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This article considers random walks (Sn)n≥0 whose increments Xn are

(m+ 1)-block factors of the form ϕ(Yn−m, ..., Yn) for i.i.d. random vari-
ables Y−m, Y−m+1, ... taking values in an arbitrary measurable space
(S,S). Providing EX1 > 0 and by further introducing the Markov chain
Mn = (Yn−m, ..., Yn), n ≥ 0, they can be perfectly analyzed within the
framework of Markov renewal theory. Our approcach leads to new re-
sults for the associated sequence of ladder variables as well as for the
first passage times τ(t) = inf{n ≥ 1 : Sn > t}, t ≥ 0, and related quanti-
ties such as the excess over the boundary Rt = Sτ(t) − t. In particular,
we determine the asymptotic distribution of Rt, as t → ∞, provide an
asymptotic expansion of Eτ(t) up to vanishing terms and are able to
confirm a conjecture by Janson who earlier obtained related results.
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1. Introduction

Given any measurable space (S,S) with countably generated σ-field S and m ≥ 1, let
(Yn)n≥−m a sequence of i.i.d. S-valued random variables, defined on a common probability
space (Ω,A, P ) and with common distribution F . Let further ϕ0, ϕ : Sm+1 → IR be any
measurable functions,

X0 = ϕ0(Y−m, ..., Y0) and Xn = ϕ(Yn−m, ..., Yn) (1.1)

for n ≥ 1. Then (Xn)n≥0 is called a sequence of (m + 1)-block factors of (Yn)n≥−m. It is
obviously m-dependent (X0, ..., Xk and (Xk+j)j≥m+1 are independent for every k ≥ 0) and
further stationary when leaving out X0. It has recently been shown that there exist stationary
m-dependent sequences that are not (m + l)-block factors for any l ≥ 1, see [1], [7].

Providing the previous assumptions and further EX1 > 0, we want to consider the
random walk

Sn = X0 + ... + Xn, n ≥ 0.

Due to the weak dependence structure of the increment sequence it is intuitively obvious that
many renewal theoretic properties of (Sn)n≥0 that are valid in the i.i.d. case (m = 0) should
carry over in one way or another to the present m-dependent situation. Our purpose is to show
that this can indeed be accomplished in an elegant way by employing Markov renewal theory,
especially a general version of the Markov renewal theorem that has been recently established
by the first author [2], [3]. In view of that general purpose the following questions will be
addressed here:

(1) (Blackwell’s and key renewal theorem) If V =
∑
n≥0 P (Sn ∈ ·) denotes the renewal

measure of (Sn)n≥0, how does V ([t, t + h]), and more generally g ∗ V (t) for suitable
functions g behave as t→∞?

(2) (Ladder variables) What kind of dependence structure do the given assumptions on
(Xn)n≥0 imply for the sequence of ladder epochs and ladder heights associated with
(Sn)n≥0?

(3) (First passage times) If τ(t) = inf{n ≥ 0 : Sn > t} is the first passage time beyond t ≥ 0,
how do quantities like Eτ(t) and the distribution of the excess (forward recurrence time)
Sτ(t) − t behave, as t→∞?

The answers are provided in Sections 2–4 together with further ones and an account of their re-
lation to earlier results in the literature, especially by Janson,[8] and [9], where totally different
methods are employed.

Let us now describe the appropriate framework for our investigations which is nothing
but a very particular and simple Markov renewal model. Defining the Markov chain

Mn = (Yn−m, ..., Yn), n ≥ 0, (1.2)

we have X0 = ϕ0(M0), Xn = ϕ(Mn) for n ≥ 1 and see that the Xn’s are conditionally deter-
ministic and thus independent given (Mn)n≥0. Consequently, (Mn, Xn)n≥0 forms a bivariate
Markov chain with transitions from (x, y) ∈ Sm+1 × IR into a set A×B ∈ Sm+1 ⊗B depend-
ing on x only. Clearly, B denotes here the Borel σ-field on IR. Given this special transition
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property the sequence (Mn, Sn)n≥0 has been called a Markov random walk (MRW) in [2] and
satisfies an extension of Blackwell’s and the Key renewal theorem, the so-called Markov renewal
theorem under a number of further conditions. Due to the particularly nice form of the Mn’s,
being random vectors of m+1 i.i.d. components and again a stationary m-dependent sequence,
these conditions are easily verified except perhaps for the appearing lattice-condition which is
more complicated than in classical renewal theory (see Lemma 3.1). Finally, we mention that
the Markov renewal structure persists if, instead of (Mn)n≥0, one takes

M̂n
def= (Yn−m+1, ..., Yn), n ≥ 0

as the driving chain for (Xn)n≥1. We have chosen the former one only because then Xn can
be written as a function of Mn alone instead of Mn−1, Mn.

In the following we always assume ϕ0 ≡ 0, i.e. S0 = X0 = 0 (the so-called zero-delayed
case). This is only a minor loss of generality in the subsequent analysis because one can always
prove results first for the zero-delayed MRW (Mn, Sn − S0)n≥0 and then check under what
extra, typically moment conditions on the delay S0 these results carry over to (Mn, Sn)n≥0.
This is a notorious procedure in classical renewal theory. On the other hand, this assumption
simplifies the statement of a number of results.

Let us further introduce, for any x ∈ Sm+1, the conditional probability measure Px
def=

P (·|M0 = x) on (Ω,A) with expectation operator Ex. (Sn)n≥0 then forms a zero-delayed ran-

dom walk under Px. Our results will be stated for Pλ
def=
∫

Px λ(dx) with λ being an arbitrary
initial distribution on Sm+1. If λ = Fm+1 we simply write P, E instead of PFm+1 , EFm+1 ,
where Fm+1 clearly denotes the (m+1)-fold product of F . Notice that Fm+1 is the stationary
distribution of (Mn)n≥0 and that, by m-dependence (Mn)n≥0 obviously forms an ergodic (ape-
riodic and positive recurrent) Harris chain, see at the beginning of Section 6 for a definition
of this notion and a number of important related facts. The Harris recurrence constitutes an
essential condition for the application of Markov renewal theory.

