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ABSTRACT. We prove an asymptotic Edgeworth expansion for the profiles of
certain random trees including binary search trees, random recursive trees and
plane-oriented random trees, as the size of the tree goes to infinity. All these
models can be seen as special cases of the one-split branching random walk
for which we also provide an Edgeworth expansion. These expansions lead
to new results on mode, width and occupation numbers of the trees, settling
several open problems raised in Devroye and Hwang [Ann. Appl. Probab. 16(2):
886918, 2006], Fuchs, Hwang and Neininger [Algorithmica, 46 (3—4): 367—
407, 2006], and Drmota and Hwang [Adv. in Appl. Probab., 37 (2): 321-
341, 2005]. The aforementioned results are special cases and corollaries of a
general theorem: an Edgeworth expansion for an arbitrary sequence of random
or deterministic functions L, : Z — R which converges in the mod-¢-sense.
Applications to Stirling numbers of the first kind will be given in a separate

paper.

1. INTRODUCTION

1.1. Introduction. The aim of this paper is to study asymptotic properties of
profiles for certain families of random trees when the size of the tree goes to infinity.
The profile is the function k — L, (k), where L,, (k) is the number of nodes at depth
k in the tree of size n. These numbers are also called “occupation numbers”. We
shall mainly be interested in the following families of random trees:

(1) binary search trees (BSTs) and, more generally, D-ary recursive trees;

(2) random recursive trees (RRTS);

(3) plane-oriented recursive trees (PORTSs) and, more generally, p-oriented
trees.

BSTs, RRTs and PORTSs have been much studied in the literature; see [, 9l [13]
35}, 20, T4 [16]. Mahmoud’s book [32] and Drmota’s monograph [15] contain further
pointers to relevant literature. It is well known that BSTs are intimately connected
to the Quicksort algorithm.

Our main result is an asymptotic expansion for the profile which is somewhat
similar to the classical Chebyshev—Edgeworth—Cramér expansion for sums of inde-
pendent identically distributed (i.i.d.) integer-valued random variables. As a conse-
quence of our asymptotic expansion, we derive limit theorems for several functionals
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of the profile such as the mode, the width, and the occupation numbers, thus an-
swering a number of open questions on these quantities. Many known results on
the profiles such as the (local) central limit theorem or limit theorems for occupa-
tion numbers on the scale of large deviations can be recovered in a unified way as
corollaries of our expansion.

The scope of our method is by no means restricted to random trees. In Section [2]
we shall state and prove a very general asymptotic expansion (Theorem which
can be applied to any sequence of random or deterministic functions L, : Z —
R, n € N, provided certain natural conditions are satisfied. Recently, a closely
related expansion was derived by Féray et al. [I9] in the framework of the mod-
¢-convergence. It has been observed by Nikeghbali and collaborators that mod-
¢-convergence, see Remark [2.9] for the definition, is a common phenomenon in
probability, combinatorics, number theory and statistical mechanics; see [11I, [19]
25, 29, 30%, B3]. In this work, we show how mod—¢—c0nvergenceE| can be applied to
the analysis of random trees of logarithmic height.

The paper is organized as follows. The general asymptotic expansion is stated
in Section 2] In Section [3] we apply this expansion to the profile of the one-split
branching random walk, a model which contains profiles of all random trees listed
above as special cases. Since these results are quite general and require heavy
notation, we motivate and prepare the reader in the next Section[I.2] by formulating
the results in the special case of binary search trees. In Section [3.2) we shall explain
how to formulate similar results for other random trees including RRTs and PORTs.
Proofs are given in Sections [4] and [f]

] ——

FIGURE 1. Left: Sample realization of the BST. Right: Construc-
tion rule for the BST

1.2. Results for binary search trees. For our purposes, the following construc-
tion of BSTs is most convenient. There are nodes of two types: the external ones
(denoted by ) and the internal ones (denoted by e); see Figure [1] (left). At time
n = 0 start with one external node (the root of the tree). At any step of the
construction, pick one of the existing external nodes uniformly at random, declare
it to be internal, and connect it to two new external nodes according to the rule
shown on Figure [1] (right). After n steps, one obtains a random tree T}, having n
internal and n + 1 external nodes; see Figure [1] (left) for a sample realization.

The depth of an external node is its distance to the root. Denote by L, (k) the
number of external nodes of T,, at depth k € Ny := NU {0}, and let L,, (k) = 0 for
k < 0. The random function k — L, (k), k € Z, is called the (external) profile of

n all examples mentioned in Section it is, in fact, mod-Poisson convergence.
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the tree T},. Denote by 1, ..., Tn+1,, the depths of the (arbitrarily enumerated)
external nodes of T;, so that

Lo(k)=#{1<i<n+1:a;, =k}, kecZ.

The BST profile has been much studied; see [7, [O, 14, 16 17, 20], and [I5
Section 6.5] for a survey. In the following, we provide a short overview of known
results. Let 3_ ~ —1.678 and S, ~ 0.768 be the solutions to the equation 2e®(1 —
B) = 1. The numbers 2e®- =~ 0.373 and 2e’+ =~ 4.311 are called the fill-up level
constant and the height constant of the BST because of the classical results

1 a.s a.s
min = x;, — 265—, max T, — 2eB+,
logn i=1,...,n+1 n—oo logn i=1,...,n+1 n—00

going back to Devroye [12], see also [5]. Define the following random function

n+1
1 .
WH(B) = n(zeﬁ_l) Zeﬁ 1,717 IB 6 C?
i=1

which is the normalized moment generating function of the random counting mea-
sure Y .oy Ln (k)0 = Z;:rll 0z, where ¢, denotes a Dirac measure at point z.
The basic fact underlying all further arguments is that W,, converges as n — oo to
a random analytic function W, with probability 1. More precisely, it is known [9]
that there is an open set 2 C C containing the interval (8_, () and a random
analytic function W, defined on & such that

sup |Wn(/8) - Woo(ﬁ” E) 0

for every compact set K C %. Note that W, (0) = 1 since W,,(0) = (n+ 1)/n for
all n € N.

It is useful to keep in mind the following principle: k — %]Ln(k) is “close” to
the probability mass function of the Poisson distribution with intensity 2logn. The
moment generating function of the latter distribution is 8 — n2¢” ~2, and the general
philosophy of mod-¢-convergence [25, 29] suggests to view the limit function W,
as a quantification of the “difference” between %Ln and the Poisson distribution
with parameter 2logn. Note that in our case, this function is random.

An important role will be played by the derivatives and logarithmic derivatives
of W, (the latter are called random cumulants). In particular, we shall frequently
encounter the random variables

X1(0) == (log Weo)'(0) = WL, (0),  x2(0) := (log W) (0) = WZ,(0) — (W, (0))*.
It will be shown in Section [3.4] that they can also be represented as the a.s. limits

1 n+1
= |3 4 — | . —
(1) x1(0) = lim (log W,,)'(0) = lim_ <n — ; Tis — 2log n) :
(2) x2(0) = lim (log W,.)"(0)

1 n+1 1 n+1 2
li - ; —21
Jim | T 2 <n+12) g

It is useful to think of x1(0) (whose distribution is the celebrated Quicksort law [36,
37, modulo an additive constant) as a parameter describing the random shift of
the BST profile with respect to (w.r.t.) the location 2logn. The random variable
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x2(0) describes the random deviation of the empirical variance of the profile from
the value 2logn and seems to appear for the first time.

We now proceed to the asymptotic properties of the BST profile (L,,(k))kez, as
n — 0o. The following (local) central limit theorem was proved by Chauvin et al.

[7:

1 1 (k—=2logn)? 1
3 L (k) — e SR | = 0 .
3) ilég n (k) \/47rlogne ’ <logn) a8

As a special case of our results, we shall derive an asymptotic expansion comple-

menting .

Theorem 1.1. Let (L, (k))rez be the external profile of a binary search tree with
n + 1 external nodes. For every r € Ny, we have

(k—2log n)2

i1 e~ dloan — 2logn 1 a.s,
1 2 ]L k ;0 - — 0
(logn) ps A o (k) - VArlogn Z < V2logn ’ ) (logn)i/2 | n—soc

where Gj(x;0) is a polynomial in = of degree at most 3j whose coefficients can be

linearly expressed through the derivatives W' (0),..., Wég)(()). For example,

Go(x;0) =1, Gi(x;0) = % (Wéo(O)a: + & ;33:) ;

see , below for an explicit general formula.

The above results deal with the profile around level 2logn, where “most” ex-
ternal nodes are located. The shape of the profile at levels around clogn, 2e°- <
¢ < 2eP+ is described by the following result due to Chauvin et al. [9], compare
also [7, [17), 24] for weaker formulations and [20] for pointwise convergence theorems:

nk! k
4 su — L, (k)= W4 [ lo
) keZﬁ(chjgn)L (2logn)* *) < g<210gn>>

for every compact set L C (2e’-,2e5+). We can derive an asymptotic expansion
complementing .

a.s. O

n—oo

Theorem 1.2. Let (L, (k))rez be the external profile of a binary search tree with
n+1 external nodes. For every r € Ny and every compact set L C (2e°-,2e%+) we
have

r4+1

Eo\" Fy; (05 5 (k)| as
logn su n{—————| L, J — 0,
(logn) keZn(lggn)L (2e logn) *) V2 Z logn n—»o00
where By (k) is the solutio of 2¢8n (%) = k/logn and Fz;(0; B) := Wao(B)Ga;(0; B)
is a linear combination of 1, Weo(8), ..., gj)(ﬂ); see , below for an ex-
plicit formula. For example,

1

Fo(038) = Wae(B), Fo(055) = 1 (Wha(5) — WLL(B) ~ 5.

20bviously, we have Bn (k) = log k—loglog n—log 2, however we prefer to define 3, (k) implicitly
to conform with the definition of 8, (k) in general case; see formula (26) below.
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Remark 1.3. Theorems and are special cases (with 5 = 0 and 8 = (,(k),
respectively) of Theorem |[3.11|(see also Theorem which deals with general one-
split branching random walks and which we shall state and prove below. Similar
results can easily be obtained for RRTs and PORTS; see Section for details.

Remark 1.4. Our techniques yield analogous expansions for the mean profile: The-
orems [1.1] and [1.2| remain valid upon replacing L, (k) by E[L, (k)] and the random
polynomials G, Fs; by their expectations.

The above expansions can be used to answer a number of open questions on the
BST profile. The mode u,, and the width M, of a binary search tree are defined by

u, = argmax L, (k), M, = maxL, (k).
keNo keNo

These quantities were studied by Chauvin et al. [7], Drmota and Hwang [16] and
Devroye and Hwang [14]. In particular, Devroye and Hwang [I4, Theorem 4.1]
proved that u,, is concentrated near 2logn in the sense that for every B > 0 there
is Cp = Cy(B) such that

Pllu, — 2logn| >T] < CoT™ 8, neN, T>1.

We show that, starting from some random almost surely finite time K, the mode
uy, attains only one of two possible explicitly given values. This result is a special
case of Theorem

Theorem 1.5. There is an a.s. finite random variable K such that forn > K, the

mode uy of the BST with n + 1 external nodes is equal to one of the numbers
|2logn 4 x1(0) — 1/2] or [2logn + x1(0) — 1/2],

where |-|, [-] denote the floor and the ceiling functions, respectively, and x1(0) is

the Quicksort-distributed random variable defined in .

Remark 1.6. Using Proposition we can say more about the behavior of the

mode. More precisely, the following statements hold with probability 1:

e there are arbitrarily long intervals of consecutive n’s for which the mode u,, is

unique and w,, = [2logn + x1(0) — 1/2];

e similarly, there are arbitrarily long intervals of consecutive n’s for which w, is

unique and wu,, = [2logn + x1(0) — 1/2];

e the set of n € N such that u,, is the integer closest to 2logn + x1(0) — 1/2 has

asymptotic density one (see for the definition of the asymptotic density).

As for the BST’s width M, it is known [7], 14}, 16] that

1 M,+/4m] a.s,
]E[Mn]:L 1+0 , wHL
Vamlogn logn n n—o0

Both Devroye and Hwang [14] as well as Drmota and Hwang [I6] Section 5] asked
for the limit distribution of M,, (if it exists). The next result (which holds a.s.
rather than in distribution) settles this issue, and is a consequence of Theorem
and the remark following it.

Theorem 1.7. Let M, be the width of a binary search tree with n + 1 external
nodes. With probability 1, the set of subsequential limits of the sequence

- (1\/47rlognMn)
n

M, :=4logn , neN,
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is the interval [x2(0) — 1/12, x2(0) + 1/6] with x2(0) as in ([2)). Furthermore, with
0, = mingez [2logn + x1(0) — 1/2 — k| we have

1

127

Remark 1.8. Let us stress that the centering 62 in is random since it involves
x1(0). In order to obtain a non-random centering, we have to pass to a subsequence.
If (n;)jen C Nis any sequence with n; — 400 and {2logn;} — o € [0,1] as j — oo
(where {-} denotes the fractional part), then lim; o 0,,; = [{a 4 x1(0)} —1/2| and
we obtain

(5) M, — 62 n%o x2(0) —

2

" a.s, 1 1

My, =% x2(0) — — + ({a+x1(0)} — 5 )
j—o0 12 2

Since the set of accumulation points of the sequence ({2logn}),en is the interval

[0,1], we obtain for M, a family of subsequential limit distributions indexed by

a € [0,1] with values & = 0 and « = 1 corresponding to the same limit.

