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Given a sequence of i.i.d. random variables Y−m, Y−m+1, ... with com-
mon distribution F and values in an arbitrary measurable space (S,S),
let (Sn)n≥0 be a random walk whose increments Xn are nonnegative
(m+1)-block factors of the form ϕ(Yn−m, ..., Yn) for a measurable func-
tion ϕ : Sm+1 → [0,∞). Defining Mn = (Yn−m, ..., Yn) for n ≥ 0, which
is a Harris ergodic Markov chain, the sequence (Mn, Sn)n≥0 constitutes
a Markov renewal process with stationary drift µ = Eϕ(Y−m, ..., Y0).
Suppose µ > 0, and let τ(t) = inf{n : Sn > t} be the first passage
time of (Sn)n≥0 beyond level t ≥ 0. An important variable related to

τ(t) is the (m + 1)-step overshoot Rm,t = Sτ(t)+m − t which reduces
to the familiar overshoot Rt = Sτ(t) − t if m = 0. The main results of

this article are a second order approximation of the variance of τ(t) and

bounds for supt≥0 ER
p
m,t for p ≥ 1 similar to those derived by Lorden

in the i.i.d. case (m = 0).
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1. Introduction

Let m ∈ IN . A stochastic sequence (Xn)n≥0 is called m-dependent if X0, ..., Xn and
Xn+m+1, Xn+m+2, ... are independent for all n ∈ IN . Our concern here is a special class of
such sequences, called stationary (m + 1)-block factors, given by

Xn = ϕ(Yn−m, ..., Yn), n ≥ 0, (1.1)

where ϕ : Sm+1 → IR is a measurable function and Y−m, Y−m+1, ... are i.i.d. random variables
on a probability space (Ω,A, P ) with common distribution F and values in a measurable space
(S,S) with countably generated σ-field S. Let Sn =

∑n
k=0 Xk, n ≥ 0, be the random walk

associated with (Xn)n≥0 and put µ
def= EX1. Our standing assumption throughout this article

is that X0, X1, ... are nonnegative (i.e. ϕ ≥ 0) with finite positive mean µ.

For t ≥ 0, let

τ(t) def= inf{n ≥ 0 : Sn > t} (1.2)

be the first passage time of (Sn)n≥0 beyond level t. The associated overshoot (excess over the
boundary) and (l + 1)-step overshoot are defined as

Rt
def= Sτ(t) − t and Rl,t

def= Sτ(t)+l − t, (1.3)

respectively. Note that Rt = R0,t. As will be seen later, the variables Rm,t and R2m,t will be
of special interest in our analysis.

Janson [8] proved various results for τ(t) and Rt concerning moments and asymptotic
behavior as t→∞. Some of them were improved or complemented in [2] by analyzing (Sn)n≥0

within the framework of Markov renewal theory. This approach embarks on the observation
that (Mn, Sn)n≥0 constitutes a Markov renewal process when defining

Mn
def= (Yn−m, ..., Yn), n ≥ 0, (1.4)

and that (Mn)n≥0 is a positive Harris chain with stationary distribution Fm+1, the (m+1)-fold
product of F . We call (Mn, Sn)n≥0 hereafter a (ϕ, F )-m-dependent Markov renewal process,
abbreviated as (ϕ, F, m)-MRP. For the definition of its lattice-span d, a notoriously important
characteristic in renewal theory, see [2], Section 3. In this paper we always suppose that
(Mn, Sn)n≥0 is nonarithmetic.

Let us briefly summarize some notation from [2] which is kept throughout unless stated
otherwise. Suppose a canonical model with probability measures Px,y, (x, y) ∈ Sm+1 × IR+,
such that Px,y(M0 = x, S0 = y) = 1. Here IR+ def= [0,∞). For a distribution λ on Sm+1 × IR+

put Pλ
def=
∫
Sm+1×IR+ Px,y λ(dx, dy), whereas Pλ

def= Pλ⊗δ0 if λ is a distribution on Sm+1. In the
stationary case λ = Fm+1 we simply write P instead of PFm+1 . As usual, the corresponding
expectation operators are denoted Ex,y, Eλ and E. Finally, let B+ be the Borel σ-field over
IR+ and λλ be Lebesgue measure.
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Given any (ϕ, F, m)-MRP (Mn, Sn)n≥0, Janson [8] proved with the help of a simple
martingale argument that

ESτ+m = µE(τ + m) (1.5)

holds true for any stopping time τ . In case of i.i.d. X1, X2, ... (m = 0) this is nothing but
Wald’s first identity. We showed in [2], that the very same martingale argument also gives

EλSτ+m = µEλτ + EλSm = µEλ(τ + m) + Eλ(Sm −mµ) (1.6)

for any initial distribution λ on Sm+1 × IR+. Let us note that (1.5) and (1.6) remain valid for
real-valued X1, X2, ... provided that Eτ is finite in (1.5), respectively EλSm and Eλτ are both
finite in (1.6). We will refer to formulae (1.5) and (1.6) as Janson’s equation.