Given a distribution λ on (Sm+1,Sm+1), let

Uλ(A×B) =
∑
n≥0

Pλ(Mn ∈ A, Sn ∈ B), A ∈ S
m+1, B ∈ B, (1.3)

be the associated Markov renewal measure of (Mn, Sn)n≥0. Again, we write U instead of
UFm+1 and Ux instead of Uδx . For a measurable function g : Sm+1 × IR → IR, we then define
its convolution with Uλ by

g ∗ Uλ(t) = Eλ

(∑
n≥0

g(Mn, t− Sn)

)
, t ∈ IR, (1.4)

providing the right-hand expression exists.
All previously introduced notation will be valid throughout the entire paper unless stated

otherwise. The main results are stated in Sections 3–5, while proofs can be found in Sections
5–7.
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2. Ladder variables

In view of an analysis of first passage times and related quantities like the excess over
the boundary (question (3)) it is necessary to study the sequence of (strictly ascending) ladder
epochs and ladder heights associated with (Sn)n≥0. The former are recursively given by σ0 = 0
and

σn = inf{j > σn−1 : Sj > Sσn−1}
for n ≥ 1, the latter by S>

n = Sσn for n ≥ 0. Let τn = σn − σn−1 and X>
n = S>

n − S>

n−1, n ≥ 1,
denote their respective increments and define τ0 = X>

0 = 0. Finally put

M>

n = Mσn = (Yσn−m, ..., Yσn) (2.1)

for n ≥ 0 and note that this sequence is again a Markov chain.
Janson [8] pointed out by giving a counterexample (see Example 3.1 there) that one

cannot expect (τn)n≥0 or (X>
n )n≥1 to be stationary nor k-dependent for some k ≥ m. However,

our next theorem shows that they can still be analyzed within the framework of Markov
renewal theory. The notion Markov renewal process (MRP) is used there to denote a MRW
whose second component has positive increments. The definition of its lattice-type and the
associated shift function is given in the next section.

Theorem 2.1. Given the previous notation and µ > 0, the following assertions hold:
(a) (M>

n )n≥0, (M>
n , τn)n≥0, (M>

n , X>
n )n≥0 and (M>

n , X>
n , τn)n≥0 are each positive recurrent

Harris chains.
(b) (M>

n , σn)n≥0 and (M>
n , S>

n )n≥0 both constitute MRP, the former being 1-arithmetic
with shift function 0, the latter of the same lattice-type as (Mn, Sn)n≥0 (with identical
shift function if arithmetic).

(c) If ξ∗ denotes the stationary distribution of (M>
n )n≥0, then θ

def= Eξ∗τ1 <∞.

(d) µ>
def= Eξ∗X

>

1 <∞ iff EX>

1 <∞ iff µ <∞.
(e) µ> = µθ.

Apart from assertion (e), obviously a Wald-type equation for the first ladder height, this
theorem is again a specialization of a more general one in [4]. Its difficult part is to prove
the Harris recurrence of (M>

n )n≥0. Somewhat surprisingly, even in the present situation there
seems to be no simplification of the necessary arguments. As for (e), a simple proof is given
right after (4.2).

Remark. It is important to point out that (M>
n )n≥0 and thus also the other three chains

in part (a) of Theorem 2.1 need not be aperiodic (though (Mn)n≥0 always is in the present
setup). The following counterexample is from [9] where strictly ascending ladder epochs in
case of indicator functions ϕ were investigated: Given i.i.d. Bernoulli variables Y−1, Y0, ... with
P (Y−1 = 1) = 1 − P (Y−1 = 0) = p ∈ (0, 1), let Xn = 1{Yn−1 6=Yn}. (Xn)n≥0 then forms a
stationary 1-dependent sequence. Now observe that a ladder epoch for the associated random
walk occurs at n iff Mn = (Yn−1, Yn) = (0, 1), or = (1, 0), and that these two states are attained
in alternating order at consecutive ladder epochs. Hence (M>

n )n≥0 is the 2-periodic discrete
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Markov chain with state space {(0, 1), (1, 0)} and transition matrix
(

0 1
1 0

)
. As a consequence,

unless p = 1
2 , the distribution of τn under P(0,1) as well as P(1,0) does not converge to a

stationary limit, but is either geometric with parameter p or with parameter 1−p, in alternating
order for each n ≥ 1. The ladder height increments X>

n are, of course, always equal to 1 here.
Janson showed further in [9] that, within the class of m-dependent and m-separated

(XnXn+k = 0 for all 1 ≤ k ≤ m − 1) indicator sequences Xn = 1A(Yn−m, ..., Yn) based on
real-valued i.i.d. Y0, Y1, ..., the previous example is the only one where the τn do not have a
limit distribution.

3. Markov renewal theorems

Within the described Markov renewal framework we can now formulate the fundamental
result, the Markov renewal theorem for (m+1)-block factors and its ladder variables. As is well-
known most renewal theorems have an arithmetic and a nonarithmetic version. Unfortunately,
in Markov renewal theory the distinction of the two cases requires greater care than in classical
renewal theory. The right definition of an arithmetic MRW has been provided by Shurenkov
[12] and looks as follows: (Mn, Sn)n≥0 is called d-arithmetic if d > 0 denotes the maximal
number for which there exists a measurable function γ : Sm+1 → [0, d), called shift function,
such that

P (X1 ∈ γ(M0)− γ(M1) + dZ) = 1. (3.1)

If no such d exists, (Mn, Sn)n≥0 is called nonarithmetic. The following lemma gives the trans-
lation of that lattice condition in terms of ϕ where ”≡dZ” means congruence modulo elements
from dZ.

Lemma 3.1. (Mn, Sn)n≥0 is d-arithmetic iff d > 0 denotes the maximal number for
which there exists a function ψ : Sm → [0, d) such that

ϕ(x0, ..., xm) ≡dZ ψ(x0, ..., xm−1)− ψ(x1, ..., xm) Fm+1-a.s. (3.2)

In this case the shift function γ is given by γ(x0, ..., xm) = ψ(x1, ..., xm).

The proof is easy and can be omitted. Our Markov renewal theorems are stated for the
cases where (Mn, Sn)n≥0 is nonarithmetic or 1-arithmetic with shift function 0. Assuming
d = 1 in the arithmetic case is clearly no loss of generality. As for the second restriction note
that if (Mn, Sn)n≥0 has shift function γ 6= 0 then (Mn, Sn − γ(M0) + γ(Mn))n≥0 has shift
function 0 (and the same lattice-span). We denote by λλd Lebesgue measure on IR if d = 0 and
counting measure on Z if d = 1. We further define for convenience

d-lim
t→∞ f(t) =

 lim
t→∞ f(t), if d = 0

lim
n→∞ f(nd), if d > 0

.

Finally, throughout the whole paper we make the following

Standing assumption: Whenever in the 1-arithmetic case, initial distributions λ

are such that Pλ(Xn ∈ Z) = 1 for all n ≥ 1.
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Theorem 3.2. Suppose 0 < µ = EX1 ≤ ∞. If (Mn, Sn)n≥0 is nonarithmetic (d = 0)
or 1-arithmetic with shift function 0 (d = 1) then

d-lim
t→∞ g ∗ Uλ(t) =

1
µ

∫
Sm+1

∫
IR

g(x, y) λλd(dy) Fm+1(dx), (3.3)

lim
t→−∞ g ∗ Uλ(t) = 0 (3.4)

for each initial distribution λ on Sm+1 and each measurable function g : Sm+1 × IR → IR

satisfying

Eλ

(
m∑
n=0

G(Mn)

)
< ∞, G(x) def= sup

t∈IR
|g(x, t)|, (3.5)

lim
|t|→∞

|g(x, t)| = 0 PMn

λ -a.s. for all n ≥ 0 (3.6)

and further

g(x, ·) is λλ0-almost everywhere continuous for each x ∈ Sm+1; (3.7)∫
Sm+1

∑
n∈Z

sup
nρ≤y<(n+1)ρ

|g(x, y)| Fm+1(dx) < ∞ for some ρ > 0 (3.8)

in the nonarithmetic case, and∫
Sm+1

∑
n∈Z
|g(x, n)| Fm+1(dx) < ∞ (3.9)

in the arithmetic case.