In the next theorem we describe the asymptotic behavior of the “occupation
numbers” L, (k,), where (ky)nen is a deterministic sequence with sufficiently reg-
ular behavior. These quantities were the main object of study in Fuchs et al. [20];
see also [7, 9] and (for results on lattice branching random walks) [I0] 211 26]. It
is known [9, 20] (and not difficult to deduce from () that if k, = 2e°logn +

ar/2eB logn + o(y/logn) for some 3 € (8_, 5+ ) and a € R, then

2¢f logn s, Woo(B) _1,2
Bkn a o0 o
(6) 1 e”" Ly, (kn) n—)ﬁoo o e 2,

Furthermore, the convergence of moments of order «, for any k € (1,2)U{2,3,...}
with E[W% (8)] < oo, was proved in [20]. Another consequence of is that for
k, = 2eflogn + c,, where 3 € (B_, 1), cn = o(logn) we have

kn
) \/Zeﬁlogn( kn ) Lo(k) %5 Woo(ﬁ).

ecnn2¢=1 \ 2logn

" p—oo 2

For 8 = 0, the limit random variable in @, is degenerate because W, (0) = 1,
and a more refined analysis is needed to obtain a non-degenerate limit law. It turns
out that all such results hold also in the almost sure sense.

Theorem 1.9. Let (L, (k))xez be the external profile of a BST with n+ 1 external
nodes. Put LS (k) := L, (k) — E[L,(k)] and let (k,)nen be a deterministic integer
sequence.

(a) If ky, = 2logn + ay/2logn + o(y/logn) for some o € R, then
1 a.s. 0)—E 0 1,2
O8Ny o k) o5 x1(0) ~Epa(0)] | 102
n n—oo 2N 2
(b) If k,, = 2logn + ¢,,, where ¢, = o(logn) and lim,,—, |¢,| = 00, then
logn)3/2 [k, \* s ~E
( 0og n) LSL (kn) a5 X1 (0) [Xl(o)] )
neper \ 2logn n—o0 4/
In particular, if ¢, = o(y/logn) and lim,,_, |c,| = 00, then

(logn)*2 as, X1(0) — E[x1(0)]
ncn n—oo 4ﬁ
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(¢c) If ky, = 2logn + ¢, where ¢, is bounded, then

log n)3/2 0) — E[x1(0 1\ as,  WZL(0)—E[WL(O
(o8 2 ) O =B (| 1) we, _WLO)~EWVL©O)
n 4/ 2) nooo 8y
Remark 1.10. More specifically, if in case (c) we have k,, = [2logn] + a for a € Z,
then the set of subsequential limits of the sequence (2 (log n)3/2L%(kn))neN equals,
with probability 1, the closed interval
x1(0) = E[x1(0)] (a+y)— W) —EWLO)] 1
4/ 8y T2 '
A subsequential limit of this form is attained along any subsequence (7;)nen with
{2logn;} — 1 —yas j — oc.
Remark 1.11. T heorem and Equations @, are special cases of more general
Theorems [3.23] [3:25 which deal with one-split branching random walks. As will be

explained in Section [3.2] analogous results can be obtained for RRTs and PORTSs
simply by inserting suitable parameters into the theorems listed.

<y<

N | =

In cases (a) and (b), distributional convergence (and, in fact, convergence of all
moments) was proved by Fuchs et al. [20]. Our approach (which is very different
from the method of moments and the contraction method used in [20]) yields a.s.
convergence. In case (c¢), Fuchs et al. [20] showed that L,, (k,, ), centered by its expec-
tation and normalized by its standard deviation, has no non-degenerate limit law.
Our result identifies all possible weak (and, in fact, even a.s.) subsequential limits of
the appropriately normalized L, (k,). One may also ask for multivariate limit laws
for the occupation numbers. For example, in case (c¢) it is natural to investigate
the joint limit distribution of the random vector (L,,(|2logn|+a))e=—k,...,xk where
K € Ny is fixed. Since our results are a.s., they automatically yield such multivari-
ate limit theorems, whereas the moment method and the contraction method seem
less convenient to treat such multivariate problems. Finally, let us mention that
there is one more case in which W (8) is a.s. constant, namely 5 = —log?2; see
Section [3.8] for a detailed analysis of this case.

2. THE GENERAL EDGEWORTH EXPANSION

2.1. Assumptions on the profiles. Consider a sequence L1, Lo, ... such that
each L, = (L,(k))gez is a real-valued stochastic process defined on the integer
lattice Z. We assume that all L1, Lo, . .. are defined on a common probability space
(Q, F,P). We shall consider the random function

L,:Z—R, k—L,(k)
as a “random profile”. As has already been mentioned, in our applications to
random trees, L,, (k) is the number of nodes of depth k in a random tree at time n.

Our aim is to prove that under appropriate assumptions, IL,, satisfies an Edgeworth-
type asymptotic expansion with probability 1. Let us state these assumptions.

Assumption A1l: There is an open, non-empty interval (5_,5+) C R containing
0 such that for every n € N and every 8 € (58—, 84),

(8) Z L, (k)|e* < 0o aus.

keZ
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The interval (5_,3+) need not be bounded. For example, Assumption Al is
satisfied on whole R if for every n € N the profile support {k € Z: L, (k) # 0} is a
finite set with probability 1.

The next assumption essentially states that the Laplace transform of the profile
given by
By L (k)e
keZ
converges, after an appropriate normalization, to a random analytic function on
some domain 2 in the complex plane which contains the interval (8_,34). To
state this assumption we need the following ingredients:
e a sequence (Wy)nen C R such that lim,, o w, = +00;
e an open, connected set 2 C {5 € C: B_ < Ref < B4} such that ZNR =
(677 6+)7
e a (deterministic) analytic function ¢ : 2 — C such that, for real 8 €
(8-, B4), we have ¢(8) € R and ¢"(8) > 0.
It follows from Assumption Al that, with probability 1, the normalized Laplace
transform

(9) W, (B) = e ?0un N1, (k)e®, B e 2,

k€EZ

is a random analytic function on 2.

Assumption A2: With probability 1, the sequence of random analytic functions
(Wy)nen converges locally uniformly on 2, as n — oo, to some random analytic
function W, such that P[W(8) # 0 for all 8 € (5, 84)] = 1.

Moreover, we require that the speed of convergence is superpolynomial in w,,.

Assumption A3: For every compact set K C 2 and r € N we can find an a.s.
finite random variable C'x , such that for all n € N,
(10) sup [W(8) = Weo (B)| < Crerwy, "
BEK
The last assumption is of technical nature. In the classical Edgeworth expansion
for sums of i.i.d. integer-valued variables, it corresponds to the assumption that Z
is the minimal lattice on which the distribution is concentrated.

Assumption A4: For every compact set K C (8_,54), every a > 0 and r € Ny,
we have

(11) sup e*“"w)w"/
BeK a

2.2. Statement of the general Edgeworth expansion. Consider a sequence
of profiles Lq,ILo, ... satisfying Assumptions A1-A4. We are going to state an
Edgeworth expansion for L, as n — oo. In fact, we shall obtain an expansion of
the “tilted” profile k — ePF=#(Bwn]L, (k) which is uniform as long as 3 stays in a
certain range.

We shall see that the following parameters p(3) and o(83) play the role of the
“drift” and the “standard deviation” of the tilted profile:

(12) u(B)=¢'(B), o*(B)=¢"(B).

> La(k)et i

keZ

du] =o(w,") a.s. asn— co.
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Introduce the normalized coordinate

k— n
(13) tn(k) = 2 (k; B) = U(B“)(%Z, ke
Define the “deterministic cumulants” «;(3) and the “random cumulants” x;(8) by
(14) ki () = ¢V (B),  x;(8) = (log Wao) ().

The general Edgeworth expansion for the profile L,, reads as follows.

Theorem 2.1. Let Ly,1Lo, ... be a sequence of random profiles satisfying Assump-
tions A1-AJ. Fizr € Ng and a compact set K C (f—,5+). Then,
(15)

r+1

Was(B)e™ 300 IS Gj(@n(k); B)| aus,

wn? sup sup |ePFPBun], (k) — . —= 0.
n e i (k) o (B)V 2wy, o wfl/2 n—o0
Here, G;j(z) = Gj(z; ), j € Ny, is a polynomial of degree at most 3j given by
—1) e i
(16) Gj(x) = (j,)ezw B;j(Dy,...,Dj)e %

where Bj is the j-th Bell polynomial (defined in Remark below) and Dy, Do, ...
are linear differential operators (with random coefficients) given by

(17) p, = 220) (1 d)j””jw)( | d)J'.

G+ +2) \o(B)dz o(B) dz

Remark 2.2. The (complete) Bell polynomials Bj(z1,...,%;) are defined by the
formal identity

o0

xJ gl
(18) exp Z?Z] :ZﬁBj(Zl""’Zj)'
7=0

j=1
It follows that By = 1 and for j € N,
- ’ ]' z1 i1 Zj i
where the sum ) " is taken over all i1,...,1; € Ng satisfying 191 +2i2+.. . +ji; = .
We shall need the first three Bell polynomials which are given by
(20) By =1, Bl(Zl) = 21, 32(21,22) = Z% + 29.

Remark 2.3. It follows from , , that Gy, G1, G2 are given by
(21) Go(z) = 1,

_a®), | mB)
(22) Gl(m) - O'(,B) + 60_3(6)1—1 3( )a

~ xi(B) + x2(8) - ka(B) | k3(B)x1(B) .
23) Gale) = 202(B) Hea(e) + (240’4(ﬁ) " 60 () )He4( )
K3(8)
7206(B)

+ He6 (SC),
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where He, (x) denotes the n-th “probabilist” Hermite polynomial:

1 d\"
He, (z) = ez (_d> ez
x

The first few Hermite polynomials relevant to us are
(24) Hey(z) = 2, Hey(z) =2% -1, Hez(x)=2® — 3u,
(25) Hey(z) = 2* — 622 +3, Heg(z) = 2% — 152* 4 4522 — 15.

Remark 2.4. We have G;(—z) = (—1)?Gj(x) for all j € Ny. In particular, G;(0) = 0
for odd j. Indeed, by , Dy, is a linear combination of the differential operators
(d/dz)* and (d/dx)**2. Tt follows from that B;(D1,...,Dj) is a linear com-
bination of the differential operators of the form

d 7rL1i1 d mjij d m1i1+4..+’m]-ij
@) @) =@

where each my, is either k or k + 2, so that m%; + ... + m;%; has the same parity
as j because of the relation 1i; + 2iy + ... + ji; = j. Hence, by (16)), G;(z) is a
linear combination of Hermite polynomials Hey(z), where k has the same parity as
j. The statement follows from the relation Hey(—2) = (—1)*He(z).

Remark 2.5. In Section [4.2| we will show that Fj(z; 3) := W (B8)G,(x; B) is a poly-
nomial in z (which is evident) whose coefficients are linear combinations (rather
than rational functions) of 1, W (5), ..., éé)(ﬁ) (which is not evident). For ex-
ample,

Weo (B)x1(8) = Wi (8),  Weo(B)(X3(B) + x2(8)) = WZ(B),
thus proving the above claim for Gy (x; 8); see .

Taking r = 0 and 8 = 0 in Theorem we obtain the following local limit
theorem for the profile L,,.

Theorem 2.6. Let 1,1y, ... be a sequence of random profiles satisfying Assump-
tions A1-Aj. Then,

2
Jimsup|e-s 0L, iy — V=@ ) {_; (Al }

a.s, 0

n—oo

kez o(0)v/ 2wy, o(0)y/wy,

Theorem [2.1|contains one free parameter 5 which can be chosen as a function of k
and n. With 8 = 0 we obtain an asymptotic expansion complementing Theorem [2.6]
On the other hand, it is natural to choose S = 8,,(k) as the solution to

(26) FBalk) = s € J((5-,50))

n n

where the strict monotonicity of ¢’ has to be recalled. Then, x,, (k) = 0 by definition
, and we obtain the following result.

Theorem 2.7. Let 1,1y, ... be a sequence of random profiles satisfying Assump-
tions A1-AJ. Then, for all r € Ny and any compact set K C (S, 84),
(27)

. w ekBn (k) W sz gn ) as g

— L, (k
kEZﬁwnI:a/(K) e (Bn(k))wn ( o(Bn \/277 Z wi, n—oco

n
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Remark 2.8. Note that only half-integer powers of w,, are present in the sum in
because Go;_1(0) = 0 for j € N; see Remark In particular, with » = 0 we obtain
a precise large deviations asymptotics

B —p(B ”oo(ﬁn(k)) a.s,

k n(k) 89( n(k?))wn k T oReNERNTT)

Wn, sup [§ n =%
kE€EZNw, ¢’ (K) ( ) U(Bn(k’))\/27lwn n—00

Remark 2.9 (On mod-¢-convergence). Let ¢ be a non-degenerate infinitely divisible
distribution with cumulant generating function n(8) = log [, eP*¢(dx). Féray et al.
[19] called a sequence of real random variables (X, )neny mod-¢ convergent with
speed w,, — 400 if

(28) lim w =T(8)

n— o0 en(ﬂ)wn

locally uniformly on some strip {8 € C: §_— < Ref < d;}, where U (f) is an
analytic function which does not vanish on (d_,d,). Variations of this definition
can be found in [T}, 25} 29} [30, 33]. Assuming that holds with speed O(w,,"), for
all » € N, they obtained Edgeworth expansions for both lattice and non-lattice X,.
In particular, Theorem 3.4 of Féray et al. [19)] is closely related to expansion .
In our setting, the distribution of X,, namely the function k¥ — P[X,, = k], is
replaced by the profile k — L, (k) (which may be random). More importantly, the
analogue of given in Assumptions A2 and A3 holds in some open neighborhood
2 of (B—,P+), but it fails to hold in the strip {8 € C: f_ < Ref < B4} in our
applications to random trees. The function W, replacing V., may be random in
our setting. Also note that the expansion in Theorem [2.1]is uniform in the “tuning”
parameter 5 and its terms are given explicitly using Bell and Hermite polynomials,
which is convenient in applications.

