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Abstract

In this paper we investigate the nonnegative martingale W,, = Z,/u,(U), n > 0 and
its a.s. limit W, when (Z,),>¢ is a weighted branching process in random environment
with stationary ergodic environmental sequence U = (U,)n>o and p,(U) denotes the
conditional expectation of Z,, given U for n > 0.

We find necessary and sufficient conditions for W to be nondegenerate, generalizing results
by D. Tanny (see [19]) and R. Lyons, R. Pemantle and Y. Peres (see [10]) on ordinary
branching processes in random environment and results by U. Rosler, V.A. Topchii, and
V.A. Vatutin (see [14], [16]) on ordinary weighted branching processes.

In the important special case of i.i.d. random environment, a Z log Z-condition turns out
to be crucial.

Deterministic and nonvarying environments are treated as special cases.

Our arguments adapt the probabilistic proof of Biggins’ theorem for branching random
walks given by R. Lyons in [9] to our situation.

1 Introduction

We consider a weighted branching process (Z,,),>0 in random environment with stationary
ergodic environmental sequence U = (U, )n>0. One way to construct such a process is the
following: Put ¥ : [0, 00)N — [0, o0},

Y((@i)iz1) = sz

and let U = (U,)n>0 be a stationary ergodic sequence of (IM, 90t)-valued random variables
(defined on some suitable probability space (€2, 2, P)), where IM denotes the collection of
probability measures @ on ([0, 00)™, Bfj ) fulfilling

0 < u(Q) :=/ SdQ= [ yQ dy) < oo
[0,00)N [0,00]

and 91 is the o-algebra generated by the total variation norm.
Additionally, let N := {0} UJ,~, N" and

T(’U) = (E(U))izl, NS N,

be a family of [0, co)N-valued random variables that are conditionally independent given
U with conditional distribution given by

P(T(v) € -|[U) = Uy (veN),



|v| denoting the length of v, in particular |)| = 0. Note that for fixed v, we allow arbitrary
dependencies of the random variables T;(v), > 1.

Recursively, define the random weights L(v), v € N, by L(#) := 1 and
L(v,i) := L(v) - T;(v) (veN,i>1).
Furthermore, let

Zy:=)Y_ L(v) (n>0)
|v|=n

be the sum of weights of all individuals in generation n. Loosely speaking, (Z,)n>o forms
a branching process in random environment with particles having random weights.

For simplicity, we abbreviate T := (1;);>1 := T'(0) and for Q = (Qn)n>0 € IMNo

1o(Q) :==1
and -
:un(Q) = H M(Qz) € (0’ OO) (TL > 1)

In addition, we assume that
B = E[log u(Up)] € (—00, 0)
and that

v:=F exists in R.

> il
= w(Uo) =~ w(Uo)
Incase vy, = F [Zizl % log™ %} ory_.:=F [Zi21 % log™ % is finite, we have
the decomposition v = v, — v_. Finally, note that the sequence (1(U,))n>0 is stationary
ergodic as well.

Our main object of interest is the sequence (W,,),>0, defined by
W, = Zn/ un(U) (n>0).

We will see in Lemma 9 that (W,),>¢ forms a nonnegative martingale with respect to an
appropriate filtration (G,),>o of (2,2, P) and therefore converges a.s. to a nonnegative
random variable W. Our aim is to find necessary and sufficient conditions for W to be
nondegenerate.

The following section contains our main results. In analogy to the investigations by
R. Lyons in [9] for branching random walks and by R. Lyons, R. Pemantle and Y. Peres
in [10] for ordinary Galton-Watson processes, their proofs to be given in Section 6 are
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based on viewing a weighted branching process as the sequence of generation sizes of an
appropriate (weighted) random family tree. Therefore we examine the latter object in
Section 3. In Section 4 we construct a size-biased version of the random tree mentioned
above and find an important connection between the distributions of these two types of
trees. Section 5 provides some lemmata required in the proofs of our main results that
are given in Section 6. The final section contains some additional remarks.

2 Main results

u(Uo) u(Uo) #(Uo)

the assumption that v = F [2@1 u(TUko) log “(%0)

Recall the definitions v, = E [2@1 Tk JogT Tk ] v =FE [Zk21 Telog™ 0| and

] exists in R.

Theorem 1. Suppose that v, < oo, —o0 < v < 0 and there is some a > 1 such that

G(U,a) := Zu(Un)l/ Y dU,

n>0 {¥>an}

= Zu(Un)l/ x U(dx) < oo  with positive probability.

n>0 (a™,00)

Then W = lim,,_,,, W,, satisfies EW = 1.

Theorem 2. Suppose that yv_ < oo. If 0 < v < oo, or G(U,a) is infinite with positive
probability for some a > 1, then P(W =0) = 1.

The proof of the following corollary shows that the series G(U, a) introduced in Theo-
rem 1 converges a.s. for all a > 1 if Z;logt Z;/u(U,) is integrable. However, we will see
in Remark 14 that in general, the integrability of this random variable is not a necessary
condition for W to be nondegenerate.

Corollary 3. If —co<vy< 0 and E [%} < 00, then EW = 1.

Corollary 4. Suppose that there is some £ > 1 such that
P(T; =0 for alli>{) = 1. (1)

Then —oo < v < 0 implies EW = 1.



The following theorem deals with the important special case where the environmental
sequence U = (U,),>0 consists of independent components. As in the case of ordinary
Galton-Watson processes or branching processes in i.i.d. random environment, a Z log Z-
condition plays an essential role (see [10], [19]).

Theorem 5. Suppose that the random variables U,,,n > 0 are i.i.d.

