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Given a sequence of i.i.d. random variables Y_,,,Y_;,41,... with com-
mon distribution F' and values in an arbitrary measurable space (S, &),
let (Sn)n>0 be a random walk whose increments X, are nonnegative
(m+1)-block factors of the form ¢(Yn—m, ..., Yn) for a measurable func-
tion ¢ : SMT1 — [0, 0). Defining My, = (Yn—m, ..., Yn) for n > 0, which
is a Harris ergodic Markov chain, the sequence (M, Sn)n>0 constitutes
a Markov renewal process with stationary drift u = Ep(Y_.,, ..., Y0).
Suppose p > 0, and let 7(t) = inf{n : S, > t} be the first passage
time of (Sp)n>0 beyond level t > 0. An important variable related to
7(t) is the (m + 1)-step overshoot Rm ¢ = Sr(¢)4m — t which reduces
to the familiar overshoot Ry = S;(4) —t if m = 0. The main results of
this article are a second order approximation of the variance of 7(t) and
bounds for sup;>q ERI;;L75 for p > 1 similar to those derived by Lorden
in the i.i.d. case (m = 0).
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1. INTRODUCTION

Let m € IN. A stochastic sequence (X,),>0 is called m-dependent if Xo,..., X, and
Xntm+1s Xntm+2, ... are independent for all n € IN. Our concern here is a special class of

such sequences, called stationary (m + 1)-block factors, given by
X, = o(Ypn—m, s Yn), mn>0, (1.1)

where ¢ : S™*! — IR is a measurable function and Y_,,,,Y_,,11,... are i.i.d. random variables
on a probability space (2,2, P) with common distribution F' and values in a measurable space
(S,6) with countably generated o-field &. Let S, = >_;_, Xk, n > 0, be the random walk
associated with (X,,)n>0 and put p ' Ex 1. Our standing assumption throughout this article
is that X, X1, ... are nonnegative (i.e. ¢ > 0) with finite positive mean p.
For t > 0, let
) Y oinf{n >0:8, >t} (1.2)

be the first passage time of (S, )n>0 beyond level t. The associated overshoot (excess over the

boundary) and (I + 1)-step overshoot are defined as

R ¥ S, -t and Ry & S -t (1.3)
respectively. Note that R; = Ry ;. As will be seen later, the variables R,,: and Ra,, : will be
of special interest in our analysis.

Janson [8] proved various results for 7(¢) and R; concerning moments and asymptotic
behavior as t — co. Some of them were improved or complemented in [2] by analyzing (.S,,)n>0
within the framework of Markov renewal theory. This approach embarks on the observation

that (M, Sp)n>0 constitutes a Markov renewal process when defining

My, € Yoo, Ya), n>0, (1.4)
and that (M,,),>¢ is a positive Harris chain with stationary distribution F™ %1, the (m+1)-fold
product of F. We call (M, S, )n>0 hereafter a (p, F')-m-dependent Markov renewal process,
abbreviated as (¢, F, m)-MRP. For the definition of its lattice-span d, a notoriously important
characteristic in renewal theory, see [2], Section 3. In this paper we always suppose that
(M, Sp)n>0 s nonarithmetic.

Let us briefly summarize some notation from [2] which is kept throughout unless stated
otherwise. Suppose a canonical model with probability measures P, ,, (z,y) € Smtl o RT,
such that P, , (Mo =z,S) =y) = 1. Here IR™ of [0,00). For a distribution A on 8™t x IRT
put Py def Jsmi1y m+ Poy A(dz, dy), whereas Py def Pygs, if ) is a distribution on ™. In the
stationary case A = F™*! we simply write P instead of Ppm+1. As usual, the corresponding
expectation operators are denoted E, ,, E)\ and E. Finally, let B be the Borel o-field over
IRT™ and A be Lebesgue measure.
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Given any (¢, F,m)-MRP (M,, S,)n>0, Janson [8] proved with the help of a simple

martingale argument that

ESrim = pE(r+m) (1.5)

holds true for any stopping time 7. In case of i.i.d. X7, Xs,... (m = 0) this is nothing but

Wald’s first identity. We showed in [2], that the very same martingale argument also gives
E\Siim = pEXT+ EN\S,, = ,uE)\(T -+ m) -+ E)\(Sm — mu) (16)

for any initial distribution A on S™*! x IRT. Let us note that (1.5) and (1.6) remain valid for
real-valued X7, Xo, ... provided that E7 is finite in (1.5), respectively F\S,, and E 7 are both
finite in (1.6). We will refer to formulae (1.5) and (1.6) as Janson’s equation.