2.3. Mode and width. Using the Edgeworth expansion stated in Theorem
we can obtain limit theorems for the width M, and the mode u, of the profile
k — L, (k). These are defined by

(29) M,, = maxL,(k), wu, =argmaxL,(k).

kez kEZ
Theorem 2.10. Consider a sequence of random profiles L1, Lo, ... satisfying As-
sumptions A1-Aj. There is an a.s. finite random variable K such that for n > K,
the mode wu,, is equal to |uf| or [uk], where

~ k3(0)
202(0)

Remark 2.11. The uniqueness of the arg max is a rather subtle question and is not
discussed here (see, e.g., [I8] where uniqueness of the mode is proved for Stirling
numbers of the first kind). In the case when the arg max is non-unique Theoremm
has to be understood as follows: for n > K there are at most two maximizers of
L, (k) and they belong to the set {|u} |, [uX]}.

(30) uy, = ¢’ (0)wy, 4 x1(0)

The next result on the width M,, = L, (u,,) is not surprising in view of the local
limit Theorem 2.6

Theorem 2.12. Consider a sequence of random profiles Ly,1Lo, ... satisfying As-
sumptions A1-A4. Then the width M, satisfies
(31) o(0)v2rwne~?Own pr, 25 W (0).

n—oo
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In our applications to random trees, the limiting random variable W, (0) is a.s.
constant. It is therefore natural to ask whether it is possible to obtain a more
refined result with a non-degenerate limit.

Theorem 2.13. Consider a sequence of random profiles Ly, Lo, ... satisfying As-
sumptions A1-Aj4. Let

M, = 202(0)w, (1 _ V2rwno(0) M") .

Woo(o)eso(o)wn

If 0,, := mingey |ul, — k| denotes the distance between u), and the nearest integer,
then

. , 200 ka(0)
M, — g2 a5 /‘33( k4
n s 2O+ 550 T 102 (0)

We conclude this section with several generalizations of our main results, all of
which are consequences of the proof of Theorem

Remark 2.14. Let (L;);>0 be a continuous-time profile satisfying the obvious continuous-
time formulations of Assumptions A1-A4 for some real-valued function (w)¢>o with

w; — +00 as t — oo. Then, all results in this section apply analogously to the
profile (LL¢)¢>o0-

Remark 2.15. All results remain valid if the sequence w,,n € N, is random and
w, — 400 almost surely.

Remark 2.16. Under Assumptions Al and A4, if there exists a sequence of random
analytic functions W,,,n € N, on 2 such that the convergence holds with W,
instead of W, then Theorems and hold with W, replaced by W,,.

Remark 2.17. Let Assumptions Al and A2 be fulfilled and assume that the con-
vergence in Assumption A3 holds for some real 1 > 1/2 (rather than for all
r € Np), and the convergence for some real 7o > 1/2. Then, for any r < 2r; —1,
r € Ny and r < a < min{1l + r,2ry — 1}, we have

a —32(k) L Qs .
wit sup sup |ePF—#BunL, (k) — Weo (e 2% () 3 G]('an(k)aﬁ) ase o
kEZ BEK a(B)V 2wy, = wi/? n—o00

Remark 2.18. Similarly to the previous remark, take Assumptions A1l and A2 for
granted and assume that holds for some real r > 1/2. Further, in the notation
of Assumption A3, instead of , impose that

sup ‘Wn(ﬂ) - Woo(ﬂ” 2) 0.
BEK n—o0

Then,
B W (@eféxi(k)
Bk—p(BYywn], (k) — LX\VJE 7 T T as
sup sup |e — 0.

kEZ BEK (k) o(B)V2mw, | n—oe
2.4. Example: The classical Edgeworth expansion. In this and the subse-
quent section we consider two examples of deterministic profiles. Let Z1, Zs, ... be
i.i.d. integer-valued random variables with mean 1 := EZ;, variance 02 := Var Z; #
0, and cumulant generating function

(32) #(8) = log Be?
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which is finite on some interval (S_, 8+) containing zero. Consider a sequence of
deterministic profiles in which LL,, is defined as the probability mass function of the
sum 2y + ...+ Z,, that is

L.(k)=PZ1+...+Z,=k], keLZ.

Then, Assumptions A1-A3 are satisfied with ¢ as in , wy, =n and W (B) =
W, (8) = 1. Hence, the cumulants xj vanish. Assumption A4 is also satisfied if we
additionally assume that the minimal step of the distribution of Z; is 1. In other
words, there is no non-trivial sublattice aZ + b, with a € {2,3,...} and b € Z, such
that P[Z; € aZ + b] = 1.

Applying Theorem[2.1]with 3 = 0 we obtain the classical Chebyshev—Edgeworth—
Cramér asymptotic expansion for sums of i.i.d. lattice random variables, see Theo-
rem 13 in Petrov [34] Ch. VII, p. 205]:

1.2

\ “32() g (e (h
(33) lim n'T sup |P[Z1 4+ ...+ Z, = k] — ¢ qu(xn( ) =0,
™ =

n—oo keN ovV2 ni/?

where g; is a polynomial of degree at most 35 whose coeflicients can be expressed
through the cumulants ko, ...,k 42. To obtain g;, remove in G; (see for its
definition) all terms involving the x;’s. The first three terms in the expansion are
given by

K2

(B34 @@ =1 )= FHes(a), @) = FgHe(w) + 2 Heg(a).

Applying Theorem with arbitrary § one can obtain asymptotic expansions for
large deviation probabilities; see [21]. Note, however, that the moment condition
which we imposed on Z; can be relaxed; see Theorem 13 in Petrov [34) Ch. VII,

p. 205].

2.5. Example: Stirling numbers of the first kind. The (unsigned) Stirling
numbers of the first kind are defined by the formula

(35) o ;:9(9+1)...(9+n—1):2mek.
k
k=1
The following sequence of deterministic profiles given by the probability mass func-
tion of the Fwens distribution with parameter 6 > 0

0% [n
(36) L) = o7 | ikt

can be shown to satisfy Assumptions A1-A4. Applications to Stirling numbers and
the Ewens distribution will be studied in a separate paper [27].

3. EDGEWORTH EXPANSIONS FOR RANDOM TREES

3.1. One-split branching random walk. Consider a system of particles on Z
which evolves in discrete time as follows. At time 0, we have a single particle located
at 0. In each step one of the particles is chosen uniformly at random. This particle
is replaced by a random cluster of particles whose displacements w.r.t. the original
particle are described by a point process ¢ = Zf\il dz, (where N, the number of
particles, is a.s. finite) on Z. In other words, if the original particle is located at z,
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its descendants are located at z+ Z1,...,x+ Zy. All random mechanisms involved
in this definition are independent.

Remark 3.1. The difference between this model and the usual discrete-time, many
splits BRW (for which the Edgeworth expansion was obtained in [21])) is that in the
one-split BRW, only one particle (chosen uniformly at random) is allowed to split,
whereas in the many-split BRW all particles split at the same time. We shall see
that there are many differences between these models.

Denote by S,, the number of particles after n splitting events, and let their

positions be x1 1y, ..., g, n. Let us denote by L,, (k) the number of particles at site
k € Z after n splitting events:
(37) Lo(k) =#{1<j<Sy:z;n =k}

We are interested in the function k& — L, (k) which is called the profile of the
one-split BRW.

We are going to state our assumptions on the one-split BRW. Denote by v the
expected number of particles at site k € Z in the cluster process (:

N
(38) vy =EC({k}) =E [Z n{zi_k}l . kez.
i=1

The first assumption states that non-zero jumps are possible with positive prob-
ability and thus excludes the case in which all particles stay at 0. The second
assumption requires the one-split BRW to be supercritical and excludes the possi-
bility that it can become extinct.

Assumption B1: We have v, > 0 for at least one k € Z\{0}.

Assumption B2: The cluster point process ( is a.s. non-empty, and the probability
that it has at least 2 particles is positive. In other words, N > 1 a.s. and P[N =

1] # 1.
Remark 3.2. It is possible to replace this assumption by a weaker one requiring that

EN > 1 (supercriticality), in which case all results would hold a.s. on the survival
event.

Denote by m(f) the moment generating function of the intensity of the cluster
point process ¢ minus 1:

(39) m(ﬁ):ZeBkuk—le

kEZ

N
Zeﬁz"] — 1.
i=1

The expected number of particles at time n is ES,, = 1 4+ m(0)n, where, by As-
sumption B2,

(40) m(0) =Y n—1=EN—-1>0.
kezZ

Assumption B3: The function m is finite on some non-empty open interval .#
containing 0.

It follows that the function m is well-defined for 8 € {z € C: Rez € £} and
strictly convex and infinitely differentiable on .#. We shall need the function

)
)=y ReBes
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Denote by (8_,8+) C & the open interval on which ¢'(8)8 < ¢(8):
(41) B-=if{B eI ¢ (B)B<p(B)}
(42) By =sup{B € I o' (B)B < p(B)}

The interval (5_,[+) is non-empty because it contains 0. The endpoints of the
intervals .# and (8-, 8;4) are allowed to be infinite.

The (normalized) moment-generating function of the one-split BRW profile is
defined, for Re 8 € .Z, by

S.
1 n
= BTin
(43) Wa(B) = —5; Zl:e .

The following aperiodicity condition plays an important role in the verification of
Assumption A4. Here, and subsequently, we denote by v = >, _, v0y, the intensity
measure of the point process (.

Assumption B4: v is not concentrated on any proper additive subgroup of Z. In
other words, v(Z\aZ) # 0 for all a € {2,3,...}.

Assumption B4 can be imposed without loss of generality: if v(a*Z) = 1 for some
a* > 2 (chosen to be maximal with this property), then we can rescale the jumps
by a* and work equivalently with the one-split BRW governed by the intensity
measure v*, where v*({k}) = v({k/a*}). Note that this contrasts the situation
in the many-split BRW [2I] and in Section where it was necessary to exclude
measures v concentrated on lattices of the form aZ + b.

Finally, we also need the following moment condition which supplements As-
sumption B3.

Assumption B5: For any 5 € (08—, +) there is v = v(8) > 1 such that

(ﬁ /a)] <oo

Remark 3.3. This is easily shown to be equivalent to the following assumption:
For every compact set K C (f_,[+) there is v = y(K) > 1 such that the above
expectation is bounded uniformly in g € K.

E

The next theorem states that the sequence of the one-split BRW profiles satisfies
Assumptions A2 and A3 with w, = logn.

Theorem 3.4. Under Assumptions B1-B3 and B5, there is an open neighborhood
9 of the interval (B—,B+) in the complex plane such that, with probability 1, W,
converges to some random analytic function W locally uniformly on 9. Moreover,
for every compact set K C 2 and r € N we can find an a.s. finite random variable
Ck,r such that for alln € N,

(44) sup [Wi(8) — Weo(B)| < Ckr(logn) ™"
BeEK

With probability 1, the function W, has no zeros on the interval (B—, 54.).
The proof of the theorem will be given in Section [5.1]and uses an embedding into

a continuous-time BRW in conjunction with results of Biggins [3] (see also [41]).
The explicit form of the neighborhood 2 plays no role in the sequel. However, let
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us stress that we cannot take 2 to be the strip {8 € C: 5_ < Re8 < f+}. In the
case of the BSTs, the exact shape of 2 can be found in [9]: it is a bounded set. For
this reason, the asymptotic expansion obtained by Féray et al. [19] does not apply
directly.

Remark 3.5. Note that ¢(0) = 1 and by the law of large numbers,

Weo(0) = lim W,(0) = lim S =m(0) a.s.

n— oo n—oo N

3.2. Random trees and one-split BRWs. We can identify profiles of random
trees and profiles of the one-split BRW as follows: Particles correspond to (external
or internal) nodes, and positions of particles correspond to the depths of the nodes.
In the following, we describe the cluster point process, and give explicit formulas
for the quantities m(0), ¢(3), p(0) = ¢'(0), 2(0) = ¢”(0) and #;(0) = ©)(0),
7 € N, which will be relevant in our limit theorems.

D T

FIGURE 2. Sample realizations of random trees. Left: RRT. Middle:
D-ary recursive tree with D = 3. Right: PORT.

(i) External profiles of BST's defined in Section correspond to the one-split BRW
with the deterministic displacement point process ( = 20; because at any step of
the construction an external node at depth k is replaced by two new external nodes
at depth k + 1; see Figure [1] (right). We have
p(B) =2¢7 —1, m(0) =1, u(0)=0%*0)=r;(0)=2, jeN.

The constants 3_ =~ —1.678 and f; ~ 0.768 are the solutions of 2¢4(1 — 3) = 1.
(ii) Random recursive trees (RRTs), see Figure [2] (left), can be defined as follows.
At time n = 0 start with one node (denoted by e) at level 0. At any step, pick one
of the existing nodes (say, «) uniformly at random and connect it to a new node
one level deeper than x; see Figure (3| (left). Let L, (k) be the number of nodes at

depth k in a RRT with n + 1 nodes. RRTs correspond to the one-split BRW with
the deterministic displacement point process ( = dg + 1. In particular,

p(B) =e", m(0) =1, u(0)=0(0)=r;(0)=1, jeN.

