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1. INTRODUCTION

Given any measurable space (S, S) with countably generated o-field & and m > 1, let
(Yo )n>—m @ sequence of i.i.d. S-valued random variables, defined on a common probability
space (9,2, P) and with common distribution F. Let further oo, : S™™ — IR be any
measurable functions,

Xo = wo(Yorm, ..., Yp) and X, = o(Yan—m,-, Yn) (1.1)

for n > 1. Then (X,),>0 is called a sequence of (m + 1)-block factors of (Ypn)n>—m. It is
obviously m-dependent (Xo, ..., X3 and (Xg4;j)j>m+1 are independent for every £ > 0) and
further stationary when leaving out Xg. It has recently been shown that there exist stationary
m-dependent sequences that are not (m + [)-block factors for any I > 1, see [1], [7].

Providing the previous assumptions and further £X; > 0, we want to consider the
random walk

Due to the weak dependence structure of the increment sequence it is intuitively obvious that
many renewal theoretic properties of (S,),>0 that are valid in the i.i.d. case (m = 0) should
carry over in one way or another to the present m-dependent situation. Our purpose is to show
that this can indeed be accomplished in an elegant way by employing Markov renewal theory,
especially a general version of the Markov renewal theorem that has been recently established
by the first author [2], [3]. In view of that general purpose the following questions will be
addressed here:

(1) (Blackwell’s and key renewal theorem) If V. = > _  P(S, € -) denotes the renewal
measure of (Sp)n>0, how does V([t,t + h]), and more generally g * V(t) for suitable
functions g behave as t — 00?

(2) (Ladder wvariables) What kind of dependence structure do the given assumptions on
(Xn)n>o imply for the sequence of ladder epochs and ladder heights associated with
(Sn)n>0?

(3) (First passage times) If 7(t) = inf{n > 0:.S,, > t} is the first passage time beyond t > 0,
how do quantities like E7(t) and the distribution of the excess (forward recurrence time)
Sr) — t behave, as t — 007

The answers are provided in Sections 24 together with further ones and an account of their re-
lation to earlier results in the literature, especially by Janson,[8] and [9], where totally different
methods are employed.

Let us now describe the appropriate framework for our investigations which is nothing
but a very particular and simple Markov renewal model. Defining the Markov chain

M, = (Yoo, Ya), n>0, (1.2)

we have Xg = ¢o(My), X, = @(M,,) for n > 1 and see that the X,,’s are conditionally deter-
ministic and thus independent given (My,),>0. Consequently, (M,, X,)n>0 forms a bivariate
Markov chain with transitions from (z,y) € S™*! x IR into a set A x B € ™! @ B depend-
ing on x only. Clearly, 8 denotes here the Borel o-field on IR. Given this special transition
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property the sequence (M,,, Sy )n>0 has been called a Markov random walk (MRW) in [2] and
satisfies an extension of Blackwell’s and the Key renewal theorem, the so-called Markov renewal
theorem under a number of further conditions. Due to the particularly nice form of the M,,’s,
being random vectors of m+1 i.i.d. components and again a stationary m-dependent sequence,
these conditions are easily verified except perhaps for the appearing lattice-condition which is
more complicated than in classical renewal theory (see Lemma 3.1). Finally, we mention that
the Markov renewal structure persists if, instead of (M,,),>0, one takes

Mn = (Yn—m+17“-7Yn)a n=0

as the driving chain for (X,,),>1. We have chosen the former one only because then X,, can
be written as a function of M,, alone instead of M,,_1, M,.

In the following we always assume ¢y = 0, i.e. Sy = X = 0 (the so-called zero-delayed
case). This is only a minor loss of generality in the subsequent analysis because one can always
prove results first for the zero-delayed MRW (M,,,S,, — So)n>0 and then check under what
extra, typically moment conditions on the delay Sy these results carry over to (M, Sy )n>0-
This is a notorious procedure in classical renewal theory. On the other hand, this assumption

simplifies the statement of a number of results.

Let us further introduce, for any z € S™*!, the conditional probability measure P, def

P(:|Mp = x) on (2,2() with expectation operator E,. (S,)n>0 then forms a zero-delayed ran-

dom walk under P,. Our results will be stated for Py def f P, \(dz) with A being an arbitrary
initial distribution on S™*1. If A = F™*! we simply write P, F instead of Ppm+1, Epmt1,
where F*! clearly denotes the (m + 1)-fold product of F. Notice that F™ "1 is the stationary
distribution of (M,,),>0 and that, by m-dependence (M,,),>o obviously forms an ergodic (ape-
riodic and positive recurrent) Harris chain, see at the beginning of Section 6 for a definition
of this notion and a number of important related facts. The Harris recurrence constitutes an

essential condition for the application of Markov renewal theory.
Given a distribution A on (S™*! &™*1) let

UMAxB) = > P\(M,€AS,eB), Ac&™" BeB, (1.3)
n>0

be the associated Markov renewal measure of (M, Sy)n>0. Again, we write U instead of
Upm+1 and U, instead of Us,. For a measurable function g : S™*! x IR — IR, we then define
its convolution with Uy by

g*U)\(t) = EA(ZQ(Mn7t_Sn)>a te IR, (14)

n>0

providing the right-hand expression exists.

All previously introduced notation will be valid throughout the entire paper unless stated
otherwise. The main results are stated in Sections 3-5, while proofs can be found in Sections

o-T.
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2. LADDER VARIABLES

In view of an analysis of first passage times and related quantities like the excess over
the boundary (question (3)) it is necessary to study the sequence of (strictly ascending) ladder
epochs and ladder heights associated with (.S,,)n>0. The former are recursively given by o9 = 0
and

op =inf{j >0,-1:59;>5,, .}

for n > 1, the latter by S;; =S, forn >0. Let 7, =0, —0p—1 and X;; =5, -5, _;,n>1,
denote their respective increments and define 7o = X7 = 0. Finally put
M; = M,, = (Yo, -y, Ys,) (2.1)

for n > 0 and note that this sequence is again a Markov chain.