As a direct application of the Markov renewal theorem, it was shown in [2] that, un-
der each Py, (M,«),R;) converges in distribution to a limiting variable (Mu, Rs) Whose
distribution does not depend on A. This result is easily extended to the random vector
(M4, Rot, ..., Rit), the distribution of the limiting variable (Mo, Ro o0, -+, Ri,00) being

P(Moo S B,RQOO >y, ---aRl,oo > 7“l_|_1)

1 1.7
= —/ P(M, € B,S1 >z +7r1,..., 541 > x4+ ri41) A(dx) (L)
BJ R+
for all [ € INg, B € B" and ry,...,741 € IRT, in particular
1
P(My € B, Rioo > 1) — p/ P(My € B, Sis1 > + 1) A(da) (1.8)
R+

for each | € IN, B € Bt and r € IR*. Here it should be recalled that (M,, Sy )n>0 is non-
arithmetic with nonnegative increments. Integration of (1.8) with respect to r (and B = S™*1)

immediately leads to

(1.9)

for all 1 € INg and p > 0, and A, < 00 if fpy1 =

instead of Ay . Then (1.9) reads

ESPT < 0. In case | = 0 we also write A,

Hp+1
ERF, = A, = ——— 1.10
P (p+1)p (1.10)
which is a well known formula in the i.i.d. case.

We will also need the random variable

A def =
Rm ZXT(C)+k:(ST(c)+m+k - T(t)+m Z Rk,t - Rk,t—l)(Rm—i—k,t - Rm,t)- (111)
k=1 k=1

A

As seen from the above, R,,: converges in distribution to a random variable R,, o, and a



4

straightforward computation using (1.7) renders

ER, . = A &

)

1 &S
=3 ) EXoX; Xt (1.12)
uj:lk:l

where A < oo if pg < o0.

2. A SHORT REVIEW OF THE I.I.D. CASE

Let us briefly recall some results on 7(t) and R; in case where (S,)n,>0 is an ordinary
nonarithmetic zero-delayed renewal process with drift p and renewal function U(t). The fol-
lowing bounds for the moments of R; in terms of the respective moments of R, were first

established by Lorden [10].

sup FR; < 2FER,, = 24, (2.1)
>0
and
sup ERY < (p+2)ERY, = (p+2)A, (2.2)

>0
for general p > 0. Alternative proofs appeared in Carlsson and Nerman [6] (only (2.1)) and
Chang [5]. Since U(t) = E7(t) in the given situation and ¢t < uET(t) = ES;4) =t + ERy,
(2.1) further leads to the following inequality for the renewal function: For all ¢t > 0,

t t pe
- < Ul < -+ 2 (2.3)
I pop
Turning to the asymptotic behavior of expectation and variance of 7(¢) we first note that
2 < oo implies the uniform integrability of { R;;t > 0} and thus ER; = FR+0(1) = Aj1+o0(1)
as t — oo, see e.g. [12]. Putting o? def VarX; = pp — p2, the identity pET(t) =t + ER; now
leads to the well known expansion
t+A t  o? 1
-+

o(l) = =+ —=+5+0(1), t— o0 (2.4)

Er(t) =
() I poo2u* 2

A corresponding result for Varr(t) was derived by Smith [11], Lai and Siegmund [9], and Als-
meyer [1]. Suppose puz < oo and that X is spread out. For the given situation of nonnegative
X1, Xa, ... the result then reads

Varr(t) = —«— +— — — — — +o(1), t— oc. (2.5)

3. RESULTS

The purpose of this article is to provide results corresponding to (2.1), (2.2) (in a weaker
form), (2.3) and (2.5) for nonarithmetic (¢, F, m)-MRP. However, instead of the overshoot R;

we will rather focus on R,,; because in the m-dependent situation the latter variable is more
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relevant for renewal theoretic considerations. To see this note that Janson’s equation with 7(¢)

gives
1 1
E)\T(t) = ,L_L (E/\ST(t)—i—m — EASm> = ; (t + E)\Rm,t - E,\Sm> (31)

for any initial distribution A on S™*! x IRT. Put

pp(\) = sup EyXE
n>0
for p > 0 and note that, by m-dependence, u, = ExX? ., < pp(X). We already proved in [2,
Cor. 4.2] that ua(A) < oo implies limy_,o0 xRyt = A1 and then with (3.1)
t+ Am,1 — E\S,,

Ext(t) = . +o(1), t— oo. (3.2)

We put £2 ¥ lim,, o, n~1VarS, (for existence of this limit see [8] or [2]) and note that x? also
equals Cov(X,,, Spim) for n > 1. With this quantity, and after some elementary calculations,
(3.2) may be rewritten as

t w2 1 E\(Sm —mpu)

Eyxt(t) = —+ — + = 1 t . 3.3

In the stationary case A = F™T1 where E)(S,, —mu) = 0, (3.3) reduces exactly to the second
formula for E7(t) in (2.4) when replacing o2 with x2.

