the assump-
tions of Kolmogorov’s theorem.

Problem 2.22. In the situtation of Theorem 2.15, let
T(m) = inf{n >0:2, <m}
for m € N. Prove that the theorem remains valid with E; T (m) instead of E;T.

Problem 2.23. Suppose that A is any quasi-stationary distribution of (Z,),>¢ in the
sense of (2.25). Show that T then has a geometric distribution on N under [P, . [Hint:
Prove that Py (T >n) =P, (T > k)Py (T >n—k) forall 0 <k <n.]
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2.3 Critical case: The Kolmogorov-Yaglom exponential limit
theorem and the expected maximum

It should not be surprising that the critical case that we are going to study next is
of some interest because it marks the “boundary” between two cases of drastically
different behavior. For most of the result presented here we assume that (Z,),,>0 has
finite and positive offspring variance o[> p1 < 1], here given by [I¥ (1.6)]

o = [+ (MA=f(1) = (1),
form = f’(1) = 1. We already know from previous results that

q =P(Z, =0 eventually) = 1;
EZ,=1 foralln>0;

Varz, = no? — oo, asn —> oo,

They provide a first impression about the instabilities of critical GWP’s. The fol-
lowing exponential limit theorem, again due to KOLMOGOROV [17] and YAGLOM
[33], sheds further light on their behavior. Its proof as opposed to the ones in the
previous sections is relatively simple. Its main assertion is about the asymptotic dis-
tribution of n~'Z, conditioned upon survival. A second, more difficult and recent
result due to ATHREYA [3] determines the asymptotic behavior of the maximum
M, = maxo<k<y, Zx, more precisely of [ExM,, as n — oo for any k € N.

Theorem 2.24. [Kolmogorov-Yaglom] For a critical GWP (Z,,),,>0 with off-
spring variance 62 € R the following assertions hold true for all k € N and
t>0:

2k

lim nPy(Z, >0) = —, 2.31)
7 2

lim <7 Z, > 0> - % (2.32)

. Z, —2t/62

Im P (22 <e|Z,>0) = 1-e/, (2.33)

that is, the asymptotic distribution of n='Z, given Z, > 0 is exponential with
parameter 2/ 2.

As already noted, our second theorem on the asymptotic growth of the expected
maximum of a critical GWP was obtained by ATHREYA [3] following earlier work
by PAKES [26] and WEINER [31].
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Theorem 2.25. [Athreya] Let (Z,),>0 be a critical GWP with offspring vari-
ance 6 € R+ and maximum sequence M, = maxo<k<nZx for n € No. Then

. ]Ean
lim
n— k logn

=1 forallkeN.

All three assertions of the first result will be deduced from the following basic
lemma.

Lemma 2.26. Under the assumptions of Theorem 2.24,

1 1 1 o2
}%;G:mrrz>—— (2.34)

holds true for all s € [0,1) and the convergence is uniform.

Proof. Let us start by noting the following second order Taylor expansion of f in 1:

2 2
£(5) = 14 6= D)+ Tl =17+ )= 172 = s+ (= 1P +nals)(s—1)?

for a function ry satisfying limg 2(s) = 0. It follows that

11 _ f(s)—s
I=f@s) 1=s  (1=f(s)(1—s)
_ (62/2)(1—5)2—|—r2(s)(1—s)2
(1= f(s))(1=s)
I—s c?
= 7 (7 +m0)
2
= % +p()

for all s € [0, 1) and some function p that also satisfies limg; p(s) = 0. An iteration
of this identity yields upon multiplication with 1/n

i(l_lf(s)—ll_s) = ig(l_flfk(s) - 1—;k(s)>

(72 ln—l
=5t Zk;)P o fi(s).

The assertion now follows because, by Corollary 1.8, f;,(s) 1 1 uniformly in s € [0, 1]
and p(s) > 0assT1. O
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There is an alternative way to prove this lemma by means of a comparison argu-
ment. We refer to Problem 2.32.

Proof of Theorem 2.24. We confine ourselve to the case k = 1 (one ancestor) and
leave the simple extension to general k as an exercise [F¥° Problem 2.33]. For the
proof of (2.31), write

nP(Z,>0) = n(1-£,(0)) = (,1, (1;1(0)_1)+111)1

and notice that, by Lemma 2.26, the last expression converges to 2/6?2 as n — oo,
This may be further utilized to infer (2.32) via

Zn 1 Z, 1 c?
El —|Z 0] =—FE— )] = —— — oo,
(n n > ) P(Z, > 0) (n) nP(Z,>0) 2 Bt

Left with the proof of (2.33), pick an arbitrary t € R~.. Then

1

E(e~%/"|Z, > 0) = (E(e*’z"/” —P(Z, = 0))

P(Z, >0)
I e A Gl
l_fn(o)

— 1—G2<62+1) 1 (n — o)
2 2t

_ 1

- 1+t02)2

where Lemma 2.26 has been used to infer

liml ! ! = 6—2
n—eopn \ 1 —fn(e*t/") l—e-t/n) — 2°

Notice that this conclusion requires the uniform convergence in (2.34). We finally
conclude (2.33) because (14102 /2)~! is the LT of the exponential distribution with
parameter 2/ and by the continuity theorem for LT’s [newhand e.g. [9, Thm. 2
on p. 431]]. O

The proof of Theorem 2.25 is more difficult and has therefore been divided into
several lemmata. As M, increases to M. := max,>oZ,, we first show that E;M., = oo
for all k € N regardless of the finiteness of 2.