R —

e — O 0 —

.

FIGURE 3. Construction rules for random trees. Left: RRT. Middle:
D-ary recursive tree with D = 3. Right: PORT.
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We have f_ = —oo and B4 = 1. For results on the profile of RRTs, we refer
to [14},[16] [20L B8], see also [15, Section 6.3] for a detailed discussion of the three main
methods applied in this context: the martingale method, the method of moments
and the contraction method.

(iii) D-ary recursive treesﬁ with D € {2,3, ...} are a special case of so-called increas-
ing trees introduced by Bergeron, Flajolet and Salvy [2], see also [15] Sections 1.3.3
and 6.5] and [38] for results on the profile. The model reduces to BSTs for D = 2;
see Figure 2| (middle). These trees can be constructed in a similar manner as BSTs
with the only difference that at each step D new external nodes are attached; see
Figure [3| (middle). The external profile of D-ary recursive trees correspond to the
one-split BRW with the displacement point process ( = D§;. We have
Def —1 D
p(B) = N IERE m(0) = D — 1, pu(0) =0(0) = #;(0) = o1 JEN

The constants 3 < 0 and 3, > 0 are the solutions of Def(1 — 3) = 1.

(iv) Plane-oriented recursive trees (PORTS), see Figure [2] (right) for a sample real-
ization and [I5, Section 1.3.2] for a discussion of this model, are constructed in the
following way. At time O start with an internal node e at level 0 connected to an
external node [ at level 1: I

At each step choose one external node uniformly at random, declare it internal
and add 3 new external nodes as shown on Figure [3| (right). After n steps we
obtain a tree with 2n 4+ 1 external nodes. As opposed to BSTs, RRTs and D-ary
recursive trees, the external profiles of PORTs follow the dynamics of a one-split
BRW initiated with one particle (external node) at position one (short: initiated
at one) at time zero. The displacement point process is ( = 26y + d;. We obtain

p(B) = (e + 1), m(0) =2, pu(0) =0%(0) = n;(0) = 3, jEN.

We have 3_ = —o0, whereas 3, ~ 1.278 is the solution of e®(8 — 1) = 1. The
profile of PORTs was studied in [23] 28] [38] [39].

(v) p-oriented trees (which reduce to PORTS if p = 2) correspond to the one-split
BRW initiated at one with ¢ = pdp + &1, where p € {2,3,...}. They also fall under
the general model introduced in [2]. We have

so(ﬁ):%(ehp—l), m(0) = p, u(0)=02(0)=ﬁj(0)=%, jeN.

We have 3_ = —oo, whereas 3, is the solution of e’(3 — 1) = p — 1. For further
information on p-oriented trees, we refer to Sections 1.3.3 and 6.5 in Drmota’s
monograph [15].

Remark 3.6. Writing (IL,,(k))gen for the external profile of PORTSs (or p-oriented
trees), and (ILY (k))ken,, for the profile of the corresponding standard one-split BRW
initiated at zero, we can identify L, (k) = L’ (k—1), for n € Ny, k € N. Denoting by
W2 (B) the almost sure limit in Theorem|[3.4]for the profile (L} (k))ken,, the limiting

3Not to be confused with me-ary search trees, which is a different model; see [15] Section 1.4.2].
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process W () for the profile (L, (k))xen is equal to e®W2 (3). In particular, for
the random cumulants, we have x1(8) = 1+ x7(8) and xx(8) = x5 (8) for all k > 2.

Remark 3.7. In all examples listed above the displacement point process ( is con-
centrated on {0, 1} and therefore we have ¢(8) = 1+ ¢'(0)(e” — 1) (since (0) = 1
by definition) and hence, almost surely

neB) — . ee(B—Dlogn _ . o' (0)(e”~1)logn _, ﬁew'(o)(eﬁfl)logn N — 0o,
m(0) ’
Thus, Theorem states that the sequence (S, ! > ke, Ln(k)0k)nen of random

probability measures on Z converges in the mod-Poisson sense with probability 1;
see [29] and Remark

(vi) So far we considered “horizontally projected profiles”. The vertically projected
external profile of a binary search tree can be defined as follows. At time 0, assign
to the root of the BST the abscissa 0. During the construction of the BST, if
some external node with abscissa 4 is chosen, then its two descendants are assigned
abscissas ¢ — 1 and ¢ + 1. The abscissa of a node describes its so-called left-right
imbalance since it measures the difference between the number of times the path
from the root to the node turns right rather than left. Denote by L, (k) the number
of external nodes with abscissa k € Z in a BST with n + 1 external nodes. This
profile corresponds to the one-split BRW with ( = §_; + §;1 and we have

e(B) =¢® +e7P —1, m(0) =1, u(0) = ka;—1(0) = 0,02(0) = k2,(0) =2, j €N.

The constants 5, ~ 0.9071 and f_ = —j3, are the solutions of the equation (e —
e B = e# + e — 1. The left-right imbalance of nodes and the corresponding
path length were studied by Kuba and Panholzer [31], the profile by Schopp [38].

3.3. Jabbour martingale. In all models listed in the previous section, the number
of descendants of any particle in the one-split BRW is deterministic. Recall that this
number equals m(0)+1, so that for BSTs, RRTs and PORTs we have m(0) = 1,1, 2,
respectively. In this case, it turns out that the Laplace transform of the particle
positions divided by its expectation is a martingale. In the case of BSTs, this
martingale has been introduced by Jabbour-Hattab [24]; see also Chauvin et al.
[7]. The next theorem generalizes Jabbour’s martingale to general one-split BRWs
with a deterministic number of descendants.

Theorem 3.8. Consider a one-split branching random walk in which the number
of descendants of every particle is deterministic and equals m(0) + 1 € N. Assume
that the function m(B) defined by is finite on some interval & containing 0.
Then, for all B € {z € C: Rez € &}, the sequence (J,(8))nen, defined by

. 1 14+m(0)n o n—1 m(ﬂ)
Jn(B) ;m ; ernm, a"(m:]}:[o<1+l—&—m(0)k>’

is a martingale w.r.t. the filtration (Fp)nen,, where F,, is a o-algebra generated by
the first n generations of the one-split BRW. Also, EJ,(8) = 1.

Proof. Note that the number of particles at time n is S,, = 1+m(0)n. Let Z,,(8) =

1 . . . .
Ziilm(o)n eB¥in  where Zin,--.,Ts, n are the positions of the particles at time n.
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Denoting by ¢, = me)H dz,, the point process of descendants used to pass from
generation n to generatlon n —|— 1 we have

[ tmOn m(0)+1
B BIF = T 2 BBk B S,
14m(0)n m(0)+1 .
= Zn(8) + ; frin [ ; el Y
~2,(0) (1+ %) ,
where we used that m(3) = E Em(O)H —1; see (39). It follows that J,, () is
a martingale. Since Jo(8) = 1, we have EJ, (ﬂ) =1 for all n € Ny. O

For the function W,, introduced in (43 we obtain (in the case of deterministic
number of descendants)

(n)
m(B)+1
) NG
()

where (™ := 2(2 +1)...(z +n — 1) is the rising factorial. For Re € .#, using
the formula 2("™) ~ n*T'(n)/T(2) as n — 0o, we obtain

1
. B F(m( ))
(46) Jim EW,,(5) = TR
r (=)
Further, for 8 € (8-,8+) we shall show that EW,.(8) = lim, . EW,(8); see
Section below.

3.4. Cumulants of the profile. Recall that z; ,,...,zg, » denote the positions
of the particles in a one-split BRW after n splits. For 8 € .# consider

d k Shn
_ BLi n
wal®) = (5 o2t

It is easy to see that xj n(5) is the k-th cumulant of the Gibbs probability measure
assigning to each point z;, the weight proportional to eBrin,

Remark 3.9. The most interesting case is 8 = 0. Then, Xk.n = Xk,n(0) is the k-th
cumulant of the empirical measure assigning to each particle x; ,, the same weight
1/S,. For example,

n n

1o 1 e e 1 e s
?nzxi,na X2,n—57nzxzn Xln ’ X3n_7zxzn Xln)
i=1 =1 =1

are the empirical mean, the empirical variance and the empirical central third
moment of the particle positions in the one-split BRW. In the context of random
trees, SpX1,n is the external path length of the tree. Specifically, in the BST case,
(n+1)x1,n — 2n can be interpreted as the number of key comparisons used by the
Quicksort algorithm to sort n randomly ordered items.
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Theorem 3.10. Consider a one-split BRW satisfying Assumptions B1-B8 and B5.
Uniformly on any compact set K C (8—,8+) we have

k
(a7) (5) W) = 0n(8) ~ £ (3) o 22 a(6).

where the limiting random variable xi(B) is given by

(B) = ((fﬁ)klogwoow).

Proof. The equality in follows from the definition of W,; see (43)). We prove
the convergence. Let 2 be an open neighborhood of (5_, ;) as in Theorem (3.4
In the probability space on which the one-split BRW is defined, consider some
outcome w and let 2’ := 2'(w) C 2 be an open subset with K C 2’ such that W,
is almost surely non-zero on the closure of %', and the analytic functions W, (+;w)
converge, as n — 00, to W (;w) in H(Z'), the set of analytic functions on 2’
with the topology of locally uniform convergence. The set of such outcomes has
probability 1. By Theorem

log W,,(B) n%o log Wao(B) in H(Z').

Observe that the logarithm can be defined continuously since W, and W,, do not
vanish for sufficiently large n. By the Cauchy formula, taking the k-th derivative
is a continuous map from H(2') to H(Z'). Consequently,

k k
(a5) 15 Wal) 25 (55) 108 Wald) i 22,
and hence uniformly in § € K. This concludes the proof. (I

3.5. Edgeworth expansion for one-split BRW. We are going to state an Edge-
worth expansion for the profile of the one-split BRW. We recall the parameters u(3)

and o(f) from (T12)),

(48) p(B) =¢'(8), a*(B) =¢"(B),

as well as the deterministic cumulants #;(8) = ¢)(3), j € N. As in (with

wy, = logn), we introduce the normalized coordinate

k — pu(B)logn
a(B)y/Iogn ’

Theorem 3.11. Let (L, (k))rez be the profile at time n of a one-split branching
random walk satisfying Assumptions B1-B5. Fiz r € Ny and a compact set K C

(ﬂ—v ﬂ-i-) Then:

(49) Tn(k) =z, (k; B) = ke Z.

(50) (lo n)r# sup su - — 0
& kelz)ﬁeg n#(8) a(B)y2mrlogn logn)i/2 | n—oo

Here, Gj(x) = G;(z; 8) is a polynomial of degree at most 3j given by

L () me)e—%fi(k)iajm(k);ﬁ)
mlogn = (

(_1)j 1.2 —12
(51) Gj(x):Tez Bj(Dlv“'ij)e 27,
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where Bj is the j-th Bell polynomial (see Remark and Dy, Dy, ... are differen-
tial operators (with random coefficients) given by

el ) IO W B S O B B
(52) DJ_(j+1)(j+2)<a(5)dx) +Xj(5)(o*(ﬁ)dw>

with x;(B) as in Theorem[3.10}

Remark 3.12. The expressions for the first three terms in the expansion have the
same form as in , , .

Remark 3.13. An Edgeworth expansion for the profile of a many-split BRW was
obtained in [2I]. Theorem from the present paper can be applied to the many-
split BRW, but both the representation of the terms of the expansion and the proof
given in [21] differ from ours. In Section 4.2 we provide an alternative representation
for the terms in Theorem [2.I] which allows to derive the many-split BRW expansion
of [2I]. There are many differences between the one-split and many-split BRW cases.
For example, in the former case the expansions are in negative powers of /logn,
whereas in the latter case negative powers of \/n appear.

Taking f = 0 and r = 0 in Theorem and recalling that W, (0) = m(0) and
©(0) = 1, we obtain the following local limit theorem for the one-split BRW.

Theorem 3.14. Let (L, (k))rez be the profile at time n of a one-split branching
random walk satisfying Assumptions B1-B5. Then,

Lu(k) _ m(0) L (k= pOlogn)* || s
o9 viege| = - e 3 (e J] S

More terms can be obtained by taking 8 = 0 and arbitrary » € Ny. Another
possibility is to take 8 = B,(k) as in (26), that is ¢'(8,(k)) = k/logn. Then,
2 (k) = 0 and we obtain the following expansion containing only half-integer powers
of logn (c.f. Theorem [2.7)):

Theorem 3.15. Let (IL,(k))rez be the profile at time n of a one-split branching
random walk satisfying Assumptions B1-B5. Then, for allr € Ny and any compact

set K C (B—aB-F)z

g L~ Fy(0iBa(k) | as
logn)"+1 sup © L, (k) — 20 | 2500,
( g ) keZn(log n)e’ (K) n‘p(ﬁn(k)) ( ) /27_[_‘ logn‘jzzoa(ﬁn(k))(logn)] n—o00
where Fy; (0; B) 1= Wao (8)Ga;(0; B) is a linear combination of 1, Was(B), ..., W) (8)

(see Section[{.9 for the proof of the latter claim).

Our results easily imply an expansion similar to Theorem for the mean of
the profile when the number of particles in the first generation is almost surely
constant.