Theorem 3.2 is essentially a specification of the Markov renewal theorem in [2] and [3]
to the present situation. It goes beyond the latter one only by allowing for more general
distributions λ where condition (3.5) is a consequence of the particular dependence structure
of (Mn, Xn)n≥0. The necessary arguments for this generalization are given in Section 6. Since
in the 1-arithmetic case g ∗ Uλ(n), n ∈ Z, only depends on the values of g(x, n) we always
assume in this case that g(x, t) = g(x, n) for t ∈ [n, n + 1), n ∈ Z. Note that, given a function
g satisfying (3.7) and (3.8), resp. (3.9), condition (3.5) is always fulfilled with λ = Fm+1.
Moreover, validity of (3.6) for any λ implies validity of that condition for λ = Fm+1 because
PMn

λ = Fm+1 for all n > m.
The following Blackwell-type result yields as a direct consequence of Theorem 3.2 when

specializing there to functions g of the form g = 1A×I for A ∈ Sm+1 and finite intervals I.

Corollary 3.3. In the situation of Theorem 3.2

d-lim
t→∞ Uλ(A× t + I) = µ−1Fm+1(A)λλd(I) and lim

t→−∞Uλ(A× t + I) = 0 (3.10)

for all A ∈ Sm+1, finite intervals I and initial distributions λ.
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Turning to the ladder variables associated with (Mn, Sn)n≥0, more precisely to the MRPs
(M>

n , σn)n≥0 and (M>
n , S>

n )n≥0, we can also easily formulate a Markov renewal theorem for
these sequences because their driving chain (M>

n )n≥0 is positive Harris recurrent by Theorem
2.1. Denote by

V >

λ =
∑
n≥0

P
(M>

n ,σn)
λ and U>

λ =
∑
n≥0

P
(M>

n ,S
>
n )

λ

their respective Markov renewal measures. Recall from Theorem 2.1 that (M>
n , S>

n )n≥0 is of
the same lattice-type as (Mn, Sn)n≥0 while (M>

n , σn)n≥0 is 1-arithmetic with shift function 0.

Theorem 3.4. Given the situation of Theorem 3.2 and the notation of Theorem 2.1,

lim
n→∞ g ∗ V >

λ (n) =
1
θ

∫
Sm+1

∑
n∈Z

g(x, n) ξ∗(dx) (3.11)

for each initial distribution λ on Sm+1 and each measurable function g : Sm+1 × IR → IR

(w.l.o.g. constant on each [n, n + 1), n ∈ IN0) satisfying (3.5), (3.6) and (3.9).

Theorem 3.5. Given the situation of Theorem 3.2 and the notation of Theorem 2.1,

d-lim
t→∞ g ∗ U>

λ (t) =
1

µ>

∫
Sm+1

∫
IR

g(x, y) λλd(dy) ξ∗(dx) (3.12)

for each initial distribution λ on Sm+1 and each measurable function g : Sm+1 × [0,∞) → IR

(w.l.o.g. constant on each [n, n + 1), n ∈ IN0, if d = 1) satisfying (3.5), (3.6), and further
(3.7), (3.8) in the nonarithmetic case and (3.9) in the arithmetic case.

It is easily seen that Blackwell-type versions of Theorem 3.4 and 3.5 hold again for all
initial distributions λ. Their statement is omitted. The results are again specifications of the
Markov renewal theorem in [2] or [3] apart from allowing a wider class of initial distributions
λ. However, since (σn)n≥0 and (S>

n )n≥0 in general do not possess m-dependent increments this
extension is more difficult than in Theorem 3.2. Its proof, to be found in Section 6, will be
based on certain uniform integrability results provided in Section 5. Note finally that validity
of (3.6) for any λ implies validity of that condition for λ = ξ∗ as well because ξ∗ ≤ θFm+1 (use
Fm+1(A) = θ−1Eξ∗(

∑σ1−1
n=0 1A(Mn)) and recall the remark after Theorem 3.2).

4. First passage times

We keep all notation from the previous sections and put further Fn = σ(Y−m, ..., Yn) for
n ≥ 0. Before turning to question (3) posed in the Introduction we first note a useful substitute
of Wald’s identity in the present setup. Suppose µ is finite. By applying the optional sampling
theorem to the P -martingale Wn = E(Sn+m − (n + m)µ|Fn), n ≥ 0, Janson [8] obtained

ESτ+m = µE(τ + m) (4.1)

for every stopping time τ with finite mean. But (Wn)n≥0 is also a martingale under every Pλ
with Eλ|Sm| <∞, whence by the same argument

EλWτ+m = EλW0 = Eλ(Sm −mµ),
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that is
EλSτ+m = Eλ(Sm −mµ) + µEλ(τ + m) = EλSm + µEλτ. (4.2)

An alternative proof may be based on occupation measures, see [11]. Here is a quick argument
for assertion (e) in Theorem 2.1: By stationarity we have Sσ1+m − Sσ1 ∼Pξ∗ Sm which in
combination with (4.2) gives

µ> = Eξ∗Sσ1 = Eξ∗Sσ1+m − Eξ∗Sm = µEξ∗τ = µθ.

Recall that
τ(t) = inf{n ≥ 1 : Sn > t}

for t ≥ 0. Assuming µ > 0, Janson [8] showed that Eτ(t) < ∞ for all t ≥ 0 and a number
of moment and limit results for τ(t), Sτ(t) and, most importantly, the excess Rt = Sτ(t) − t,
as t → ∞ (see his Sections 2 and 3). Providing µ ∈ (0,∞), Eλ|Xn| < ∞ for all n ≥ 1 and
Eλτ(t) < ∞ (which then already follows as we will see further below) and applying (4.2) to
τ(t) yields

Eλτ(t) = µ−1
(
t + EλRt + Eλ(Sτ(t)+m − Sτ(t))− EλSm

)
(4.3)

By using this identity with λ = Fm+1 Janson could prove

Eτ(t) = µ−1t + O(1) (t→∞) (4.4)

in case of nonnegative X1, X2, ... with finite second moment. He also gave weaker remainder
term estimates under weaker moment conditions as well as for the case where P (X1 < 0) > 0.
A combination of his results with ours from the previous sections leads to number of extensions
stated as Theorem 4.1 and Corollary 4.2 below.