2.3 The critical case 43

Lemma 2.27. For any critical GWP (Z,)n>0 with p1 # 1 its supremum M.,
has infinite mean, viz. ExM. = oo for all k € N.

Proof. Obviously, Z, < M, < M., for all n € Ny. Hence, E M. = oo would imply
EvZ, — 0, for P¢(Z, > 0) — 0. On the other hand, (Z,),>0 constitutes a martingale
under each P; and so E;Z, = E.Zy = k for all n € Ny. O

Lemma 2.28. Let (Z,),>0 be a critical GWP with p; # 1 and put y(x) =
xlogx. Then lim,_,. By w(Z,) = o for all k € N and, more precisely,

lim (Exw(Z,) —klogn) = ko, o := %/m v (x) 2% dx  (2.35)
0

n—yoo

holds true if 62 is finite.

Proof. By Lemma 1.2, we obviously have E,y(Z,) > Ey(Z,) for all k,n € N so
that we must prove the first assertion only for k = 1. Put @, = P(Z, > 0)~!. Then

Ey(Z,) = E(Y(Zy)|Z, > 0)P(Z, > 0) = = E(y(a,'Z,)[Z, > 0) +logay,
which upon using ¢ := supg. .. |W(x)| < e implies
Ey(Z,) —loga, > E(¥(a,'Z)1(0<z,<a,}|Z0 > 0) > —c

and thereby
lirginf(IEl;/(Zn) —loga,) > —c.
Since a, — oo, we arive at the desired conclusion Ey(Z,) — o asn — oo.
Turning to the proof of (2.35), let now &2 be finite. Since, by Prop. 1.4, E;Z> =
VarZ, + (ExZ,)? = k(no? + k) for any n € Ny, it follows with the help of (2.31)
that

72 EZa1 ko? + k2
supEk (g Zn > 0) = sup M = su L/n oo,
n>0 n n>0nN ]Pk (Zn > 0) n>0 n]Pk(Zn > 0)

and so the L2-boundedness of n_IZn|Zn > 0, n € No! under each P;. As a conse-
quence, we have the uniform integrability of y(n~'Z,)|Z, > 0, n € Ny, under each
Py, which in combination with E;Z, = k and (2.33) finally implies
Evw(Z,) —klogn = Ei(y(Z,) —Z,logn)
= Ex(y(n~'Z,)|Z, > 0)nP(Z, > 0) — ka

! Of course, this means that any sequence (¥, ),>0 with P(Y, € -) = P(Z, € -|Z, > 0) for each n
has this property.
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for all k € Ny. O

Lemma 2.29. Under the assumptions of Theorem 2.25,

. IEk]‘/ln
limsup ———~ <
n—soo IEk lI,(Zn)

holds true for each k € N.

Proof. Doob’s maximal inequality [ [12, p. 14]], applied to the martingale
(Zn)n>0, provides us with the tail inequality

1
PMy>0) < [ zam
t J{My,>t}

for any ¢ > 0, whence we infer upon partial integration
EM, = / Pv(M,, > 1) dt
0

=1
<k+ /k - Vo2 it

My dt
:k+/Zn/ — AP
t

= k(1 —logk) + EiZ,logM,.

A simple estimation, given as Problem 2.34 below, gives

b b
alogh < y(a)+ ~Los/d (a) + /e (a)

forall 0 <a <b,b>0and e < ¢ < o [naturally, with e = exp(1)]. Applying this
inequality in the previous one to E;Z,logM, with a = Z,, b = M,, and arbitrary
¢ > e, we obtain

logce

BiMy < k(1—logk) + Eey(Z) + o [
c {ZnSMn/C}

M, dP;
1

/ M, dP;
e {Mn/CSZnSMn}

I
< k(1 —logk+g) + Ew(Z,) + %Ekm.

and thus after rearrangement and division by E;y(Z,) (which by Lemma 2.28 tends

to o)
1 EM,
(l_ogc> limsup# <1
Cc n—yoo EkW(Zn)
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for any k € N. By finally letting ¢ tend to infinity, we arrive at the assertion of the
lemma. a

Proof of Theorem 2.25 [Part 1]. A combination of the previous lemma with (2.35)
of Lemma 2.28 obviously leads to

n

limsu
n_>oop klogn —

for all k¥ € N and thus leaves us with a proof of the reverse inequality

(2.36)

for any k € N for which again we first provide two lemmata.