(a) If y- < o0 and ¢ := P ((;s,{T; =0 or T; = u(Up)}) < 1, the following conditions
are equivalent: -

(i) P(W =0) <1,

(i) EW =1,
(iii) E [%] < o0 and v < 0.

(b) If c=1 and P(Z, = u(Uy)) =1, then W = EW =1 a.s.
(c) If c=1 and P(Z; = u(0y)|U) < 1 a.s., then W =0 a.s.

Corollary 6. If U,,n > 0 are i.i.d., c < 1 and (1) holds, then
PW=0)<1<= EW=1+<=v<0.

We now consider ordinary weighted branching processes (see for example [13], [14], [15],
[16], [17]). In this special case, the environmental sequence U = (Uy,),>¢ is deterministic
and nonvarying, i.e. P(Uy € -) = P(U; € ) = ... = dr for some I' € M and

w(U;) = / y T¥(dy) =: p € (0,00) a.s. for all i > 0.
[0,00]

Consequently, E(Z,|U) = EZ, = ™ € (0,00) a.s., v+ = E |3 .5, % log* % and

v=F ZiZI%log%] € R.

Theorem 7. Suppose that (Z,)n>o is weighted branching process with p = EZ; € (0,00).
(a) If v~ < oo and c = P(T € {0, u}N) < 1, then the following conditions are equivalent:

(1)) P(W=0) <1,
(ii) EW =1,
(i) EZylogt Z; < oo and v < 0.

(b) Ifc=1and P(Z; =p) =1, then W = EW =1 a.s.
(¢) Ifc=1and P(Zy = p) <1, then W =0 a.s.
(d) If —oco < v <0 and EZ,log" Z; < oo, then EW = 1.



3 Weighted trees

We have already mentioned that our method of proof is based on analysing the weighted
family tree associated with (Z,),>¢. For this reason, we formally introduce the space of
weighted trees in this section and endow it with an appropriate o-field, following Chauvin’s
and Neveu’s approaches (see [7], [11]).

Denote by T the set of all nonnegative mappings defined on N, i.e.

T:={t|t: N —[0,00)}.
Any t € T is called a weighted tree. Additionally, given any v € N, define

Ly : T — [0, 00),

The filtration (F;,)n>0, given by
Fn = 0(ly,|v] < n) (n>0),

will play an important role in our analysis. Finally, endow T with the o-field
F = 0Un>0Fn) = 0(ly,v € N).

To get the connection to the weighted branching process (Z,),>o introduced in Section 1,
denote by T the (uniquely determined) random weighted tree fulfilling

T(v) =4,0T = L(v) (veN).
In fact, 7 is F-measurable since for any A € BV,

T ({(t)oen € A}) = {(L(v))ven € A} € . (2)

4 Size-biased weighted trees

The proofs of our main results exploit a fundamental relation between the random weigh-
ted tree 7" and the so-called size-biased tree T to be defined hereafter. Lemma 8 compares
the distributions of 7 and 7.

Let ((T'(n), Cy))n>0 = (((T5(n))i>1, Cn))n>0 be a sequence of random variables (defined
on (€2, 2, P)) meeting the following conditions:

A~

e Conditionally upon U, (T'(v))yen and ((T'(n), Cy))n>o are independent.
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e Conditionally upon U, the random variables (T'(n), C,,),n > 0 are independent with
conditional distributions determined by

P(T(n) € A,Cp=i[U) = p(Un)""E (Lir@,eayTi(vn)|U) (3)
= w(U,)™ / m; dU, a.s. (AeBYi>1),
A

where v, is an arbitrary element of N” and 7; : RN — R denotes the projection to
the i-th coordinate. Note that this implies

A~

P(T(n) € AU) = u(Un)'E (Lirwa)eay - X o T(v,)|U) (4)
= M(Un)lfAz dU, as. (A€ BN |v,|=n)

and

P(0<Zﬁ-(n)<oo) =1 (5)

i>1

because

P(T(n) € 5=1((0, 00))|U) = u(U,)"" /E gy D=1 as

Now define the random variables V, := (), L(§) = 1,

V, = (00, ---;Cn—l) e N (TL > 1)

and

for all w € N and 7 > 1. After these preliminaries, let T be the random tree with

Tw)=t,0T =L() (veN).

By the same argument as in (2) it can be seen that T is F-measurable.

In the remainder of this paper we shall make frequent use of the relation between

Q:=P((T,U)e")

and

Q:=P((T,U) e
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described in Lemma 8 below. For this purpose, put

wmlt) =Y L) (teT,n>0),

lv|=n
Wy (t,u) = 2, (t) /(1) (t € T,u € MNo n>0),

w = lim sup wy,,
n—oo

—~~

Wy, i=wpo (7\-7 U):
F = F, MmN

and note that w, is F,-measurable (n > 0). In addition, we have the representations

W =wo (T,U) and W, = w, o (T, U).

Lemma 8. Let n > 0.

(a) For any A € F,, we have the identity

P(T € A|U) = E(W,, - 1i7¢4|U)  a.s.
(b) For any B € F,,, we have

@(B) = E[Wn : ]l{(T,U)EB}] = / wn(ta U’) Q(dta du)a

B
i.e.
Qr < Qi
with R
dQ‘-’FI
(T, u) = wy(t,u
10 (6w) = walt, )

(¢) We have the dichotomy

(i) Ow < 0) =1+ EW =1 and
(ii) Ow = o00) =1 <= Q(w =0) = 1.

Proof. (a) Obviously, it suffices to show that for all n» > 0 and A, € B (|v] < n),
P(L(v) € Ay, |v] < n|U) = E (1iz0)ea,, vj<n}Wa|U)  ass.
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For this purpose, we introduce the auxiliary random variables f(v), v € N, defined

T(v) = T(n), v= Vn.for some n > 0,
T(v), otherwise.