Theorem 3.16. Let (L, (k))rez be the profile at time n of a one-split branching
random walk with the deterministic number of descendants and satisfying Assump-
tions B1-B5. Fix r € Ny and a compact set K C (f—,8+). Then,

r+1 ePk e*%zi(k) LENyal T .
(logn) =" sup sup Elln(k)] _ EWeo(5)] 3 Gj(zn(k); B)

— — 0.
keZ BEK ne(8) o(B)v2mlogn

(log n)j/2 n—00
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Here, Gj(x;ﬁ) is defined by the same formulas , as Gj(z; 8), but with

X;(B) replaced by its deterministic analogue

000 = (& os2wa(s) = - (&) ogr (221

Again, it is natural to choose 3 as in (26). Then, z,,(k) = 0 and one obtains an
expansion containing half-integer powers of log n only.

3.6. Width and mode of the one-split BRW. Recall the definitions of the
width M, and the mode u,, of a one-split BRW at time n in . In the setting of
random trees, the mode is the level having the largest number of nodes, while the
width is the maximal number of nodes at a level. From Theorems [2.10] 2.12] and
we obtain the following results for the one-split BRW.

Theorem 3.17. Consider a one-split BRW satisfying Assumptions B1-B5. There
is an a.s. finite random variable K such that for n > K, the mode u, is equal to

one of the numbers |uk| or [ul], where

~ k3(0)
202(0)
Remark 3.18. In fact, one can provide more information on which of the two values,
luf] or [u}], is the mode. Let nint(u)) = argmingc, |u} — k| be the integer
closest to u} with convention that nint(w}) = |uf| if v’ is a half-integer. The
proof of Theorem see formula below, shows that, for every ¢ > 0, we
can find an a.s. finite random variable K (g) such that for all n > K(e) satisfying
mingez [uf, — k — 2| > €, the mode u,, is unique and equals nint(uy,).
Case 1: ¢'(0) = 0 (meaning that the one-split BRW has no drift, which applies
to Example (vi) of Section [3.2). If the random variable x1(0) has no atoms, then
x1(0) — 3r3(0)/02(0) is not a half-integer with probability 1. It follows that there
is an a.s. finite random variable K such that

Uy, = nint (xl(o) B 2?2(?0)))

for all n > K. Absolute continuity of x1(0) in Example (vi) follows from the fixed
point equation derived in [31].

Case 2: ¢'(0) # 0 (which is true in examples (i)—(v) of Section[3.2). The arithmetic
properties of the sequence ({¢'(0)logn})nen, with {-} denoting the fractional part,
allow us to deduce an additional information compared to the general result given
by Theorem m Here, we say that a set A C N has asymptotic density o € [0, 1]
if

(54) uy, = ¢'(0)logn + x1(0)

(55) o #AN{L . mY)

n—00 n

Proposition 3.19. Consider a one-split BRW satisfying Assumptions B1-B5 with
©'(0) # 0. Then, almost surely,

(i) there are arbitrary long intervals of consecutive n’s for which u, is unique and
u, = |ul]; and, similarly, arbitrary long intervals for which u, is unique and
Un = (U;ﬂ ’
(ii) the asymptotic density of the set A = {n € N : u,, is unique and u,, = nint(u})}
equals one.
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The next two results on the width M, are special cases of Theorems [2.12]
and .13

Theorem 3.20. Consider a one-split BRW satisfying Assumptions B1-B5. Then,
the width M, satisfies

VITTogn o (0) Mo as, |

m(0)n n—co
Theorem 3.21. Consider a one-split BRW satisfying Assumptions B1-B5. Let
V2 logna(0) Mn>
m(0)n '
If 0,, := mingey |u — k| denotes the distance between u}, and the nearest integer,
then

(56)

M, :=25%(0)logn (1 -

2
o g2 as, k5(0)  k4(0)
M =00 =220+ 52505 ~ 02(0)

Remark 3.22. Again, the details depend on whether ¢'(0) vanishes or not.

Case 1: Suppose that ¢’(0) = 0. Then, 6,, does not depend on n and we obtain
2

- ; K2 K K
Ma =5 00(0) + 6;4(?0)) N 4;2((0(3) i pa(0) - 2032(?0)) -k

Case 2: ¢©'(0) # 0. The sequence ({¢'(0)logn})nen is dense in [0,1]. This implies
that the set of subsequential limits of the sequence 6,, is equal to [0,1/2]. It follows
that

©3(0)  £4(0)

lim inf M,, = - s.
im i 20+ 550) ~ o200
. K200)  ra(0) 1
li M, = CANC. — as.
Ei 20+ 5000y " doziy) T M

and every point between the lim inf and lim sup is a.s. a subsequential limit of M,,.
Thus, we have infinitely many different a.s. (and hence, weak) subsequential limits
of M,. If x2(0) is non-degenerate, it follows from the convergence of types lemma
that the random variable M,, cannot be normalized by an affine transformation to
converge (in the weak sense) to a non-degenerate limit law. This agrees with the
observation of Fuchs et al. [20, Theorem 2].

3.7. Occupation numbers in the one-split BRW. Consider a one-split BRW
with profiles Ly, Lo, .... In this section we shall state limit theorems on the “occu-
pation numbers” L, (k,), where k,, is a (deterministic) integer sequence with some
regular type of behavior. These limit theorems can be applied to random trees
(including BSTs, RRTs and PORTS; see Section and improve on the results
of Fuchs et al. [20]. In these applications L, (k,) is interpreted as the number of
nodes at depth k,, in a random tree. To prove these theorems, we shall use a suitable
number of terms in the Edgeworth expansion of L,, stated in Theorem Our
aim is to find a non-degenerate limit distribution for L, (k,,), but it turns out that
our results hold even in the sense of a.s. convergence. As in 7 define 8,, = Bn(k)
to be the solution of

(57) o (Balh)) = -,

- logn’ logn

€ ¢ ((B=,B4))-
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Theorem 3.23. Consider a one-split BRW satisfying Assumptions B1-B5. Let k,
be an integer sequence such that, for some € (68—, B+), we have k, = ¢'(8) logn+
o(logn). Then, with B, = Bn(kn) as in (57), we have

Vlogn ]L (k ﬂ} WOC(B)

(58) n#Bn)=Bne’ (B2) " oo \ara(B)

If, for some a € R,

(59) kn = ¢ (B)logn 4+ ac(B)\/logn + o(y/logn), n — oo,
then

Viegn g s €72
(60) "By e”" Ly, (kn) njgo 270 (B) Woo (B)-

Proof of Theorem[3.25 From Theorem[3.11|withr = 0and K C (8-, f+) compact,
we have
1 ( k=o' (8") 1ogn)2

I HLa(k)  Wie(8)e (AR
61) /1 - as,
(1) Viean sup b |\ et S(FarToEn | e

From here, follows readily upon taking k = k,,, 8’ = B, (k,) as in (which
converges to 8, as n — 00), recalling the continuity of W, and ¢ and noting that
the term in the exponent vanishes. Formula follows from upon choosing
B =fin and using the observation

kn —¢'(B)logn
a(B)v/logn a0 &

The proof is complete. O

a.s,

0.

xn(kn) =

Remark 3.24. If, in addition to the conditions stated in the theorem, we assume that
the BRW has a deterministic number of descendants, then the convergences (58|
and also hold in L; sense.

Theorem is applicable in the case 8 = 0, however, W, (0) = m(0) is a.s.
constant (see Remark meaning that the limits in and are degenerate.
It is therefore natural to ask whether non-degenerate limits can be obtained by
choosing a more refined normalization of L, (k,). Denote by L¢ (k) the profile
centered by its expectation:

L5 (k) = Lu(k) — ELa(k)], k€ Z.
In the following we assume that the integer sequence k, can be represented in the
form
kn, = ¢’ (0)logn + ¢y,
where ¢, is a sequence on which we impose various growth conditions. While The-
orem can be derived from the first term in the Edgeworth expansion (meaning

that r = 0), the following more refined theorem requires more terms (meaning that
r=1orr=2).
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Theorem 3.25. Consider a one-split BRW with deterministic number of descen-
dants and satisfying Assumptions B1-B5. Let (kp)nen be an integer sequence.

(a) If kn, = ¢'(0)logn + ao(0)\/logn + o(y/logn) for some o € R, then

(62 PER L k) 25, T (a(0) < Bxa(0)).

(b) If ky, = ¢’(0) logn + ¢, with lim,, . |¢,| = 00 and ¢, = o(logn), then, with B,
as in ,

logn)? s —E
CpmfBr)=Bne’ (Bn) — n— oo ) /27m3(0)

In particular, if lim,_ o |cn| = 00 and ¢, = o(+/logn), then
(logn)?2 L2 (k) %5 m(0)(x1(0) — EXl(O)).

(64) nen e V2703(0)

(¢) If ky, = ¢'(0) logn + ¢, where ¢, is bounded, then

3
2

I a.s.
Mmg(kn) ~R%(cn) “% 0,

n n—o0

(65)
where R°(c) = R(c) —ER(c) and R(c) is a random variable given by

(66) R(c) = \/;((703)(0) (Xl(O) (c—|— 2,232(8)) pi0) —; XQ(O)) , c€eR.

Proof of Theorem[3.25 Taking 8 = 0 and r = 1 in Theorem and using for-
mula 7 we obtain

Ly (k) _ m(0)e” 370 (k) . X, (k) + gty Hes (n (k) (o
n a(0)y/2mlogn Viogn logn

almost surely. By Theorem [3.16] we have an analogous expansion for the expecta-
tion of L,,(k,). Subtracting both expansions, we obtain

]L,?L(kn) m(o)eiéafi(kn) . Xl(o — EXl(O) (k )+ o <

= ) ! a.s
(67) n  o(0)v2rlogn  o(0)y/logn 1ogn) U

where

 ky—¢'(0)logn Cn

~ o(0)VIogn  o(0)y/logn’

To prove , it is enough to notice that lim, oo 2, (kn) = a. Inserting this

into , we obtain .

For the remaining results, we need to apply the Edgeworth expansion with r = 2.

First, choosing § = 0 in Theorems [3.11} using , , and subtracting the

Ty (kn)
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expansions for L, (k,) and E[L,,(k,)], we obtain

Loy~ m0e =z ¢ (3,(0) — Exa(0)
alnln) = o(fwm( o0 iogn )
+ ng(O)WHe4(xn(kn))

Y2(0) + x2(0) — E[x2(0) + x2(0)] 1
+ 202(0) logn HeZ@n(%))) +o0 <(log n)% > a.s.

Multiplying both sides of the last display by (logn)3/2/c, yields (64) because
limy, 00 Zn (k) = 0 and Hea(x) = —1 4+ 0o(1),Heq(z) = 34 o(1) as  — 0. For the
proof of use the same expansion as above and note that x,,(k,) = O(1/+/logn).

It remains to show that holds. Here, we use the Edgeworth expansion with
r =2 and (3, as in . First, note that, by a simple Taylor expansion, we have

cn(1+0(1))

(68) Pn = 02(0)logn

Next, by Theorem and (21)), (23),
efnkn _ 1 3 Ka(Bn) | K3(Bn) Wi (Bn)
W]Ln(kn) - U(ﬁn)m <Woo(ﬂn)+10gn (240.4(571) + 60’4(5»@) )

W (Bn) 15k3(Bn) 1
T 202(8,)logn 7206(ﬂn)logn> to ((10gn)§f) s

and similarly, by Theorem with 8 = 3,

ok S S Fa(Bn)  ra(B)EWL(Ba)
n%"(ﬂn)E[Ln(kn)] - U(ﬁn)m (240—4(671) 60—4(571) )

EW" (8,) 1543 (8,) >+0< 1 )

© 20%(B,)logn  7209(6,)logn (logn)?

3
<EW°° (Bn)+ logn

Since |c,| — oo, taking the difference of both expansions yields

cno (Bn)V 21

Since B, — 0, we have, almost surely, Woo(8,) = m(0) + W/ (0)5,, + o(5,). Since
EWu(8) is analytic in a neighbourhood of g = 0, the analogous expansion holds
for the mean. The assertion now follows from together with . (Note that,
even though the higher order terms in the Edgeworth expansion appearing in the
proof are asymptotically irrelevant, we cannot obtain the result using the expansion
for r =1). O

(logn)3/? efnkn

(69) Cn n‘P(BH)

Ly (kn) =

+o(1) as.

Remark 3.26. In the setting of Theorem part (c), the limsup and the lim inf
of the sequence X (logn)3/2L3 (k,) are a.s. finite (but not necessarily equal to each
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other). Whether or not this sequence has an a.s. limit depends on the value of
©'(0).

Case 1: ¢'(0) = 0 (which applies to Example (vi) of Section [3.2)). It is natural to
take k, = a € Z. Then, ¢, = a and we obtain

3
2

U08R)% o 1) % Ro(a).
n n— o0
Case 2: ¢'(0) # 0 (which applies to Examples (i)—(v) of Section [3.2). It is natural
to take k, = |¢’(0) logn] +a, where a € Z, which means that ¢,, = a—{¢’(0) logn}.
The set of accumulation points of the sequence ¢, is the interval [a — 1, a]. Hence,
we can parametrize the set of all a.s. subsequential limits of & (logn)3/2L¢ (k,) as
follows:

(70) {R°(a—2): z € [0,1]}.

Remark 3.27. Also we point out that in Theorem [3.25] the assumption that a BRW
has deterministic number of descendants is used only to derive the Edgeworth ex-
pansion for the centering E[L, (k)] by using Theorem If such an expansion
holds a priori, the results of the above theorems remain valid without this con-
straint.