As a direct application of the Markov renewal theorem, it was shown in [2] that, un-
der each Pλ, (Mτ(t), Rt) converges in distribution to a limiting variable (M∞, R∞) whose
distribution does not depend on λ. This result is easily extended to the random vector
(Mτ(t), R0,t, ..., Rl,t), the distribution of the limiting variable (M∞, R0,∞, ..., Rl,∞) being

P (M∞ ∈ B,R0,∞ > r1, ..., Rl,∞ > rl+1)

=
1
µ

∫
IR+

P (M1 ∈ B, S1 > x + r1, ..., Sl+1 > x + rl+1) λλ(dx)
(1.7)

for all l ∈ IN0, B ∈ B+ and r1, ..., rl+1 ∈ IR+, in particular

P (M∞ ∈ B, Rl,∞ > r) =
1
µ

∫
IR+

P (M1 ∈ B, Sl+1 > x + r) λλ(dx) (1.8)

for each l ∈ IN , B ∈ B+ and r ∈ IR+. Here it should be recalled that (Mn, Sn)n≥0 is non-
arithmetic with nonnegative increments. Integration of (1.8) with respect to r (and B = Sm+1)
immediately leads to

ERp
l,∞ = ∆l,p

def=
ESp+1

l+1 − ESp+1
l

(p + 1)µ
(1.9)

for all l ∈ IN0 and p > 0, and ∆l,p <∞ if µp+1
def= ESp+1

1 <∞. In case l = 0 we also write ∆p

instead of ∆0,p. Then (1.9) reads

ERp
∞ = ∆p =

µp+1

(p + 1)µ
(1.10)

which is a well known formula in the i.i.d. case.

We will also need the random variable

R̂m,t
def=

m∑
k=1

Xτ(c)+k(Sτ(c)+m+k − Sτ(t)+m) =
m∑
k=1

(Rk,t −Rk,t−1)(Rm+k,t −Rm,t). (1.11)

As seen from the above, R̂m,t converges in distribution to a random variable R̂m,∞, and a
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straightforward computation using (1.7) renders

ER̂m,∞ = Λ def=
1
µ

m∑
j=1

j∑
k=1

EX0XjXm+k, (1.12)

where Λ <∞ if µ3 <∞.

2. A short review of the i.i.d. case

Let us briefly recall some results on τ(t) and Rt in case where (Sn)n≥0 is an ordinary
nonarithmetic zero-delayed renewal process with drift µ and renewal function U(t). The fol-
lowing bounds for the moments of Rt in terms of the respective moments of R∞ were first
established by Lorden [10].

sup
t≥0

ERt ≤ 2ER∞ = 2∆1 (2.1)

and
sup
t≥0

ERp
t ≤ (p + 2)ERp

∞ = (p + 2)∆p (2.2)

for general p > 0. Alternative proofs appeared in Carlsson and Nerman [6] (only (2.1)) and
Chang [5]. Since U(t) = Eτ(t) in the given situation and t ≤ µEτ(t) = ESτ(t) = t + ERt,
(2.1) further leads to the following inequality for the renewal function: For all t ≥ 0,

t

µ
≤ U(t) ≤ t

µ
+

µ2

µ2
. (2.3)

Turning to the asymptotic behavior of expectation and variance of τ(t) we first note that
µ2 <∞ implies the uniform integrability of {Rt; t ≥ 0} and thus ERt = ER∞+o(1) = ∆1+o(1)
as t → ∞, see e.g. [12]. Putting σ2 def= VarX1 = µ2 − µ2, the identity µEτ(t) = t + ERt now
leads to the well known expansion

Eτ(t) =
t + ∆1

µ
+ o(1) =

t

µ
+

σ2

2µ2
+

1
2

+ o(1), t→∞. (2.4)

A corresponding result for Varτ(t) was derived by Smith [11], Lai and Siegmund [9], and Als-
meyer [1]. Suppose µ3 <∞ and that X1 is spread out. For the given situation of nonnegative
X1, X2, ... the result then reads

Varτ(t) =
σ2t

µ3
+

5µ2
2

4µ4
− 2µ3

3µ3
− µ2

µ2
+ o(1), t→∞. (2.5)

3. Results

The purpose of this article is to provide results corresponding to (2.1), (2.2) (in a weaker
form), (2.3) and (2.5) for nonarithmetic (ϕ, F, m)-MRP. However, instead of the overshoot Rt

we will rather focus on Rm,t because in the m-dependent situation the latter variable is more
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relevant for renewal theoretic considerations. To see this note that Janson’s equation with τ(t)
gives

Eλτ(t) =
1
µ

(
EλSτ(t)+m − EλSm

)
=

1
µ

(
t + EλRm,t − EλSm

)
(3.1)

for any initial distribution λ on Sm+1 × IR+. Put

µp(λ) def= sup
n≥0

EλX
p
n

for p > 0 and note that, by m-dependence, µp = EλX
p
m+1 ≤ µp(λ). We already proved in [2,

Cor. 4.2] that µ2(λ) <∞ implies limt→∞EλRm,t = ∆m,1 and then with (3.1)

Eλτ(t) =
t + ∆m,1 − EλSm

µ
+ o(1), t→∞. (3.2)

We put κ2 def= limn→∞ n−1VarSn (for existence of this limit see [8] or [2]) and note that κ2 also
equals Cov(Xn, Sn+m) for n ≥ 1. With this quantity, and after some elementary calculations,
(3.2) may be rewritten as

Eλτ(t) =
t

µ
+

κ2

2µ2
+

1
2
− Eλ(Sm −mµ)

µ
+ o(1), t→∞. (3.3)

In the stationary case λ = Fm+1, where Eλ(Sm−mµ) = 0, (3.3) reduces exactly to the second
formula for Eτ(t) in (2.4) when replacing σ2 with κ2.

We continue with a presentation of our results to be proved in the subsequent sections.

Theorem 3.1. If (Mn, Sn)n≥0 is a nonarithmetic (ϕ, F, m)-MRP with positive drift µ,
then

sup
t≥0

ERm,t ≤ 2∆m,1 (3.4)

and

sup
t≥0

EλRm,t ≤ 2∆m,1 + EλSm (3.5)

for arbitrary initial distribution λ on Sm+1 × IR+.