Janson [8] pointed out by giving a counterexample (see Example 3.1 there) that one
cannot expect (7, )n>0 or (X, )n>1 to be stationary nor k-dependent for some k > m. However,
our next theorem shows that they can still be analyzed within the framework of Markov
renewal theory. The notion Markov renewal process (MRP) is used there to denote a MRW
whose second component has positive increments. The definition of its lattice-type and the
associated shift function is given in the next section.

THEOREM 2.1. Given the previous notation and p > 0, the following assertions hold:
(a) (M7 )n>0, (M7, Tn)n>0, (M, X )n>0 and (M, X, Tn)n>0 are each positive recurrent
Harris chains.
(b) (M;,0n)n>0 and (M, ,S; )n>0 both constitute MRP, the former being 1-arithmetic
with shift function 0, the latter of the same lattice-type as (M, Sy)n>0 (with identical
shift function if arithmetic).

(¢c) 1If &* denotes the stationary distribution of (M, )n>0, then L Eg* 71 < 00.

(d) w dﬁng*X < oo iff EX{ < oo iff p < oo.

(e) w = pb.

Apart from assertion (e), obviously a Wald-type equation for the first ladder height, this
theorem is again a specialization of a more general one in [4]. Its difficult part is to prove
the Harris recurrence of (M, ),>0. Somewhat surprisingly, even in the present situation there
seems to be no simplification of the necessary arguments. As for (e), a simple proof is given
right after (4.2).

REMARK. It is important to point out that (M, ),>o and thus also the other three chains
in part (a) of Theorem 2.1 need not be aperiodic (though (M,,),>o always is in the present
setup). The following counterexample is from [9] where strictly ascending ladder epochs in
case of indicator functions ¢ were investigated: Given i.i.d. Bernoulli variables Y_1, Yy, ... with
PY_1=1)=1-PY_1 =0) =pec(0,1),let X,, = 1y, ,2v,}- (Xn)n>o then forms a
stationary 1-dependent sequence. Now observe that a ladder epoch for the associated random
walk occurs at n iff M,, = (Y,,—1,Y,) = (0,1), or = (1,0), and that these two states are attained
in alternating order at consecutive ladder epochs. Hence (M, ), >0 is the 2-periodic discrete
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Markov chain with state space {(0,1),(1,0)} and transition matrix (§ (1)) As a consequence,
unless p = %, the distribution of 7, under Py ;) as well as F; ) does not converge to a

stationary limit, but is either geometric with parameter p or with parameter 1—p, in alternating
order for each n > 1. The ladder height increments X, are, of course, always equal to 1 here.

Janson showed further in [9] that, within the class of m-dependent and m-separated
(XpnXntk =0 forall 1 < k < m — 1) indicator sequences X,, = 14(Y,,—m,...,Y,) based on
real-valued i.i.d. Yp, Y7, ..., the previous example is the only one where the 7,, do not have a
limit distribution.

3. MARKOV RENEWAL THEOREMS

Within the described Markov renewal framework we can now formulate the fundamental
result, the Markov renewal theorem for (m+1)-block factors and its ladder variables. As is well-
known most renewal theorems have an arithmetic and a nonarithmetic version. Unfortunately,
in Markov renewal theory the distinction of the two cases requires greater care than in classical
renewal theory. The right definition of an arithmetic MRW has been provided by Shurenkov
[12] and looks as follows: (M,,,S),)n>0 is called d-arithmetic if d > 0 denotes the maximal
number for which there exists a measurable function v : S™*! — [0,d), called shift function,
such that

P(X1 € v(My) —v(My) +dZ) = 1. (3.1)
If no such d exists, (M, Sp)n>0 is called nonarithmetic. The following lemma gives the trans-
lation of that lattice condition in terms of ¢ where "=,47" means congruence modulo elements
from dZ.

LEMMA 3.1. (M, S,)n>0 s d-arithmetic iff d > 0 denotes the maximal number for
which there exists a function 1 : 8™ — [0,d) such that

O(20, o Tm) Zaz V(Tos s Tino1) — V(T1, .oy z) F™loas, (3.2)

In this case the shift function v is given by Y(Zg, ..., Tm) = V(T1, .o, Tpy)-

The proof is easy and can be omitted. Our Markov renewal theorems are stated for the
cases where (M, S,)n>0 is nonarithmetic or l-arithmetic with shift function 0. Assuming
d =1 in the arithmetic case is clearly no loss of generality. As for the second restriction note
that if (M,,, Sp)n>o0 has shift function v # 0 then (M,, S, — v(Mo) + Y(M,,))n>0 has shift
function 0 (and the same lattice-span). We denote by X\, Lebesgue measure on IR if d = 0 and
counting measure on 7Z if d = 1. We further define for convenience

lim f(t), ifd=0

d-lim f(t) = tmeo .
t—o0 ft) lim f(nd), ifd>0

Finally, throughout the whole paper we make the following

STANDING ASSUMPTION: Whenever in the 1-arithmetic case, initial distributions \
are such that P\(X, € Z) =1 for all n > 1.