3.8. Profile of binary search trees around level logn. Applying the results of
Sectionto the special case of BSTs we obtain Equations @7 @ and Theorem
stated in the introduction. In Equations (6), (7) (which deal with levels near
2¢A logn, B € R), the limit random variable is a multiple of W, (3). For 8 = 0,
the limit W (0) = 1 is degenerate, and we collected more precise results describing
the behavior of the profile around level ¢’(0) logn = 2logn in Theorem

However, there is one more value of 8 for which W (8) is degenerate, namely
B = —log2 ~ —0.693. By construction of the BSTs, we have W, (—log2) =1 =
W (—log?2) for all n € N. The value 5§ = —log2 corresponds to the behavior of
the BST profile around level ¢’'(—log2)logn = logn. We conclude this section
with a discussion of this case. Similarly to Theorem [3.25 Fuchs et al. [20, Theorem
6] showed that the scaling behaviour of L, (k,) with k, = logn + ¢, depends
drastically on whether |¢,,| = oo or ¢, = O(1). The next theorem is proved along
the same lines as Theorem [3.25

Theorem 3.28. Let (L, (k))rez be the profile of a random binary search tree with
n+ 1 external nodes. Let (kp)nen be an integer sequence.

(a) If kn, =logn + ay/logn + o(y/logn) with « € R, then
logn]L:L(kn) 2) Xl(_ 10g2) _E[Xl(_ 10g2)]a67%a2
2kn n—00 \/ﬂ

(b) If k,, = logn + ¢, with lim,,— |c,| = 00 and ¢, = o(logn), then, with B, as

mn ,

(logn)3/? Lo (k) x1(—log2) —E[Xl(—log2)].
cnnzeﬁ"(lfﬁn)*l n n—oo \/ﬂ
In particular, if lim, o |cn| = 00 but ¢, = o(y/logn), then

(logn)3/2Lo(kn) as, x1(—1log2) — E[x1(—log2)]

Can” n n—oo \ 21 ’
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(¢) If ky, =logn + ¢, where cn s bounded, then
logn

2]"% n—00
where R2(¢) = Ri(c) —ER.(c) and R*(c) is a random variable given by

Ri(c) == \/%—W (Xl(—log 2) <c+ ;) _ Xi(zlog2) ;X2(—10g2))

Remark 3.29. The random variable x1(—log 2) is not almost surely constant: in the
space of distributions with zero mean and finite variance, x1(—log2) is uniquely
characterized by the stochastic fixed-point equation

, ceR.

1
(71) x1(—log2) 4 ixgl)(—log 2) + 2)((2)( log2)+ 1+ = (logU +log(1-0)),

where X( )( log 2), X(12)(flog 2) are distributional copies of xi(—log2), U is uni-
formly distributed on [0, 1], and all three variables are independent. This follows

from the arguments on page 35 in [20], see also display (35) in [9] for a less explicit
variant of .

Let us finally mention that the random variable W, () is non-degenerate for all
B € (B—,B+) except B =0 and S = —log2. Indeed, we have the stochastic fixed
point equation (see, e.g., @ below)

e PWa(8) L U 7 1W1 o0 (B) + (1 — U)* "' Wa oo (),

where W1 o (8), W2 o (8) are distributional copies of W, (8), U is uniformly dis-
tributed on [0,1], and all three variables are independent. A constant random
variable W, () = ¢ > 0 satisfies this equation if and only if 2¢® — 1 € {0,1}. This
corresponds to 5 € {0, —log 2}.

4. PROOF OF THE GENERAL EDGEWORTH EXPANSION

4.1. Proof of Theorem The proof is based on studying the characteristic
function of the profile. For notational reasons, we shall use 1 and o2 as shorthands
for pu(B) and o(B). Consider the following signed measure on R: for § € (5_, 54),

k— pw
Bk—¢ ﬂ)wn HWn,
(72) Lin =) e L, (k)é ( — ) .
keZ
Here, §(z) is the Dirac delta-measure at z € R. The characteristic function of py,
has the form

(73) n(s) = tn(s, B) = / 6 un () = o~ Pn B S (et ().
R ke

Fix some By € (8-, B+) and random gy > 0 such that D3, (5y) C Z and W
is non-zero on D3, (fp). Here, D,.(By) = {z € C: |z — Bpy| < r} denotes an open
disk with radius r centered at y. For any § € % := (6o — €0, Bo + €0), we have
Do, (8) € 2. In the following, all estimates are going to be uniform in 8 € %.
Since any compact set K C (58—, 54) can be covered by finitely many such intervals
A, the uniformity in 5 € K follows. After recalling the definition of W), see @,
we obtain that, for all § € ., as long as the variable s € R satisfies

S

< €o,

o/ W,
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the function 1, is well-defined and can be written in the form

(T14)  thals) = o PO e (B i <ﬂ+ )
wy,

Our aim is to derive an asymptotic expansion of t¢,(s) in powers of wy, 1/ 2.
Consider a modification of 1, (s) in which W,, is replaced by W, and wy Sz

replaced by a new variable u. For any fixed s € R and § € %, the function
) ) =en{ 2D —is kb Lo (5450 g (5421}

is well-defined and analytic in u in the disk |u| < ogg/|s|. Note that log W, is
defined as an analytic function because W, does not vanish on Ds.,(8p). Thus, as
long as ’%’ < o,

logt(s;u) = Y akk(,s) u,
k=0 :
where
_ @) s\ is\"
(76) ar(s) = ap(s, B) = G+2kt1) (J) + xx(8) (U) -

Recall from the definition of Bell polynomials, see , that there is a formal

identity
> (277 o > Bk(al,...,ak) k
k=1 k=0
It follows that the following holds (not only formally!) for |u| < ego/|s|:

(77) d(s,u) = Wm(ﬁ)e—% Z By(ai(s )k! ~7ak(8))uk.

k=0

To see that holds not only formally, note that 1[1(5, u), being an analytic func-
tion of u in the disk |u| < g9o/|s|, has a convergent Taylor expansion. But in order
to compute the coefficients of this expansion, we can use formal series. We shall
need a uniform estimate for the remainder term in (77).

Lemma 4.1. Recall that ai(s) is given by . There ezists an a.s. finite random
variable M > 0 such that, for all B € H,

a(s)

o <Mk(| |+1)k+2

for all s € R and k € N.

Proof. Since the functions ¢ and log W, are analytic on the disk Dy, (5o), the
Cauchy formula implies that, for 5 € %,
e+ (B) - ‘Xk(ﬁ)‘ <

< sup [e(9)leg sup  |log Wi (7)]eg ¥,
(k+2)! [ 7 e, (80) k! €Dz (Bo)

for all k € N. With M’ = max{l,supvemo(ﬁo) |go(7)\,supvemgo(,30) |log Weo (7)1},
and C' = rnax(l,supweDEO(ﬂo)(soa(’y))*l) it follows from that

ax(s)
k!

’$’k+2

(p(k+2 ‘7‘
(k+2)!

D) < arrsticiee 4 ity
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which yields the desired estimate choosing M = M'C3. O

Lemma 4.2. There is an a.s. finite random variable My > 0 such that, for all

B e S,

3 IBrar(s).. - an(s)] < ME(s] + 1)
forallk € N and s € R.
Proof. By definition of the Bell polynomial By, see ,

J1 Jk

a1 (s) ax(s)
|B;c al( ‘ < Z 1 i
< Z M111+ ARGk (|5] 4 1) Zm=r (M2

where the sum " is taken over all J1y- -5 Jk € Ny satisfying 1j1+2j2+. . .+kjr = k.
Using that 1j1 +...4+kjr = k (and consequently ji +...+jr < k) and the inequality
> W < e*, we obtain the required estimate choosing M; = eM. O

Lemma 4.3. Fix r € Ng. There exist a.s. finite random variables U > 0 and
My > 0 such that for all B € Sy, u € (U, U) and s € R with 1 + |s| < u=/%, we
have

’lZ)(.S; u) B Wm(ﬂ)eféf Z Bk(al(s)vk:" . 7ak(5))uk < M267%S2(1 + |S|)3r+3|u|’r+1.
k=0 '

Proof. Using formula for 1(s;u) and then Lemma 4.2 we obtain

12 . |Bi(a 8)y...,ax(s
LHS < [Wa(B)le+ 3 1Bx(l >k! 0N
k=r+1

< Woo(Ble 2" 37 ME(|s] + 1) |ul*
k=r+1

M > .
226‘59 (Is] 4+ 1) 3 w1 Z M (|s| + 1)%F[ul®,

k=0

I /\

where My = 2M7 SUD~ep, (8o) [Woo(7)]- The sum on the right-hand side can be

estimated using the assumptions 1 + |s| < u~/* and |u| < U as follows:

> ME(sl + D)™ ul* < Y7 Mfful 5 ulF < 7 MU =2
k=0 k=0 k=0
where the last step holds if we choose U = (16M7) . O

We are now able to state the expansion for the characteristic function ,, with
an estimate for the remainder term. Let

12 <~ B _k
(19) Vin(s) = Was (e 30 P ontnlel)
— k!
Lemma 4.4. There exist a.s. finite numbers K > 0 and M3 > 0 such that

. L 7T+l
[Yn(s) — Vin(s)] < M367%82(‘s‘ F1)3+3y, 2
forall B € Fy,n > K and s € R satisfying 1 + |s| < wl/g,
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Proof. We have

(79) LHS < |d(s;wn ¥) — Ven(s)| +

_1
Un(s) = P(s;wn ?)].
We estimate the terms on the right-hand side in two steps.

STEP 1. We start with the first term on the RHS in . By Lemma with
1/

—1/2 .
u = wy ', the estimate

Y i
(80) Dsiwn?) = Voo ()| < Mae=35 (|s] + 1)y,

holds provided that wEI/Q <Uand 1+ |s]| < w,l/g. Since lim,, o0 W, = 400, We

can choose a random variable K such that w,, 1/2 <Uforn>K.
STEP 2. We estimate the second term on the RHS in . Let 2, = UﬁT so that
for sufficiently large n, we have |z,| < g9. With this notation, we have

Wee (B + Zn) - Wn(ﬁ + Zn)‘ .

Y (5) — (53w ?)

By Assumption A3, see , we have, for some a.s. finite number M’ depending
on By and €9 but not on 3,

_ ‘ewn(w<,6+zn)—w(ﬁ)—w’<mzn)

41
Weo(B+ 20) = Wo(B+2,)| < sup  |[Weo(2) = Wa(2)] < Mwy, * .
2€D2e( (Bo)

By the Taylor expansion of ¢ at 3, we obtain the following estimate in which the
O-term is uniform as long as |z,| < g9 and § € %:

o2
(954 20) = 8) = ¢ (B)20) = (G52 + 01 )
52 53 52
1 =—— < -= —1/8
(81) 2+O<m)_ 2+O(wn ),
where in the last step we used the restriction 1+ |s| < wy/®. Combining the above
estimates we obtain

(82) Un(s) = Y(s;wn *)| < M'w, 2 (e—ésuomnvs))_
Taking and together, we obtain the statement of the lemma. 0

In order to obtain the Edgeworth expansion for L, (k) we shall apply Fourier
inversion to the expansion for v, established above. Recall formula for the
characteristic function v,,. It follows by Fourier inversion that

1 TO /Wy )
O = 5 [ e s
v

where z,,(k) was defined in (13).
Lemma 4.5. Recall from the definition of V,.,,. For every fized r € Ny,

TO /Wy ) )
/ qpn(s)efzszn(k)dsi/VfT’n(S)efzsxn(k)dS
R

% a.s.
Wy Sup sup j) 0.
n oo

keZ ﬂEﬂU

— O/ Wn
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Proof. STEP 1. We show that

1/9
wn

whswp [ ju(s) = Vi)l ds “ 0.
BESy —w,l/g n—oo

Indeed, we know from Lemma [£.4] that, for all 8 € %,
_r1
[Un(s) = Vin(s)| < Mge*%52(|5| £ 1)3 3y, 2

forn> K, 14 |s| < w,ll/g. Integrating this, we obtain the required estimate.

STEP 2. We show that there is an a > 0 such that

(83) wi sup / [P (s)|ds =25 0.
BES J |wy |1/ 92<|s|<a/wn n—0oo
Let 2z, = - Zjvn We can choose a > 0 so small that |z,| < &p provided that

|s|] < a\/wy,. From the uniform convergence of W,, to We, on Do, (Bp) and from
the Taylor series for ¢ we infer

()| = [ (=D [ (54 2)] < M,

for some a.s. finite M’ > 0 depending on By and €¢ but not on S. It follows that

sup /
BESL J|wn |/ 2<]|s|<ay/wn

This completes the proof of (33).
STEP 3. We prove that for every a > 0,

[t (s)]|ds < M’/ " 2% ds = o(wn?) as.
[wn |1/ <|s|<ay/wn

(84) w? sup / [ (s)|ds =25 0.
BESy Jay/w, <|s|<om\/wy n—o0

In this case, z,, = U\}fT need not satisty |z,| < g so that W, need not converge

(nor even be well-defined) and the estimate from Step 2 does not work. Instead,
we shall use Assumption A4. Using the definition of ., see (73)),

/ ¢ (s)|ds = ef“"(ﬂ)w"/ Ln(k)ek(ﬁJroi\/ifvT) ds
a\/W, <|8| <o\ Wr a/wn <|s|<oTWn ey,
:e_‘P(B)w”U\/ﬂTn/ ZLn(k)ek(B+iu) du,
a/o<|ul<m kez

so that is implied by Assumption A4 since ¢ is bounded on .%,.
The same estimates as and (84), but with V;.,,(s) instead of 1,,(s), hold
since V;.,, is a product of e=*/2 and a polynomial in s. Combining pieces together

we obtain the claim of the lemma. O

To complete the proof of Theorem [2.1] it remains to show that

[ Vel ds = VERWL (e S Gl em
R

k=0 Wn
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which, in turn, amounts to
(85) %/RB,C(M(S),...,@,@( ))eisTe 17 ds = VarGy(—z)e 3, xR,
for every k € Ny. To check note that

Bk(al(s), . ,ak(s))eism = Bk(Dl, ey Dk)(eisz), S € R,

where the differential operators D1, ..., Dy are given by . This yields

[ Bar()..an(s)e e s = Bu(Dy..... D) (/ e’“eﬁﬁd&)
R R

= V21B(Ds,...,D)e %

= V2r(— 1) kle™ 5 Gy ().
Formula now follows from the observation (—1)*G}(z) = Gr(—x), k € Ny, see
Remark 2:4] The proof of Theorem [2:1] is complete.

