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Summary. We investigate the high resolution quantization and entropy coding problem for
solutions of stochastic differential equations under L [0, 1]-norm distortion. We find explicit
high resolution formulas in terms of the average diffusion coefficient seen by the process.
The proof is based on a decoupling method introduced in a former article by the author.
Given that link it remains to analyze the coding problem for a concatenation of Wiener
processes and to solve the corresponding rate allocation problem.
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1 Introduction

In this article we use a decoupling method derived in a former article by the author to solve
the high resolution quantization and entropy coding problem for diffusions X (original) under
LP[0,1]-norm || - || = || - [[ zr[o,1]- We will keep p > 0 fixed in the whole article. Sometimes we also
need to evaluate different L°-norms. We shall write || - || 1s[q5) and [ - | s(py for the L*-norm on
the interval [a, b) and the L°-norm induced by the measure P, respectively. We also will use this
notation for s € (0,1). Moreover, let Dla,b] denote the space of real-valued cadlag functions
defined on [a, b]. We shall use analog notation for open and half-open intervals.
The article is devoted to the analysis of the quantization error

D@ (r|s) = inf{E[|| X — X||*]*/* : X D[0,1]-valued with | range X| < ¢"},



the entropy coding error

D) (r|s) = inf{E[| X — X||*]'/* : X DI0,1]-valued with H(X) < r},
and the distortion rate function

D(r|s) = inf{E[| X — X|¥]/* : X D|0,1]-valued with I(X;X) < r}.

Here and elsewhere H(X) denotes the entropy of X in the natural basis that is

H(X) = {er range (X) Pz log(1/p,) if X is discrete

s otherwise,

where (p,) denote the probability weights of X, and I denotes the Shannon mutual information

defined as
d]P’X %

I(X; X) = {flogm dPy Py 3 <Px®Py

00 otherwise.

Strictly speaking the values of the distortion rate function depend on the underlying probability
space. We shall assume the existence of a [0, 1]-uniformly distributed random variable, that is
independent of X. (In this case the distortion rate function attains its minimal value.)

If the original X = (X);c[0,1) is @ Wiener process the approximation quantities satisfy

lim /7 D9 (r|s) = lim r D (r|s) = lim /r D(r|p) = K, (1)

T—00 r—00

for some constant K, € (0,00) that does not depend on the moment s > 0 (Theorems 1.3 and

6.1 of [3]). So far the only explicitly known value for K, is Ky = g (see [5], [1])

Our proofs are based on a decoupling argument introduced in [2] to analyze the supremum
norm distortion setting. As pointed out in [2] the decoupling method may also be proven for
d-dimensional diffusions as long as the diffusion coefficient is scalar. However, we only treat the
1-dimensional setting here.

Let us now fix the notation. Let (2, F, (F:)t>0,P) be a complete filtered probability space
that satisfies the usual hypotheses, that is Fy contains all P-null sets of F and (F;) is right
continuous. Let (W;);>0 be a 1-dimensional (F;)-Wiener process. We denote by o : Rx [0, 00) —
R and b : Rx[0,00) — R two deterministic functions, and assume that (X;)¢>0 is an (F;)-adapted
semimartingale solving the integral equation

¢ t
Xy :/0 b(Xs, s) ds—}—/0 o(Xs,s) dWs (t>0). (2)

For ease of notation, we abridge b; := b(X¢,t) and oy := o(X¢,t) for £ > 0. (X¢)e[o,1) Tepresents
the original process which is to be approximated by some r.v. X , the reconstruction.

We assume the following technical assumption:
Assumption (C): There exist constants § € (0,1] and L < oo such that for z,2’ € R and

t,t" €0, 1]:

|b(x,t)| < L(|z| + 1), |0(0,0)] < L and

3
o(2,t) —o(2, )| < Lz — 2P + |z — 2’| + |t — ¢'|7]. 3)



As a consequence of assumption (C) all moments E[|| X ||*] (s > 1) are finite. We shall use
this fact without further mentioning. Additionally, we assume that the process (Ut)te[o,u is not
indistinguishable from the constant O-function, since otherwise the problem is trivial.

Note that assumption (C) does neither ensure existence nor uniqueness of the solution of the
stochastic differential equation (2). More information on existence and uniqueness of stochastic
differential equations can be found for instance in [6].

Sometimes we need to consider the above approximation numbers for other originals than X
and for different time horizons: For T' > 0, a D[0, T]-valued random vector Z, s > 0 and r > 0,
let

DD(r|2,T,s) = inf EjjZ — 2\ oo

where the infimum is taken over all discrete, D[0, T']-valued r.v.’s 7 with
|range (Z)| < €.