As in [1], a sequence (S,,),>0 of sums of iid real-valued random variables with
So = 0 is called standard random walk (SRW) hereafter.

Lemma 2.30. Let (S,),>0 be a SRW with ES| = 1 and ES? < . Then

1
Y Z1Es,,1{sn>,,n} < oo

n>1

forany p > 1.

Proof. Let X1,X>,... denote the iid increments of (S,),>o. Fixing any p > 1, con-
sider the SRW (pn —S,,),,>0 whose increments p — X;,p — Xz, ... clearly have pos-
itive mean and finite variance. Denote by U =Y,~oP(pn — S, € -) the associated
renewal measure, which under the given assumptions satisfies [I e.g. [1]]

Uz
C = supﬁ < oo,
ter 1V
where U(t) := U((—o,]) is the so-called renewal function. Since n~'S, =

E(X;]S,) a.s., we now infer



46 2 Classical limit theorems

1
Z ;ESnl{Sn>pn} = Z]EXII{S,,>pn}

n>1 n>1

Z/‘x“P)(Snfl ZP”*X) ]P(X] de)

n>1
_ / K| U(x— p) P(X; € dx)
/ (x| v 1) U(x) P(X, € dx)
< CE(XZVI) < o

IN

IN

which is the desired conclusion. O

As a final auxiliary result for the proof of (2.36) we need:

Lemma 2.31. Let (Z,),>0 be a nonnegative martingale and
T =1, =inf{i>1:Z;=00rZ > j}An
for j,n Z 1. Then EZTI{Z¢ZJ} Z ]EZ"I{ZnZ]}
Proof. Since 7 is a bounded stopping time for (Z,),>0, the optional sampling theo-
rem [5¥ [6, Thm. 5.10]] ensures EZ; = EZ,. Now use {0 < Z; < j} ={1=n,0<

Z, < j} to obtain

EZ: iz, <y = BZdyocz,<jy = BEZulempo<z,< )}

A

< EZjo<z,<jy = EZdyz,,

which in combination with EZ; = [EZ, clearly gives the asserted inequality. a

Proof of Theorem 2.25 [Part 2]. Fix j,k,n € N and an arbitrary p > 1. Since (Z,),>0
is a nonnegative martingale, an application of the previous lemma with 7 = 7, ; as
defined there and a, ; := EkZTI{ZT>p ! provides us with

ExZnliz,> 5 < EaZelyz>p

= ExZulj<z,<pjy T ExZuliz,p 0
> P] IP)k(]‘ln > ]) +an,j- (237)

A

Now, if (S,),>0 denotes a SRW with increment distribution (p,),>0 under any P
and ¢ (i, j) := ES;1{s5,>p }» then we infer upon using 0 = ¢ (0, /) <... < ¢(j,j) and
the Markov property for (Z,),>0 that
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i=0
) ,
n

n n
n,j = Z]Eszl{zr>Pj»T:i+1} = ZEkZi+11{Zi+l>Pj7Mi<k}

n—1

= Ey
iZ()'/{MKk} {):, | 11>PJ}Z il
n—1

= Y Exd(Zi, )lip<iy
i=0

< 0(j,j) Y bij, whereb;; := Pr(0<Z < ). (2.38)

The next thing to show is that

1
lim — Y nl _ . (2.39)

n—elogn & 1

To this end we make use of the results of Theorem 2.24 and particularly the follow-
ing uniform version of (2.33)

Z
Pk(n<l
n

with G(¢) :=1— e 2/ "2, which holds because G is a continuous distribution func-
tion.
It easily follows from b, ; < by, :=Py(Z, > 0), (2.31) and ¥\, i~ ~logn that

lim sup
N 150

=0 (2.40)

Z, > 0) —-G(1)

l n
sup —— = ) bii < oo 241)
ja>1log(n+1) ,g() N

Furthermore, foreach N > 1 andn > N,
n—1 —1 ]
Zb,]<]N+ Zb Px(Zi < k|Z; > 0) — G<>‘ < >Zb
i=jN ! i=kN

Therefore, we infer

lim
n—oo logn

Zb,J = 0. (2.42)

from (2.40), (2.41) and lim, o G(¢) = 0 by first choosing N large enough and then
letting n — oo.