<A
=
o
@
£
—~~
=
Il

L(®) = 1, we may suppose n > 1. Considering the representations

(Z(0))jpi<n = ¥ 0 (T(0))jpj<nr

and
(L())pj<n = ¥ o (T(v))p)<n—1

for some measurable mapping ¥ : xveN,|v|§n,1]R]N — Xyen, jvi<nR, it is enough to
prove that for all B, € BN (jv| <n —1),

P(T(v) € By, |v| <n —1|U) = E (Lir@)es,, joi<n-13Wa|U)  as. (6)
Choose o € IN". We claim (and prove by induction) that

P(T(v) € By, |v| <n =1, V= 0|U) = 11, (U)E (Lz()eB, jpj<n_13 L(0)[U)  as.
(7)

Once this identity is verified, summation over all o € IN" yields (6).

First note that the case n = 1 in (7) is obviously true because

~ ~

P(T®) e B,V; =0|U) = P(T(0) € B,Cy =0|U)
1w(Uo)'E [Ty - Lirepy|U]

for any B € B and 0 > 1. Now fix n and suppose that (7) is proved for all B, €
BN (Jv| <n—1) and all 0 € N™. Let 7 = (4¢, -.-, %) € N and o = (g, ..., In_1)-
Then it follows by hypothesis and construction that

(T(U € B'ua ‘U| <n, Vn-l-l = T|U)

P(T(v)
P(T(v) € B, [v| <n—1, V, =0o|U)- P(T(v) € By, |v| = n,v # o|U)
- P(T(n) € B,,Cy = i,|U)
= a(U) 'E[L(0) - Lir(wes,, pi<n-1}|U] - B [Li1w)eB,, jv=nz0} [U]
- w(Un) "' E T, (0) Lir(s)eB,} | U]
pins1(U) B [Lir)en,, jvi<n - L(0)T;, (0)|U]
= pn(U)'E [l{T(v)er,\v\Sn} . L(T)|U] a.s.

which finishes the proof of (a).



(b) Without loss of generality, we may suppose that B is of the form B = C' x D for
some C € F, and D € 9MNo. Now (a) gives

9(B) = / P(T € C|U)dP
{UeD}

= / E(W, - Lirecy|U) dP
{UebD}

= E[W, - 1¢71ujecxn)]
B

c) Since n>0 18 a filtration o X 0 satistying F ® 0 = Up>of,,, part
Si F, >0 1 fil i fT x MY isfying F @ MY > F, b
and Theorem (4.3.4) in |8] imply that for all C' € F @ IMMo,

@(C) = /deQ-l- @(Cﬂ {w = o0}),

in particular

EW = wszl—@(w:w),

T xMNo

ensuring (i) and (ii). O

5 Auxiliary lemmata

Introducing the filtration (G, )n>0, given by Gy := ¢(U) and G, := o(U,T(v), |v] <n—1)
for n > 1, we can easiliy establish the a.s. convergence of (W,),>o.

Lemma 9. (a) Given anyw € N, E (Zi21fl}(w)|U) = (Upy|) a.s.
(b) E(Z,|U) = u,(U) a.s. for all n > 0.

(c) The sequence (W,),>0 forms a nonnegative martingale with respect to (Gn)n>o0 with
EWy =1 and therefore converges a.s. to a nonnegative random variable W satisfying
EW < 1.

Proof. (a) By construction, we have that

E(zn(wm) = E(SoT(w)U)

i>1
= / ¥ g pT W)U
[0,00)

= /[0 - b dU|w‘ = ,U,(U|w‘) a.S.



(b) We prove the claim by induction. As Zy = po(U) = 1 a.s., we may suppose that
E(Z,|U) = u,(U) a.s. for some n > 0. Then using the decomposoition

Zun= Y0 L) = 3 L) Y Tw) = Y Lw) - SoT(w),
|lv|=n+1 lw|=n i>1 lw|=n

the conditional independence of L(w) and X o T'(w), the monotone convergence
theorem and part (a), we infer that

E(Zna[U) = Y BE(L(w)-¥oT(w)U)
|w|=n
= ) E(L(w)[U)- E(Zo T(w)[U)

(w|=n

2 Uy Y B(Lw)[U)

|w|=n
,U'(Un) ’ ,U'n(U) = Nn+1(U) a.s.,
as demanded.

(c) Fix n > 0. Obviously, W,, is measurable with respect to G,. Since L(w) is G,-
measurable if |w| = n, it follows that

EWanil0n) = w07 Y L)|9,

|[v|=n+1

= i (U)7 Z E(L(w) - X oT(w)|Gn)

jw|=n

= (U Y Lw)E (S0 T(w)[G,)

|w|=n

Qi (U)lUn) Y L(w)

|lw|=n
= w(U)'Z, =W, as.
To justify (%), observe that for all A € 9™ and B € e n; jvi<n1 BN

/ soT(waP = [ E (Lo een SoTw)|U) P
{U€A(T'(v))|v|<n-1EB} {UeA} -

_ /{UEA} w(T,) - P ((T(v))|v§n_1 E B‘U) dP

= / E (N(Un)]l{(Tw))wgnleB} U) dp
{UcA}

/ (U dP,
{UeAa(T(v))|v|§n—1 EB}
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for the random variables ¥ o T'(w) and (T'(v))|y/<n—1 are conditionally independent
with E (X o T(w)|U) = u(U,) a.s. as seen in (a). Since Wy = 1 we can finish the
proof by applying the martingale convergence theorem and Fatou’s lemma.