THEOREM 3.2. Suppose 0 < p = EX; < oo. If (M,,S,)n>0 is nonarithmetic (d = 0)
or 1-arithmetic with shift function 0 (d = 1) then

clg—lim gxUx(t) = / / y) Na(dy) F™ 1 (dx), (3.3)
—00 Sm+1
hm g*xUx(t) = (3.4)

for each initial distribution X\ on S™T! and each measurable function g : St x R — IR

satisfying
Ex(Z G(Mn>> < oo, Gla) ' suplg(at), (3.5)
— te
Il\lm g(x,t)] = 0 PM-a.s. for alln >0 (3.6)
t|—o0
and further
g(z,-) is No-almost everywhere continuous for each x € S™1; (3.7)
/ Z sup lg(z,y)| F™ T (dx) < oo for some p >0 (3.8)
Smtl ey np<y<(n+l)p

in the nonarithmetic case, and
[ S gt £ ) < o0 (39)
$m+1 neZ

in the arithmetic case.

Theorem 3.2 is essentially a specification of the Markov renewal theorem in [2] and [3]
to the present situation. It goes beyond the latter one only by allowing for more general
distributions A where condition (3.5) is a consequence of the particular dependence structure
of (M, X,,)n>0. The necessary arguments for this generalization are given in Section 6. Since
in the l-arithmetic case g x Uyx(n),n € Z, only depends on the values of g(z,n) we always
assume in this case that g(z,t) = g(z,n) for t € [n,n+ 1), n € Z. Note that, given a function
g satisfying (3.7) and (3.8), resp. (3.9), condition (3.5) is always fulfilled with A\ = F™TL
Moreover, validity of (3.6) for any A implies validity of that condition for A = F™*1 because
PM» = FmtL for all n > m.

The following Blackwell-type result yields as a direct consequence of Theorem 3.2 when
specializing there to functions g of the form g = 144 for A € &™*! and finite intervals I.

COROLLARY 3.3. In the situation of Theorem 3.2
d-lmUN(Axt+1) = pPETH AN (D) and Jdim Ux(Axt+1) =0 (3.10)

for all A € ™t finite intervals I and initial distributions \.
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Turning to the ladder variables associated with (1, Sy, )n>0, more precisely to the MRPs
(M, 0n)n>0 and (M, S, )n>0, we can also easily formulate a Markov renewal theorem for
these sequences because their driving chain (M, ),,>¢ is positive Harris recurrent by Theorem
2.1. Denote by

Ve = Z P;MS’U”) and U5 = Z Pf\M’?’S;)
n>0 n>0
their respective Markov renewal measures. Recall from Theorem 2.1 that (M, S, ),>0 is of
the same lattice-type as (M, Sp)n>0 while (M, 0y,)n>0 is 1-arithmetic with shift function 0.

THEOREM 3.4. Given the situation of Theorem 3.2 and the notation of Theorem 2.1,
1
lim g+ Vi (n) = —/ S g n) € (dx) (3.11)
n— oo ) Sm+1 oz

for each initial distribution X on S™t! and each measurable function g : S™*!' x R — IR
(w.l.o.g. constant on each [n,n+ 1), n € INy) satisfying (3.5), (3.6) and (3.9).

THEOREM 3.5. Given the situation of Theorem 3.2 and the notation of Theorem 2.1,

Him g+ Uz (0) = = [ o) Aata) € (a0 (3.12)

for each initial distribution X on ™1 and each measurable function g : S™*! x [0,00) — IR
(w.l.o.g. constant on each [n,n + 1), n € INy, if d = 1) satisfying (3.5), (3.6), and further
(3.7), (3.8) in the nonarithmetic case and (3.9) in the arithmetic case.

It is easily seen that Blackwell-type versions of Theorem 3.4 and 3.5 hold again for all
initial distributions \. Their statement is omitted. The results are again specifications of the
Markov renewal theorem in [2] or [3] apart from allowing a wider class of initial distributions
A. However, since (0,,)n>0 and (S ),>0 in general do not possess m-dependent increments this
extension is more difficult than in Theorem 3.2. Its proof, to be found in Section 6, will be
based on certain uniform integrability results provided in Section 5. Note finally that validity
of (3.6) for any \ implies validity of that condition for A = £* as well because £* < §F™*! (use
FH(A) = 071 Eg. (ZZ;_OI 14(M,,)) and recall the remark after Theorem 3.2).

4. FIRST PASSAGE TIMES

We keep all notation from the previous sections and put further F,, = o(Y_,,,...,Y,) for
n > 0. Before turning to question (3) posed in the Introduction we first note a useful substitute
of Wald’s identity in the present setup. Suppose p is finite. By applying the optional sampling
theorem to the P-martingale W,, = E(Sy4+m — (n +m)pu|F,),n > 0, Janson [8] obtained

ESiim = pE(T+m) (4.1)

for every stopping time 7 with finite mean. But (W,,),,>0 is also a martingale under every P
with F)|S,,| < 0o, whence by the same argument

E)\W7+m = E)\Wo = EA(Sm—mu),



that is
E)\ST+m = EA(Sm—mu) + ,uE)\(T—I—m) = E\S,, + WENT. (4.2)

An alternative proof may be based on occupation measures, see [11]. Here is a quick argument
for assertion (e) in Theorem 2.1: By stationarity we have Sy, ym — So; ~p.. Sm Which in
combination with (4.2) gives

>

,U = Eg*Sa.l = E.E*Sal+m_E§*Sm = MEg*T = Me

Recall that
7(t) = inf{n >1:85, >t}

for t > 0. Assuming p > 0, Janson [8] showed that E7(t) < oo for all ¢ > 0 and a number
of moment and limit results for 7(¢), S;) and, most importantly, the excess Ry = S;) — t,
as t — oo (see his Sections 2 and 3). Providing pu € (0,00), E)\|X,| < oo for all n > 1 and
E\7(t) < oo (which then already follows as we will see further below) and applying (4.2) to
7(t) yields

Ext(t) = /L_l <t + E\Ry + E/\(Sq—(t)—|-m — Sr(t)) — E)\Sm> (4.3)

By using this identity with A = F"*! Janson could prove
Er(t) = p 't + O(1) (t — o) (4.4)

in case of nonnegative X1, Xs, ... with finite second moment. He also gave weaker remainder
term estimates under weaker moment conditions as well as for the case where P(X; < 0) > 0.
A combination of his results with ours from the previous sections leads to number of extensions
stated as Theorem 4.1 and Corollary 4.2 below.