Since Y/ I~1¢ (1,1) < oo by Lemma 2.30, a combination of (2.38), (2.41), (2.42)
and the dominated convergence theorem allows us to infer

. 1 anl ¢
1 b =0
ngIolo logn = Z n_,oo logn Z il )

>1
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that is (2.39).
Finally, we return to (2.37), which upon division by j and subsequent summation
over j gives

1 . an. i
Z ;Ekznl{znzj} < PZPk(Mn >j) + Zﬂ

j>1 i>1 =1

for all n € N and thus further

1 Zn 1 1 . 7
E, (zn y ) < P mm, 4+ — Yy I, (2.43)
j

logn o} ~ logn lognj21 J

But ), j~! ~logn in combination with Lemma 2.28 implies

1 2| 1
li Elz ) - =1 Eow(Z,) = 1
% Klogn k( ",-le> lin e WW(Z,) = 1,

which in turn may be combined with (2.39) in (2.43) to conclude

liminf E.M, > 1.
n—e klogn
The proof is herewith complete because p > 1 was chosen arbitrarily. O

Problems
Problem 2.32. Let f M, @ denote the gf’s of two critical offspring distributions
with variances 612 < 622 < oo,

(a) [Comparison lemma] Show that, for suitable n,n; € Ny,

&) <12 (s)

for all s € [0,1] and n € Ny.
(b)  Show that (2.34) in Lemma 2.26 is exactly fulfilled in the case of a linear
fractional offspring distribution as defined in Section 1.5 (with b = (1 — p)?

by criticality), that is
1 ry_o
n\1—fu(s) 1-s) 2

for all s € [0,1] and n € Ny.
(c)  Use (b) and the comparison lemma to give an alternative proof of Lemma
2.26.
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Problem 2.33. Prove that Theorem 2.24 holds true for any k € N.

Problem 2.34. Show that

b b
alogh < y(a)+—Ljop(a) + —Lp/ep(a)
holds true forall 0 < a < b, b >0and e < ¢ < .

Problem 2.35. In the situation of Theorem 2.24 and with T denoting the extinction
epoch of (Z,),>0, prove that

(a) forallse|0,1)

. 2

’}gl(}onz(frﬁl(s) - fn(s)) = o2’

[Hint: Use the Taylor expansion of f given at the beginning of the proof of
Lemma 2.26 together with (2.31).]
(b) forallkeN

2k
lim Py (T =n+1) = limn’Pp(Z, >0,Z,41 =0) = =

n—oo n—oo 62 :
[Hint: Use (a).]
What does (b) imply for E;T?

Problem 2.36. Under the assumptions of Theorem 2.24, show that for all k € N and

teRs
Z, 2 2(14+a)

as j,n — oo in such a way that j/n — .

Problem 2.37. In the situation of Theorem 2.24 and assuming additionally p; > 0,
prove the following assertions:

(a If f,gj ) denotes the j derivative of f,,, then

() = anj(s)+ f faa () £ ()

for all j,n € N, where aj,_j(s) is a power series in s with nonnegative coeffi-
cients.
(b) Forall jeN

[Hint: Use (a).]
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(c)  Defining

T P(Zn:j) _ j
TE] = }E}T}Qm and H(S) = Zﬁjs

j>1
it follows that

o(s) = }%W < r}gl;j:é(((s))) < o (2.44)

for all s € [0,1). [Hint: In order to prove that the last limit in (2.44) exists
and is finite, verify first that f;(s) = [T}Zo f'(f(s)) < IT}Zo f'(f+4(0)) for
s €(0,1), some k =k(s) > 0 and all n > 1. Show then that

nilf/(fjﬂc(o)) n—1 672 | o
07 G0y = ,HO(” oy Ui4(0) f]<o>>)

for all n > 1 and use finally Problem 2.35 to infer the convergence of the
right-hand product to a finite limit.]
(d) [SENETA] Forall j > 1,

Py
II(po)’

6; == imP(Z, = j|Z, > 0,Z,1 > 0) = (2.45)

where ¥';>1 0; = 1 and O(s) := Y ;> 0;s/ satisfies
I (pos)
I (po)

Problem 2.38. (Continuation) Show that the 7; in the previous problem fulfill the
invariance equations

m = Zyr,-]P’i(Zl =j) = Zﬂipija Jz1

i>1 i>1

O(s) =

and that the associated gf I1(s) satisfies the functional equation
H(f(s)) = II(s)+II(po)
for all s € [0, 1] and furthermore IT(1) = Y. ;> 7; = co.

Problem 2.39. (Continuation) Use (2.44) and (2.45) for the explicit computation of
the 7; and 6; for the case of a critical linear fractional gf.
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2.4 The total progeny

Given a GWP (Z,),>0 in a standard model with finite offspring mean m and off-
spring variance 62 € (0, o], this section will focus on the sequence

n
Y, = ZZk’ n € Ny
k=0

with associated gf’s &,,. Plainly, Y}, increases to the total progeny (or total population

size)
Yo := Y 7
k>0
which is finite iff Z, = 0 eventually, thus
P(Yo < o0) = g.