U

Denote by IM’ the set of all probability measures on (R,B) and endow M’ with the
o-algebra 9 generated by the total variation norm. Besides, put ® : R x M’ — R,

B(t,Q) = Q) =Q((~00,) (t€R,Q €M)

Lemma 10. (a) The mapping ®':(0,1) x M’ —» R,
1t Q) :=inflz e R: ®(z,Q) >t} (0<t<1,Q €M),
is B @ M'-B-measurable.
(b) The sequence (X,)n>0, defined by X, = X o T(n) = ZzZIﬁ(n) form >0, is
stationary ergodic.

(¢) The same holds true for the sequence ()Z'n)nzo, where X, := % (n >0).

(d) If U = (Un)nzg consists of i.i.d. components, the same is true for the sequences
(Xn)n>o and (Xy,)n>0, respectively.

Proof. (a) Fix any o € R. Then we have that

{t, Q") : @*I(t’ Q)<al = {(t,Q):inf{z e R:Q'(z) >t} < a}
= {(t,Q): Q' () > t}
= {(t,Q) :t - Q'(a) <0}.

Since for fixed «, the mapping Q' — @' («) is continuous (and therefore measurable),
the claim follows.

(b) Let Y = (Y;)n>0 be a sequence of i.i.d. random variables (defined on (2,2, P)) with
P(Yy € -) = R(0,1) such that Y and U = (U,)n>0 are independent. First note that
by (5), P(0 < X, < o0) = 1. Now (4) says that for any A € B,

P(X, € AU) = ,u(Un)l/ Y dU, =:U,(A) as. (8)

{ZeA}
Since U is stationary ergodic, the same is true for U= (ﬁn)nzo- Now put X/ :=
® 1(Y,,U,),n > 0. Then (X/),>o is stationary ergodic as well (see Proposition
[.4.1.6 in [6] and Proposition 6.31 in [5]), and it is readily checked that the random
variables X! ,n > 0 are conditionally independent given U with P(X] € -|U) =
ﬁn a.s.,n > 0. Thus, (X;)n>0 4 (X, )n>0 and (X,)n>o is stationary ergodic, as
asserted.
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(¢) The conditional independence of the random variables (7(n), C,,), n > 0 entails that

for any sequence (A,)n,>0 in B,

P(Tg,(n) € Ay,n > 0U) = [[ Ui (4n)  as.,

n>0

where for n > 0, (3) shows that

Up(A,) = P(Tg, ()eA U)
Z n) € A,, C, = i|U)

=

U) / T dU, as.

i>1 J{mi€An}

Now define X" := & 1(Y,,,U}) and X! := X! /u(U,),n > 0. Then it is again easy
to see that the random variables X' n > 0 are conditionally independent given
U with conditional distribution given by P(X] € -|U) = U} a.s. for all n > 0.
Thus, (X,')n>o forms a copy of ()N(n)nzo, and since (X]')n>o is stationary ergodic
(see Proposition 1.4.1.6 in [6] and Proposition 6.31 in [5]), the proof is complete.

(d) As the random variables X,,,n > 0 are conditionally independent given U with

Cc=

P(X,€-U)=0, as.,
the independence of ﬁn, n > 0 ensures that for any sequence (A,),>o in B,

P(X,€ A,,n>0) = E[P(X,€ A,,n>0[U)]

E (] U4

n>0

n>0

= [[P(X. € 4y),

n>0

i.e. the independence of X,,,n > 0. The assertion on ()’Zn)nzo follows by an analogous
argument. O

Recall that v, = [Zk>1 o) log™® e )] v =E [2@1 u—(T[% log™ ﬁg@ and
P (ﬂiZl{Ti =0or T; = p(Uo)}) -
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Lemma 11. (a) Suppose that vy, or ~y_ is finite. Then

ElogX,=E

Te, (0)
lo = = — Y. = = F

(b) Elogt Xy =F [10g+ 2121 Tz(o)} =F [%} '

(¢) P(Xg=1U)=1as. <> c=1.

Proof. (a) By construction, it follows that for all A € BN i > 1 and B € 9o,
P(T(0) € A,Cy=i,Ue B) = / P(T(0) € A,Cy = i|U)dP
{UeB}
— [ B0 tgenTU] P ()
{UeB}

T;
= F [l{TeA,UEB}m] ;

proving that
~ T.
P((T(0),U h=1)=F |——1
(T0.V)€ .0 =) = B [Tt e

for all C € BN @ 9™ and i > 1. Consequently,

T;(0) _ )
P (M(Uo) eD,C,= ) /_LED} (0 dpP (D e B,i>1). (10)

#(Uo)

Now first turning to the positive part of log ic(([)](oo))’ we obtain the decomposition

+ CO ZTk,

k>1

where

=3

0 7, (0)
Yy = 1ycoopylogt =< =1, _, ~ log——=, k>1.
k {Co=k} 108 1(U) {Co=k,T3(0)>u(Uo)} *°08 1(To)
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On the basis of (10), we infer that for arbitrary ¢ > 0 and k£ > 1,

and therefore by Fubini’s theorem

EY, = / P(Ty > ) A(dt)
(0,00)

75 / ]
= F 1 Ty, A(dt
|::U'(UO) (0,00) {t<10g u(Uo)} ( )

- [M@o) log” M(%o)} '

Thus, by monotone convergence, we have

TC 0 Tk)

E |log

k>1 k>0

Since an analogous calculation gives

~ Te, (0)
M(Uo) |

FE |log =_

Z Bl = Z b [ M(Uo)

| =

and one of the terms ~y,,~_ is finite by assumption, it follows that

ACO (0)

€ R,

E

log

w(Up)

[ k>1

as demanded.