We continue with a presentation of our results to be proved in the subsequent sections.

THEOREM 3.1. If (M, Sp)n>0 is a nonarithmetic (¢, F, m)-MRP with positive drift u,
then

sup ERp,: < 24,1 (3.4)
t>0
and
sup ExRpt < 2A,,1 + ExSh, (3.5)

t>0

for arbitrary initial distribution X on S™T1 x IRT.

We note that every (¢, F, m)-MRP is also a (¢, F,[)-MRP for [ > m so that the assertions

of Theorem 3.1 remain valid with any such [ instead of m.

If Ux(t) o > n>0 PA(Sn < t) denotes the renewal function of (Sy)n>0 under Py and if

U(t) et Upm+1(t), then Uyx(t) = Ex7(t) for all £ > 0 as in the i.i.d. case whence we have the

following immediate corollary to Theorem 3.1.

COROLLARY 3.2. In the situation of Theorem 3.1,

t+2A,,
< tr2Bma (3.6)



and N t+2A,, 1 — E\S
— LAPOm SU,\(t) S + m,1 — LAPm

ft 1
for allt > 0 and any initial distribution X on S™T! x IRT.

(3.7)

Our next result provides a bound for sup,>q ExR}, ; for p > 1 which however is weaker
than the one in (2.2) for the i.i.d. case.

THEOREM 3.3. Given the situation of Theorem 3.1, let p > 1. Then

sup ERP , < 2PHIA, (3.8)
t>0 ’
and
sup ExRY , < 2PE\S,, +2%T1A,, , (3.9)

t>0

for arbitrary initial distribution X on ST x IRT.

In order to finally present an expansion of Vary7(t) we note that (M,,S,)n>0 is called
spread out if, for some F™T1-positive set A and some n € IV, the conditional distribution of

(M, S,) given My = x is not singular with respect to F™1 @ A\ for each x € A.

THEOREM 3.4. Given the situation of Theorem 3.1 suppose further that (M, Sp)n>0
is spread out and pusz < oo. For any initial distribution A such that pus(\) < oo it then holds
true that

K2 C
Varat(t) = —t+ — +o(1), t— oo, (3.10)
W
where
def 52 2 2
C = —Anp1+2A0 1 —Apa+ A%, 1 — Aompe
a , (3.11)

—9A — "B\ Sy + Ex(Sam — 2mpu)?.
1

The rest of the article is devoted to the proofs of the three theorems. We prove Theorem
3.1 and 3.3 in Section 4 and Theorem 3.4 in Section 5. An Appendix contains a Markov renewal

theorem for spread out (¢, F, m)-MRP.

4. PROOFS OF THEOREM 3.1 AND 3.3

We start by giving straightforward extension of Janson’s equations (1.5) and (1.6) which

will be repeatedly used thereafter.

LEMMA 4.1. Given any fized v > 1, put W, def (Xony ooy Xpgrr) form > 0. Let f :

St — IRT be a measurable function, V,, e Sor—o f(Wg) forn >0 and v e Ef(Wh). Let

further T be a stopping time with respect to (M, Sp)n>0. Then

ExViem = VvEX(T+m) + Ex(Vipgr — (m+1r)v) (4.1)
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for any initial distribution X\ on S™T! x IRT, in particular
EViim = vE(T+m). (4.2)
PROOF. Note first that each stopping time with respect to (M, S, )n>0 is also a stopping
time with respect to (M, Wy, )n>0. Since (W, )p>1 is further (m+r)-dependent and stationary
under P = Ppm+1 a similar martingale argument as for (1.6) yields E\V; 4t = VEN(T+m+7)

+E)\(Vingr — (m + r)v). The assertion now follows because Py(f(Wryr) € -) = P(f(W7) € +)

for k=m+1,...,m+r and any A and thus EZZITJ:;JA f(Wg) =vr. &

The second lemma is basically the first part of the proof of Theorem 3.1, but it will also
be needed in the proof of Theorem 3.4 in Section 5.

LEMMA 4.2.  Given the situation of Theorem 3.1,
c 1 ~
/ Ry dt = Dys(c+ ERpe) = 5(ERpc) — ERpe. (4.3)
0
for all ¢ > 0.