We call D9 (r|Z,Ts) the s-th moment quantization error for the rate r, source Z and time
horizon T'. We use analog notation for the entropy coding error and the distortion rate function,
and we will often omit parameters in the notation that are obvious from the context.

The high resolution formula for diffusion reads as follows:

Theorem 1.1. For s > 0 one has

lim \/;D(q)(T‘S) = Kp ““O’.”sz/(2+p)[071]‘

r—00

Ls(P)

and
hm \/;D(’I"|S) = Tli)Iglo \/’IjD(e) (T’|S) = Kp H ||O‘.HL2p/(2+p)[07l] HLQS/(S+2)(P).

T—00

The proof of the theorem is based on a decoupling method which we introduce in the fol-
lowing. Let (¢(t)):ejo,1] = (f(f o7 du)epo,1]- Based on a fixed parameter « € (0, 3/2) we consider

approximations ¢(" = (@gn))te[()’l] for ¢ = (¢t)ic(o,1) that are monotonically increasing, linear
on each intervall [i/n, (i +1)/n] (i =1,...,n) and satisfy

¢ (ifn) = argmin |p(i/n) —y|  (i=0,...,n),
y€l(n)

where I(n) is defined as
1
I(n) = {']W :J €No,j < n2(1+a)}‘

Theorem 1.2. Fizp >0, a € (0,3/2) and y1 € (1+a)~',1). Moreover, let ™ be as above,
relate n and r > 0 vian = n(r) = [r]. )
Then there exist D[0, 1]-valued random elements R™, R") and W™ such that
_wm B(n
o X =Wj,,+ER",

o W) is a Wiener process that is independent of 929(”)
o E[|RM™ — RO|5)V/s = C’)(rf%*‘s) as r — oo, for some 6 > 0.



e log|range (R, (M) = O(r7), for some v € (0,1),

The article is outlined as follows. In Section 2 we treat the asymptotic coding problem for
the Wiener process. The new result is a slight extension of the main result of [3] which we will
need later to prove the lower bound of the main theorem. In the proof of the main theorem
we relate the coding problem for the diffusion to that of a concatenation of Wiener processes
that is a process that is a concatenation of n independent Wiener processes on time intervals of
length 1/n with possibly different diffusion coefficient on each time interval. The proof is based
on a asymptotic analysis for the concatenations that is contained on Section 3. In Section 4 the
article concludes with the proof of the main result.

Thereafter we write f ~ g iff limg =1, while f < g stands for lim supg < 1. Finally, f =~ g
means

f

0< liminfi <limsup = < o0,
g )
and f = g means

limsup = < oo.

Moreover, we use the Landau symbols o and O.

2 Coding the Wiener processes

In order to prove the lower bounds we need to strengthen the high resolution estimates for the
Wiener process from [3]:

Theorem 2.1. For any s € (0,00)

1
D(r|W,s) ~ DD (r|W,s) ~ KPW.
Remark 2.2. The proof works equally well when replacing W by a fractional Brownian motion.

Proof. It remains to show that for s < p

1
D(r|W,s) 2 K,—=.
~ \/,,T_

Let W = wr) (r > 0) denote an arbitrary family of reconstructions in D[0, 1] such that
Pyyiro) < Pw & Pyyy. Moreover, denote by C, C DJ0, 1] codebooks with at most e elements
that satisfy
1
E[min [|W — ||*]'/* < K,—
weCr

N

and let
W =W = argmin [|[W — .
weC,
Next, let
. TPy v (1) 2
J 1 if log% <rand |[W-WO| <1 _5)Kp#
2 otherwise



and consider the reconstruction W = W(/). Then

dP dP

A o W, () W,W (2
I(wW,w)<I(W;W,J <log2+/ log’dIP’—i-/ log ————
( )< X ) =13y  dPw ®Pyq =2y  dPw @ Py

<log2+P(J=1)r+P(J =2)r =r+log2.

dP

Due to the equivalence of norms in the quantization problem for the Wiener process (see (1)),
it follows that the rescaled random error v/r||W — W ®)|| converges to K, in L?(P) (see also the
proof of Lemma A.1 in [3]). Consequently,

. 1
E|W - W[ < (P(J=1)(1—¢) +P(J =2))(K, W)”.
On the other hand, due to (1) the estimate I(W; W) < r implies that
A 1
E[|W — WP = (K,—)".
I P2 ( p\/;)

Consequently, lim, .., P(J = 1) = 0. Let now F denote the family of [0, oo]?-valued random
variables of the form