),

(b) As seen in the proof of Lemma 10

¢')

(])

P(10g+ Xo > t) = 0>

(

(Uo) " Zi1(z,5e1)
(Uo

(b
P(X,
= EU,
- Pl
£l

14

T, T,
= —y_=~v=F 1
Y+ Y Y Z (UO) og ,UJ(UO)

Zl]l{log+ Z1>t}] fOI‘ all ¢ >0



because Z; = ZZ>1 T;. This implies by Fubini’s theorem that
Flog" X, = / Pllog* Xo > 1) A(dt)
(0,00)

= FE [M(Uo)_lzl/( )]l{log+Z1>t}A(dt):|
0,00

E [Zl 10g+ Zl:| '
1(Uo)

(c) In analogy to (9), we have that for all A, B € B,

P(Te,(0) € A, u(Us) € B|U)

Liuwoeny Z 1(Uo) " E(Liz,e 4y T;|U)

i>1

= > W) Eneanwnen Ti[U)  as.,

i>1
and letting D := {(z,z) : z > 0} € B?,

P(Xo=1U) = P((fco( ) (Uo)) € D|U)

= Y E(uUo) "Il z=uwop|U)
i>1

= ZP w(Uy)|U)  as.
i>1

Now the claim follows from the decomposition

wUo) = E(Z1[U) = Y BT g—uwop|U) + Y B(Til iz 2400y U)

i>1 i>1
= (o) > P(T; = w(Uo)[U) + > E(T 1, uws)y| U)
i>1 i>1
= p(Uo)P(Xo =1[U) + Y | E(T iz 2uwop|U)  ass.
i>1

because P(0 < pu(Up) < 00) = 1.

Lemma 12. (a) Fora>1, G(U,a) =3 5, P(X, > a"|U) a.s

(b) If G(U,a) < oo with positive probability for some a > 1, then

1
lim —logt X, =0 a.s.

n—oo N

15



(c) If G(U,a) = oo with positive probability for some a > 1, then

1
limsup — logt X,, = 00 a.s.
n—oo T

(d) G(U,a) is finite with positive probability for some a > 1 if and only if it is finite
a.s. for all a > 1.

Proof. (a) Fixn >0 and a > 1. Then (5) and (8) yield

P(X, > a"[U) = Uy ((a", 00)) = p(U,)"" / S dU, as.

{¥>an}

and therefore
Y P(X,>a"|U)=G(U,a) as.

n>0

(b) By Theorem 1 in [18], Lemma 4 in [12] or Lemma 7.2 in [10], lim sup,,_,, + log™ X,, =
0 a.s. or limsup,_,, +log™ X, = co as., for the sequence (X,)n>o is stationary
ergodic (Lemma 10). Now if G(U,a) is finite with positive probability for some
a > 1, the Borel-Cantelli Lemma implies that

1
P(X, >da"i0.JU)=P (— log X,, > loga i.o.
n

U) =0 with positive probability,

ie. 1
lim —log X, =0 as.
n—oo 1N
Consequently,
1
lim —log" X, =0 a.s.
n—oo N,
as well.

(c) Considering the conditional independence of X,,,n > 0, a similar argument gives

1
P(X,>a"i0.]U)=P (— log X, > loga i.o.
n

U) =1 with positive probability,

ie.
1 1
lim sup — log* X, > limsup —log X,, = 0o  a.s.
n—oo 1 n—oo N
(d) is an immediate consequence of (b) and (c). O
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6 Proofs of the main results

We can now proceed to the proofs of our results stated in Section 2.

Proof of Theorem 1. Define G := a((fk,C’k)kzo,U) and fix n > 0. We start by cal-
culating the conditional expectation of Wn given G. For this purpose, we decompose
Zyn = zn o T, the sum of all weights in the n-th generation of 7 in the following way:
Given any k € {0,...,n — 1}, let Ry be the sum of weights of all individuals in generation
n stemming from Vi, but not from Vj,,. Then we have the representation

f
L

Zo=L(V,)+ Y Ry, (11)

x>
Il

or more explicitly

n

-1
=L(Va)+ > Y-y > L(Vi)Dio,

/\

lo|=n k=0
where
Dk,a = E E T w1 01) 'aakaj)"'Twn_k_l(Ula-"aaka]awla'--awnfka)
2137 0k+1 [w]=n—k-1 =1if k=n—1
= E : Tj(k) ) Ea,k,j
jZlaj#0k+1
and
Eok,j = g Ty (01, s Oy 3) = oo Ty (01, oy Oky Jy W1y ooy Wy—g—2),

|w|=n—k—1

writing o = (071, ..., 0,) and w = (w1, ..., wp_g_1). We claim that

b (U)
E(Z5kG) = E(Eox4|U) | | w(U;) a.s. 12
( k]| ) k]| AL l B 1(-[]-) ( )

To establish (12), let B € @,,5(B™ ® B), C' € MMM and

A= {(T(n),Cp)ns0 € B,U € C} € G.