We note that every (ϕ, F, m)-MRP is also a (ϕ, F, l)-MRP for l > m so that the assertions
of Theorem 3.1 remain valid with any such l instead of m.

If Uλ(t)
def=
∑
n≥0 Pλ(Sn ≤ t) denotes the renewal function of (Sn)n≥0 under Pλ and if

U(t) def= UFm+1(t), then Uλ(t) = Eλτ(t) for all t ≥ 0 as in the i.i.d. case whence we have the
following immediate corollary to Theorem 3.1.

Corollary 3.2. In the situation of Theorem 3.1,

t

µ
−m ≤ U(t) ≤ t + 2∆m,1

µ
−m (3.6)
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and
t− EλSm

µ
≤ Uλ(t) ≤ t + 2∆m,1 − EλSm

µ
(3.7)

for all t ≥ 0 and any initial distribution λ on Sm+1 × IR+.

Our next result provides a bound for supt≥0 EλR
p
m,t for p > 1 which however is weaker

than the one in (2.2) for the i.i.d. case.

Theorem 3.3. Given the situation of Theorem 3.1, let p > 1. Then

sup
t≥0

ERp
m,t ≤ 2p+1∆m,p (3.8)

and
sup
t≥0

EλR
p
m,t ≤ 2pEλSm + 22p+1∆m,p (3.9)

for arbitrary initial distribution λ on Sm+1 × IR+.

In order to finally present an expansion of Varλτ(t) we note that (Mn, Sn)n≥0 is called
spread out if, for some Fm+1-positive set A and some n ∈ IN , the conditional distribution of
(Mn, Sn) given M0 = x is not singular with respect to Fm+1 ⊗ λλ for each x ∈ A.

Theorem 3.4. Given the situation of Theorem 3.1 suppose further that (Mn, Sn)n≥0

is spread out and µ3 < ∞. For any initial distribution λ such that µ3(λ) < ∞ it then holds
true that

Varλτ(t) =
κ2

µ3
t +

C

µ2
+ o(1), t→∞, (3.10)

where

C
def=

κ2

µ
∆m,1 + 2∆2

m,1 −∆m,2 + ∆2
2m,1 −∆2m,2

− 2Λ− κ2

µ
EλSm + Eλ(S2m − 2mµ)2.

(3.11)

The rest of the article is devoted to the proofs of the three theorems. We prove Theorem
3.1 and 3.3 in Section 4 and Theorem 3.4 in Section 5. An Appendix contains a Markov renewal
theorem for spread out (ϕ, F, m)-MRP.

4. Proofs of Theorem 3.1 and 3.3

We start by giving straightforward extension of Janson’s equations (1.5) and (1.6) which
will be repeatedly used thereafter.

Lemma 4.1. Given any fixed r ≥ 1, put Wn
def= (Xn, ..., Xn+r) for n ≥ 0. Let f :

Sr+1 → IR+ be a measurable function, Vn
def=
∑n
k=0 f(Wk) for n ≥ 0 and ν

def= Ef(W1). Let
further τ be a stopping time with respect to (Mn, Sn)n≥0. Then

EλVτ+m = νEλ(τ + m) + Eλ(Vm+r − (m + r)ν) (4.1)
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for any initial distribution λ on Sm+1 × IR+, in particular

EVτ+m = νE(τ + m). (4.2)

Proof. Note first that each stopping time with respect to (Mn, Sn)n≥0 is also a stopping
time with respect to (Mn, Wn)n≥0. Since (Wn)n≥1 is further (m+r)-dependent and stationary
under P = PFm+1 a similar martingale argument as for (1.6) yields EλVτ+m+r = νEλ(τ+m+r)
+Eλ(Vm+r − (m + r)ν). The assertion now follows because Pλ(f(Wτ+k) ∈ ·) = P (f(W1) ∈ ·)
for k = m + 1, ..., m + r and any λ and thus E

∑τ+m+r
k=τ+m+1 f(Wk) = νr. ♦

The second lemma is basically the first part of the proof of Theorem 3.1, but it will also
be needed in the proof of Theorem 3.4 in Section 5.

Lemma 4.2. Given the situation of Theorem 3.1,∫ c

0

ERm,t dt = ∆m,1(c + ERm,c)− 1
2
(ERm,c)2 − ER̂m,c. (4.3)

for all c > 0.

Proof. Fix any c > 0. The function t 7→ Rm,t is piecewise linear with slope −1 on each
interval [Sn−1, Sn) and Rm,Sn = Sn+m+1 − Sn for n ≥ 0. Therefore∫ Sn

Sn−1

Rm,t dt =
1
2
(Sn+m − Sn−1)2 − 1

2
(Sn+m − Sn)2 (4.4)

for n ≥ 0 and ∫ Sτ(c)

c

Rm,t dt =
1
2
R2
m,c −

1
2
(Sτ(c)+m − Sτ(c))2. (4.5)

With the help of (4.4) and after some algebra, we find∫ Sτ(c)+k

Sτ(c)+k−1

Rm,t dt =
1
2
(Sτ(c)+m+k − Sτ(c)+k−1)2 − 1

2
(Sτ(c)+m+k − Sτ(c)+k)2

=
1
2
(Sτ(c)+m − Sτ(c)+k−1)2 − 1

2
(Sτ(c)+m − Sτ(c)+k)2

+ Xτ(c)+k(Sτ(c)+m+k − Sτ(c)+m)

for 1 ≤ k ≤ m. Combining this with (4.5),∫ Sτ(c)+m

c

Rm,t dt =
∫ Sτ(c)

c

Rm,t dt +
m∑
k=1

∫ Sτ(c)+k

Sτ(c)+k−1

Rm,t dt

=
1
2
R2
m,c −

1
2
(Sτ(c)+m − Sτ(c))2

+
1
2

m∑
k=1

(
(Sτ(c)+m − Sτ(c)+k−1)2 − (Sτ(c)+m − Sτ(c)+k)2

)
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+
m∑
k=1

Xτ(c)+k(Sτ(c)+m+k − Sτ(c)+m)