Let us further define τ>(t) = inf{n ≥ 0 : S>
n > t} and notice that Rt = S>

τ>(t) − t for
all t ≥ 0 as in the i.i.d. case. Moreover, we have Mτ(t) = M>

τ>(t) for all t ≥ 0. In view of
(4.3) above we will have to consider also the variables Sτ(t)+m − Sτ(t) in order to obtain an
expansion for Eλτ(t) up to vanishing terms as t→∞. Put Sn,k = Sn+k − Sn.

Theorem 4.1. Given the previous notation let (Mn, Sn)n≥0 be nonarithmetic (d = 0)
or 1-arithmetic with shift function 0 (d = 1). Providing 0 < µ < ∞, the following assertions
hold for every initial distribution λ on (Sm+1,Sm+1):
(a) For all C ∈ Sm+1, r ≥ 0 and s ∈ IR

d-lim
t→∞ Pλ(Mτ(t) ∈ C, Rt > r) =

1
µ>

∫
[r,∞)

Pξ∗(Mσ1 ∈ C, Sσ1 > u) λλd(du); (4.5)

d-lim
t→∞ Pλ(Mτ(t) ∈ C,Sτ(t),m > s) =

1
µ>

∫
[0,∞)

Pξ∗(Mσ1 ∈ C, Sσ1 > u, Sσ1,m > s) λλd(du). (4.6)

(b) For each p > 0, EλX
−
n <∞ and Eλ(X+

n )p+1 <∞ for all n ≥ 1 imply EλS
p+1
σn <∞ for

all n ≥ 1 as well as uniform integrability of (Rp
t )t≥0 and (Spτ(t),m)t≥0 under Pλ.

(c) Providing EλX
−
n <∞ and Eλ(X+

n )2 <∞ for all n ≥ 1,
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d-lim
t→∞ EλRt =

Eξ∗S
2
σ1

2µ>
+

d

2
; (4.7)

d-lim
t→∞ EλSτ(t),m =

Eξ∗Sσ1Sσ1,m

µ>
; (4.8)

d-lim
t→∞

(
Eλτ(t)− t

µ

)
=

Eξ∗S
2
σ1

2µµ>
+

Eξ∗Sσ1Sσ1,m

µµ>
− EλSm

µ
+

d

2µ
. (4.9)

Note that Eλ(X
(±)
n )p = E(X(±)

1 )p for all n > m follows from m-dependence and station-
arity of the Xn.

If the Xn themselves are already nonnegative (ϕ ≥ 0) with positive mean, the formulae
above, notably (4.8), simplify because we do not need ladder variables and can replace ξ∗ by
the product distribution Fm+1, Pξ∗ by P and σ1 by 1. In that case we can actually confirm
a conjecture by Janson, (4.14) below, who proved the limit with Eτ(t) − t/µ replaced by the
integrated average 1

T

∫ T
0

(Eτ(t) − t/µ) dt, see [8, Remark 3.1], and also Remark (a) following

Corollary 4.2 below. Put κ2 def= Cov(Xn, Sn+m) for n > m and suppose EX2
1 <∞. It follows

by stationarity

κ2 = VarX1 + 2
m+1∑
i=2

Cov(X1, Xi) = EX2
1 + 2EX1S1,m − (2m + 1)µ2,

and further κ2 = limn→∞ n−1VarSn.

Corollary 4.2. If ϕ is nonnegative, then the assertions of Theorem 4.1 simplify to

d-lim
t→∞ Pλ(Mτ(t) ∈ C, Rt > r) = µ−1

∫
[r,∞)

P (M1 ∈ C, X1 > s) λλ+
d (ds); (4.10)

d-lim
t→∞ Pλ(Mτ(t) ∈ C, Sτ(t),m > r) = µ−1

∫ ∞
0

P (M1 ∈ C, X1 > s, S1,m > r) ds, (4.11)

d-lim
t→∞ EλRt =

EX2
1

2µ
+

d

2
; (4.12)

d-lim
t→∞ EλSτ(t),m =

EX1S1,m

µ
; (4.13)

d-lim
t→∞

(
Eλτ(t)− t

µ

)
=

κ2

2µ2
+

1
2

+
d

2µ
− Eλ(Sm −mµ)

µ
, (4.14)

keeping all other assumptions there fixed.

Remarks. (a) Choosing λ = Fm+1 in (4.14) gives

d-lim
t→∞

(
Eτ(t)− t

µ

)
=

κ2

2µ2
+

1
2

+
d

2µ
. (4.15)

It is this formula with d = 0 which was conjectured in [8].
(b) It is interesting to note that (4.15) formally coincides with the result in the i.i.d.

case if one observes that the asymptotic average variance κ2 then equals the variance of each
increment.
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(c) It is clear that part (a) and (b) of Theorem 4.1 do also lead to convergence results for
higher order moments of Rt and Sτ(t),m, as t→∞. The asymptotic moments can be computed
with the help of (4.5) and (4.6), although nice formula do only yield in the nonarithmetic case,
see the proof of Theorem 4.1(b) for further details

5. The marked point process view and uniform integrability

The main purpose of this section is to provide a number of uniform integrability results
which will particularly furnish the proofs of Theorem 3.4 and 3.5 in Section 6. It is useful to
adopt a different viewpoint by considering the marked point process (MPP)

N
def=

∑
n≥0

δ(Mn,Sn)

associated with (Mn, Sn)n≥0. Naturally, the Mn are the marks, the mark space thus being
(Sm+1,Sm+1). N is a random measure in the space of counting measures on (Sm+1 × IR,

Sm+1 ⊗B) endowed with the smallest σ-field such that all projections N(C), C ∈ Sm+1 ⊗B

are measurable. The Markov renewal measure Uλ is the intensity measure of N under Pλ, i.e.

Uλ(A×B) = EλN(A×B), A ∈ S
m+1, B ∈ B.

For t ∈ IR let

θtN =
∑
n≥0

δ(Mn,Sn−t)

be the translation (shift) of N by t so that

θtN(A×B) = N(A× t + B)

for all A ∈ Sm+1, B ∈ B. Denote by N+ the restriction of N to Sm+1 × [0,∞). Similarly,
given a measure ν on (IR,B), let ν+ be its restriction to [0,∞).

Theorem 5.1 below shows weak convergence of (θtN)+, as t → ∞, to a stationary limit
providing µ ∈ (0,∞). Although it could be stated for arbitrary MPPs associated with positive
drift MRWs driven by an ergodic Harris chain we restrict ourselves to the setup of (m + 1)-
block factors. Berbee [6, Chapter 6] obtained very similar results within the wider class of
weak Bernoulli processes, but instead of referring to his work we provide a proof based on
a coupling argument that was already used in [2] and [3]. More important for our purposes
than Theorem 5.1 is its extension Theorem 5.2 because it will lead to a number of uniform
integrability conclusions when combined with Theorem 3.2 and Corollary 3.3.