A dP A7 (1)
A, B :<W—W(1) s 1o L»
( ) || || g+ dPW ®P[f[/(1)

where W) is an arbitary D[0, 1]-valued random variable such that Py o) < Pw &Py ). The
above argument implies that

1 \s
lim sup P(A<((1-¢)K,—=),B<r)=
r—00 (A B)eF ( P\/;)
Note that for general W it is true that
~ d]P Ky (1) d]P) T (1)
w;wt —/ P 1o W dPw © Py
( ) dPw @ Py & Py ® Pyay o WO
dP i dP, 1
w,w (1) w,w (1)
> . 0 : dPw @ Py — —
a / dPw & P,y &+ dPw @ P,y w wm g

so that an application of Lemma A.3 of [3] implies that

1 \s
D(r|W,s)*> inf EAZ(1-¢)K,—),
W2 it EAZ (19K )
EB<r+1/e
and the assertion follows since € > 0 is arbitrary. O



3 Concatenation of Wiener processes under L”[0,1]-distortion

Now we treat the coding problem for concatenations of Wiener processes with non-constant
diffusion coefficients. For n € N, let (Zt(Z))te[O,l /n) (i=0,...,n—1) denote independent Wiener
processes with diffusion coefficients o; and set

Yz-f—&-i/n = Zt(z)

fori=0,...,n—1andt € [0,1/n). We shall call the process Y = (Y;)¢c[o,1) a (0i)-concatenation
of Wiener processes or short (o;)-concatenation.

Lemma 3.1. For fized s € (0,00) there ezists a function g = gsp : Ry — Ry with limy_. g(t) =
1 such that the following statement is valid.
For a (0})i=0,... n—1-concatenation Y and an Ry-valued vector (r;)i=o,.. n—1, there ezists a
codebook C C DJ0, 1) with log |C| < Zl o Ti and
12 JoiP \Up
E s Y — 4§ s 1/8 < K <7 1 )
bmin | = 5111 < gl K, (13 212005)

1=0

where ry = min;—g__ p—17;.

Proof. Due to the monotonicity of the coding error in the moment s, it suffices to consider
the case s > p. For 7 >0,5>0,0 € Rand T € [0,1] let

f(7,80,T) = DD (7loW, [0,T],5) and f(7,5) = D' (7|, 3),

and set

o= (e ) ()

Due to Theorem 2.1 one has lim,, .o h(r.) = 1. Now fix n € N, (0;) and (r;) and let r, =
min;—g,_.,—1 ;. Furthermore, fix codebooks C; C D|[0,1/n) of size " with

: 7 2118 S 1
Based on the codebooks C; we define
C:CO*”-*Cn_l,

where * denotes the concatenation of the functions of the codebooks. Certainly, the codebook
C satisfies

n—1

log|C| < ZT"‘

=0

Next, denote by Y an LP [0,1) optimal approximation from C for Y and denote

A, = E[/(Hl)/n |Y: — f/t|p ds} Vp and A= (Z Ap) E[lY — YHLp 0,1) ]l/p

i/n



Due to Jensen’s inequality

E[lY — YHLPOI [(Z izAlp/m)/nm_mpdt)s/p}
Ry T R
i=0 vymn
n—1 Ap

S N (R e B

i—o
As a consequence of a standard scaling argument one obtains that in general
J(7,50,T) = |o| TEDI f(7, ), (5)

so that

f(?"i78;0'7;, 1/”) < f(T'i,S)
A, = f(rip)

Consequently, equation (4) gives
E[|Y = Yl5p01)]"° < h(ra) A,

and together with

1 1
A; < (1+f)f(7'2a5 oi,1/n) <1+ )‘gi| (2+p)/2pf( ir5)
1 K,
Sh(r*)’O—Z‘nl/pm
we arrive at 1

N S S ]' - UZ p l/p

E[lY — YHLP[O,l)]l/ < h(r.)® Kp <ﬁ Z (n|7=-)’p/2> '
i=0 !

Next, we derive a converse estimate for concatenations of Wiener processes.

Lemma 3.2. For fized s € (0,00) there exists a real valued function g = gs, : Ry — Ry with
lim,, 00 g(r«) = 1 such that the following statement is valid.

LetY be a (o;)-concatenation, and let Y denote some reconstruction with I(Y; 57) <7r. Then
there exists an [0, 00)-valued sequence (1;)i=o,.. n—1 with Z?;ol r; <1 such that for any ry > 0:

n—1

EwY—YWwSzmmﬂ9<i§:m“fﬂ;ymym'
i=0 v

The proof uses the concept of conditional mutual information (see for instance [4] for basic
results): For three random elements A, B and C attaining values in standard measurable spaces
one defines

dP 4, B|C=c
dP pjc=c ® Ppjo=c

nmmcz@:/

dP 4 B|o=c

7



which is uniquely defined up to Pg-null sets, and lets
I(A; B|C) = /I(A;Byo: ¢) Pe(de).