Let h.. denote the gf of Y... In the following, we will determine the distribution of
Y., in terms of the transition probabilities p;; = P;(Z; = j) fori,j € Ny [/ (1.2)]
and the asymptotic behavior of ¥, on the event {Yo, = oo} = {Z, — oo} (supercritical
case) or conditioned upon Z, > 0 (critical and subcritical case). The first result,
giving the distribution of Y.., was obtained by DWASS [8].

Theorem 2.40. [Dwass] Besides the stated assumptions let further py > O.
Then

: i
P,’(Yoo = ]) = Epj’j_,' (2.46)
forallie N and j>i, in particular
: 1
]P(Yoo = ]) = ;pj,j—l (247)

forall jeN.

The second result owing to PAKES [24] provides a good picture of the behavior
of ¥, on {Z, > 0} as n — o, however under the additional condition 02 < o if
m<1.

Theorem 2.41. [Pakes] Under the stated assumptions the following asser-
tions hold true:

(a)  Supercritical case: If k,,W* and W are defined as in Section 2.1, then

Y, W Y, %
lim= = & and lim 2 = ™ pas  (248)
n—oeo k, m—1 n—eo M’ m—1
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(b)  Subcritical case: If 6> < o0 and 0 := — &, then

limP<‘ﬁ—6’>8
n

n—yo

Zy > 0> =0 (2.49)

for any € > 0.

(c) Critical case: If 6% < oo, then

Y,
lim P (-’; <t|Z,> 0> = F(t) (2.50)
n—oo n

for any t € R, where F is the distribution on R~ having LT

_ 2u(r)e ")
(1) :/ eV F(dy) = 12" teRs,

>

with u(t) := o(21)"/2.

Towards a proof of these results we set out with a basic lemma about the relation
between the gf’s &, and an entailed functional equation for /. which once again
reflects a distributional equation valid for the associated random variable Y... As a
direct consequence of Lemma 1.2, we note before-hand that

Pk((ZmYn)nEO S ) = P(ZIHYH)HZO S ')*k (251)

for all k > 0 so that particularly /,(s)¥ is the gf of ¥, with respect to ;.

Lemma 2.42. Under the stated assumptions the following assertions hold
true for the gf’s h, and he.: For alln > 0 and s € [0,1],

hat1(s) = sfohy(s), (2.52)
heo(s) = s f0hel(s). (2.53)

If po > 0 and thus q > 0, then h. is given by

he(s) = qgh™'(s), h(s) = fgjq), (2.54)

for s € [0,1] and forms the unique solution in the class of gf’s of possibly
defective probability distributions on Ny.

Proof. A simple conditioning argument gives
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hut1(s) = sE (]E(SZI+'"+Z"H|Zl)) = sEh,(s)? = sfohy(s)

for all n € Np and s € [0,1] and thus (2.52). The functional equation (2.53) then
follows by letting # tend to infinity and using the continuity of f. Now, if g denotes
another gf solving (2.53), we infer upon using the convexity of f that

[hes(s) = g(5)| < sm [hee — 8(5)]

for all n > 1 and s € [0, 1] and therefore h., = g on the interval [0,m~!). But then
he = g on [0, 1], for both functions are analytic on (—1,1).

In order to prove (2.54) suppose first m < 1 and thus ¢ = 1. Replacing s with
hz'(s), we find that s = hZ'(s) and so hZ!(s) = s/f(s) as claimed. If m > 1 and

g > 0, then consider the gf f(s) := q~ ! f(sq) and let h.., denote the unique solution
of (2.53) with f instead of f, viz.

Teo(s) = 5 fohul(s) (2.55)

for s € [0, 1]. Since f’(l) = f(q) < 1 [*= Cor. 1.8], the gf £ belongs to a subcritical
offspring distribution whence we obtain from what has been proved before that

TR
)= =5 T g -

Finally rewriting (2.55) as q/(s) = s f(qhw(s)), we see that gh.. forms another
solution to (2.53) and thus, by uniqueness, /o (s) = ghw.(s) = gh~ ' (s). O

Remark 2.43. The distributional equation behind (2.53) is easily disclosed when ob-

serving that
Z

Yo = 1+ Y Ya(k) (2.56)
k=1
for all n > 0, where Y, (k) is the total size over the first n generations of the subpop-
ulation stemming from the " individual in generation 1 of the whole population.
The Y, (k), k > 1, are clearly independent copies of ¥,, and further independent of
Z1. Therefore, upon letting n tend to infinity, we find that

Zy
Yo =1+ ) Yo(k) (2.57)
k=1

which in terms of gf’s corresponds to (2.53). Similarly, eq. (2.56) corresponds to
(2.52). The uniqueness assertion of the above lemma further shows that the law
of Y., is the only solution to (2.57) among all distributions on Ny U {e}. For an
extension of the last statement see Problem 2.48

As a further prerequisite for the proof of Thm. 2.40 by Dwass, we need the fol-
lowing result that is known in the literature as the ballot theorem.
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Lemma 2.44. [Ballot theorem] Let (S,),>0 be a SRW with nonnegative
integer-valued increments X1,Xa, ... with common mean (L. Then

+
P(Sy <kforl <k<n|S,) = (1—&> a.s. (2.58)
n

for all n > 1 and furthermore

P(S, <nforalln>1) = (1—pu)". (2.59)

Remark 2.45. To give an explanation for the name of the result consider the special
case that P(X;, = 0) = 1 —P(X; = 2). Interpret X; = 0 as a vote for candidate A and
X = 2 as a vote for candidate B in a ballot with n received votes. Obviously, the
event ”Sy < k for 1 < k < n” then means that A is always ahead of B during the
counting of the votes.