=
1
2
R2
m,c + R̂m,c

which in turn may be combined with (4.4) to show

∫ c

0

Rm,t dt =
τ(c)+m∑
n=1

∫ Sn

Sn−1

Rm,t dt −
∫ Sτ(c)+m

c

Rm,t dt

=
1
2

τ(c)+m∑
n=1

(
(Sn+m − Sn−1)2 − (Sn+m − Sn)2

)
− 1

2
R2
m,c − R̂m,c.

(4.6)

Putting f(x1, ..., xm+1)
def= 1

2 ((
∑m+1
k=1 xk)2 − (

∑m+1
k=2 xk)2), we see that

f(Xn, ..., Xn+m) =
1
2

(
(Sn+m − Sn−1)2 − (Sn+m − Sn)2

)
for n ≥ 1. Hence an application of Lemma 4.1 and Janson’s equation (1.5) yields

1
2
E

(
τ(c)+m∑
n=1

(
(Sn+m − Sn−1)2 − (Sn+m − Sn)2

))

=
1
2
(ES2

m+1 − ES2
m)E(τ(c) + m)

= ∆m,1µE(τ(c) + m)

= ∆m,1(c + ERm,c).

Taking expectations in (4.6) and using ER2
m,c ≥ (ERm,c)2, we are thus finally led to∫ c

0

ERm,t dt = E

(∫ c

0

Rm,t dt

)
= ∆m,1(c + ERm,c)− 1

2
(ERm,c)2 − ER̂m,c

which is the asserted result. ♦

Proof of Theorem 3.1. Our proof is essentially an adaptation of the one given by
Lorden for the i.i.d. case. We begin with the stationary situation where λ = Fm+1.

First use Lemma 4.2, R̂m,c ≥ 0 and ER2
m,c ≥ (ERm,c)2 to infer∫ c

0

ERm,t dt = E

(∫ c

0

Rm,t dt

)
≤ ∆m,1(c + ERm,c)− 1

2
(ERm,c)2 (4.7)

for any c > 0.
The second step is to show that t 7→ ERm,t is a subsadditive function. For s ∈ IR+ and

n ∈ IN0, put

Ss,n
def= Sτ(s)+m+n − Sτ(s)+m =

n∑
k=1

Xτ(s)+m+k
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and
Ms,n

def= Mτ(s)+m+n.

Then (Ms,n, Ss,n)n≥0 forms a (ϕ, F, m)-MRP with initial distribution P (Mτ(s)+m ∈ ·) ⊗ δ0.
Since Mτ(s)+m+n is independent of Mτ(s) with distribution Fm+1 for n ≥ 1 (this is not neces-
sarily true for n = 0), we infer that (Ms,n)n≥1 forms a stationary (ϕ, F, m)-MRP independent
of (Mn, Sn)0≤n≤τ(s) and with the same distribution as (Mn, Sn)n≥1 under P = PFm+1 .

Now, defining

τs(t)
def= inf{n ≥ 0 : Ss,n > t} and R

(s)
m,t

def= Ss,τs(t)+m − t

for t ∈ IR+, we have that Sτ(s+t)+m ≤ Sτ(Sτ(s)+m+t)+m and R
(s)
m,t

d= Rm,t where d= means equa-
lity in distribution (under P ). Hence

Rm,s+t = Sτ(s+t)+m − (s + t)

≤ Sτ(Sτ(s)+m+t)+m − (s + t)

= (Ss,τs(t)+m − t) + (Sτ(s)+m − s)

= R
(s)
m,t + Rm,s

(4.8)

and thus
ERm,s+t ≤ ERm,s + ERm,t

for all s, t ∈ IR+.
Arguing as in Lorden [10], the subadditivity of ERm,t in t implies

c

2
ERm,c ≤ c

2
inf

0≤t≤c/2
(ERm,t + ERm,c−t)

≤
∫ c/2

0

(ERm,t + ERm,c−t) dt =
∫ c

0

Rm,t dt.

(4.9)

which in combination with (4.7) leads to

(ERm,c)2 + (c− 2∆m,1)ERm,c − 2c∆m,1 ≤ 0.

But the polynomial x 7→ x2 + (c− 2∆m,1)x + 2c∆m,1 is nonpositive only between its roots −c

and 2∆m,1, thus showing the desired inequality ERm,c ≤ 2∆m,1 for any c ∈ IR+.
We must finally derive inequality (3.5) for arbitrary initial distributions λ on Sm+1×IR+

which turns out to be easy. By another appeal to (4.8),

EλRm,s+t ≤ EλRm,s + EλR
(s)
m,t = EλRm,s + ERm,t

for all s, t ∈ IR+ because m-dependence implies Pλ(R
(s)
m,t ∈ ·) = P (Rm,t ∈ ·) for all s, t ∈ IR+.