PRrROOF. Fix any ¢ > 0. The function ¢ — R,, + is piecewise linear with slope —1 on each

interval [S,,—1,5,) and R, s, = Sp+m+1 — Sp for n > 0. Therefore

s
" 1 1
/ Rt dt = =(Spim — Sn_1)? — =(Snam — Sn)? (4.4)
S_1 ’ 2 2
for n > 0 and
S 1 5 1 2
Rm,t dt = §Rm,c - E(ST(C)-‘FWL - ST(C)) . (45)
With the help of (4.4) and after some algebra, we find
Sr(e)+k 1 , 1 )
/s Ry, dt = §(ST(C)+m+k — S () 4h—1)" — §(ST(C)+m+k — Sr(e)+k)

() +h—1
= %(Sf(cwrm — Sre)+h-1)’ — %(Sf(cwrm — Sr()+k)”
+ Xo (o) 1k (Sr(@)+mak — Sr(c)+m)
for 1 <k < m. Combining this with (4.5),
Sr(c)4+m Sr(e)
/C Ry dt = / Ry dt +

m

Sr(e)+k
Z / Ryt di
s

k=1"7P7(e)+k-1

(Sr(e)rm — Sr(e))?

1
m 2
1.
+ 5 Z <(ST(C)+m - S‘r(c)+k71)2 - (S‘r(c)+m - ST(C)+k)2)
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+ Z XT(C)+k(ST(c)+m+I<: - ST(C)+m)

k=1
1 2 al
= §Rm’c + Rm7c

which in turn may be combined with (4.4) to show

c T(e)+m g, Sr(e)+m
/ Rm,t dt - Z / Rmﬂg dt - / Rmﬂg dt
0 n=1 Sn—l C
7(c)+m (46)
1 1 A
- 5 Z ((Sn+m - Sn71)2 - (Sn+m - Sn)2> - 537271,(; - Rm,c-
n=1

Putting f(x1, ..., Tm+1) dof 5 (( ’,jjll zr)% — ( Z:;l 11)?), we see that

1((Sn+m — Sn-1)? = (Snsm — Sn>2)

f(Xn;---,Xn—i—m) = 92

for n > 1. Hence an application of Lemma 4.1 and Janson’s equation (1.5) yields

ARG
§E< Z ((Sn+m - Sn—1)2 — (Sntm — Sn)Q))

n=1
1 2 2
= L(BS2.s - ESL)E((0) + m)
= ApapE(r(c) +m)
Api(c+ERy ).

Taking expectations in (4.6) and using ER?, . > (ERp, c)?, we are thus finally led to

C C 1 .
/ ERp, dt = E( / Rt dt) = Api(c+ERy ) — §(ERm,c)2 — ERp, .
0 0

which is the asserted result. &

PrROOF OF THEOREM 3.1. Our proof is essentially an adaptation of the one given by
Lorden for the i.i.d. case. We begin with the stationary situation where A = F™+1,
First use Lemma 4.2, R,,, . > 0 and ER2, _ > (ERy, .)? to infer

C & 1
[ it = ( [(uca) < diies mrn) - YEmt
0 0

for any ¢ > 0.
The second step is to show that ¢ — ER,, ; is a subsadditive function. For s € IRT and

n € INy, put

def -
Ss,n = ST(S)+m+n - Sr(s)er = Z XT(s)+m+k
k=1



and

def

Ms,n MT(S)—l—m—l—n'

Then (M., Ss.n)n>0 forms a (¢, F,m)-MRP with initial distribution P(M;(s)4m € -) ® do.
Since M (5)4m+n is independent of M, with distribution F’ m+1 for n > 1 (this is not neces-
sarily true for n = 0), we infer that (Ms,,),>1 forms a stationary (¢, F, m)-MRP independent
of (M, Sn)o<n<r(s) and with the same distribution as (M,,, Sy),>1 under P = Ppmy1.

Now, defining

() ¥ inf{n>0:85,, >t} and R, S 4, —t

for t € IR™, we have that Sr(stt)+m < ST(ST<S)+m+t)+m and Rﬁi?t 4 R, + where 2 means equa-
lity in distribution (under P). Hence

Rm,S—H = ST(s+t)+m - (5 + t)

IN

ST(ST(5)+m+t)+m - (8 + t)
= (SS,Ts(t)—i—m - t) + (ST(S)+m - 3)
- Rf’fL?t + Rm,s

(4.8)

and thus
ERm,s+t S ERm,s +ERm,t

for all s,t € IRT.
Arguing as in Lorden [10], the subadditivity of ER,,; in ¢ implies

c c
—FER,,. < — inf (ER,, ER,, .—
2 Fm,e < 203&%42( B, & Elim, t)

c/2 c
S / (ERm’t —|— ERm,c—t) dt - / Rm,t dt
0 0
which in combination with (4.7) leads to
(ERm.c)* + (¢ = 28m1)ERy e — 2¢Ap . < 0.

But the polynomial z +— z? + (¢ — 2A,, 1)x + 2¢A,,,.1 is nonpositive only between its roots —c
and 2A,, 1, thus showing the desired inequality FR,, . < 2A,, 1 for any ¢ € R*.