Proof. Since (2.59) follows from (2.58) by letting n — o and the SLLN, we must
only verify the latter assertion which is trivially satisfied on the event {S, > n}.
Thus confining to the event {S, < n} and possibly after switching to the SRW with
truncated increments X| An,X> An, ..., we may assume w.l.o.g. that u is finite. Then
it is well-known that g
My = 2R <k
T el

forms a martingale with respect to its natural filtration (%) <¢<n, that is % =
6(Sy+1—k,---,Sn). Defining the stopping time 7 = inf{k > 1: My > lork = n}, it
follows that

A= {Sp<kforl<k<n} = {My<1forl<k<n}
={t=n81<1} = {t=n,8=M,=0}
and therefore M; = 0 on A, while M; = 1 on AN {S, <n} =A°N{r > 1}. For the

last conclusion put v :=n+1— 7 and observe that on A°N{S, <n}={l <7<
npU{t=n,S; > 1} we have v > 1 as well as

v<S8y <Sys1 <v+1 andtherefore S, =v.

Having thus shown M; = 14c on {S, < n} € %), we finally conclude by an appeal
to the optional sampling theorem [¥=" [6, Thm. 5.10]] that on this event

. X Sn
B(A°lS,) = P(A°|71) = E(Mc| 7)) = My = = as.

which is the desired result. O

Remark 2.46. For those readers with some basic knowledge of fluctuation theory
of random walks we like to point out that there is another quite elegant argument
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showing (2.59). Consider the SRW (S, — n),>0 whose increments take values in
{-1,0,1,...}. Let 6 :=inf{n > 1: S, —n > 0} be the first weakly ascending lad-
der epoch and o_ :=inf{n > 1: S, —n < 0} its associated dual, the first strictly
descending ladder epoch. Then duality relation to be exploited here is [F< e.g. [7,

Thm. 5.4.2]]
1

- Eo_

with the usual convention that 1/e := 0. Now the left-hand side is just the probabil-
ity we want to compute, while the right-hand side does indeed equal (1 — )™ as the
following argument shows. It equals O if EG_ = co which in turn holds iff £t —1 > 0,
and it equals 1 — u otherwise, for then (4 — 1)Ec_ =ESs; = —1 by Wald’s identity
['= [7, Thm. 5.3.1]] and the fact that (S, —n),>0 can only make downward steps of
size one, also called left skip-freeness.

P(oy =)

Proof (of Theorem 2.40). We embark on the definition of the SRW’s (S,(s))n>0,
s € [0,1], with generic increment X (s) having distribution

P(X(s)=k) = ?Ezl;, k €Ny
and mean .
EX(s) S]{ (S)

under P = IP;. Observe that py > 0 ensures f(s) > 0 for any s € [0, 1]. Obviously,
P(S;(1) = j—i) =P;j(Zi = j—i) = pj j—i forall j >i> 1. By (2.51), it therefore
suffices to prove that

heo(s)" = Y —P(S;(1) = j—i)s’ (2.60)

foralli € Nands € [0,1].

Let us first consider the case m < 1 and fix any i € N. Then f'(s) < 1 < s~ ' f(s)
fors € [0,1) and so

EX(s) <1lforse[0,1) and EX(1)=m.
The ballot theorem provides us with

)
£(s)

for all s € [0, 1]. Furthermore, lim,, .7~ 'S, (s) = EX(s) < 1 a.s. by the SLLN im-
plies P(S,(s) > n — i infinitely often) = O for any s € [0,1). Now use S,,)(s) =
p(s)—ifor p(s) :=sup{n>0:S,(s) >n—i}in combination with P(S,(s) = j) =
P(S,(1) = j)s//f(s)" [5= Problem 2.49] to infer

P(Su(s) <nforalln>1) = 1-EX(s) =
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1= Y P(S(s) =n—i,Sus(s) <n+j—iforall j>1)

= IP_(Sj(s) < jforall j > I)ZlP(S,l(s) =n—1i) (2.61)
_ B Sf/(S) :_n_i gt
= (-5 )EP(S”(” VT

Next, setting u := h!(s) = s/f(s), it follows that
SFs) (i) f 0 )

6 - fomtg e
Differentiation of the functional equation (2.53) then further yields
ho(u) = fohe(u)+uf ohe(u)h(u) = f(s)+ SJ{(()) o)

whence by another use of (2.53)

L) S6)  fohulw) _ hu(u)

fls)  h(u) heo(u) whi,(u)

is obtained. By plugging this in (2.61) together with u = s/ f(s) and s = he. (1), we
finally arrive at

uh’ ZP =n—i) Hoo (1)}

n>1

or, equivalently,

iheo(u) ', (u) = Y P(Su(1) =n—i)u""".

n>i

But this gives (2.60) upon integration with respect to u from O to s and noting that
he(0) = 0.