Choose s = 0 and note that Rm,0 = Sm to conclude

sup
t≥0

EλRm,t ≤ EλRm,0 + sup
t≥0

ERm,t ≤ EλSm + 2∆m,1. ♦
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Proof of Theorem 3.3. We keep the notation from the previous proof. Along the
same lines as there (see (4.2–5)) we obtain here for each c > 0∫ c

0

Rp
m,t dt =

∫ Sτ(c)+m

0

Rp
m,t dt −

∫ Sτ(c)+m

c

Rp
m,t dt

≤
τ(c)+m∑
k=1

∫ Sk

Sk−1

(Sk+m − t)p dt −
∫ Sτ(c)+m

c

(Sτ(c)+m − t)p dt

=
1

p + 1

τ(c)+m∑
k=1

(
(Sk+m − Sk−1)p+1 − (Sk+m − Sk)p+1

)
− 1

p + 1
Rp+1
m,c

and then by another use of Lemma 4.1 and Janson’s equation∫ c

0

ERp
m,t dt ≤ ESp+1

m+1 − ESp+1
m

p + 1
E(τ(c) + m) − 1

p + 1
ERp+1

m,c

= ∆m,p(c + ERm,c) − 1
p + 1

ERp+1
m,c .

Since ERm,c ≤ (ERp
m,c)

1/p and ERp+1
m,c ≥ (ERp

m,c)
(p+1)/p by Jensen’s inequality, we arrive at∫ c

0

ERp
m,t dt ≤ ∆m,p

(
c + (ERp

m,c)
1/p
)
− 1

p + 1
(ERp

m,c)
(p+1)/p. (4.10)

With the help of (4.8) we next infer that

ERp
m,s+t ≤ E(Rm,s + R

(s)
m,t)

p ≤ 2p(ERp
m,s + ERp

m,t)

for all s, t ∈ IR+, where R
(s)
m,t

d= Rm,t should be recalled. Consequently,

cERp
m,c ≤ c inf

0≤t≤c
2p(ERp

m,t + ERp
m,c−t) ≤ 2p+1

∫ c

0

ERm,t dt,

which in combination with (4.10) leads to

cERp
m,c − 2p+1∆m,p

(
c + (ERp

m,c)
1/p
)
− 2p+1

p + 1
(ERp

m,c)
(p+1)/p ≤ 0. (4.11)

Inequality (3.8) follows because the function x 7→ cx − 2p+1∆m,p(c + x1/p) + 2p+1

p+1 x(p+1)/p is
positive for x > 2p+1∆m,p. As for (3.9), we finally note that

sup
t≥0

EλR
p
m,t ≤ 2p

(
EλR

p
m,0 + sup

t≥0
ERp

m,t

)
≤ 2pEλSm + 22p+1∆m,p. ♦

Remark. In the i.i.d. case Lorden’s bounds for higher order moments of Rt are based
on the inequality

Rs+t ≤ max{Rs, L
(s)
t },



11

where L
(s)
t

def= Xτs(t) and τs(t) is defined as in the proof of Theorem 3.1 (with m = 0). Then
ERp

t ≤ ERp
s + EXp

τ(t) which obviously provides a better bound than the use of subadditivity
by which the unpleasant factor 2p is incurred. Unfortunately, this inequality does not extend
to the case m ≥ 1 and we have been unable to come up with an inequality of similar type.

5. Proof of Theorem 3.4

Let us start by noting that Janson [8] proved the following identity as a substitute for
Wald’s second equation in the m-dependent case. If µ2 <∞ then

E(Sτ+2m − µ(τ + 2m))2 = κ2Eτ + E(S2m − 2mµ)2 (5.1)

for any stopping time τ . His martingale argument also gives

Eλ(Sτ+2m − µ(τ + 2m))2 = κ2Eλτ + Eλ(S2m − 2mµ)2 (5.2)

for arbitrary initial distributions λ on Sm+1 × IR+ such that Eλ(S2m − 2mµ)2 <∞.
Similar to the i.i.d. case (m = 0) the crucial term in the expansion of Varλτ(t) turns out

to be the covariance of τ(t) and R2m,t. In order to compute this quantity up to vanishing terms
as t→∞ we will need that the convergence of ER2m,t to ∆2m,1 is of the order o(t−1). This is
the result for which we require (Mn, Sn)n≥0 to be spread out. It is contained in the following
proposition. Let us first give some necessary notation and facts from Markov renewal theory
taken from [2] and [3]. For C ∈ Sm+1 ⊗B+ put

Uλ(C) def=
∑
n≥0

Pλ((Mn, Sn) ∈ C) = Eλ

(∑
n≥0

1C(Mn, Sn)

)
(5.3)

where 1C denotes the indicator function of C. Uλ is the Markov renewal measure associated
with (Mn, Sn)n≥0 under Pλ. Note that the nonnegativity of S0, X1, X2, ... implies (in analogy
to the i.i.d. case)

Uλ(Sm+1 × [0, t]) =
∑
n≥0

Pλ(Sn ≤ t) = Eλτ(t) (5.4)

for all t ≥ 0. Defining νs through

νs(A× (r,∞)) def=
1
µ

∫
(r,∞)

P (M1 ∈ A, X1 > t) λλ(dt)

for A ∈ Sm+1 and r ∈ IR+ one finds (see [2, eq. (5.1)]) that

Uνs =
1
µ

Fm+1 ⊗ λλ+ (5.5)

where λλ+ def= λλ(· ∩ IR+). νs is the so-called stationary Markov delay distribution. One can
easily check that

EνsS
α
m <∞ iff µα+1 <∞ (5.6)
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for any α > 0. Moreover, (Rm,t)t≥0 is stationary under Pνs , in particular ERm,t = ∆m,1

for all t ≥ 0. Finally, let ‖ν‖ denote total variation of a bounded signed measure ν, i.e.
‖ν‖ def= supA |ν(A)|.