We continue to assume that (Mn, Sn)n≥0 is either nonarithmetic or 1-arithmetic with
shift function 0. Moreover, suppose µ ∈ (0,∞). In order to specify the stationary limit of
(θtN)+, define the stationary Markov delay distribution νs on (Sm+1× IR,Sm+1⊗B) through

νs(A×B) =
1

µ>

∫
B

Pξ∗(Mσ1 ∈ A, Sσ1 > s) λλ+
d (ds), A ∈ S

m+1, B ∈ B (5.1)
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where d is the lattice-span of (Mn, Sn)n≥0. As will be seen in the following section (Theorem
5.1), νs is the limiting distribution of (Mτ(t), Sτ(t) − t), as t→∞ (through Z if d = 1). It was
further shown in [3] in a more general framework that

Uνs(A×B) = Eξ∗

(
σ1−1∑
n=0

1A(Mn)λλ+
d (B − Sn)

)
, A ∈ S

m+1, B ∈ B, (5.2)

and in particular
U+
νs = µ−1Fm+1 ⊗ λλ+

d . (5.3)

This may easily be used to obtain that (Mτ(t)+n, Sτ(t)+n−t), t ∈ [0,∞) resp. IN0, is a stationary
process under Pνs for every n ≥ 0. Since

(θtN)+ =

(∑
n≥0

δ(Mτ(t)+n,Sτ(t)+n−t)

)+

we also conclude stationarity of (θtN)+, t ∈ [0,∞) resp. IN0, under Pνs . In other words, N is
a (time-)stationary MPP under Pνs when restricted to Sm+1 × [0,∞). We prove now

Theorem 5.1. For every initial distribution λ on (Sm+1,Sm+1)

d-lim
t→∞ Pλ(θtN(A× I) = n) =

{
Pνs(N(A× I) = n), if µ ∈ (0,∞)

0, if µ =∞ (5.4)

for all n ∈ IN0, A ∈ Sm+1 and bounded intervals I ⊂ [0,∞). Moreover, in either case

lim
t→−∞Pλ(θtN(A× t + I) = n) = 0. (5.5)

So we have weak convergence of Pλ(θtN(A× I) ∈ ·) to Pνs(N(A× I) ∈ ·), as t → ∞, if
µ ∈ (0,∞), and convergence in probability to 0, if µ = ∞. Moreover, the latter convergence
holds in any case if t→ −∞.

In order to motivate the following extension of Theorem 5.1 note first that

g ∗ Uλ(t) = Eλg ∗ θtN(0) (5.6)

for every function g such that g ∗ Uλ(t) exists for all t ∈ IR. Theorem 5.2 provides a weak
convergence result for g ∗ θtN(0) as t tends to ±∞.

Theorem 5.2. For every initial distribution λ on (Sm+1,Sm+1) and every measurable
function g : Sm+1 × IR→ IR satisfying the assumptions of Theorem 3.2

d-lim
t→∞ Pλ(g ∗ θtN(0) ∈ ·) =

{
Pνs(g ∗N(0) ∈ ·), if µ ∈ (0,∞)

δ0, if µ =∞ (5.7)

in the sense of weak convergence. Moreover, in either case

lim
t→−∞Pλ(g ∗ θtN(0) ∈ ·) = δ0. (5.8)
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Theorem 5.1 is obviously a special case of Theorem 5.2. Hence it suffices to give a proof
of the latter one which is postponed to the end of the section. Since weak convergence plus
convergence of absolute moments implies uniform integrability, a combination of Theorem 5.2
and Theorem 3.2 now easily leads to a number of such conclusions.

Given a measurable g : Sm+1 × IR→ IR, define

gε = inf
t∈[(n−1)ε,(n+2)ε]

g(x, t) and gε = sup
t∈[(n−1)ε,(n+2)ε]

g(x, t) (5.9)

for ε > 0. Notice that, if the conditions of Theorem 3.2 hold for a pair (λ, g), then they hold
also for (λ, g±), (λ, |g|) and (λ, gε), (λ, gε) for sufficiently small ε > 0.

Corollary 5.3. For every initial distribution λ on (Sm+1,Sm+1) and every mea-
surable function g : Sm+1 × IR → IR satisfying the assumptions of Theorem 3.2, the family
{|g|∗θtN(0), t ∈ IR} is uniformly integrable (u.i.) under Pλ. In particular, {N(A×t+I), t ∈ IR}
is u.i. under each Pλ for all A ∈ Sm+1 and bounded intervals I.

Proof. In view of the previous remark it is no loss of generality to assume g ≥ 0.
Theorem 5.2 in combination with

d-lim
t→∞ Eλg ∗ θtN(0) = Eνsg ∗N(0), resp. 0 and lim

t→−∞Eλg ∗ θtN(0) = 0

by Theorem 3.2 implies the uniform integrability of {g ∗ θnεN(0), n ∈ Z}, and the same con-
clusion can be drawn for {gε ∗ θnεN(0), n ∈ Z} for all ε > 0. But g ∗ θtN(0) ≤ gε ∗ θnN(0) for
all t ∈ [nε, (n + 1)ε) then gives the asserted result.

Similar results are now more easily obtained for the MPPs

N> def=
∑
n≥0

δ(M>
n ,S

>
n ) and N (σ) def=

∑
n≥0

δ(M>
n ,σn)

associated with (M>
n , S>

n )n≥0 and (M>
n , σn)n≥0, respectively. Recall from Theorem 2.1(b) that

the former MRP is of the same lattice-type as (Mn, Sn)n≥0 (with identical shift function if
arithmetic).

Corollary 5.4. For every initial distribution λ on (Sm+1,Sm+1) and every mea-
surable function g : Sm+1 × IR → IR satisfying the assumptions of Theorem 3.2 the familiy
{|g| ∗ θtN

>(0), t ∈ IR} is u.i. In particular, {N>(A × t + I), t ∈ IR} is u.i. under each Pλ for
all A ∈ Sm+1 and bounded intervals I.

Proof. Again let g ≥ 0. The assertions are trivial consequences of Corollary 5.3
because (M>

n , S>
n )n≥0 is a subsequence of (Mn, Sn)n≥0, thus implying N> ≤ N and particularly

g ∗ θtN
>(0) ≤ g ∗ θtN(0) for all t ∈ IR.

In order to obtain the same result with N> replaced by N (σ) notice that (M>
n , σn)n≥0 is

a subsequence of (Mn, n)n≥0, that both are 1-arithmetic MRPs with shift function 0 and that
Theorems 3.2, 5.1 and 5.2 do also hold for (Mn, n)n≥0 (choose ϕ ≡ 1 in the given setup).
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Corollary 5.5. For every initial distribution λ on (Sm+1,Sm+1) and every measur-
able function g : Sm+1 × IR → IR satisfying the assumptions of Theorem 3.2 with d = 1 the
familiy {|g| ∗ θtN

(σ)(0), t ∈ IR} is u.i. In particular, {N (σ)(A × t + I), t ∈ IR} is u.i. under
each Pλ for all A ∈ Sm+1 and bounded intervals I.