Now suppose m > 1 and g > 0. As before, let i € N be fixed. Recall from
the proof of Lemma 2.42 that, if h is the sg\lution to (2.53) with the subcritical
f(s) = ¢~ ' f(sq) instead of f, then hw(s) = g hw(s). Denoting by {Djk : k > 0} the
coefficients of the power series expansion of f(s)j , the relation

~

fls)! = = Y Pi(Zi=kqs = Y pud

k>0 k>0

obviously implies pjx = p jqu’j for all j,k € Ny. Consequently, by utilizing (2.60)
for ho, (naturally with p; ;_; instead of p; j_; = P(S;(1) = j—1i)), we finally arrive
at
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; i
heo(s)' = =4q Z Pun—is" = Z;pmn—isn

n>t n>i

and thus (2.60) for /.. a

Proof (of Thm. 2.41). (a) Supercritical case: As in Sect. 2.1, let g, be the inverse of
fuon [g,1]. Then k, := (1 —g,(s))~! for n > 0 and some s € (g, 1) provides us with
a Heyde-Seneta norming, that is W, = k,, ' Z, converges a.s. to a limit W* which is
positive on the event of survival {Z, — oo} [I¥ the proof of Thm. 2.1]. Here we
must verify that W* satisfies the first statement of (2.48). To this end, we recall from
(2.17) that, for any mg € (0,m), the inequality

— 1—gus)
holds true for all n > j > J(s,mq) and a suitable choice J(s,mp) € Ny. Pick any

ec(Om—1)andputJ=J(s,m—¢)and v=sup{n>0: W, > (1+e)W*}VJ.
Then it follows that

k 4
= " < m
PR m

.

Y, Y L7
kn_k+ )y

n Jj=v+l1 J

?\-5_‘

n

Yy i
< — 1+e)W* —g)™"
< ¢ Trewr ) (m—e)

Jj=v+l1
< & n (I+&)(m—g)W
~ ky m—¢e—1
for all n > v and therefore
. Y, mw*
limsup — < a.s.
n—yo0 n m — 1

For a reverse inequality, note that kn_ jkn — m/ for n — oo implies

j kn—j N .
kn J W = W ;)m*f a.s.
=

llmmfk— > llmmfz

n—yoo n n—oo

for any N > 0. Since the last sum converges to —¢

7 as N — oo we have proved
the first statement of (2.48). But the second one follows exactly the same way with

k, = m" forn > 0.

(a) Subcritical case: It obviously suffices to verify that, for some s € (0, 1),

1/ny _ 1/n
B(snz, > 0) = BEEEBET 0 e, 26

where ) (s) := E(s"1(z,_oy) for n € No. It is a simple exercise [ Problem 2.52]
to show that, for s € [0, 1],
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ho(s) =0, Ry, (s)=sfohl(s), h) i(s)>Hh)(s) and h)(s) T he(s).

In particular, the hg fulfill the same recursion as the %, [¥¥ (2.52)] and converge to
the same limit, however from below, so that hg < he < hy, for all n > 0. Defining

hoo(5) — hy (5)

and  y,(s) = o)

V(s) =sf 0he(s),  @uls) =

)

we now infer

ha(s) —hy(s) _ v(s)"(@(s) + y(s))
= 2.63
EAG) = £,00) 269
for s € [0,1] and n € Ny. Using (2.52), (2.53) and ho(s) = s, we obtain

o S —hoo(s) 1 [ 1j(s) = heo(s)
(Pn( ) = y(s)” jI:II (h1( ) oo s))

(
5= hw(s) fohj-1(s) = fohew ()
 sflohe(s)n jl< —1(s) — )

for s € [0,1] and n € Ny and thereupon by n-fold application of the mean value

theorem
n

o = (s— o) [T (L2
o) = = [T (Foy) Q64

for appropriate 1;(s) satisfying h..(s) < 1;(s) < h;(s). The two simple estimates