Let us further define 77 (¢) = inf{n > 0 : S, > t} and notice that R; = 57> — t for
all £ > 0 as in the i.i.d. case. Moreover, we have M ;) = M~ ) for all t > 0. In view of
(4.3) above we will have to consider also the variables S;()4m — S-() in order to obtain an
expansion for Fx7(t) up to vanishing terms as t — oo. Put S, = Sp+k — Sn-

THEOREM 4.1.  Given the previous notation let (M, Sy)n>0 be nonarithmetic (d = 0)
or l-arithmetic with shift function 0 (d = 1). Providing 0 < p < oo, the following assertions
hold for every initial distribution \ on (S™T1, &™*1):

(a) For allC € @™ r >0 and s € R

1
cg—limP,\(MT(t) €eC,Ry>r) = P Pei(M,, € C, S5, > u) Ng(du); (4.5)
- [ry00)
%;l)l(gl P)\(MT(t) € C7ST(t),m > 8) -
1
S Pei (Mg, € C, S5, > U, Sy m > 8) Ng(du). (4.6)
[0,00)

(b) For each p >0, ExX, < 0o and Ex(X;5)PT! < oo for all n > 1 imply ExSEH < oo for
all n > 1 as well as uniform integrability of (RY)i>0 and (S?

r(t),m)tZO under Py.
(¢) Providing ExX,, < oo and Ex(X,)? < oo for alln > 1,



. Eg*SCZT d
HimBl = = 25+ o

E5*801 SUlJH .

Al BySr ) = (48)
t EesS2 EeeSo . Syim  ExSwm d

d-lim (E}ﬂ'(t) — —) = S0y D0 0oum | ZA9m 2 (4.9)

t—00 2pp> P p 2p

Note that E)y (Xfli))p = FE(X {i))p for all n > m follows from m-dependence and station-
arity of the X,,.

If the X,, themselves are already nonnegative (¢ > 0) with positive mean, the formulae
above, notably (4.8), simplify because we do not need ladder variables and can replace £* by
the product distribution F™*! Pe. by P and oy by 1. In that case we can actually confirm
a conjecture by Janson, (4.14) below, who proved the limit with E7(t) — ¢/u replaced by the
integrated average fOT(ET(t) —t/p)dt, see [8, Remark 3.1], and also Remark (a) following

Corollary 4.2 below. Put 2 o Cov(Xpn, Spim) for n > m and suppose EX? < co. It follows
by stationarity

m—+1
K2 = VarX; +2 ) Cov(X1,X;) = EXT+2EX18)m — (2m + 1)p?,
=2

and further k2 = lim,,_,oo n~'Vars,,.

COROLLARY 4.2. If ¢ is nonnegative, then the assertions of Theorem 4.1 simplify to

Cz—hmp)\(MT(t) eC, R > T’) = lu_l/ P(Ml eC, X1 > 8) )}\I(ds), (410)
i [r,00)
cg-limP,\(MT(t) €C,Srym>r) = ,ul/ P(M; € C, X1 > 5,5 ,m >r)ds, (4.11)

. EX? d

EX151m
d-lim E)\ST(t) m - #; (413)
t—oo ’ !
t 2 1 d  Ex(Sm-—

d_hm E)\’T(t) — — H_ 4+ -4+ — — )\( mﬂ)7 (414)
t—o0 I 202 2pu I

keeping all other assumptions there fixed.

REMARKS. (a) Choosing A = F™*1 in (4.14) gives

i t K2 1 d
It is this formula with d = 0 which was conjectured in [8].

(b) It is interesting to note that (4.15) formally coincides with the result in the i.i.d.
case if one observes that the asymptotic average variance x? then equals the variance of each
increment.
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(c) It is clear that part (a) and (b) of Theorem 4.1 do also lead to convergence results for
higher order moments of R; and Sy (4) m, as ¢ — co. The asymptotic moments can be computed
with the help of (4.5) and (4.6), although nice formula do only yield in the nonarithmetic case,
see the proof of Theorem 4.1(b) for further details

5. THE MARKED POINT PROCESS VIEW AND UNIFORM INTEGRABILITY

The main purpose of this section is to provide a number of uniform integrability results
which will particularly furnish the proofs of Theorem 3.4 and 3.5 in Section 6. It is useful to
adopt a different viewpoint by considering the marked point process (MPP)

N E S 650

n>0

associated with (M, Syp)n>0. Naturally, the M, are the marks, the mark space thus being
(SmT1 . &™*1). N is a random measure in the space of counting measures on (8™ x IR,
6™+ © B) endowed with the smallest o-field such that all projections N(C), C € 6™+ @ B
are measurable. The Markov renewal measure U) is the intensity measure of N under P, i.e.

Ux(AxB) = E\N(AxB), Ac@&™" Be®.

For ¢t € IR let
N = Z O(M,, S0 —t)

n>0

be the translation (shift) of N by ¢ so that
0:N(Ax B) = N(Axt+ B)

for all A € 81 B € B. Denote by NT the restriction of N to S™*! x [0,00). Similarly,
given a measure v on (IR,B), let v* be its restriction to [0, c0).

Theorem 5.1 below shows weak convergence of (6;N)T, as t — oo, to a stationary limit
providing p € (0,00). Although it could be stated for arbitrary MPPs associated with positive
drift MRWs driven by an ergodic Harris chain we restrict ourselves to the setup of (m + 1)-
block factors. Berbee [6, Chapter 6] obtained very similar results within the wider class of
weak Bernoulli processes, but instead of referring to his work we provide a proof based on
a coupling argument that was already used in [2] and [3]. More important for our purposes
than Theorem 5.1 is its extension Theorem 5.2 because it will lead to a number of uniform
integrability conclusions when combined with Theorem 3.2 and Corollary 3.3.