Proposition 5.1. Let (Mn, Sn)n≥0 be a spread out (ϕ, F, m)-MRP with µα < ∞ for
some α > 2. If λ and λ′ are two initial distributions on Sm+1 × IR+ such that µα−1(λ) < ∞
and µα−1(λ′) <∞, then

|EλRm,t − Eλ′Rm,t| = o(t−(α−2)), t→∞, (5.7)

and in case α = 3 also ∫
IR+
|EλRm,t − Eλ′Rm,t| λλ(dt) < ∞. (5.8)

In particular, µα−1(λ) <∞ and µα <∞ implies

|EλRm,t −∆m,1| = o(t−(α−2)), t→∞, (5.9)

and in case α = 3 also ∫
IR+
|EλRm,t −∆m,1| λλ(dt) < ∞. (5.10)

Proof. We showed in [3] the existence of two coupled (ϕ, F, m)-MRP (Mn, Sn)n≥0 and
(M ′n, S

′
n)n≥0 with initial distributions λ and λ′, respectively, and the existence of two stopping

times σ, σ′ such that

(Mσ+n, Sσ+n)n≥0 = (M ′σ′+n, S
′
σ′+n)n≥0

and

Eλ,λ′S
∗α−1 <∞

for S∗ def= Sσ = S′σ′ . Here Eλ,λ′ clearly denotes expectation given initial distributions λ, λ′ for
the two processes. As a consequence of this coupling we derived that

‖Uλ(· ∩ [Sm+1 × (t,∞)])− Uλ′(· ∩ [Sm+1 × (t,∞)])‖ = o(t−(α−2)) (5.11)

and

‖Uλ − Uλ′‖ <∞.

Put ν
def= Uλ − Uλ′ . ν is a bounded signed measure with (use (5.4))

ν(Sm+1 × [0, t]) = Eλ,λ′τ(t)− Eλ,λ′τ
′(t) = Eλ,λ′τ(t ∧ S∗)− Eλ,λ′τ

′(t ∧ S∗)

where τ ′(t) has the obvious meaning. Hence, by letting t→∞,

ν(Sm+1 × IR+) = Eλ,λ′τ(S∗)− Eλ,λ′τ
′(S∗). (5.12)
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Now Eλ,λ′Sτ(S∗)+m = Eλ,λ′S
′
τ ′(S∗)+m. Using Janson’s equation (which is possible because the

coupling construction in [3] is Markov adapted), we obtain

EλSm + µEλ,λ′τ(S∗) = Eλ′Sm + µ Eλ,λ′τ
′(S∗)

and thus in (5.12)

ν(Sm+1 × IR+) =
EλSm − Eλ′Sm

µ
.

This further yields

Uλ(t)− Uλ′(t) = ν(Sm+1 × [0, t])

= ν(Sm+1 × IR+)− ν(Sm+1 × (t,∞))

=
EλSm − Eλ′Sm

µ
− ν(Sm+1 × (t,∞)).

where Uλ(t) = Uλ(Sm+1 × [0, t]) as in Corollary 3.2. Now we conclude (5.7) with the help of
(5.11) because

|EλRm,t − Eλ′Rm,t| = |EλSm + µEλτ(t)− Eλ′Rm,t − Eλ′τ(t)|

= µ

∣∣∣∣Uλ(t)− Uλ′(t) +
EλSm − Eλ′Sm

µ

∣∣∣∣
= µ|ν(Sm+1 × (t,∞))

≤ µ‖Uλ(· ∩ [Sm+1 × (t,∞)])− Uλ′(· ∩ [Sm+1 × (t,∞)])‖
= o(t−(α−2)).

Choosing λ′ = νs and using (5.6) we also get (5.9).
Left with the proof of (5.8) we first note that

|EλRm,t − Eλ′Rm,t| = |Eλ,λ′(Rm,t −R′m,t)|

where R′m,t
def= S′τ ′(t)+m − t. Now Rm,t = R′m,t on {S∗ ≤ t} implies

|EλRm,t − EλRm,t| ≤ Eλ,λ′(Rm,t + R′m,t)1{S∗>t}

for t ≥ 0. As a consequence,∫
IR+
|EλRm,t − EλRm,t| λλ(dt) ≤ Eλ,λ′

(∫ S∗

0

(Rm,t + R′m,t) dt

)
.

Put Vn
def=
∑n
k=1((Sk+m−Sk−1)2− (Sk+m−Sk)2) for n ≥ 0 and ν

def= EV1 = ES2
m+1−ES2

m =
µ∆m,1. Using (4.6) in Lemma 4.2 and then Lemma 4.1, we obtain

Eλ,λ′

(∫ S∗

0

Rm,t dt

)
≤ 1

2
Eλ,λ′Vτ(S∗)+m

= ∆m,1µEλ,λ′(τ(S∗) + m) + Eλ(Vm+1 − (m + 1)ν)

(5.13)
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which is finite because EλVm+1 ≤ K(EλS2
m+ES2

m) for some constant K and τ(S∗) = τ(Sσ) =
σ has finite mean as may be deduced from the coupling construction in [3] and Lemma 6.2
there. The same arguments show that Eλ,λ′(

∫ S∗
0

R′m,t dt) < ∞ which completes the proof of
(5.8). ♦

Let us note that strictly speaking Lemma 4.2 does not apply directly in (5.13) because
τ(S∗) is not a stopping time with respect to (Mn, Sn)n≥0 but only with respect to a suitable
extended filtration under which the coupling process (Mn, M

′
n, Sn, S

′
n)n≥0 is Markov adapted.

However, an extension of Lemma 4.2 of the required form is easily provided.