4.2. Alternative expression for Gj(x; (). In this section we show that upon
multiplying by W (5) the functions z — G,(x; ), j € Ny, become polynomials

in x Whose coefficients are linear combinations of 1, W (5),.. .7W<§g)(6). Write
D= W— and recall from (17)) that
(k+2)
Dk — ¥ (ﬂ) Dk+2 + Xk(B)Dk-

&+ 1)k +2)

From now on we consider D as a formal variable rather than a differential opera-
tor. Formula shows that Wo.(8)G,(x; 8) can be obtained from the expression
(=1)7/j'We(B)B;(D1, ..., D;) by replacing each D*-term by the Hermite polyno-
mial (—1)*Hey(x). Therefore, it suffices to show that this expression is a polynomial
in D whose coefficients are linear combinations of 1, W (5),..., Wég)(ﬁ). By the
definition of the Bell polynomials, see , we have

1
JB(Dl,... D;) exp{z k'Dk}

where [y7]f(y) denotes the coefficient of 7 in the formal power series f(y). It
follows that, in the sense of formal power series,

; (k+2)( oo k
%Bj(Dl,...,D') = <exp{z y i+2 Dk+2}exp{z (yZ) Xk(ﬁ)}) .

k=1

Multiplying both sides by W (5) = eX0(8) and observing that, by Taylor’s expan-
sion,

o k
Woo (B +yD) = exp {Z (yZ) Xk(ﬁ)} ,

k=0
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we obtain

Wos (B)

B;(Dq,...,Dj)

. O yFp(k+2)
- ¥ («sxp {Z WDM} Wao 8+ yD>>
k=1 ’

) > Lk, (k+2) o k
~ ¥ <exp {Z vo T B) é:2)§5>nk+2} (Z o) ng><5>>> |

k=1 k=0

Clearly, the right-hand side is a polynomial in D whose coeflicients are linear com-
binations of 1, Weo(8), ..., W (B).

4.3. Proofs of Theorems [2.10], [2.12} [2.13] and Proposition Our proof
runs along the same lines as the proof of Theorem 2.17 in Griibel and Kabluchko
[21]. In order to keep this paper self-contained we present all details.

The aim is to search for k € Z maximizing the profile L, (k). Write k = k,,(a) =
¢ (0)w,, + a, where a € Z — ¢'(0)w,,. We use Theorem with 8 =0 and r = 2.
Inserting this k into we obtain

2

7(0)v/2rwae=# DU L, (k) = Weo (0)e 272@wn x

@ (1m0 Gom) twl Govm) o ()

where the o-term is uniform in a. This and similar expansions below hold a.s.

STEP 1. Let us assume that |a| < wy/* ¢ for some small £ > 0, say € = 1/100.

Since z, (k) = a/(c(0)\/w,) and |a| < wi/* % we have

z,(k) =o(1) and xi(k):o(\/%)

Hence, by ,

@ (o—<o>am> = 7 (550~ 2 (ﬁ?) |
and by (23),

@\ RO+ xe0) L (ma0) | s0x0))  1550)
@ (a<o>¢w7)“ o (i * i) ) ~ Faoke) W
= C+o(1).

By a standard Taylor expansion, we get

__a? a? 1
e 2020wy, =] — —— +ol| — ).
202(0)wy, <wn>

Inserting these expansions into (86)), we arrive at

(0)v2mw, e ? O L, (k)
6 =0 (1- (- (330 i) 2~ ©) ) +o ()
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Differentiation with respect to a shows that the maximum is attained at

/*63(0)

(88) Ay = Xl(o) - 202(0)

Using and 7 we obtain
(89) o(0)v2mwne PO (L, (k4+1)—Ly, (k) = e (0) <a* . a> +o (1> .

a2(0)wy, 2 Wn

Put uf = ¢'(0)w, + a,. From it is clear that, for all sufficiently large n, the
/4-

© is either [u] or [u%].

STEP 2. Note that a. = O(1) a.s. If [w) ]| or [u)] is indeed the mode u, of L,(-)
(over the whole range k € Z), then, from , we deduce

value u,, maximizing L, (-) in the region |a| < wy,

U(O)\/27Twne_9°(0)w"]Ln(un) =W (0)+ O (1) ,

Wn

and Theorem follows. To complete the proof of Theorem [2.10] it remains to

show that (for n large enough) the mode cannot lie in the region |a| > w7 To

this end we shall show that for every B > 0 there exists an a.s. finite K € N such

that
B
(90) Wao (0) — 0(0)V/2mw,e ¢ O, (k) > —

Wn

for all n > K and |a| > w}/476.

STEP 3. Let |a|] > 0(0)\/w,. By Theorem
a2
Woo(0) — (0)v/2rwne ™ ?On L, (k) = W (0) (1 — e_02<°>wn) +0o(1).

Since W4 (0) > 0 a.s., the expression on the right-hand side is larger than W, (0)/10
for all n sufficiently large. Hence, there exists an a.s. finite K7 € N such that
holds for |a| > ¢(0)\/w,, and n > Kj.

STEP 4. Let U(O)wi/SJFE < |a| < 0(0)\/wy, for some small € > 0. By Theorem
with r =1 and 8 = 0, we have

o (0)V2rwpe ?Ovn L, (K)

___d? 1 a 1
— 202 (0)wn,
W (0)e ) (1+ wnGl (U(O) wn)) —i—o( wn) a.s..
Since |a| < 0(0)\/w, we have Gy (

W) = O(1) a.s. Therefore,

__a%? 1
_ —p(0)wn, — — e 20Z(0)wn
Weo(0) — 0(0)v/ 21w, e L, (k) = W, (0) <1 e 0 ) + O (W)

> Wao(0) (1 - e—%w?/“%) i) (\/%) .

From the elementary inequality

(91) 1—e¥2>y/3, yelo1],
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it now easily follows that there exist an a.s. finite K5 € N such that is satisfied
for a(O)w?/SH < |a| < ¢(0)\/wy, and n > K.

STEP 5. Finally, let o(0)wy/*™* < |a| < o(0)ws/ *™¢. Using and noting that

we obtain

Woe(0) = 7(0)v/2mwne ™ #O1 Ly (k) = Woe(0) (1 - e—%z?mwn) +0 (wa ™)

1 5
> = —1/2—4¢ - s te
3 Weo (0)w,, +0 (w ) ,

where the second inequality follows from and holds for all n sufficiently large.
Hence, upon choosing ¢ sufficiently small, there exists an a.s. finite K3 € N such

that holds for all n > K3 and o’(O)w}lM_26 <la| < U(O)wi/gﬁ. The proof of
Theorem is complete.

STEP 6. It remains to prove Theorem From what we have already proved, it
follows that, for all n sufficiently large, the mode u,, can be written as

un:u;"‘r’yn :wl(o)wn"‘a*‘f'PYn, |'7n‘ <1,
where v, equals either [u}] —u}, or [u}] — u. Inserting u, into (87), we obtain
o (0)y2mwne O L, (u,,)
(av +7)?  au(as +7n) 1 1
= We(0)({1- - -C|— —
o (- ("5~ wa) "\
aZ — 42 C 1
= W) (14+-—x_Tn o 2 = S
v ( " 2020w, w> " <w) o

Since u, is the mode and hence maximizes the left-hand side, =, in the above
relation can be replaced by the 6, := min{u* — [u |, [uX]—u’}. Upon rearranging
h

the terms and recalling the notation M,, from Theorem |2.13} this becomes
K3(0)  ka(0)
604(0)  402(0)

where the last equality follows from and the definition of C. This concludes
the proof of Theorem [2.13

M, — 07 = —a2 = 20°(0)C + o(1) = x2(0) +

+o(1) as,

Proof of Proposition[3.19 Both assertions follow from properties of the logarithm.
The first claim (i) follows immediately from the fact that, for every fixed L > 0, we
have log(n 4+ L) —logn — 0 as n — oo. To show (ii), it is sufficient to verify that,
almost surely,

1<k<n:dist(u*.7 +1/2
limsuplimsup#{ <k < n:dist(ug, Z + /)<€}:

e—0 n—oo n

0.

Since ¢'(0) # 0, using the explicit expression , the claim follows if, for any
a>0and g €R,

) ) #{1 <k <n:dist(logk,aZ + ) < ¢}
lim sup lim sup =

e—0 n—00 n

0.
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Let us show how to estimate the numerator of the last fraction. We have, assuming
that ¢ < a/2,

#{1 <k <n:dist(logh,aZ+ B) <e} =Y #{j € Z: dist(logk,aj + B) < €}
k=1
- Z#{l <k <n:ethe < | < eithte)
JEz
< Z#{k EN:e¥tB=ey 1 < | <ethte p n}.
JEZ
The inner sum on the right-hand side is the number of integers in the interval
[e®i B¢ v 1, e Fh+e A n] (which is empty if either e®TF=¢ > n or e Fh+e < 1)
and hence is bounded from above by (e®/ ¢ An — e +A= v 1 + 1)+. Therefore,

#{1 <k <n:dist(logk,aZ + ) <e}| < Z (e®HF¥e A — eI tF=e v 1 + 1)+ .
jET
The relation

j+B+ j+6—
lim sup lim sup J€z (e'” TAn e E\/1+1)+ =0
e—0 n—00 n

can be checked by direct calculations. We omit further details; see [27), Proof of
Theorem 1.4 (iii)]. O

5. PROOFS FOR RANDOM TREES

5.1. Embedding the one-split BRW into a continuous-time BRW. Con-
tinuous-time embeddings of discrete-time Markov chains in the study of random
discrete structures go back at least to Athreya and Karlin [I] in the context of Pélya
urn models. In the framework of random trees, Pittel [35] was the first to use a
continuous-time embedding in the analysis of the height of BSTs. In the study of
the profile of BSTs, the idea was introduced in a series of works by Chauvin and
collaborators; see [6] [8, [9]. More recent works crucially relying on this technique
are, among others, [22] [38] [39] and [40]. Start with a one-split BRW as described
in Section[3.1] Consider a continuous-time BRW which starts with a single particle
at the origin at time 79 := 0 and in which any particle splits, with intensity 1,
into a cluster of particles described by the same point process ¢ as in the one-split
BRW. The particles do not move between the splits. Denote the split times by
71 < 7o < ...and write Ny for the number of particles in the process at time ¢ > 0.
Note that (IV;);>0 is a Galton—Watson process in continuous time. Further, we let
Z1,,---,2N,,t be the positions of the particles and

Li(k)=#{1<j< Nz, =k}, ke,
be the corresponding profile at time ¢ > 0. We have the following correspondence:
Sp=N-,, Tin=2%nm,1<i<S,, L,(k)=L°L;(k), kel
For 8 € C,Rep € .# (see Assumption B3) consider the Biggins martingale:

Ny
Wt(ﬁ) — e_m(ﬂ)t Z eﬁzk,t’ t>0.
k=1
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Set H,,(B) 1= em(Am—¢(B)logn and note that W, (B) (see formula (43)) and W, (B)
are connected via the relation

Our aim is to show that W, converges, with speed (logn)~", to a random analytic
function W, thus verifying Assumptions A2 and A3 of Theorem [2.I] Let us
analyze the factors on the right-hand side of . Let m*(8) = e™®), For v €
(1,2], define the open sets

N
Qi:mt{ﬁe@:Reﬁef,lE (Ze(ReB)kL’l(k:)> ] <oo},
kEZ
) m*(yRe f)
Q,QY:{BEC.’YRGBEJ,WWY<1},

and let
7= | @n@)cc
v€(1,2]
Note that the set 2 is open. Biggins [3] proved that, with probability 1, W;

converges locally uniformly on &, as t — oco. The next proposition is a slight
extension of this classical result adapted to our needs.

Proposition 5.1. Under Assumptions B1-B3 and Bb5, there exists a random an-
alytic function Wy, on 2 such that, for all compact sets K C 2, there exists
0<r=r(K)<1 with

(93) r sup [Wi(B) — Wae(B)] 25 0.
BEK — 00

It holds that (B—,B+) C 2. Finally, for v € (1,2] and 8 € Q}y nQ?2

5, we have
(94) lim EW;(8) — Wae ()" = 0.
t—o00

Proof. Fix e > 0 small enough. By compactness we can assume that K = D.(z) C
QL N Q2 for some v € (1,2] and some zy € 2, and, moreover, Dac(20) € 24 N Q2.