We must finally derive inequality (3.5) for arbitrary initial distributions A on S™*1 x IR+
which turns out to be easy. By another appeal to (4.8),

E/\Rm,s+t < E)\Rm,s +E)\R£,i?t = E)\Rm,s +ERm,t

for all s,¢t € IRT because m-dependence implies P,\(Ri,j?t €:)=P(Ry:€-) forall s,t € RT.

Choose s = 0 and note that R,, o = S, to conclude

SupE/\Rm,t < EARm,O+SupERm,t < E/\Sm+2Am,1~ <>

t>0 t>0
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ProOOF OrF THEOREM 3.3. We keep the notation from the previous proof. Along the

same lines as there (see (4.2-5)) we obtain here for each ¢ > 0

Cc » ST(C)+m » ST(C)+m »
0 0 c

T(e)4m Sr(e)+m
< > /S Suem =07 dt = [ (S - 07
1 7(c)+m 1
- S m_s_erl_S m—S p+1)__p+1
b1 ; <( k+ k—1) (Sk+ k) p+ 1

and then by another use of Lemma 4.1 and Janson’s equation

¢ ESPEL — BSpi 1
/ ER? . dt < m+1 T E(t(c) +m) — —ERﬁj"cl
0 ’ p+1 p+1 ’
1
= A, ER,,.) — ——ERPT!L.
,p(c+ > ) p+ 1 m,c

Since ERp, . < (ERD, ,)'/P and EREF! > (ERE, )P/ by Jensen’s inequality, we arrive at

1
_____(1;}32#9(p+4J/p- (4.10)

ER? . dt < A, <c+ ERP VP) _
/0 m,t — P ( m,c) p+1

With the help of (4.8) we next infer that
ER];n,s—i—t S E(Rm S + R(S) ) < 2p(EwRivnn,s + Ean,t)

for all s,t € IR", where RG )t = R,, : should be recalled. Consequently,

0<t<c

cERL, . < c inf 2°(ER; ,+ER;, . ;) < 2p+1/ ER,,; dt,
0

which in combination with (4.10) leads to

op+1
p+1

cERY , — 2PTIA, (c+ (Eanyc)l/p) —~ ——(ERp, )Pt/ < 0. (4.11)
Inequality (3.8) follows because the function z +— cx — 2PT1A,, (¢ + 2'/P) + QT (P+1)/p ig

positive for z > 2PT1A,, . As for (3.9), we finally note that

sup EARE, , < QP(EAR” o +sup ER?, ) < 2PE\Sy, + 27 TIA, . o

t>0 t>0

REMARK. In the i.i.d. case Lorden’s bounds for higher order moments of R; are based
on the inequality
Rsy¢ < max{Rj, Ll(ts)},
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where Lff) def Xt and 7,(t) is defined as in the proof of Theorem 3.1 (with m = 0). Then
ER} < ER? + EX? () Which obviously provides a better bound than the use of subadditivity
by which the unpleasant factor 2P is incurred. Unfortunately, this inequality does not extend

to the case m > 1 and we have been unable to come up with an inequality of similar type.

5. PROOF OF THEOREM 3.4

Let us start by noting that Janson [8] proved the following identity as a substitute for

Wald’s second equation in the m-dependent case. If ps < co then
E(Sriom — p(t +2m))? = k*ET + E(Sap, — 2mp)? (5.1)
for any stopping time 7. His martingale argument also gives
EX(Sriom — u(T+2m))* = K2*ExT 4+ Ex(Sam — 2mpu)? (5.2)

for arbitrary initial distributions A on S™*! x IR* such that Ey(Sa,, — 2mu)? < co.

Similar to the i.i.d. case (m = 0) the crucial term in the expansion of Vary7(t) turns out
to be the covariance of 7(¢) and Ra,, ¢ In order to compute this quantity up to vanishing terms
as t — oo we will need that the convergence of E Ry, + to Agyy, 1 is of the order o(t™1). This is
the result for which we require (M,,, S, )n>0 to be spread out. It is contained in the following

proposition. Let us first give some necessary notation and facts from Markov renewal theory
taken from [2] and [3]. For C € 6™*! @ BT put

UAC) € 3" PA((M,,8,) €C) = EA<210(Mn,Sn)> (5.3)
n>0 n>0

where 1o denotes the indicator function of C'. U, is the Markov renewal measure associated
with (M,,, Sp)n>0 under Py. Note that the nonnegativity of Sy, X1, Xo, ... implies (in analogy
to the i.i.d. case)

UMS™ ! x [0,8]) = Y Pa(Sp <t) = Exr(t) (5.4)

n>0

for all ¢ > 0. Defining v* through
der 1

—/ P(Ml € A,Xl > t) )}\(dt)
(7,00)

v*(A x (r,00)) .

for A € ™+l and r € IR one finds (see [2, eq. (5.1)]) that

1
Uys = —F™lg AT (5.5)
14
where AT % A(-NRY). v® is the so-called stationary Markov delay distribution. One can
easily check that

E,:S) <oo iff papq < o0 (5.6)
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for any a > 0. Moreover, (R, ¢)t>0 is stationary under P,:, in particular ER,,+ = A1
for all ¢ > 0. Finally, let ||v|| denote total variation of a bounded signed measure v, i.e.

def
V]| = sup4 [v(A)].