17



Then the conditional independence of =, ; and (T(n), Chn)n>o (given U) implies

Sokj AP = / E(Ea Ly U)dP
\/1; ,k,J {UEC} ’kL] {(T( )acn)nZOEB}
= E (Eok;[U) - E (l T(n U) dP
AUeC} J {(T( )acn)nZOEB}
- b (E (EorU) Ly U) dP
AUEC} J {{T(n),Cn)n>0€B}

_ / E (Sos,|U) dP  as.,
A

i.e.
E (Z5k,;|9) = E (Eok,;|U) as.

because o(U) C G. Besides, it follows by construction that for all £ > 0,

n—1 n—1

[T wwy = I EEoT@)u]

I=k+1 I=k+1

= E|]] SoT(w) U]
Li=k+1

= F 1:[ > T (w)

Li=k+1my>1

U]
= ZZ(EU£JWII) a.S.
where for [ > 1, v; is an arbitrary element of IN'. Thus, (12) is proved, and consequently,

ED9) = Y Bw- [[umy= Y Tw- 2T

4 - (U
.721,.7#0'16—{—1 l=k+1 ]21’.7#‘7194—1 Mk+ ( )

Now invoking the g—measurability of Vo, ..., Vi,

{V%—U}EE:
lo|=n k=0
= +Z (Vo= a}Z Y Tik)

1 . X
k= 0“’ch ) i>1,5#0k41

EW,|G) =

(U )

&)

E(vn) — 1 L)
S 0 T T )

Our aim is to see that the last expression converges a.s. as n — co. Now using the obvious

product representation
n—1
(Vo) = [ T (k)
k=0

18
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the ergodic theorem (see e.g. Corollary 6.23 in [5]) and Lemma 11(a) show that

~ 1/n ne1l = 1/n n—1
L(V,) Te, (k) 1 ~ ~
= =exp |— Y logXy| — exp(FlogXy)=¢€¢"<1 as.,
ie. ~
. L(Va)
lim =0 as.,
n—00 :un(U)
and it remains to verify that
1 L
S PO ey (10 X0 (13)

= 1U) (V)

converges a.s. For this purpose, note that the ergodic theorem gives

1
lim —
n—oo N

n—1

> log u(Ux) = B = Ellog pu(Up)] € (—o00,00)  a.s.
k=0

and therefore

1
lim ((Uy,))~Y" = lim exp <_ﬁ log,u(Un)) =1 as.

n—o0 n—oo

Referring to Lemma 12, the assumption G(U,a) < oo w.p.p. for some a > 1 ensures

1
lim —log™ X,, =0 a.s., (14)

n—oo 1,

and this guarantees that there is some ¢ € (€, 1) such that for almost every w € , fixed
n € (1,67") and all sufficiently large k,

L(V)(w) k
B (0) W) - pO @) =°

as well as
exp (log* Xj) (w) < 7",

Now putting these estimates together, the a.s. convergence of the series (13) is evident
since 0n < 1. Therefore, it follows by Fatou’s lemma that

E(liminf W,|G) < liminf E(W,|G) < oo a.s.,
n—r0oQ n—o0

i.e. liminf,_, W, < 0o a.s., in other words

~

Q(liminfw, < co) = 1. (15)

n—oo
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In addition, note that O(w, > 0) = 1 for all n since by Lemma 8(b),
Qu.=0)= [ w.de=0
{wn=0}

~1is F!-measurable for all n. In the next step we show that the sequence

Obviously, w
((w; ', F))n>o is a nonnegative supermartingale with respect to Q. In fact, letting n >
0,A € F, C F},,, and recalling Lemma 8(b), the computation

-1 A _1 ~
/ w, 1, dQ = / w1 dQFr
A An{wp41>0}

= / wn_il * Wp41 dQ\.’F;hLl
AN{wn4+1>0}
= Q(4) - Q(AN{wns = 0})
= Qr(ANn{w, >0})+ QAN{w, =0}) = @, (AN {wny =0})

= [ wd@u + QAN fwn = 0)) ~ QAN {0
An{wn >0} N 4

< /wnld@
A

<0
proves that Eg(w,;|F) < w,’ O-as. as well as the integrability of w,,
to Q. To justify the last inequality, consider that {W,, =0} € {Wypy1 =0} for n > 0.

Therefore, (w,!)n>o converges Q-a.s., in particular

! with respect

~

Q(lim inf w, = w) = 1.

n—o0
Consequently, (15) gives
Q(w < o0) =1,
which in turn implies
EW = / wdQ =1
T
by another appeal to Lemma 8. This is the claim. O

Proof of Theorem 2. First suppose that y =y, —v- =F []og ZCE(I’J(OO))] € (0,00]. Then
(11), the ergodic theorem and Lemma 11(a) show that

1/n 1/n

L(V,)
pn(U)

Z,
1 (U)

W =

n—1
1 - -
= exp [E E long] — exp(ElogXy) =¢€” > 1
k=0

(16)
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a.s. Thus,

and

by Lemma 8(c).
If on the other hand G(U, a) is infinite with positive probability for some a > 1, then
Lemma 12 shows that

1 1 ~
lim sup — log X,, = limsup — logZTi(n) =00 a.s. (17)

n n
n—00 n—00 i>1

Besides, we have the estimate

_ \1l/n
(W) 2 w(Unt1) 11 (0)

n—1
1 1 =~ 1
= exp (—Elogu(UnH)) - exXp (ﬁ E long> - exp <Eloan>
k=0

and therefore
1 LW v

As seen in the proof of Theorem 1,

n—oo

1
lim exp (—ﬁlog u(Un+1)) =1 as,

and considering the fact that v < oo implies v > —oc and hence

1 n—1 .
i 1 _
nlggoexp (n kz_%]ong> e’ >0 a.s.,

(17) and (18) yield

limsupW,, = a.s.,
n—oe

i.e. once more W = 0 a.s. by Lemma 8(c). O
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Proof of Corollary 3. We have seen in Lemma 11(b) that Elog™ Xy = E [

Zylogt 73
w(Uo)

|-

Consequently, the stationarity of (X,),>o implies that for arbitrary a > 1,

-1 |

i.e. P(G(U,a) < o0) = 1. Besides, the integrability of

log™ X
loga

v

|

Z P(log* Xy > nloga)

n>0

Y P(X, >a")

n>0

Z/P(Xn > a"|U) dP

n>0
) ap

/ (Z P(X, > a™|U)
the inequality T; < Z;

n>0

EG(U,q),

Z1logt 7y
w(Uo)

for i > 1 and the fact that z — log"  is nondecreasing in [0, co] ensure that

0<74

IN

Hence, the assertion follows from Theorem 1.