Note finally that we even have uniform integrability of the families

{N(A× t + I), t ∈ IR, A ∈ S
m+1},

{N>(A× t + I), t ∈ IR, A ∈ S
m+1},

{N (σ)(A× t + I), t ∈ IR, A ∈ S
m+1},

since they are bounded by the respective families in the above corollaries with A = Sm+1.

Proof of Theorem 5.2. W.l.o.g. suppose g ≥ 0. Consider first the case µ ∈ (0,∞)
and let (M∗n, S∗n)n≥0 be a MRW with the same transition kernel as (Mn, Sn)n≥0 but with initial
distribution νs under each Pλ. Given any ε > 0, resp. ε = 0 if d = 1, by essentially proceeding
as in [2, Section 4], one can construct the two MRWs in such a way that there exists a coupling
time Tε, a.s. finite under every Pλ, such that

Mn = M∗n and |Sn − S∗n| ≤ ε for all n ≥ Tε. (5.10)

Denoting N∗ the MPP associated with (M∗n, S∗n)n≥0, it follows from (5.10)

g ∗ θtN(0) ≤ gεθtN
∗(0) +

Tε−1∑
n=0

g(Mn, t− Sn)

and similarly

g ∗ θtN(0) ≥ gε ∗ θtN
∗(0) −

Tε−1∑
n=0

gε(M∗n, t− S∗n)

for all t ≥ 0. Note that (3.6) does also hold with λ = νs. Now use

lim
t→∞

Tε−1∑
n=0

g(Mn, t− Sn) = lim
t→∞

Tε−1∑
n=0

gε(M∗n, t− S∗n) = 0 Pλ-a.s.,

following from the afore-mentioned condition, and the stationarity of (θtN∗)+ (∼ Pνs(N+ ∈ ·))
to conclude

Pνs(gε ∗N(0) ≤ x− η) ≤ lim inf
t→∞ Pλ(g ∗ θtN(0) ≤ x)

≤ lim sup
t→∞

Pλ(g ∗ θtN(0) ≤ x) ≤ Pνs(gε ∗N(0) ≤ x + η)

for all x ∈ IR and η > 0. If ε = 0 (1-arithmetic case) this immediatley gives the desired result
(5.7), otherwise it follows by further letting ε tend to 0 and using

lim
ε↓0

gε ∗N(0)) = lim
ε↓0

gε ∗N(0) = g ∗N(0) Pνs -a.s.

which holds by (3.7) and the λλ0-continuity of νs(Sm+1 × ·).
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If µ = ∞ there is no stationary Markov delay distribution and we must employ instead
an additional truncation argument. For a > 0 let µ>a = E(Sσ1 ∧ a) and νsa be the restriction of
νs to Sm+1 × [0, a], i.e.

νsa(A×B) =
1

µ>a

∫
B∩[0,a]

Pξ∗(Mσ1 ∈ A, Sσ1 > s) λλ+
d (ds), A ∈ S

m+1, B ∈ B. (5.11)

We infer the following modification of (5.2) from the results in [4, Section 6]

Uνsa(A×B) ≤ µ>a
−1Eξ∗

(
σ1−1∑
n=0

1A(Mn)λλ+
d (B − Sn)

)
, A ∈ S

m+1, B ∈ B, (5.12)

in particular

Uνsa ≤ µ>a
−1Fm+1 ⊗ λλd. (5.13)

Consequently, for all η > 0 and sufficiently small ε > 0 (use (3.7))

Pνsa(g
ε ∗N(0) > η) ≤ η−1gε ∗ Uνsa(0) =

1
ηµ>a

∫
Sm+1

∫
IR

gε(x, y) λλd(dy) Fm+1(dx)

which tends to 0 as a → ∞. Now one can prove (5.7) with µ = ∞ by applying the same
coupling argument as before but with (M∗n, S∗n)n≥0 having initial distribution νsa under each
Pλ for arbitrary a > 0. Note once more, as being crucial, that (3.6) does also hold with λ = νsa.
We thus obtain

lim sup
t→∞

Pλ(g ∗ θtN(0) > η) ≤ lim
a→∞Pνsa(g

ε ∗N(0) > η) = 0

for all η > 0.
Finally, assertion (5.8) follows similarly when combining (3.7) with (5.2), resp. (5.12),

and dominated convergence. Indeed, for all η, ε > 0

lim sup
t→−∞

Pλ(g ∗ θtN(0) > η) ≤ lim
t→−∞Pν(gε ∗ θtN(0) > η) ≤ lim

t→−∞ η−1gε ∗ Uν(t)

=
1
ηc

Eξ∗

(
σ1−1∑
n=0

∫
IR

gε(Mn, t− x− Sn) λλ+
d (dx)

)

=
1
ηc

Eξ∗

(
σ1−1∑
n=0

∑
k∈Z

gε(Mn, kε)λλ+
d (t− Sn − (k + 1)ε, t− Sn − kε]

)

where (ν, c) = (νs, µ>), resp. = (νsa, µ
>
a ) for some a > 0. The final expectation is bounded by

Eξ∗

(
σ1−1∑
n=0

∫
IR

gε(x, y) λλd(dx, dy)

)
= θ

∫
Sm+1

∫
IR

gε(x, y) λλd(dy) Fm+1(dx),

being finite for sufficiently small ε (by (3.7)), and its integrand converges Pξ∗ -a.s. to 0, as
t→ −∞.
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6. Proof of the results in Section 3

Before turning to the proof of Theorem 3.2 we must briefly collect some basic facts on
Harris recurrence and regeneration which are needed hereafter. For a moment we leave the
given framework and suppose that (Mn)n≥0 is an arbitrary Markov chain with state space
(S,S) and r-step transition kernel IPr (IP = IP1). Let a canonical model be given with
probability measures Ps such that Ps(M0 = s) = 1 and Pλ =

∫
S Ps λ(ds) for any distribution

λ on S. (Mn)n≥0 is called Harris recurrent or just Harris chain, if it possesses a recurrence set
<, i.e. Ps(Mn ∈ < i.o.)=1 for all s ∈ S, such that for some α ∈ (0, 1], r ≥ 1 and a distribution
φ on S the minorization condition

IPr(s, ·) ≥ αφ for all s ∈ < (6.1)

holds. Given the latter condition, < is called a regeneration set because it induces a regenerative
structure for (Mn)n≥0 that divides the chain into stationary (possibly except for the first one),
1-dependent cycles. This has been shown in the fundamental paper by Athreya and Ney [5] for
r = 1 in which case the cycles are even independent, see also [10] for a similar technique. Indeed,
(6.1) is equivalent to the existence of a sequence (Tn)n≥0 of regeneration epochs, characterized
through the following four conditions:

(R.1) 0 = T0 < T1 < T2 < ... <∞ a.s. under each Pλ.
(R.2) There is a filtration (Fn)n≥0 such that (Mn)n≥0 is Markov-adapted and each Tk a

stopping time with respect to (Fn)n≥0.
(R.3) (Tn+j − Tn, MTn+j)j≥0 is independent of T0, ..., Tn.
(R.4) For n ≥ 1, the distribution of (Tn+j − Tn, MTn+j)j≥0 is the same under every

Ps, s ∈ S, and given by Pζ((Tj , Mj)j≥0 ∈ ·) where ζ = P (MT1 ∈ ·).
(Tn)n≥0 may be chosen in such a way that

ξ(A) def= Eζ

T1−1∑
j=0

1{Mj∈A}

 , A ∈ S (6.2)

forms the unique (up to multiplicative constants) σ-finite stationary measure of (Mn)n≥0,
and ξ∗ = ξ/EζT1 the unique stationary distribution, providing a finite stationary mean cycle
length EζT1. In the latter case the chain is called positive recurrent. It is called aperiodic if
the distribution of T1 under Pζ is aperiodic (1-arithmetic), and ergodic if being aperiodic and
positive recurrent in which case Pλ(Mn ∈ ·) converges to ξ∗ in total variation.

Returning to the situation of the previous sections, Mn = (Yn−m, ..., Yn), n ≥ 0 obviously
forms an ergodic Harris chain with stationary distribution Fm+1. Moreover, T

(k)
n ≡ kn, n ≥ 0

for any fixed integer k ≥ m + 1 is a sequence of regeneration epochs.

Proof of Theorem 3.2. In order to prove Theorem 3.2 for all initial distributions λ

such that (3.5) holds we first recall a lemma from [2] (Lemma 3.1 there) adapted to the present,
much simpler situation (put r = m + 1 and τ1 ≡ 2m + 2 in the notation from there).
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Lemma 6.1. There is some c ∈ IR2m+2 such that for all ε > 0 there are Cε, Dε ∈ Sm+1

satisfying Fm+1(Cε) > 0, Fm+1(Dε) > 0 and

η(ε) def= inf
(x,y)∈Cε×Dε

P (‖(X1, ..., X2m+2)− c‖∞ ≤ ε
2m+2 |M0 = x, M2m+2 = y) > 0, (6.3)

where ‖ · ‖∞ denotes the supremum norm on IR2m+2. If (Mn, Sn)n≥0 is 1-arithmetic with shift
function 0, then (6.3) remains true for ε = 0 if c ∈ Z2m+2 is suitably chosen.

The crucial consequence of this lemma is that we can construct a sequence of regeneration
epochs (Tn)n≥0 in such a way that the increments XTn−2m−1, ..., XTn and thus STn−STn−2m−2

are at least almost constant. For the rest of the proof we confine ourselves to the more difficult
nonarithmetic case (d = 0). Here is a description of how to obtain the Tn: Fix ε > 0, C = Cε
and D = Dε in the following. Let χ0, χ1, ... be i.i.d. geometric(1/2) random variables under
each Pλ and further independent of the ”rest of the world”. Define T0 = 0 and then recursively

Tn = inf{k ≥ Tn−1 + χn−1 + 2m + 2 : (Mk−2m−2, Mk) ∈ C ×D}

for n ≥ 1. It is then readily verified that (Tn)n≥0 forms indeed a sequence of regeneration
epochs with cycle debut distribution ζ = P·(MT1 ∈ ·) = Fm+1(·∩D)/Fm+1(D) and EλT1 <∞
for every initial distribution λ. The insertion of geometrically distributed variables between
successive regenerations guarantees

inf
n≥1

E(eitSTn |M0, MTn) < 1 P -a.s.

for all 0 < |t| < 2π/d, a property needed for a successful coupling argument that leads to (3.3)
and (3.4) with λ = ζ (see Lemma 3.3 and Section 5 in [2]), i.e.

lim
t→∞ g ∗ Uζ(t) =

1
µ

∫
Sm+1

∫
IR

g(x, y) λλ0(dy) Fm+1(dx), (6.4)

lim
t→−∞ g ∗ Uζ(t) = 0. (6.5)

Recall from (5.9) the definition of gε, g
ε and further that these functions also satisfy

(3.5-8) for all sufficiently small ε as well as

gε(x, ·) ↑ g(x, ·) and gε(x, ·) ↓ g(x, ·) λλ0-a.s. (ε ↓ 0) (6.6)

As is shown in [2], we then have

Eλ

(
T1−1∑
n=0

gε(Mn, t− Sn)

)
+
∫
IR

gε ∗ Uζ(t− s) Pλ(ST1 ∈ ds) ≤ g ∗ Uλ(t)

≤ Eλ

(
T1−1∑
n=0

gε(Mn, t− Sn)

)
+
∫
IR

gε ∗ Uζ(t− s) Pλ(ST1 ∈ ds).

gε∗Uζ(t) and gε∗Uζ(t) are bounded functions as following from (6.4) and (6.5) for gε, g
ε. Hence

a combination with (6.6) and a successive application of the dominated and the monotone
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convergence theorem yields for h ∈ {gε, gε}

lim
ε↓0

lim
t→∞

∫
IR

h ∗ Uζ(t− s) Pλ(ST1 ∈ ds) =
1
µ

∫
Sm+1

∫
IR

g(x, y) λλ0(dy) Fm+1(dx),

respectively 0 if t→ −∞. The desired assertions follow if we finally prove that, providing (3.5)
and (3.6),

lim
|t|→∞

Eλ

(
T1−1∑
n=0

h(Mn, t− Sn)

)
= 0 (6.7)

for ε > 0 sufficiently small. This will follow from the subsequent lemma because assumptions
(3.5-8) for g and λ do also hold for h and λ.

Lemma 6.2. For every function g and initial distribution λ satisfying (3.5-8)

lim
|t|→∞

Eλ

(
T1−1∑
n=0

g(Mn, t− Sn)

)
= 0. (6.8)

Proof. Recall G(x) = supt∈IR |g(x, t)| and notice that

EG(M0) ≤
∫
Sm+1

∑
n∈Z

sup
nρ≤y<(n+1)ρ

|g(x, y)| Fm+1(dx) < ∞

by (3.8). Since ∣∣∣∣∣
T1−1∑
n=0

g(Mn, t− Sn)

∣∣∣∣∣ ≤
T1−1∑
n=0

G(Mn)

and lim|t|→∞
∑T1−1
n=0 g(Mn, t − Sn) = 0 Pλ-a.s. by (3.6), we obtain (6.8) by the dominated

convergence theorem if we still show

Eλ

(
T1−1∑
n=0

G(Mn)

)
< ∞.

To this end we use the inequality

Eλ

(
T1−1∑
n=0

G(Mn)

)
≤ Eλ

(
m∑
n=0

G(Mn)

)
+ Eλ

(
T1+m∑
n=m+1

G(Mn)

)
.