Proof of Theorem 3.4. Put Sn = Sn−nν for n ≥ 0. Using EλSτ(t)+2m = µEλ(τ(t)+
2m) + EλS2m in (5.2), we find after some simple algebra

µ2Varλτ(t) = κ2Eλτ(t) + 2µCovλ(Sτ(t)+2m, τ(t))− VarλSτ(t)+2m + EλS
2

2m. (5.14)

An expansion of Eλτ(t) up to vanishing terms is given by (3.3). Since µ3 and EλS
3
m are both

finite, (R2
2m,t)t≥0 is uniformly integrable by Theorem 4.1 in [2] which in combination with

R2m,t
d→ R2m,∞ under each Pλ further yields

VarλSτ(t)+2m = VarλR2m,t = ∆2m,2 −∆2
2m,1 + o(1), t→∞. (5.15)

We are thus left with the computation of Covλ(Sτ(t)+2m, τ(t)) up to vanishing terms as t→∞.
Along similar lines as in [9] we obtain

Covλ(Sτ(t)+2m, τ(t)) = Covλ(Sτ(t)+m, τ(t)) = Covλ(Rm,t, τ(t))

=
∑
n≥1

n

∫
{τ(t)=n}

(Rm,t − EλRm,t) dPλ

=
∑
n≥1

n

(∫
{τ(t)>n−1}

−
∫
{τ(t)>n}

)
(Rm,t − EλRm,t) dPλ

=
∑
n≥0

∫
{τ(t)>n}

(Rm,t − EλRm,t) dPλ

=
∑
n≥0

∫
Sm+1×[0,t]

(
Eλ(Rm,t|Mn = s, Sn = x)− EλRm,t

)
× dPλ(Mn ∈ ds, Sn ∈ dx)

=
∫
Sm+1×[0,t]

(
Es,0Rm,t−x − EλRm,t

)
Uλ(ds, dx)

= g ∗ Uλ(t)− (EλRm,t −∆m,1)Eλτ(t),

where

g(s, t) def= (Es,0Rm,t −∆m,1)1IR+(t).
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By Proposition 5.1 and (3.3),

(EλRm,t −∆m,1)Eλτ(t) = o(1), t→∞.

Furthermore, Theorem A.1 in the Appendix implies

lim
t→∞ g ∗ Uλ(t) =

1
µ

∫
IR+

∫
Sm+1

g(s, x) Fm+1(ds) λλ(dx)

=
1
µ

∫
IR+

(ERm,x −∆m,1) λλ(dt)
(5.16)

provided that g satisfies

lim
t→∞ g(s, t) = 0 PMn

λ -a.s. for all n ≥ 0; (5.17)∫
IR+

∫
Sm+1

|g(s, t)| Fm+1(ds) λλ(dt) < ∞; (5.18)

Eλ

(
m+1∑
n=0

G(Mn)

)
< ∞, (5.19)

where G(s) def= supt≥0 |g(s, t)|. We verify these conditions below but will first finish the com-
putation in (5.16). By Lemma 4.2 we have∫ c

0

ERm,t dt = ∆m,1(c + ERm,c)− 1
2
ER2

m,c − ER̂m,c.

Recall from the Introduction that R̂m,c converges in distribution to a limiting variable R̂m,∞
with mean Λ (see (1.12)). It is shown in [7, Lemma 6.6] that µ3 <∞ implies ER̂m,c = Λ+o(1)
as c→∞. We are thus led to∫ c

0

ERm,t dt = ∆m,1(c + ∆m,1)− 1
2
∆m,2 − Λ + o(1), c→∞

and then in (5.16) to

g ∗ Uλ(t) =
1
µ

lim
c→∞

∫ c

0

(ERm,t −∆m,1) dt

=
1
µ

lim
c→∞

(∫ c

0

(ERm,t dt − c∆m,1

)
=

1
µ

(
∆2
m,1 −

1
2
∆m,2 − Λ

)
.

(5.20)

A combination of (5.14), (3.3), (5.15) and (5.20) shows the asserted expansion for Varλτ(t).
We must finally check conditions (5.17–19). Note first that µ2(λ) <∞ implies µ2(δ(s,0) <

∞ for (
∑
n≥0 PMn

λ )-almost all s ∈ Sm+1. This in turn implies (5.17) by Corollary 4.2 in [2].
(5.18) is a direct consequence of (5.10) in Proposition 5.1 so that it remains to verify (5.19).
But

G(s) = sup
t≥0
|g(s, t)| ≤ 2∆m,1 + Es,0Sm
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by (3.5) in Theorem 3.1, whence

Eλ

(
m+1∑
n=0

G(Mn)

)
≤ 2(m + 2)∆m,1 +

m+1∑
n=0

∫
Sm+1

Es,0Sm Pλ(Mn ∈ ds)

= 2(m + 2)∆m,1 +
m+1∑
n=0

Eλ(Sm+n − Sn)

≤ 2(m + 2)∆m,1 + (m + 2)EλS2m+1 < ∞.

This completes the proof of the theorem. ♦

Appendix

The following Markov renewal theorem for spread out (ϕ, F, m)-Markov random walks
(MRW) (Mn, Sn)n≥0 with positive drift is stated for completeness. We do not require here
X0, X1, ... to be nonnegative. The corresponding result for the larger class of nonarithmetic
(ϕ, F, m)-MRW was given as Theorem 3.1 in [2] but requires stronger conditions. The result
below may also be viewed as a specification of a Markov renewal theorem established by Arjas,
Nummelin and Tweedie [4] for MRW possessing a recurrent atom.