We continue to assume that (M, S),),>0 is either nonarithmetic or 1l-arithmetic with

shift function 0. Moreover, suppose p € (0,00). In order to specify the stationary limit of
(0,N)T, define the stationary Markov delay distribution v* on (S™*! x IR, 8™+ @ B) through

1
Vi (Ax B) = H—>/BP5*(MU1 €A, Sy >5) ANi(ds), Aec@™ Be®B (5.1)
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where d is the lattice-span of (M,,, Sp)n>0. As will be seen in the following section (Theorem
5.1), v* is the limiting distribution of (M, ), S-) —t), as t — oo (through Z if d = 1). It was
further shown in [3] in a more general framework that

o1 1
U,:(A x B) :E€*<21A 2) AT (B — S)), Aee™t BeB, (5.2)

and in particular
Uf = p 'F" o AT (5.3)

This may easily be used to obtain that (M )1y, Sr(t)+n—1), t € [0, 00) resp. N, is a stationary
process under P,- for every n > 0. Since

+
HtN (Z (MT(t)+TL7 T(t)+n_t)>
n>0

we also conclude stationarity of (§;N)T, ¢ € [0, 00) resp. INg, under P,s. In other words, N is
a (time-)stationary MPP under P,: when restricted to S™*! x [0, 00). We prove now

THEOREM 5.1.  For every initial distribution X on (S™T1 Gm+1)

P,s(N(AxI)=mn), ifue (0,00
d-im Py(B:N(A x I) = n) — (N{dxcly=mn), if p € (0, 00) (5.4)
t=o0 0, if p=o00
for alln € INg, A € 8™ and bounded intervals I C [0,00). Moreover, in either case
, lim P\(ON(Axt+1)=n) = 0. (5.5)

So we have weak convergence of Py\(0;N(A xI) € ) to P, (N(AxI)€ "), ast — oo, if
u € (0,00), and convergence in probability to 0, if 4 = co. Moreover, the latter convergence
holds in any case if t — —o0.

In order to motivate the following extension of Theorem 5.1 note first that

g*Ux(t) = Exg=*0,:N(0) (5.6)

for every function g such that g = Ux(t) exists for all ¢t € IR. Theorem 5.2 provides a weak
convergence result for g x ,N(0) as t tends to +oo.

THEOREM 5.2.  For every initial distribution A on (S™+!, &™) and every measurable
function g : S™! x IR — IR satisfying the assumptions of Theorem 3.2

{ P,s(g* N(0)€-), if pu€ (0,00)

(%-limPA(g x O N(0) €-) =

in the sense of weak convergence. Moreover, in either case

, lim Py(g*0:N(0) €-) = Jdo. (5.8)
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Theorem 5.1 is obviously a special case of Theorem 5.2. Hence it suffices to give a proof
of the latter one which is postponed to the end of the section. Since weak convergence plus
convergence of absolute moments implies uniform integrability, a combination of Theorem 5.2
and Theorem 3.2 now easily leads to a number of such conclusions.

Given a measurable g : S™*t! x IR — IR, define

ge = inf g(z,t) and g¢° = sup g(z,t) (5.9)
te[(n—1)e,(n+2)e] te[(n—1)e,(n+2)e]
for € > 0. Notice that, if the conditions of Theorem 3.2 hold for a pair (), g), then they hold
also for (X, g%), (A, ]g]) and (X, g.), (A, ¢°) for sufficiently small £ > 0.

COROLLARY 5.3. For every initial distribution A\ on (8™ &™) and every mea-
surable function g : S™! x IR — IR satisfying the assumptions of Theorem 3.2, the family
{lg|*0:N(0),t € IR} is uniformly integrable (u.i.) under Px. In particular, {N(Axt+I),t € IR}
is w.i. under each Py for all A € ™+ and bounded intervals I.

PrRoOOF. In view of the previous remark it is no loss of generality to assume g > 0.
Theorem 5.2 in combination with

cg-limEAg*QtN(O) = E, g+ N(0), resp. 0 and 7flir_n Exg*x0:N(0) = 0

by Theorem 3.2 implies the uniform integrability of {g * 6,. N(0),n € Z}, and the same con-
clusion can be drawn for {¢° x 0, N(0),n € Z} for all e > 0. But g« 6;N(0) < g° x6,,N(0) for
all t € [ne, (n 4+ 1)e) then gives the asserted result.

Similar results are now more easily obtained for the MPPs

N* Y Sz sz and NN

n>0 n>0

associated with (M, S, )n,>0 and (M, , 0, )n>0, respectively. Recall from Theorem 2.1(b) that
the former MRP is of the same lattice-type as (M, Sy)n>0 (with identical shift function if
arithmetic).

COROLLARY 5.4. For every initial distribution A\ on (8™ &™) and every mea-
surable function g : S™t! x IR — IR satisfying the assumptions of Theorem 3.2 the familiy
{lg| * 0:N>(0),t € IR} is u.i. In particular, {N>(A x t+ I),t € IR} is u.i. under each Py for
all A € 8™ and bounded intervals 1.

PROOF. Again let ¢ > 0. The assertions are trivial consequences of Corollary 5.3
because (M, S, )n>0 is a subsequence of (M,,, Sy, )n>0, thus implying N> < N and particularly
gx0;N>(0) < gx0;N(0) for all t € IR.