Note that, for Re 8 € .#, the process (W, (8))nen, is the discrete-time Biggins
martingale corresponding to a standard (many-split) discrete-time branching ran-
dom walk whose point process (* =, ., L£1(k)Jx has moment generating function
m*(B) = e™®. Hence, following the proof of Theorem 2 in [3], there exists a
random analytic function Wy, on Z and r; = r1(z0,€) € (0,1) such that

ri" osup  [Wh(B8) — Wao(B)] 2500,
BEﬁs(zo) n—o0o

To prove it remains to show that there exist 7o € (0,1) such that

(95) ry ' Sup sup  [Wi(B) — Wh(B)] £ 0.
te€n,n+1] BeD. (20) n—o0

By Cauchy’s integral formula, c.f. [3, Lemma 3]

1 2w . .
sup  (Wi(B) — Wh(B)| < — / [Wi(z0 + 2e€?) — Wi, (20 + 2¢€'?)| do
5€®5(50) @ 0
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and, using Hélder’s inequality for integrals,
1 2w i . v
sup  Wi(B) = Wi (B)|” < = (/ |Wt(ZO + 2e€'®) — W (20 + 256’¢)| dd))
BEDe(20) m 0
271
<

27
- / (W20 + 22€'®) — W, (20 + 2e¢%)|” do.
0

Therefore,

E Le[sup sup (Wi (B) — Wn(ﬁ)wl

n;n+1] BED, (20)

27_1 27 ) ]
< / E l sup  |Wi(z0 + 2ee?) — Wi, (20 + 25el¢)|7] deo.
0

™ te[n,n+1]

Since Wi(8) — Wh(B))i>n is a martingale, by Doob’s inequality, there exists a
universal constant C' > 0 such that, for alln € N and 8 € 2,

E

sup (Wi (B) - Wn(ﬁ)vl < CE[Wht1(8) = Wa(B)I™

te[n,n+1]
By [3, Lemma 2(i)], there is M > 0 such that for all § € 2,
m*(yRe ) ) "

E[Wat1(8) = Wa(8)]" < M ( m*(B)"

Combining pieces together, we obtain

E

sup sup  [Wi(B) — Wn(ﬁ)P] <2'MCry,
t€[n,n+1] BeD. (20)

where
r3:i=  sup 7171*(7 Re §)
5eBan(zo) 1M (B
By the Borel-Cantelli lemma and the Markov inequality, holds with arbitrary
ro € (7“37 ].)
Equation follows analogously upon noting that, by [3l, Theorem 1], for v €
(1,2] and 8 € Q) NQ2, it holds

n— oo

< 1.

O

Proposition 5.2. Under Assumptions B1-B3 and B5, almost surely, the function
Weo has no zeros on the interval (8_, B+).

Proof. For any fixed 8 € (5, B+), it is known that
(96) PWae(8) = 0] = 0

since the extinction probability of our BRW equals zero by Assumption B2; see
Theorem 1 in [4]. We use a well-known fact that the limit process Woo(8)) e,
satisfies a stochastic fixed-point equation. Let 7] be the time of the first non-trivial
split, that is the first time the number of particles in the BRW becomes at least
2. For ¢ € N, denote by (Wt(z))tzo the Biggins martingale corresponding to the
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continuous-time BRW initiated by the i-th individual at time 77. With probability
1,
NTik
Wi(B) = 1>y Ze_m(ﬂ)ﬁ o7t Wt(l_)-rl* (B) + ]1{t<rl*}e_m(mteﬁzl”'7 peg.
i=1

Thus, sending t to +o00, we obtain

Ny
(97) Wae(B) = Y e m@mi i Wi (p), Be 2.
=1

Here, the martingale limits (Wéé) (8))peo, i € N, are independent and have the
same law as the process (W (8))seo. Also, these processes are independent of the
number and the positions of the offspring of the initial particle, but not independent

of Weo(8))se2-
If the function W, has a zero at some 8 € (8_, 34), then it follows from

that the processes WC(,?, 1 <4 < N;;, have zeros at the same point 3. Since
Nﬁ* > 2, we infer
P[Wao (8) = 0 for some f € (8, B )
<P (B) = W(B) = 0 for some B € (B, B4)].
Since (Wéé)(ﬁ)) pew is a random analytic function on & (which is not identically

zero, with probability 1; see ), its zeros form a point process on (S_, ) and
we can construct a sequence of random variables X7, X5, ... (which depend only

on Wéé)) such that all zeros of WS are contained in this list. Since (W&l)) (8)pe2
and (Wg) (8))geo are independent, we infer

PIWic(8) = 0 for some 5 € (5_, )] < 3PV (X) = 0

i=1
=> PWE (z) = 0)P[X; € dz],
i—1 Y (B=.B+)
which vanishes because P| ég)(x) = 0] = 0 for every z € (B_, B+) by (96). O

From Proposition [5.1] we can easily obtain the following a.s. asymptotics for the
n-th split time 7,.

Lemma 5.3. There exists a deterministic € > 0 such that, as n — oo,

(98) = logn  logm(0) — log W (0)
m(0) m(0)

Proof. From Proposition [5.1] with 3 = 0 we obtain
a.s.

+o(n™%) a.s.

The continuous-time Galton-Watson process (N;);>o does not explode because the
expected number of particles in the cluster ( is finite by Assumption B3. This
means that 7, — oo a.s., as n — oo, and the last display implies

Wy, (0) = e~ ™07 g, 25 W (0).

n—oo
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From Remark [3.5| we know that S, /n — m(0) a.s., which yields
logn
m(0)
Using Proposition with 8 =0 and t = 7, gives:
e~m(0mg Weoo(0) = o(r™) a.s.

From we deduce r™ = o(n"°!) a.s., as n — oo, for every £; < |logr|/m(0).
The variance of Sp is finite by Assumption B3. By the law of iterated logarithm,
for every § > 0, as n — o0,

S, = m(0)n + o(n*/**%) as.
Combining the estimates, we see that holds for € < (|logr|/m(0) A1/2). O

(99) T =

+0(1) as.

Recall that H,(3) = ™A m—¢B)logn  [emma immediately yields

Lemma 5.4. For 3 € 2, let Hoo() = Woo(0))"¢Pm(0)?B). For any compact
set K C 9, there exists € = ¢(K) > 0 such that

n® sup [Ho(8) — Hoo(B)] “ 0.
5€K n—oo

Proof of Theorem[3.4. Recall from that W,,(8) = W, (8)H,(B). Define

Weo(B) = Wao (B) Hoo (B) = Wao(B)(Wao (0)) =P m (0)#4).

By Proposition Lemmas and and the triangle inequality, W, (8) con-
verges to Weo(8) locally uniformly on &, with probability 1 and speed (logn)~".
Since Hy(f) > 0 for real § and, by Proposition the function Wy, has no ze-
ros on the interval (56—, 54) (with probability 1), the same is true for the function
Weo- O

5.2. Proof of Theorem Consider a one-split BRW satisfying Assumptions
B1-B5. We are going to verify Assumptions A1-A4 of Theorem for the se-
quence of its profiles Ly, Lo, ... and w, = logn. Assumption Al is fulfilled because
the number of particles in the one-split BRW is finite at any time and hence, the
function L., has a.s. finite support. Assumptions A2 and A3 were verified in The-
orem [3.4]

The next proposition verifies an analogue of Assumption A4 for the continuous-
time BRW. The result is essentially shown in [3] without rate of convergence and
only in the non-lattice case. For the sake of completeness, we include the proof
here.

Proposition 5.5. For any compact set K C (f_,p4+) and 0 < a < m, under
Assumptions B1-B5, there exists 0 < r =r(K,a) < 1 such that

Z e(B+inzn ¢

k=1

a.s, 0.
t—o0

(100) r~tsup sup e MAN?
BeK a<n<m

Proof. Set ¢(B) = |m* (8 )|/m*(Re6) and note that, for 8 € C,Ref € .Z,

Z eﬁzk t

"(Ref))” = (¥(B8)) Wi (B)].
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Therefore, (100) is equivalent to

(101) Pt sup ! (B) Wi(B)] -5 0,
ﬁEG — 00

where G := {f € C: Ref € K, Imf3 € [a,7|}. By compactness, it is enough to
check that, for any By € G, there exists € > 0 such that

(102) s BB S 0.
BED:(Bo)

By the Borel-Cantelli lemma, (102)) follows from summability of the sequence

(103) r "E l sup sup ¢"(B)|Wt(ﬁ)|] , neN.
teln,n+1] Beb. (Bo)

By Cauchy’s integral formula, c.f. [3, Lemma 3],

1 271' .
sup  Wi(B)] < = / Wi + 2¢°) [,
BeD.(Bo) T Jo

whence, for v > 1,

2
E| sup  sup Wt(ﬁ)ll : 7/0 El b |Wt(f30+2sei¢)|] d¢

te[n,n+1] Beb. (Bo) a ten,n+1]

1 [ 1/
1 / E| sup [Wi(fo+2e69)7| | o
™ Jo te[n,n+1]

2m
_r i v\ 1/
-1 /o (EWni1(Bo + 2e¢?)[7) " " do,

IN

having utilized Doob’s inequality in the last passage. Choose € > 0 small enough
such that there exists v > 1 with Do.(Re ) € Q) N Q2. We fix this v in the
remainder of the proof. Further, let

__m*(yRep)
“B) = T

From our choice of v, it follows that E|W;(8)|" < oo for all 8 € Da.(fy). Using [3|
Lemma 2(ii)], we obtain

1/~
n

27 ) )
C /0 ; K (Bo 4 2e€™?) de,

IN

E sup sup  [Wi(B)|
t€ln,n+1] Beb, (Bo)

IN

2 )
C(n+ 1) / (K(Bo + 2e€'®) v 1)”” do
0
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for some C' > 0. Therefore,

E| sup  sup ¢”(5)|Wt(ﬂ)|]

te[n,n+1] Beb.(Bo)

IN

27
C(n+ 1)1/7 ( sup ¢n(5)> / (m(ﬂo + 25ei¢>) \V 1)n/7 do
BED:(Bo) 0

n/y
2CT(n + 1)/7 (( sup dﬂ(ﬁ)> < sup  (k(B)V 1))) .
BED2. (Bo) BED2c (Bo)

Note that both 3+ ¢7(8) and 8 — k(8) V1 are continuous in some neighborhood
of By. Hence, for 6 > 0, upon possibly decreasing ¢ > 0, we obtain

sup  ¥7(B) < (14+6)y7(6o)  and sup  (k(B)V1) < (1+6)(k(Bo) V1)
Be€D2:(Bo) BED2.(Bo)
(103) now follows from these bounds by a suitable choice of § upon verifying that
m*(yRe o) V [m*(Bo)|”
i V1) =
iﬁ (ﬂO)(fi(BO) ) (m*(Reﬂo))'Y

First, on the one hand, since Re 3y € Q# N Q% we have
m* (v Re o)
(m*(Re fo))”

On the other hand, since a < Im 5y < 7, we have

I (o)l _ - )
m*(Re o) €xp {,%Vke (cos(kIm By) 1)} <1,

IN

< 1.

< 1.

having utilized Assumptions B1 and B4. The proof of Proposition [5.5|is complete.
O

Now we can pass back to the one-split BRW. By combining Lemma [5.3| and
Proposition one deduces that, for any compact set K C (8_,5+) and 0 < a < m,
there exists ¢ = (K, a) > 0 such that

Sn
(104) nt sup sup n—¢(5) Ze(ﬁ-i-in)zkm g 0.
BEK a<n<m = n—00

Assumption A4 follows readily. Theorem now follows from Theorem

5.3. Proof of Theorem We apply Theorem to the (deterministic) pro-
file function L, (k) := E[L, (k)]. Obviously, the corresponding moment generating
function W, (8) is simply EW,,(8). Its limit W, (8) was calculated in ({6): for any
B e C with Rep € (8-, 8+),

1
(105) Wae(B) := lim EW,(8) = FF(S;E;(Q?)
m(0)

Using the explicit formula , a direct application of Stirling’s formula shows
that Assumption A3 is satisfied. Similarly, Assumption A4 is easily verified us-
ing and Assumption B4. To conclude the proof, it remains to show that
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Wao(B) = EWoo(B) for real 8 € (B_, f4) which is true if (and only if) the sequence
(Wi (8))nen is uniformly integrable.

Proposition 5.6. Consider a one-split BRW with deterministic number of descen-
dants and satisfying Assumptions B1-B3 and B5. Then, for every 8 € (6, B+),
the sequence (Wy(8))nen, is bounded in L, for some v =~y(8) > 1.

Proof. For B =0 and v = 2, the relevant argument is given in the proof of Propo-
sition 6 in [40]. Fix 8 € (8-, ) and v € (1,2] such that 8 € Q) N Q2. Note that
Wy (8) and H, () are independent and W, (8) = H,(8)W,(8). By the optional
stopping theorem, (W;, (8))nen is a martingale with mean 1 and bounded in L,.
By indepedence, EW,. (8) = EH,(8)EW,(8). Since EW,,(8) converges to a non-
zero limit, see , it follows that EH,,(8) is bounded away from zero. Thus, by
independence and Jensen’s inequality,

EW] (B) = EH,(B) - EW;(8) = EW, (5)(EH,(5))".
It follows that sup,,~q EW,(8) < oo which completes the proof. O
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