Proof. It suffices to prove the assertion for s € (0,p]. For 7 > 0,5 > 0,0 € Rand T > 0 let

f(7,8,0,T) = D(FloW,[0,T], 8) and f(7,8) = D(7|W, 3),

and set
h(ry) = inf mln(f(r’ s) J(p )>
o M) Ko F
Note that lim,, o h(r.) = 1. Next, represent Y as the concatenation of n processes AQN , Zn
denote R;(z0HD ... (=) = I(Z(l @z = LDz = (=) and let r; =

IERZ-(Z(HI), .. .,Z(”_l)). From the independence of the sequence (Z(i))izo,,._jn_l and the con-
vexity of the distortion rate function (see for instance [4], Theorem 1.7.1), it follows that

E[|Zz® — Z(i)Hip[O,l/n)] — E[E[\]Z(i) _ Z(i)HSLP[O,l/n)’Z(i—i_l)a L Z(n—l)]]
> B[f(R(ZO,..., 20D 5100, 1/n)] = f(ri, 5303, 1/n)"

Moreover, for i = 0,...,n— 1 let A; = f(r; + r4,p;04,1/n) and A = (Z?:_Ol Af)l/p. As in
(4) one gets that

. n— lAp s
E[lY = YT 2 A% S (GENY = Yliogmenm) ) -
AP A [i/ )/n)
=0

The same scaling argument from before gives that in general
f(7.50,T) = |o| TEPPf(7, 5),

so that E[||Y — Y\|5Lp[z/n (i41) /n)]/A > h(rs)®. Therefore,

n—1
N 1 ‘Ui|p 1/p
E[|Y — Y|*]Y* > h(r)A > h(r)?K,(~ § :— .
<n — (n(ri + 7“*))1’/2>

It remains to show that ZZ o i < I(Y; Y): one has

I(V;Y)=1(zO0,. .., z0=0. 20 Z0=0y = 1(zW . z0=0. 200 Z0-1)

so that by induction

n—1 n-1
r= I(Y,Y) > I(Z(’), Z(")|Z(Z+1), AL 1)) ZTZ
=0 1=0



O

Next, we consider the rate allocation problem for concatenations of Wiener processes. It
amounts to studying the convex minimization problem

n—1

1 |Ui’p 1/p .
(ﬁ ; (nri)p/2> = min! (6)

under the constraint that Zl —o i < r for some given rate r > 0.

Lemma 3.3. The minimum in (6) is attained for

|y |2/ (P+2)

.
S oy

P =

and it is equal to
n—1
<l Z ‘Ui|2p/(p+2)>(p+2)/2pi'
n T

Proof. Applying the Holder inequality (for negative exponents) for a = —2/p and a* =
2/(p+2) gives

n—1
1 |o|P 2p/(p+2) (p+2) /2 p/2
n ; (nn)p/2 = Z il Z

=0

and it is now straightforward to verify that the minimum is attained for the above (r;). g

4 Proof of Theorem 1.1

In this section we prove Theorem 1.1. We will need the notion of conditional entropy. For two
discrete r.v.’s Z and G, let

H(Z|G = g) = E[log 1/pz)y|G = g] and H(Z|G) = E[log1/pz|c],

where p, |, denotes the conditional probability P(Z = z|G = g), which is well defined for Pg-a.a.
g. For basic properties of the conditional entropy one might consult [4]

In the rest of this section s > 0, a € (0,3/2) and 71 € ((1 + )71, 1) are fixed. Moreover,
relate n and 7 > 0 via n = [r"] and let p = ¢, W = W, R = R( ", R = R™ be as in
Theorem 1.2. For simplicity we omit the parameters n and 7 in the notatlons for the stochastic
processes. We first turn to be proof of the upper bounds.

Proof of the upper bounds. Fori=0,....,n—1andt€ [i/n,(i+1)/n) let

Ve = V" = W) — Wym and Sp = 5" = W

and write W as the sum
W=Y+S65.