Proof of Corollary 4. Put ()

T; T;
| i,
- r o
i 22; AR u(l}o)_
[ Z Z
iR ol
E _M(ZUlo) (log Z; — logu(Uo))]l{ZIZM(UO)}}
- R
e[ ]+ [
B [
E %_ + Ellog p(Up)| < 0.

xlogz, z > 0 and note that v is convex with
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SUPg<z<t |¥(2)| = 1/e. Consequently, v < ¢/e < 00, —0o < v < 0 and additionally

o< () = e [+ em ()
= logl+ ¢ Evy EZ: )

o(n)

= logl+ v < o0.

*ﬂ’;

< logl+FE

This gives

S[EE] _ po(2) o[t

_ E¢( (ZO)> + Elog u(Uy)

~ BT ) s e (-,

Zylogt 74

(Vo) } < 00. Now Corollary 3 gives the claim. 0

in particular F [

Proof of Theorem 5. (a) The implication "(44) = ()" is trivial.

"(7) = (417)": First suppose 0 < v < oo. If v > 0, we have already found the con-
tradiction P(W = 0) =1 in the proof of Theorem 2. In case v = 0, the assumption
¢ < 1 and Lemma 11(c) ensure that

P(logXy=0)=P(X,=1) < 1.
Consequently, the Chung-Fuchs theorem, Lemma 10(d) and (16) give
- n—1 _ n—1 N
lim sup W,, > lim sup exp (Zlog Xk> > lim suleog Xy =00 as.,

i.e. W = 0 a.s. in this case as well. Thus, we have v < 0, and it remains to prove

the finiteness of £ [%(gj:)—z} . For this purpose, assume E [%} = 00, i.e.
Flogt Xy =00 (Lemma 11).

Since the random variables X,,,n > 0 are independent and identically distributed

(Lemma 10(d)), this guarantees (see for example Lemma 1.1. in [10])

1
limsup —log™ X,, = o0 a.s.
n—ooo 1N

23



and therefore

1
limsup —log X,, = 00 a.s.
n—oo T

as well. Now W = 0 a.s. is established in the same way as in the proof of Theorem 2.

Zilogt Z
W] and v < 0.

Summarizing, we have proved that (i) implies F [
"(431) = (47)": This implication is basically verified by copying the proof of Theo-
rem 1. It is merely equation (14) that requires a new argument: As Elogt Xy =

E [%} < 00, the independence of X,,n > 0 (Lemma 10(d)) in combination

with Lemma 1.1. in [10] yields

1 1 ~
li —log X, =li —log™® Ti(n) =0 a.s.,
im sup — log imsup  log Z (n) a.s

n
n—00 n—00 i>1

and the proof of (a) is complete.

Asforall Ac BN BeBandveN

P(T(v) e A,uU,)€B) = E [11{u(U|v|)eB}U\v\(A)}

= E[LywyesUo(A)]
P(T € 4,u(lh) € B),

it follows that for all v € N, P (XoT(v) = u(Uy)) = 1. Hence, ¢ = 1 implies
Zn = tn(U) as. foralln > 0 and W =1 as.

2

N. Then (W,),>o is the uniquely determined weighted branching process with the
factors T*(v), v € N. Consequently, P(X o T*(v) € INg) = 1 for all v € N. More
precisely, we will see that (W,),>o may be viewed as an ordinary branching process
in stationary ergodic random environment. To be rigorous, let U* := (U} ),>o and
observe that U* is stationary ergodic, too. Additionally, let Y (v),v € N be a
family of INy-valued random variables (defined on (£2,2, P)) that are conditionally
independent given U* := (U}),> with

Let T*(v) :== (T} (v))i>1 == T(v)/u(Up)) and Uy == P(EoT"(v) € -[U), v €

P(Y(v) € -|[U") =Uj, as. forallve N,

|v]
and recursively define 7} := 1, I} := {0},
L o={(w,0) e N"" tw eI, and 1 <i <Y(w)}

and
Zpir = Ipp| = Z Y(w)

wel,
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for n > 0. Thus, (Z;),>o forms a branching process with environmental sequence
U* fulfilling

w'(Us) = E(Z{|U") = ) _jUs ({1}) = E(ZeT*(0)|U) = u(Uo) 'E(Z,[U) =1 as.

j>0

To get the connection to the original process (W,),>0, note that for all finite N/ C N
and all A, C Ny (v € N'), the conditional independence of the random variables
(T'(v), (Uy))), v € N (given U) on the one hand and of Y (v), v € N (given U*)
on the other hand yields

P(XoT*(v) € Ay,veN') = EP(XoT*(v) € A,,v € N'|U)

= E|[[ P(EoT"(v) € 4,U)
LoeN!

= E|]] U,

UEN’

= E|[] P(v( EA\U*)]

LveN!

= EP(Y(v) € A,,v € N'|U")
= P(Y(@w)eA,veN),

showing that (X o T*(v))yen and (Y (v))yen have the same distribution. From this
it easily follows that (W,),>0 and (Z}),>o are identically distributed, in particular

P(W =0) = P(W, — 0) = P(Z — 0). (19)

In the next step we show that A := {Uj({0,1}) = 1} has P(A) = 0. To see this,
observe that P(U({({O, 1}) = 1,U5({0}) > 0) = 0 because ., jU; ({j}) = 1 as.
Therefore,

P(4) = P(Us({1}) = 1) = P(P(Z1 = n(ti)[U) = 1) = 0.
Now we may apply (19) and Theorem 1 in [2] to infer
P(W =0)= EP(Z" — 0|U") =1,

for Elog pu*(Ug) = 0. O

Proof of Corollary 6. In the proof of Corollary 4 we have seen that v_ is finite and

that v < 0 implies £ [m

(T) } < 00. Now Theorem 5(a) completes the proof. N
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Proof of Theorem 7. (a) and (b) are immediate consequences of Theorem 5 as u(Uy) =
L as.