In order to obtain the same result with N> replaced by N(°) notice that (M., 0,,)n>0 is
a subsequence of (M,,,n),>0, that both are 1-arithmetic MRPs with shift function 0 and that
Theorems 3.2, 5.1 and 5.2 do also hold for (M,,,n),>0 (choose ¢ =1 in the given setup).
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COROLLARY 5.5.  For every initial distribution X on (8™, &™) and every measur-
able function g : S™! x IR — IR satisfying the assumptions of Theorem 3.2 with d = 1 the
familiy {|g| * 0; N(©)(0),t € IR} is w.i. In particular, {N@) (A x t +I),t € R} is w.i. under
each Py for all A € ™1 and bounded intervals I.

Note finally that we even have uniform integrability of the families

(N(Axt+1),tc R, Ac& )
{N>(Axt+1),tecR,Ac &},
{(NOAxt+I),te R Ac &Y,

since they are bounded by the respective families in the above corollaries with A = S™*1,

PROOF OF THEOREM 5.2. W.lo.g. suppose g > 0. Consider first the case pu € (0, 00)
and let (M}, S¥)n>0 be a MRW with the same transition kernel as (M, Sy, ),>0 but with initial
distribution v* under each Py. Given any € > 0, resp. € = 0 if d = 1, by essentially proceeding
as in [2, Section 4], one can construct the two MRWSs in such a way that there exists a coupling
time 7., a.s. finite under every P, such that

M, =M, and |S,—S,|<e foralln>T.. (5.10)

Denoting N* the MPP associated with (M}, S7 ), >0, it follows from (5.10)

T.—1
g*xO:N(0) < g0 N*(0) + > g(Mn,t—S,)

n=0

and similarly
T.—1
gx0:N(0) > gex:N*(0) — > ge(My,t—S;)
n=0

for all ¢ > 0. Note that (3.6) does also hold with A = v*. Now use

T.—1 T.—1
lim g(My,t—S,) = tlim Z ge(My,t—8) = 0 Py-as.,
n=0

t—o0
n=0

following from the afore-mentioned condition, and the stationarity of (§; N*)* (~ P,s(NT € -))
to conclude

P,:(¢**xN(0)<zx—mn) < litmianA(g*QtN(O) <)
< limsup Py(g * :N(0) < z) < Pps(g- * N(0) <z +1n)

o t—o0

for all x € IR and n > 0. If € = 0 (1-arithmetic case) this immediatley gives the desired result
(5.7), otherwise it follows by further letting ¢ tend to 0 and using

limg. * N(0)) = limg®* N(0) = g* N(0) P,s-a.s.
€l0 el0

which holds by (3.7) and the No-continuity of v*(S™*1 x ).
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If 4 = oo there is no stationary Markov delay distribution and we must employ instead
an additional truncation argument. For a > 0 let > = E(S,, Aa) and v be the restriction of
v to 8™ % [0,al, i.e.

1

vi(Ax B) = = Pee(M,, € A, Sy, > 8) Af(ds), Ae@&™t' Be®B. (511)
a J BN[0,q]

We infer the following modification of (5.2) from the results in [4, Section 6]

g1 — 1
Uys(Ax B) < p; ' B ( Z 1a(M NS (B - S, )), Aec @™ Be®, (5.12)
in particular
Uy < p2 "F™ @ A\ (5.13)

Consequently, for all n > 0 and sufficiently small £ > 0 (use (3.7))

— g 1 1 m
Palg = NO > ) < 17U 0) = —— [ [ gl Matdy) P )
Nt Jsm+1 JR

which tends to 0 as a — oo. Now one can prove (5.7) with © = oo by applying the same
coupling argument as before but with (M}, S} ), >0 having initial distribution v under each
P, for arbitrary a > 0. Note once more, as being crucial, that (3.6) does also hold with A = v/%.
We thus obtain

limsup Py(g x 0:N(0) > n) < hm P,:(g**N(0)>n) = 0

t—o0

for all n > 0.
Finally, assertion (5.8) follows similarly when combining (3.7) with (5.2), resp. (5.12),
and dominated convergence. Indeed, for all n,e > 0

limsupPa(g+ 0N (0) >n) < lim P(g"« 6, N(0) >7) < lim n~'g"* U,(t)

_ —E£*<Z [ 0t e s »;wm)
o1—1
= —E§*<ZZQ (M, ke) N (t — Sn—(k—i—l)&?,t—Sn—k:a])

n=0 keZ

where (v,c) = (v, u”), resp. = (5, pu2) for some a > 0. The final expectation is bounded by

(Ulzl/ (z,y) Aa(dz dy)) = 9/3m+1 /Bgs(x,y) Na(dy) F™ 1 (da),

being finite for sufficiently small € (by (3.7)), and its integrand converges Pe+-a.s. to 0, as
t — —o0.
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6. PROOF OF THE RESULTS IN SECTION 3

Before turning to the proof of Theorem 3.2 we must briefly collect some basic facts on
Harris recurrence and regeneration which are needed hereafter. For a moment we leave the
given framework and suppose that (M,,),>0 is an arbitrary Markov chain with state space
(S§,6) and r-step transition kernel IP. (IP = IP;). Let a canonical model be given with
probability measures Ps such that Ps(My = s) =1 and P\ = |, s Ps A(ds) for any distribution
AonS. (My)n>o is called Harris recurrent or just Harris chain, if it possesses a recurrence set
R, i.e. Ps(M, € Rio.)=1 for all s € S, such that for some a € (0, 1], r > 1 and a distribution
¢ on S the minorization condition

P.(s,-) > a¢p forall seR (6.1)

holds. Given the latter condition, R is called a regeneration set because it induces a regenerative
structure for (M,,), >0 that divides the chain into stationary (possibly except for the first one),
1-dependent cycles. This has been shown in the fundamental paper by Athreya and Ney [5] for
r = 1 in which case the cycles are even independent, see also [10] for a similar technique. Indeed,
(6.1) is equivalent to the existence of a sequence (T),)n>0 of regeneration epochs, characterized
through the following four conditions:

(R1) 0=Ty<Ty <Ty <..<ooas. under each Pj.