Theorem A.1. Let (Mn, Sn)n≥0 be a spread out (ϕ, F, m)-Markov random walk with
drift µ = EX1 ∈ (0,∞] and Markov renewal measure Uλ under Pλ (see (5.3)). Then g∗Uλ(t) =
Eλ(

∑
n≥0 g(Mn, t− Sn)) satisfies

lim
t→∞ g ∗ Uλ(t) =

1
µ

∫
Sm+1

∫
IR

g(x, y) λλ(dy) Fm+1(dy) (A.1)

for every distribution λ on Sm+1×IR and every measurable function g : Sm+1×IR→ IR which
satisfy the following conditions:

lim
t→∞ g(s, t) = 0 PMn

λ -a.s. for all n ≥ 0; (A.2)∫
IR

∫
Sm+1

|g(s, t)| Fm+1(ds) λλ(dt) < ∞; (A.3)

Eλ

(
m+1∑
n=0

G(Mn)

)
< ∞, (A.4)

where G(s) def= supt≥0 |g(s, t)|.

Proof. As shown in [3], a spread out (ϕ, F, m)-MRW can be constructed together with
a sequence of stopping times (Tn)n≥0 such that, for a Fm+1-positive set B ∈ Sm+1

(i) (STn)n≥0 constitutes an ordinary delayed random walk with continuous increment distri-
bution;

(ii) STn and MTn are independent for all n ≥ 0;
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(iii) MT0 , MT1 , ... is a sequence of i.i.d. random variables with common distribution Fm+1(·|B)
= Fm+1(· ∩ B)/Fm+1(B);

(iv) (Tn − Tn−1)n≥0 is a sequence of i.i.d. random variables satisfying Tn − Tn−1 ≥ m + 1,
and Tn − Tn−1 is independent of (MTn−1 , STn−1) for all n ≥ 0 (T−1

def= 0).

Put

UT0
λ (C) def= Eλ

(
T0−1∑
n=0

1C(Mn, Sn)

)
and Uλ

def=
∑
n≥0

Pλ(STn ∈ ·).

As a consequence of (i)–(iii) (see Lemma 3.3 in [3]),

Uλ = UT0
λ + UFm+1(·|B) ∗ Uλ

and thus
g ∗ Uλ = g ∗ UT0

λ + (g ∗ UFm+1(·|B)) ∗ Uλ. (A.5)

Define g1
def= g ∗ UT0

λ and g2
def= g ∗ UT0

Fm+1(·|B). Since Uλ is the renewal measure of an ordinary
continuous (and thus spread out) random walk, we infer (A.1) from the key renewal theorem
for such random walks (see [4, Theorem 1]) if we still verify that

lim
t→∞ g1(t) = 0 (A.6)

and that g2 satisfies:

g2 is bounded; (A.7)∫
IR

|g2(t)| λλ(dt < ∞; (A.8)

lim
|t|→∞

g2(t) = 0. (A.9)

We start with the proof of (A.6), that is

lim
t→∞

∫
Sm+1×IR

g(s, t− u) UT0
λ (ds, du) = 0.

Since |g(s, t)| ≤ G(s) for all (s, t) ∈ Sm+1× IR the assertion follows from (A.2) in combination
with the dominated convergence theorem if we still verify that∫

Sm+1×IR
G(s) UT0

λ (ds, du) =
∫
Sm+1

G(s) UT0
λ (ds× IR) < ∞. (A.10)

As shown in [3], ET0 <∞ and

Fm+1 =
1

ET0
UT0
Fm+1(·|B)(· × IR). (A.11)

A combination with (iv) provides

UT0
Fm+1(·|B)(· × IR) = ET0 Fm+1 + Um+1

λ (· × IR)− Um+1
Fm+1(·|B)(· × IR),
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where Um+1
λ

def=
∑m
n=0 Pλ((Mn, Sn) ∈ ·). Moreover,

Um+1
Fm+1(·|B)(· × IR) ≤ 1

Fm+1(B)
Um+1
Fm+1(· × IR) =

m + 1
Fm+1(B)

Fm+1

forms a bounded measure. (A.10) is now concluded from∫
Sm+1

G(s) UT0
λ (ds× IR) = ET0

∫
Sm+1

G(s) Fm+1(ds) −
∫
Sm+1

G(s) Um+1
λ (ds× IR)

+
∫
Sm+1

G(s) Um+1
Fm+1(·|B)(ds× IR)

≤ ET0 EG(M1) +
m∑
n=0

EλG(Mn) − m + 1
Fm+1(B)

EG(M1),

the last line being finite by (A.4).
By another use of (A.11), we obtain

sup
t∈IR
|g2(t)| = sup

t∈IR

∫
Sm+1×IR

g(s, t− u) UT0
Fm+1(·|B)(ds, du)

≤
∫
Sm+1

G(s) UT0
Fm+1(·|B)(ds× IR)

= ET0 EG(M1),

(A.12)

and furthermore∫
IR

|g2(t)| λλ(dt) ≤
∫
IR

∫
Sm+1×IR

|g(s, t− u)| UT0
Fm+1(·|B)(ds× du) λλ(dt)

≤
∫
IR

∫
Sm+1×IR

|g(s, t)| UT0
Fm+1(·|B)(ds× du) λλ(dt)

=
1

ET0

∫
Sm+1

|g(s, t)| Fm+1(ds) λλ(dt).

(A.13)

Since the last integral in (A.13) is finite by (A.3), we have shown (A.7), while (A.7) follows
from (A.12) and the fact that EG(M1) = EλG(Mm+1) < ∞ by (A.4). Finally, (A.9) may be
proved by the same argument as (A.6). ♦
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