(c) By replacing T'(v),v € N with T(v) := p~'T'(v),v € N, we may suppose u = 1.
Thus, (Z,)n>o forms a critical Galton-Watson process with p; := P(Z; = 1) < 1.
Consequently, Lemma 1.3.1 in [3] gives

W=1lm Z,=0 a.s.

n—oo

(d) has been proved in Corollary 3. O

7 Additional remarks

At the end of this paper we give some supplementary remarks.

Remark 13. (a) Suppose that P(T € {0,1}Y) = 1 and 8 = E (log u(Up)) € (0,00).
Then (Z,)n,>0 may be viewed as an ordinary branching process in random envi-
ronment with stationary ergodic environmental sequence U := (UY),>, for if
[vn| =n >0,

p (ZT,(UR) = k‘U) = P(ZoT(v,) = k|U) =UZ({k}) as. forall k > 0.

i>1
Besides,
w(Uy,) = Z kUZ({k}) a.s. foralln >0,
k>1
vy =F log™® = F log™® Lir—
* ; u(Wo) ° u(Uo) ; (W)~ u(Uo) Y

L M(Uo) . M(Uo)
= B |u(U) " logt —— - E(leU)]

.U(Uo)
[ 1
- E lo+—}<Elo Us)| < o0,
log” 73| < | log 1(Uy)|
E[lo 1 }<
_ = O
7 8 1(Uo)



and 1
y=vy—7v.=E [logm} = —f € (~00,0).

Now if
G(U,a) = Z,u(Un)_lf x U¥(dr) < oo w.p.p. for some a > 1,

n>0 (a™,00)

Theorem 1 says that W = lim,, ,o Z,,/,(U) satisfies EW = 1, in accordance with
Theorem 7.1. in [10]. As

n—1
1
nll_{glo 1 (U7 = nh_)rglo exp (H kz:;logu(Uk)) = >1 as.

by the ergodic theorem, we have that for almost every w, there are constants a1, as €
(1,00) with
ay < pint1(U)(w) < a3

for all sufficiently large n. Since G(U, a) is finite w.p.p. for some a > 1 if and only
if it is finite a.s. for all @ > 1, this shows that

1
G(U,a) < oo w.p.p. for some a > 1 < / r UZ(dr) < o0 a.s.,
% (UR) S 11(0),00)

the latter condition being part of Theorem 1 in [19]. Note that the additional tech-
nical assumption made in [19] is dispensable.

Summarizing, we can state that Theorem 1 forms a generalization of known results
on branching processes in stationary ergodic random environment.

If in the situation of (a) the random variables U,, n > 0 are even i.i.d., then v =
—03 < 0, and Theorem 5 implies that

+

u(Us)

in accordance with Theorem 2 in [19].

If additionally, the sequence (U,),>o is deterministic and nonvarying, then vy =
—logu < 0 < p > 1, and Theorem 7 says that for the classical Galton-Watson
process (Z,)n>o with offspring distribution (pi)k>o satisfying p = P(Z; =1) < 1,

EW=1 << EZlog"Z = Zpkklogk <ooand u>1,
k>2

where W := lim,, 5—;’ This gives a new proof of the classical result by Kesten and
Stigum (see e.g. Theorem I1.2.1 in [1| or Theorm 1.10.1 in [3]).
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Remark 14. The following example shows that in the general case of stationary ergodic
random environment the finiteness of E[Z; log* Z;/11(Uy)] is not a necessary condition for
W to be nondegenerate (see Example 3.1 in [19] for a similar construction):

Let (X,)n>0 be a stationary ergodic sequence of IN-valued random variables (defined on
(Q,2, P)) satisfying

(i) EXy = o0 and
(i) limp o0 22 =0 aus.
(see Example (a) in [18] for the construction of such a sequence). Besides, let
An =276, + (1 =27")0(1,00,..),
where v = (Ugn))izl is defined by

m )1, 1<i<2m?,
nT {0, i > 2nt? (n21).

Then U := (Uy)n>0 := (Ax, )n>0 is stationary ergodic with
n(Uo) = / z Uy (dz) = (1 —27%) 42542 27X =5 27X ¢ (4;5) as. (20)
[0,00]

In the next step we will show that the conditions of Theorem 1 are fulfilled: We have
already seen in Remark 13 that v, < oo and v = —E[log u(Up))], i.e. —o0 < v < 0 by
(20). Furthermore, it follows from (ii) that for almost every w € Q and all sufficiently
large n that X,(w)/n < 1—2/n, i.e. 2X2)+2 < 27 and therefore

/ 2 U (w)(dz) = 0.
(27,00)

Consequently, G(U, 2) is a.s. finite, whence EW = 1 by Theorem 1.
It remains to show that E[Z; log™ Z;/u(Up)] is infinite. But (20) and (i) ensure that

E[Zlog" Z/u(ly)] = E [u(Us) 'E(Zilog* Z:|U)]
1
> —E/ rlog® z UF (dz)
5 L/
> éE [27 X0 . 2Xot2 [gg 2 X0 +2]
4log?2
- ‘;g E[X, +2] = o0,

as claimed.
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