(R.2)  There is a filtration (F,,)n>0 such that (M, ),>0 is Markov-adapted and each T}, a
stopping time with respect to (F,)n>0-

(R.3)  (Thyj — T, Mr, 1) >0 is independent of Ty, ..., T5,.

(R4) For n > 1, the distribution of (T,,4,; — T, Mr,+;)j>0 is the same under every
Ps,s € S, and given by P¢((T}, M;)j>o0 € -) where ( = P(Mp, € -).

(T,)n>0 may be chosen in such a way that

f(A) déf EC Z 1{Mj€A} , Ae6 (62)

forms the unique (up to multiplicative constants) o-finite stationary measure of (My,),>0,
and £* = ¢/E:T) the unique stationary distribution, providing a finite stationary mean cycle
length E:T7. In the latter case the chain is called positive recurrent. It is called aperiodic if
the distribution of 77 under P is aperiodic (1-arithmetic), and ergodic if being aperiodic and
positive recurrent in which case Py(M,, € -) converges to £* in total variation.

Returning to the situation of the previous sections, M,, = (Ys,—m, ..., Y ),n > 0 obviously
forms an ergodic Harris chain with stationary distribution F™*!. Moreover, T,E"” =kn,n>0
for any fixed integer £ > m + 1 is a sequence of regeneration epochs.

PROOF OF THEOREM 3.2. In order to prove Theorem 3.2 for all initial distributions A
such that (3.5) holds we first recall a lemma from [2] (Lemma 3.1 there) adapted to the present,
much simpler situation (put r =m + 1 and 7 = 2m + 2 in the notation from there).
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LEMMA 6.1.  There is some ¢ € IR?*™ 2 such that for all € > 0 there are C., D, € @™ !
satisfying F™YH(C.) > 0, F™TY(D.) > 0 and

def .
n(e) = . y)ggw P(|(X1, ., Xomp2) = cllos < 55| Mo = 2, Mamia =y) > 0, (6.3)

where || - || denotes the supremum norm on IR*™ 2. If (M,,, Sy)n>0 is 1-arithmetic with shift
function 0, then (6.3) remains true for ¢ = 0 if ¢ € Z*™+2 is suitably chosen.

The crucial consequence of this lemma is that we can construct a sequence of regeneration
epochs (T},),>0 in such a way that the increments Xz, 2,1, ..., X7, and thus S, —S7, —2m—2
are at least almost constant. For the rest of the proof we confine ourselves to the more difficult
nonarithmetic case (d = 0). Here is a description of how to obtain the T),: Fix ¢ > 0,C = C.
and D = D, in the following. Let xo, x1,... be i.i.d. geometric(1/2) random variables under
each Py and further independent of the "rest of the world”. Define T, = 0 and then recursively

Tn = ll’lf{k,‘ > Tn—l + Xn—1+ 2m 4+ 2 (Mk—2m—27Mk:) e (C x D}

for n > 1. It is then readily verified that (7},),>0 forms indeed a sequence of regeneration
epochs with cycle debut distribution ¢ = P.(M7, € -) = F™TY(-ND)/F™T}(D) and E\T < oo
for every initial distribution A. The insertion of geometrically distributed variables between
successive regenerations guarantees

1I;f1 E(e"5Tn |My,Mz,) < 1 P-as.

for all 0 < |t| < 27/d, a property needed for a successful coupling argument that leads to (3.3)
and (3.4) with A = ¢ (see Lemma 3.3 and Section 5 in [2]), i.e.

hm g*Uc(t) /3m+1/ y) No(dy) F™ T (dx), (6.4)
hm gxUc(t) = (6.5)

Recall from (5.9) the definition of g.,¢° and further that these functions also satisfy
(3.5-8) for all sufficiently small ¢ as well as

ge(z,-) T g(x,-) and g¢°(z,-) | g(x,-) Np-a.s. (e]0) (6.6)

As is shown in [2], we then have
T—1
E)\< Z gE(Mn,t — Sn)> + / ge * Ug(t — S) P,\(ST1 c dS) S g * U)\(t)
n=0 R

T, —1
E)\< Z gE(Mn,t — Sn)> + / g° % Ug(t — S) P)\(STl S ds)
n=0 R

g=*U¢(t) and ¢+ U, (t) are bounded functions as following from (6.4) and (6.5) for g., g°. Hence
a combination with (6.6) and a successive application of the dominated and the monotone
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convergence theorem yields for h € {g., g%}

1
lim lim [ hxUc(t—s) Px(S, €ds) = —/ / g(z,y) No(dy) F™(dx),
K Jsm+1 JR

el0 t—o0 R

respectively 0 if ¢ — —oo. The desired assertions follow if we finally prove that, providing (3.5)
and (3.6),

|t]—o00

lim EA< Z_ h(M,,t — Sn)> =0 (6.7)

for € > 0 sufficiently small. This will follow from the subsequent lemma because assumptions
(3.5-8) for g and A do also hold for h and A.