0 < hj—he < fohj_|—fohe < m(hj_j—he) <...< m/,
flomj—flohs < flohj—fohs < f"(1)m/

valid on [0, 1], show the uniform convergence of the series } ;> ( flohj—f ohs)on
[0, 1]. As a consequence, the product in (2.64) converges uniformly on any compact
subset of (0, 1], i.e., ¢, increases to a continuous function @ on this interval. By
Dini’s theorem [#=° [30, p. 143]], the convergence is also compactly uniform which
in turn entails that

lim @,(s'/") = @u(1) = lim @,(1) = 0. (2.65)
n—yo0 n—yoo
One can show in the same manner that , decreases to a continuous function Y.,
uniformly on compact subsets of (0, 1] [*¥ Problem 2.52], whence

lim w,(s'/") = yeo(1) = lim m™"(1 - £(0)) = c, (2.66)
n—o0 n—yoo
where ¢ denotes the limit of m™"P(Z, > 0), which by Kolmogorov’s theorem 2.13
exists and is positive, the latter because of ole R-.
In view of (2.63) and (2.64) it remains to examine the behavior of y(s'/")" /(1 —
£,(0)) as n — oo, Since . (1) = (1 —m)~!, which may easily be deduced from
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(2.53), it follows that

11 27m -m
(F'on) (1) = fona(Ui(t) = S0 ommlom gy

and thereby, for some p (s) with lims p(s) =0,
Floha(s) = m(1 —(0—1-p(s)(1 —s)).
Finally noting that lim,,_..n(1 —s'/") = logs, we obtain
Yy = sm"(l —(0—1-p(s"")(1 7s1/n))" ~ smie(0—Dlogs _ ng6
and thus lim,, e ¥(s'/")" /(1 — £,(0)) = s® /c. Assertion (2.62) is now concluded by

combining this result with (2.63), (2.65) and (2.66).

(c) Critical case: Considering the conditional LT of n=2y, given Z, > 0, it must
me shown that, as n — oo,

1/2

ha(e™!7) —RO(e™ /") 20(21)!2e0@)
*>

IE —tY,,/n2 Zn —
(6‘ | > 0) 1— fn(o) 1— 6720(201/2

for all + > 0. Despite many similarities to the arguments given for the subcritical
case, the proof is too technical to be presented here. We refer instead to the original
work by PAKES [24]. O

Problems

Problem 2.47. Under the assumptions stated at the beginning of this section, prove
the following assertions: For each n € Ny,

1— mn+1

EY, = l-m ’
n+1, ifm=1,

ifm#1,

and if the reproduction variance o2 is finite, then furthermore

o2 1 — m2n+1
1—m

—(2n—|—1)m"> , ifm#£1,

n(n4+1)(2n+1)0, ifm=1.
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Problem 2.48. Consider the distributional equation (2.57) stated in Rem. 2.43, but
now for nonnegative random variables Y., that are not necessarily integer-valued.
Let . denote the associated class LT’s of distributions on R> U {eo}. Recall that
f(s) =q " f(sq) and ﬁ(s) =sq/f(sq) = s/f(s) for s € [0,1]. Prove the following
assertions:

(a)  If @ denotes the LT of a solution Y., then

o(t) = ¢ fop(r) (2.67)

forallt € R> and @(0+) =lim, o @(t) =g.

(b) If m <1, the solution to (2.67) in . is unique and given by @(¢) =h~'(e™)
forr € Rs.

(¢) If m>1 and g > 0, then the unique solution to (2.67) in . is given by
o(t) = q¢(t), where @ denotes the unique (by part (b)) solution to (2.67)
with f instead of f, thus @(¢) = gh~!(e™).

Problem 2.49. In the situation of the proof of Thm. 2.40, show that

for all s € [0, 1] and k,n € Ny. [Hint: Find the gf of S,,(s).]

Problem 2.50. Find the distribution of the total progeny Y.. in the cell-splitting case
where po =1 — ps.

Problem 2.51. Formulate the results of Thm. 2.41 in the case of k > 2 ancestors and
explain.

Problem 2.52. In the situation of Thm. 2.41(b), show that

(a) [5=" after (2.62)] the functions hg, n > 0, defined there satisfy the recursion
(2.52) and are increasing to A, on [0, 1].

(b)  [®= after (2.65)] the functions y;,, n > 0, defined there are decreasing to a
continuous function Y. on (0, 1], the convergence being uniform on compact
subsets of (0, 1].

Problem 2.53. For s,¢ € [0,1] and n € N, let H,(s,t) := E(s¥¢%") denote the two-
dimensional gf of (¥,,Z,). Show that:

(a) Ho(s,t) =st and
Hypi(s,1) = sfoHu(s1)
for all s,z € [0,1] and n > 0.

(b) If o2 is finite and if Ky, Pn denote the covariance of Y),,Z, and its correlation
coefficient, respectively, then
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K, =
—n(n+1)c?,
foralln > 1 and
0, ifm<1,
. 31/2
limp, = ¢ = ifm=1.

1, ifm > 1.
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2 n
1—
i am™ ! —m" m , ifm#1,
1—-m 1-m
1

ifm=1.