PROPOSITION 5.1.  Let (M, Sn)n>0 be a spread out (¢, F,m)-MRP with p, < oo for
some a > 2. If X and X' are two initial distributions on S™1 x IR™ such that pia—1(\) <
and pio—1(N') < 00, then

|ExRumt — Ex Ry = o(t™(@7%), t — oo, (5.7)

and in case o = 3 also

/ BBy~ By Runa M) < . (5.8)
R

In particular, po—1(X) < 0o and p, < oo implies
|ExRimi — Al = ot™@72) t - oo, (5.9)

and in case o = 3 also

/ BB = At M) < . (5.10)
R

PrOOF. We showed in [3] the existence of two coupled (¢, F,m)-MRP (M,,, Sy)n>0 and
(M],S!)n>0 with initial distributions A and ), respectively, and the existence of two stopping
times o, 0’ such that

(Ma+nasa+n)n20 - (Mtlr’+n7séf’+n)n20
and
E,\,A/S*O‘_l < 00

for §* % Se = S!,. Here Ey  clearly denotes expectation given initial distributions A, \" for

the two processes. As a consequence of this coupling we derived that
IUAG N [S™F x (8, 00)]) = Un (- N [S™ ! x (o0)])]| = o(t™*72) (5.11)

and

||U)\ —U)\/H < oQ.

Put v & U, — Uy. v is a bounded signed measure with (use (5.4))

V(Sm+1 x [0,t]) = E)\’A/T(t) — EA,A/T/(ﬂ = E)\7>\/7'(t NS*) — E)V)\/T/(t A S*)
where 7/(t) has the obvious meaning. Hence, by letting t — oo,

V(Sm+1 X IRJF) = E>\7)\/T(S*) — E)H)\/T,(S*). (5.12)



13

Now Ex x/Sr(s+)4m = Exx S;,(S*)er. Using Janson’s equation (which is possible because the

coupling construction in [3] is Markov adapted), we obtain
E,\S,, + ,uE)\’)\/T(S*) = ExS,+pu E)\y)\/T/(S*)

and thus in (5.12)

E\Sy, — Ex'Sp,

V(gm—!—l % R+) —
i

This further yields

UA(t) — UA/(t) = l/(Serl X [O,t])

= (S x RY) — v(S™! x (t,00))
= BB = ExBim ) smtt (1, o),
L

where Uy (t) = Ux(8™™ x [0,t]) as in Corollary 3.2. Now we conclude (5.7) with the help of
(5.11) because

|ExRmt — Ex Rut| = |ExSm + pENT(t) — Ex Ry e — Ex7(t)|
E\S,, — Ex Sy,

= p|Ux() = Ux(t) + p

— Alp(S™ % (1 00))
< plUAC O [S™ x (t,00)]) = Un (- N[S™ x (¢, 00)])
o(t_(o‘_Q)).

Choosing X' = v* and using (5.6) we also get (5.9).
Left with the proof of (5.8) we first note that

|E)\Rm,t - EXRm,t| = |E>\,>\’(Rm,t - Rfm,t)|

def
where R/, = S’

Tt = Strpypm — - Now Ry ¢ = Ry, on {S* < ¢} implies

|ExRmt — ExRinil < Exx(Rmye+ Ry, ) 1(s>0)

for t > 0. As a consequence,

S*
/ |E)\Rm’t - E)\Rm7t’ »\(dt) S E/\’)\/ (/ (Rm’t + R;n,t) dt) .
R+ 0

Put V,, def Sor 1 ((Sktm — Sk—1)% — (Sk4m — Sk)?) for n > 0 and v def EVy =ES2  ,—ESZ =

1Ay, 1. Using (4.6) in Lemma 4.2 and then Lemma 4.1, we obtain

S*
1
Ex Roe dt | < ZExaxVeiserim
A (/0 ! > g AN TTEF (5.13)
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which is finite because E)\V,,11 < K(E\S2,+ ES?) for some constant K and 7(S*) = 7(S,) =
o has finite mean as may be deduced from the coupling construction in [3] and Lemma 6.2

there. The same arguments show that Ey x( fOS* Ry, ;dt) < oo which completes the proof of

(5.8). &

Let us note that strictly speaking Lemma 4.2 does not apply directly in (5.13) because
7(5*) is not a stopping time with respect to (M,,, Sy,)n>0 but only with respect to a suitable
extended filtration under which the coupling process (M,,, M), Sy, S}, )n>0 is Markov adapted.