LEMMA 6.2. For every function g and initial distribution X satisfying (3.5-8)

T —1
lim EA< > g(Mn,t—Sn)> = 0. (6.8)

|t|—o0 "0
PROOF. Recall G(z) = sup,cr |g(x,t)| and notice that

BGOMy) < [ 3 sw gl FTT(d) < o
SmHt S np<y<(nt1)p

by (3.8). Since

T1—1 T1—1
> g(Mnt—S,)| < Y G(M,)
n=0 n=0

and limy_ o 221:—01 g(M,,t — S,) = 0 Py-a.s. by (3.6), we obtain (6.8) by the dominated
convergence theorem if we still show

T -1
Ex ( > G(Mn)> < oo
n=0
To this end we use the inequality

EA( 1Z_1G(Mn)> < Ex(iG(Mn)> + EA( im G(Mn))

n=m-+1

The first expectation on the right-hand side is finite by (3.5). The second equals EG(My)E T <
oo because P;\/Im“ = Pinﬁm“ = F™+! implies

EA< im 1A(Mn)> = E\T\F™(A),

n=m-+1

which is a well-known fact about occupation measures for Markov chains.
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PROOF OF THEOREM 3.4. Here the arguments are precisely the same as in the previous
proof except for the one that finally shows

lim E>\< i g(M;,t—an)> =0 (6.9)

t
|t —o0 n=0

where (T},)n>0 is now a sequence of regeneration epochs for (M., 0y, )n>0. We cannot proceed
as in Lemma 6.2 because the o, do not in general possess m-dependent increments which
was crucial there. Instead we will utilize Corollary 5.5 which gives uniform integrability of
{lg| *x 0; Nt € IR} and thus also of {Z?:_Ol g(M;,t—0,),t € IR} under Py. By combining
the latter with lim; o S (M2t — 0,) = 0 Py-aus. (use (3.5)) we obtain (6.9).

n=0

PrROOF OF THEOREM 3.5. Identical with the previous one when exchanging Corollary
5.5 by Corollary 5.4.

7. PROOF OF THE RESULTS IN SECTION 4

We first note without proof a simple but useful lemma for checking conditions (3.7) and
(3.8) for a given function g > 0 on ™1 x [0, c0).

LEMMA 7.1.  Suppose we are given a measurable function g : S™T1 x [0,00) — [0, 00)
which decreases in the second variable. Then (3.7) holds and

/ / g(,y) Moldy) v(dx) < oo
sm+1.J[0,00)

for a distribution v on (S™*L, &™) implies

/ Z sup g(z,y) v(dx) < oo for all p> 0.
Sm+1 neNo np<y<(n+1)p

A typical example for a function g to which the lemma applies is

g(x,y) = Pe(M,, €C,S,, > y)l[0,00)(y)

for arbitrary C € &1,

PrOOF OF THEOREM 4.1. We restrict ourselves to the little more complicated nonar-
ithmetic case.
(a) For all C € ™t r >0, s € IR and initial distributions A\ we obtain

P)\(MT(t) eC,Ry >, ST(t),m > 8)
— Z P\(M,,,, €C,S,, <t,8,,, >t+7,55,,1.m>5)

n>0

def
= gxUs(t), g(z,y) = Pe(Ms, € C,S, >y+71,5m > 5)1j000)(y).
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As one can easily check with the help of Lemma 7.1, the conditions of Theorem 3.5 are fulfilled
for this g and each A\ whence

thm PA(MT(t) eC, Ry >, Sr(t),m > 8)

i (7.1)
—= H—> [ )P&'* (Mg'l 6 C, SO'I > y, SO'l,m > 8) »\d(d/y)

So we have shown convergence in distribution of (M, ), R¢, Sr(),m), as t — oo. By choosing
s = —o0, resp. r = 0 in (7.1), we get (4.5), resp. (4.6).

(b) Let p > 0, E,X,, < oo and E)\(X)P™! < oo for all n > 1. By considering the
truncated sequence (X, Aa),>1 for sufficiently large a > 0, which then satisfies E| X, Aa| < oo
for all n > 1, and applying (4.2) we infer E\o, < oo for all n > 1 as well as Ex7(t) < oo for
all ¢t > 0. Given this, we further obtain

n p+1

p+1 n
1 1
n_(p'i'l)E)\Sg:l = I (ﬁ Z(Saj _SUj1>> < En (E ZX;_J>
i=1

j=1
< B( max X+)p+1 < By i(xﬂpﬂ (7.2)
= \igi<n T % - Lk

i E*(Zu:)p“) b B B < o
k=1

for all n > 1, the final equality by another appeal to (4.2). As being needed below, note that
(7.2) remains true with A replaced by Ay, = Py'™* for each k > 1, i.e.

n_(P-l-l)E/\ksgi—l < E}\k<Z(X;r)p+1> + E(Xf)p+1E>\kU” < 0 (73)

j=1

for all k,n > 1. One must only observe that Ey X, = ExX,,, < oo and E, (X;h)PT! =

Ex(XF

k+n)p+1 < oo for all k,n > 1. As for R;, a similar estimation gives

7(t) m
E\RPM < EA(DX:Y’“) - EA<Z<XJ>”“> + B(XPPPE() < o (T4)

k=1 j=1

for all t > 0.

Since, under each P, R; converges in distribution to a variable R., with distribution
Pe+(Sy, > u)No(du)/p> (by (4.5)), the uniform integrability of {R},¢ > 0} under Py follows
if we can show convergence of ExRY to ExRE, = E¢-SEH /1>, To this end we note that

ef
EsRY = g+ Us(t), 9(2,9) = Eo((Soy —9)") L0.00) (1)-

Validity of (3.6), (3.7) and (3.8) are again easily checked (the latter two with the help of
Lemma 7.1). As for (3.5), we obviously have G(z) = E,S? by monotonicity of g(z,y) in y.
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Consequently,

by (7.3). Now one may apply Theorem 3.5 and obtains the desired moment convergence after

E\ Zm:G(Mn) = f:E)\nsgl < o0
n=0 n=0

a simple computation. Further details can be omitted.

For the proof of uniform integrability of {S? W)mt = 0} under Pj use

def
EXSrtyml” = gxUx(t), g(x,y) = Exl(s, y31S0,ml"10,00)(¥)

and proceed as in the previous part.

(c) Here it suffices to note that all assertions are direct consequences of the previous parts

in combination with (4.3).
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