We start with introducing a coding scheme for S. Let J = J() = %Z N [—r, 7] and denote by

S = S a reconstruction for S that is piecewise constant on the time intervals [i/n, (i + 1)/n)
and satisfies
Si/p = argmin |S; /, — z|.
z€]J

Note that )
log | range (S)] < nlog(r? + 1) = O(r1+71)/2),

and that by straightforward computations:

E[|lS - 5|1 5

ﬁ\v—l

Now consider the coding scheme for Y in the quantization setting. For ¢ = 0,...,n — 1
denote &; = [n(((i + 1)/n) — ¢(i/n))]/2, and observe that given ¢ the process Y is a (&;)-
concatenation. Choose vo > 0 with 71 + 492 < 1. Due to Lemma 3.1 there exist approximations
Y = Y such that conditional upon ¢ the r.v. Y attains at most exp{r +nr?2} different values
and satisfies

jw (7)

where Z, is defined as Z, = (£ Y17, ! 62/ p+2))(p+2)/2p and g is as in the lemma. Next, define

o = o0; for t € [i/n,(i+1)/n) and ¢ = 0,...,n — 1 and rewrite Z, in terms of the process

(Gt)eefo,1) as
1
Z, = (/ &2/ (+2) dt) +2)/2p
0

The definition of ¢ implies that the process (G;) converges pointwise to (o). Moreover, one has

E(lY - Y|*¢)"* < g(r*) K, Zs

16.[|Lo<0,1) < [0l peojo,1) + 2

so that the dominated convergence theorem applied to (7) implies

s 1 s(p+2)/2p71/s 1
B = V17 S KE[( [ fo /42 ) "=

We consider the process X := X (") = Y48+ R as reconstruction for X. Certainly, log | range (X)| <
r. Moreover, if s > 1 the triangle inequality gives

E[| X -X[*]* < E[|Y =Y |*T/*+E[|S=S|°1/*+ER—R[*]V* < Kpl[lo-115 204210, ]| ooy I

The case s < 1 follows by the estimation

1

E[|X — X|*] <E[IY = V[T +E[lIS = SI’l + E[IR — BI’] S K[l 320042100 11 [ ® 7

In the entropy coding setting the reconstruction Y =Y ) is chosen such that

log | range (Y'|9)| <



and

A 725/(s+2) 12
IRV EIRNEYE ¥2 n
B{IY = VI < a0™) K2 (™)
Then 1
EllY — }A/ s1l/s VK. ZZs/(s+2) (s+2)/2s _~
i IP17° < g(r*) KpE[Z ] 7
and

H(Y, S, R, @) <H(Y|¢) +H(S, R, §)
—_—— ——
<r4nr72 =0(r3)

for some 3 < 1. Therefore, H(X ) < r and again by dominated convergence

N 1
E[HY — YHS]l/S S KPH ||0'-||L2p/(10+2)[0’1] HLQS/(_s.y_Q)(P)%.
]

Proof of the lower bounds. Let X = X() denote arbitrary reconstructions for X
satisfying the quantization constraint log | range (X)| < r and set

Vo X5 R
where S = 8 and R = R are as in the proof of the converse inequality. Then
7 = 7(r) = log | range (V)| < r + O(r7*)

for some appropriate constant 4 < 1. Again we let v2 € (0,71) and Z,, = (% Z?;ol ]6,~\2p/(p+2))(p+2)/2p.
Observe that conditional on ¢ the process Y is a (6;)-concatenation where (6;)i=o,... n—1 is defined

as before. Hence, Lemmas 3.2 and 3.3 imply that

1

E[”Y - ?Hsml/s > g(W?)KpZnW

so that

1

1
W Z Kp”||U~”L2P/(P+2)[0,1]|

_ v1811/s v: s11/s -
E[Y = Y|’]"/* = g(r*) KpE[Z] Lo(B)

Thus the lower bound follows with
E[|X — X|*]Y* > E[|Y = Y|*]'/* —E[||S — 5||°]"/* — E[|R — R||*]"/*

It remains to prove the lower bound for the distortion rate function. Let now X =X
denote arbitrary reconstructions with I(X; X) < r and let Y; = X; — S; — R; Then

I(Y;Y)<I(Y;X,8,R,¢) <I(Y; X) +H(S, R, $)

and

~

IV;X)<I(X,Y;X)=I(X; X))+ I(Y; X|X) = I(X;X) <,

11



since Y is o(X)-measurable. Hence
P(E) = 1(Y:Y|p =€) + i
satisfies EF(¢) < I(Y;Y) +nr2 < r. Morecover,

1181, ~11/s 1
B{IY VA 2 g0 K 2
so that

~ 1 1 s711/s
B[ = V1 > g() K[ (Zn———) ]
7(P)
Applying the inverse Holder inequality as in Lemma 3.3 leads to
1

E[HY _ Y”S]I/S > g(,,ﬁQ)KPE[ZELS/(5+2)]($+2)/257

~ 2 Kp HHO'-HL%/(H?) 0,1 H 2s/(s42) (P)*
Er(p) 0111 L (P)
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