However, an extension of Lemma 4.2 of the required form is easily provided.

PROOF OF THEOREM 3.4. Put S,, = S,, —nv for n > 0. Using EX\S:t)+2m = pEX(T(t)+
2m) + E\So, in (5.2), we find after some simple algebra

,LLZVaI")\TOf) = /€2E)\T(t) + Q;LCOVA(ST(tH_Qm, T(t)) — Val")\ST(t)+2m + E)\ggm. (5.14)

An expansion of E)7(t) up to vanishing terms is given by (3.3). Since pz and E)\S2, are both
finite, (R3,, ,)t>0 is uniformly integrable by Theorem 4.1 in [2] which in combination with

Rom + 4, Rom, oo under each Py further yields
VarySr-y4om = VaraRom: = Dompa — ASmJ +o0(1), t— oc. (5.15)

We are thus left with the computation of Cov(Sr(¢)42m, 7(t)) up to vanishing terms as ¢ — oc.

Along similar lines as in [9] we obtain

Cova(Srt)+2m,T(t)) = Cova(Sr@)4m,T(t)) = Cova(Rpe, 7(t))

= Z / m bt E)\Rm,t) dP)\

n>1 T(t)—n}

- Z n(/ _/ )(Rm,t - E)\Rth) dPA
n>1 {r(#)>n—1} {r(t)>n}

- Z/ (Rm,t - EARm,t) dPy
n>0 {r(t)>n}

- Z/ R | My, = 5,8, = ) — EARmJ)
n>0 Smtix[0 t]

X dP\(M,, € ds, S, € dx)
= / <Es,0Rm,t—x - EARm,t) U)\(dS, d.ﬁl})
Sm+1x]0,t]

= g * U)\(t> — (E)\Rm,t — Am,1>E>\T(t>,

where

9(5,8) ' (ByoRmi— Ama)lp (1),
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By Proposition 5.1 and (3.3),
(ExRpmt — A1) ExT(t) = o(1), t— oc.

Furthermore, Theorem A.1 in the Appendix implies

1
lim g* Uy(t) = —/ / g(s,z) F™T(ds) N\(dx)
t=o0 H R+ Jsm+

1

(5.16)
_ / (ERpn s — A1) Ndt)
b J R+
provided that g satisfies
tlim g(s,t) = 0 PMr-as. for all n > 0; (5.17)
/ / lg(s,t)] F™ T (ds) A(dt) < oo; (5.18)
R+ Jsm+1

m—+1
EA<Z G(Mn)> < o0, (5.19)

n=0

where G(s) o sup;>o |9(s,t)|. We verify these conditions below but will first finish the com-
putation in (5.16). By Lemma 4.2 we have

c 1 ~
/ ER,;dt = Api(c+ ERy.) — §ER3W — ERp ..
0

Recall from the Introduction that Rmc converges in distribution to a limiting variable Rmm
with mean A (see (1.12)). It is shown in [7, Lemma 6.6] that u3 < oo implies ER,, . = A+o0(1)

as ¢ — 00. We are thus led to
¢ 1
/ ER,:dt = Api(c+Ap1) — §Am’2 —A+o(l), c—x
0
and then in (5.16) to

1
gxUyx(t) = — lim (ERmyt — Appp) dt

K=o Jo
1 C
= — lim </ (ERp¢ dt — cAm’l) (5.20)
pe—oo 0
1/, 9 1
- E<Am’1 ~ 38 - A).

A combination of (5.14), (3.3), (5.15) and (5.20) shows the asserted expansion for Vary7(t).

We must finally check conditions (5.17-19). Note first that pz(\) < oo implies p2(6(s,0) <
0o for (32,5 Py™)-almost all s € S™*!. This in turn implies (5.17) by Corollary 4.2 in [2].
(5.18) is a direct consequence of (5.10) in Proposition 5.1 so that it remains to verify (5.19).
But

G(S) = sup|g(s,t)| S 2Am,1+Es,OSm
t>0
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by (3.5) in Theorem 3.1, whence

m—+1 m—+1
E) ( Z G(Mn)> < 2(m + Z)Am,l + Z /5 E&O‘S’m P,\(Mn S dS)
n=0 n=0

m-+1
m—+1
= 2(m + 2)Am,1 + Z E/\(Sm—i—n - Sn)
n=0

< 2(m + Q)Am,1 + (m + Q)E')\ng_H < 0.