The first expectation on the right-hand side is finite by (3.5). The second equals EG(M0)EλT1 <

∞ because P
Mm+1
λ = P

MT1+m+1

λ = Fm+1 implies

Eλ

(
T1+m∑
n=m+1

1A(Mn)

)
= EλT1F

m+1(A),

which is a well-known fact about occupation measures for Markov chains.
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Proof of Theorem 3.4. Here the arguments are precisely the same as in the previous
proof except for the one that finally shows

lim
|t|→∞

Eλ

(
T1−1∑
n=0

g(M>

n , t− σn)

)
= 0 (6.9)

where (Tn)n≥0 is now a sequence of regeneration epochs for (M>
n , σn)n≥0. We cannot proceed

as in Lemma 6.2 because the σn do not in general possess m-dependent increments which
was crucial there. Instead we will utilize Corollary 5.5 which gives uniform integrability of
{|g| ∗ θtN

(σ), t ∈ IR} and thus also of {∑T1−1
n=0 g(M>

n , t− σn), t ∈ IR} under Pλ. By combining
the latter with lim|t|→∞

∑T1−1
n=0 g(M>

n , t− σn) = 0 Pλ-a.s. (use (3.5)) we obtain (6.9).

Proof of Theorem 3.5. Identical with the previous one when exchanging Corollary
5.5 by Corollary 5.4.

7. Proof of the results in Section 4

We first note without proof a simple but useful lemma for checking conditions (3.7) and
(3.8) for a given function g ≥ 0 on Sm+1 × [0,∞).

Lemma 7.1. Suppose we are given a measurable function g : Sm+1 × [0,∞) → [0,∞)
which decreases in the second variable. Then (3.7) holds and∫

Sm+1

∫
[0,∞)

g(x, y) λλ0(dy) ν(dx) < ∞

for a distribution ν on (Sm+1,Sm+1) implies∫
Sm+1

∑
n∈IN0

sup
nρ≤y<(n+1)ρ

g(x, y) ν(dx) < ∞ for all ρ > 0.

A typical example for a function g to which the lemma applies is

g(x, y) = Px(Mσ1 ∈ C, Sσ1 > y)1[0,∞)(y)

for arbitrary C ∈ Sm+1.

Proof of Theorem 4.1. We restrict ourselves to the little more complicated nonar-
ithmetic case.

(a) For all C ∈ Sm+1, r ≥ 0, s ∈ IR and initial distributions λ we obtain

Pλ(Mτ(t) ∈ C, Rt > r, Sτ(t),m > s)

=
∑
n≥0

Pλ(Mσn+1 ∈ C, Sσn ≤ t, Sσn+1 > t + r, Sσn+1,m > s)

= g ∗ U>

λ (t), g(x, y) def= Px(Mσ1 ∈ C, Sσ1 > y + r, Sσ1,m > s)1[0,∞)(y).
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As one can easily check with the help of Lemma 7.1, the conditions of Theorem 3.5 are fulfilled
for this g and each λ whence

lim
t→∞Pλ(Mτ(t) ∈ C, Rt > r, Sτ(t),m > s)

=
1

µ>

∫
[r,∞)

Pξ∗(Mσ1 ∈ C, Sσ1 > y, Sσ1,m > s) λλd(dy).
(7.1)

So we have shown convergence in distribution of (Mτ(t), Rt, Sτ(t),m), as t → ∞. By choosing
s = −∞, resp. r = 0 in (7.1), we get (4.5), resp. (4.6).

(b) Let p > 0, EλX
−
n < ∞ and Eλ(X+

n )p+1 < ∞ for all n ≥ 1. By considering the
truncated sequence (Xn∧a)n≥1 for sufficiently large a > 0, which then satisfies Eλ|Xn∧a| <∞
for all n ≥ 1, and applying (4.2) we infer Eλσn < ∞ for all n ≥ 1 as well as Eλτ(t) < ∞ for
all t ≥ 0. Given this, we further obtain

n−(p+1)EλS
p+1
σn = Eλ

(
1
n

n∑
j=1

(Sσj − Sσj−1)

)p+1

≤ Eλ

(
1
n

n∑
j=1

X+
σj

)p+1

≤ E
(

max
1≤j≤n

X+
σj

)p+1

≤ Eλ

(
σn∑
k=1

(X+
k )p+1

)

= Eλ

(
m∑
k=1

(X+
k )p+1

)
+ E(X+

1 )p+1Eλσn < ∞

(7.2)

for all n ≥ 1, the final equality by another appeal to (4.2). As being needed below, note that
(7.2) remains true with λ replaced by λk = PMk

λ for each k ≥ 1, i.e.

n−(p+1)EλkS
p+1
σn ≤ Eλk

(
m∑
j=1

(X+
j )p+1

)
+ E(X+

1 )p+1Eλkσn < ∞ (7.3)

for all k, n ≥ 1. One must only observe that EλkX
−
n = EλX

−
k+n < ∞ and Eλk(X

+
n )p+1 =

Eλ(X+
k+n)

p+1 <∞ for all k, n ≥ 1. As for Rt, a similar estimation gives

EλR
p+1
t ≤ Eλ

(
τ(t)∑
k=1

(X+
k )p+1

)
= Eλ

(
m∑
j=1

(X+
j )p+1

)
+ E(X+

1 )p+1Eλτ(t) < ∞ (7.4)

for all t ≥ 0.
Since, under each Pλ, Rt converges in distribution to a variable R∞ with distribution

Pξ∗(Sσ1 > u)λλ0(du)/µ> (by (4.5)), the uniform integrability of {Rp
t , t ≥ 0} under Pλ follows

if we can show convergence of EλR
p
t to EλR

p
∞ = Eξ∗S

p+1
σ1

/µ>. To this end we note that

EλR
p
t = g ∗ Uλ(t), g(x, y) def= Ex

(
(Sσ1 − y)+

)p
1[0,∞)(y).

Validity of (3.6), (3.7) and (3.8) are again easily checked (the latter two with the help of
Lemma 7.1). As for (3.5), we obviously have G(x) = ExS

p
σ1

by monotonicity of g(x, y) in y.
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Consequently,

Eλ

(
m∑
n=0

G(Mn)

)
=

m∑
n=0

EλnSpσ1
< ∞

by (7.3). Now one may apply Theorem 3.5 and obtains the desired moment convergence after
a simple computation. Further details can be omitted.

For the proof of uniform integrability of {Spτ(t),m, t ≥ 0} under Pλ use

Eλ|Sτ(t),m|p = g ∗ Uλ(t), g(x, y) def= Ex1{Sσ1>y}|Sσ1,m|p1[0,∞)(y)

and proceed as in the previous part.
(c) Here it suffices to note that all assertions are direct consequences of the previous parts

in combination with (4.3).
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