This completes the proof of the theorem. %

APPENDIX

The following Markov renewal theorem for spread out (¢, F, m)-Markov random walks
(MRW) (M,,, Sp)n>0 with positive drift is stated for completeness. We do not require here
Xp, X1, ... to be nonnegative. The corresponding result for the larger class of nonarithmetic
(p, F,m)-MRW was given as Theorem 3.1 in [2] but requires stronger conditions. The result
below may also be viewed as a specification of a Markov renewal theorem established by Arjas,

Nummelin and Tweedie [4] for MRW possessing a recurrent atom.

THEOREM A.1. Let (M, Sp)n>0 be a spread out (p, F,m)-Markov random walk with
drift u = EX; € (0,00] and Markov renewal measure Uy under Py (see (5.3)). Then gxUx(t) =

Ex(Q 50 9(My,t — Sp)) satisfies

Jim g+ Ur(O) = /S N /R g(z,y) A(dy) F™+(dy) (4.1)

for every distribution X on S™ 1 x IR and every measurable function g : S™! x IR — IR which

satisfy the following conditions:
tlim g(s,t) = 0 PMr-as. for alln > 0; (A.2)

/ / lg(s,t)] F™ L (ds) A(dt) < oo; (A.3)
R JSm+1
m+1
EA<ZG(MH)> < o0, (A.4)
n=0

where G(s) Lef sup;>o 9(s, )]

PROOF. As shown in [3], a spread out (¢, F, m)-MRW can be constructed together with
a sequence of stopping times (7},),>0 such that, for a F™ ! positive set B € ™!
(1) (S, )n>0 constitutes an ordinary delayed random walk with continuous increment distri-
bution;

(ii) St, and My, are independent for all n > 0;
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(iii) Mr,, Mr,, ... is a sequence of i.i.d. random variables with common distribution F™1(-|B)
= (N B)/F™H(B);

(iv) (T, — Th—1)n>0 is a sequence of i.i.d. random variables satisfying T, — T,,—1 > m + 1,
and T,, — T),_; is independent of (My, _,,St, ) foralln >0 (T, def 0).

Put
To—1
vl © EA< 3 1c(M,, Sn)) and Uy = Y P\(S, €.
n=0 n>0
As a consequence of (i)—(iii) (see Lemma 3.3 in [3]),
Uy = Ugo + UFm+1(~|]B%) * Uy
and thus
gxUy = g*U§0+(g*UFm+1(,|B))*UA. (A.5)

Define gq def g * U;O and go def g * U;‘ﬂn F1([B)" Since U) is the renewal measure of an ordinary
continuous (and thus spread out) random walk, we infer (A.1) from the key renewal theorem

for such random walks (see [4, Theorem 1]) if we still verify that

Jim gi(t) = 0 (A.6)
and that go satisfies:
g2 is bounded; (A.7)
| om0 At < (48)
|t1|i_f>ﬂoo g92(t) = 0. (A.9)

We start with the proof of (A.6), that is

lim g(s,t —u) UJ°(ds,du) = 0.

t—00 Jom+1x R

Since |g(s,t)| < G(s) for all (s,t) € S™T! x IR the assertion follows from (A.2) in combination

with the dominated convergence theorem if we still verify that
/ G(s) Uy (ds,du) = / G(s) Uf*(ds x R) < oo. (A.10)
Smtlx IR Sm+1

As shown in [3], ET) < oo and

7 Ubes sy (% R). (A.11)

A combination with (iv) provides

Upbus oy % R) = ETo F™H - U (e IR) = Uitl sy (- % IR),

(-IB)
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where U} LESsm  Py(M,, S,) € ). Moreover,

n=0
Um+1 R) < 1 Um—|—1 R) = m + 1 Fm—|—1
Fre X ) < prggyUrnn (0 R) = mrgy

forms a bounded measure. (A.10) is now concluded from

/S " G(s) Ul (ds x R) = ETy /

Sm+1

G(s) F™l(ds) — /5m+1 G(s) U (ds x IR)

+ / G(s) Upitli ) (ds x R)
Sm+1

u m+1
< ETyEG(My) + Y E\G(M,) — FTl(B)EG(Ml)a
n=0
the last line being finite by (A.4).
By another use of (A.11), we obtain
sup |g2(t)| = sup/ g(s,t —u) U;?n+1(_|ﬁ)(ds,du)
teR teRJsm+1xR
< [ G UB gy (s xR (412
— ETy, EG(M)),

and furthermore

[ o < [ ] gl = )] Uk s  du) M)
R R JSmMT1IxIR

IN

Lo a0 U g s x ) ) (413
RJS™TIxR

1
= — )| F™t(ds) A(dt).
ETO Sm1 ’9(87 )| ( S) ( )
Since the last integral in (A.13) is finite by (A.3), we have shown (A.7), while (A.7) follows
from (A.12) and the fact that EG(M;) = ExG(M,+1) < oo by (A.4). Finally, (A.9) may be

proved by the same argument as (A.6). &
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