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Let (Sn)n≥0 be a zero-delayed nonarithmetic random walk with posi-
tive drift µ and (ξn)n≥0 be a slowly varying perturbation process (see
conditions (C.1-3) in the Introduction). The results of this note are two
weak convergence theorems for the difference τ(t) − ν(t), as t → ∞,
where τ(t) = inf{n ≥ 1 : Sn > t} and ν(t) = inf{n ≥ 1 : Sn + ξn > t}
denotes its nonlinear counterpart. The main result (Theorem 1) states
the existence of a limit distribution for τ(t) − ν(t) providing the weak
convergence of the ξn to a distribution Λ. Two applications in sequential
statistics are also given.
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1. Introduction and Results

Given i.i.d. random variables X,X1, X2, ... with common distribution F and finite positive
mean µ, let (Sn)n≥0 be the associated zero-delayed random walk, i.e. S0 = 0 and Sn =

∑n
k=1Xk

for n ≥ 1. For t ≥ 0, define the first passage time

τ(t) = inf{n ≥ 1 : Sn > t} (1.1)

and let Rt = Sτ(t) − t be the associated excess over the boundary. Both variables are of great
interest in renewal theory. A basic result states that t−1τ(t) converges to µ−1 a.s. and in L1,
as t→∞, see e.g. [1], Theorems III.4.1 and III.8.1. If X has finite positive variance σ2, then
furthermore (see [1], Theorem III.5.1)

τ(t)− t/µ
σµ−3/2t1/2

d→ N(0, 1). (1.2)

Denote by F+ the distribution of R0 = Sτ(0), the first ascending ladder height, and by µ+ its
mean. Providing F is nonarithmetic, in which case F+ also is, Rt converges in distribution
to an absolutely continuous distribution Fe with density µ−1

+ (1 − F+(x))1(0,∞)(x) which is
sometimes called the stationary renewal distribution associated with F. Here we have used the
common convention of identifying distribution and distribution function

Motivated by certain sequential statistical procedures, see [7] and [8], there has been
much interest in the following nonlinear analogue of τ(t). Given a sequence of perturbations
(ξn)n≥1, define Zn = Sn + ξn for n ≥ 1 and

ν(t) = inf{n ≥ 1 : Zn > t}. (1.3)

If n−1ξn converges to 0 a.s., which reflects the idea that ξn is a small perturbation compared
to Sn, then t−1ν(t) has the same a.s. limit as t−1τ(t), which is µ−1, see [2]. Considering the
nonlinear excess Yt = Zν(t)− t, Lai and Siegmund [4] showed that Yt also converges to Fe given
above provided that X be nonarithmetic and the following further conditions hold:

(C.1) (Xk, ξk)1≤k≤n is independent of (Xk)k>n for every n ≥ 1;

(C.2) n−1 max{|ξ1|, ..., |ξn|} P→ 0 as n→∞;
(C.3) for each δ > 0 there exists ε > 0 such that

P ( max
1≤k≤nδ

|ξn+k − ξn| > ε) < ε

for all n ≥ 1.

Under these assumptions a straightforward adaption of Gut’s argument shows that instead of
a.s. convergence we still have

ν(t)
t

P→ 1
µ

(t→∞). (1.4)

Under the name ”nonlinear renewal theory” many further results related to ν(t) were
derived by Lai and Siegmund [4],[5]. Roughly speaking, their approach is to approximate
ν(t) by a linear first passage time τ(b(t)) on a set of probability almost one as t and b(t) get
large and then to use ordinary renewal theory. In this note we take up this idea and give
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a comparison of ν(t) and τ(t) in form of two weak convergence results, Theorem 1 and 2
below, for their difference as t tends to infinity. This is also motivated by recent related results
by Larsson-Cohn [6] who proved almost sure convergence and convergence in probability of
suitable normalizations of ν(t) − τ(t) under varying conditions on the perturbations ξn. We
finally mention Gut’s paper [2] which examines ν(t) under very general assumptions on (ξn)n≥1.

For a ≥ 0, let Ga be the distribution on IN0, the set of nonnegative integers, with counting
density

ga(n) =


1− Fe(a), if n = 0∫

[0,a]

P (τ(a− x) = n) Fe(dx), if n ≥ 1.
(1.5)

Hence, for all r ∈ [0,∞)

Ga(r) = 1− Fe(a) +
∫

[0,a]

P (τ(a− x) ≤ r) Fe(dx)

= 1− Fe(a) +
∫

[0,a]

P (Mr > a− x) Fe(dx)

= 1− Fe(a) +
∫

[0,∞)

(Fe(a)− Fe((a− s)+)) P (Mr ∈ ds),

(1.6)

where Mr = max0≤k≤r Sk. Note that G0 = δ0, the Dirac measure at 0, and put G−a(r) =
1−Ga(−r−) for r ∈ IR.

We close this section by stating our main results, the proofs of which can be found in
Section 3. Two examples are discussed in Section 4.

Theorem 1. Suppose F be nonarithmetic, conditions (C.1-3) and further ξn
d→ Λ for a

distribution Λ on (IR,B). Then the difference τ(t)− ν(t) converges in distribution to Q, given
by

Q =
∫
IR

Ga Λ(da).

Theorem 2. Suppose F be nonarithmetic, conditions (C.1-3) and ϕ(n)−1ξn
d→ ξ for an

unbounded regularly varying function ϕ and a random variable ξ with a distribution continuous
at 0. Then ϕ(t/µ)−1(τ(t)− ν(t)) converges in distribution to µ−1ξ.

Note that in Theorem 2 n−1ξn
P→ 0 implies ϕ(t) = tαL(t) for some α ∈ [0, 1] and some

slowly varying function L. Moreover, limt→∞ L(t) = 0 in case α = 1. On the other hand,
if α = 0, then P (ξ = 0) = 0 implies |ξn| P→ ∞ and thus limt→∞ L(t) = ∞. Assuming
ϕ(n)−1ξn → 0 a.s. instead of our weak convergence condition, Larsson-Cohn [6] showed that
ϕ(t)−1(τ(t)− ν(t)) converges to 0 in probability.

Let us finally note that we have confined ourselves to the nonarithmetic case although
correponding results may be formulated also for arithmetic random walks. However, they
look more complicated because the nonlinear excess Sν(t) − t no longer converges to the same
distribution as Sτ(t)−t in general. A further discussion of the arising problems will be omitted.
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2. Some Preparatory Lemmata

In this section we collect some preparatory lemmata on the distribution family (Ga)a∈IR.

Lemma 1. If F is nonarithmetic, then limb→aGb(r) = Ga(r) for all a, r ∈ IR, so that
in particular the family (Ga)a∈IR is weakly continuous (Gb

w→ Ga as b→ a). The convergence
is uniform in the sense that

lim
ε↓0

sup
r∈IR

sup
a,b:|b−a|≤ε

|Gb(r)−Ga(r)| = 0. (2.1)

Proof. Since G−a is the reflection of Ga at 0 it suffices to consider a ≥ 0 and then
further only r ≥ 0. The subsequent inequalities follow from (1.6) and the convergence to 0
from the continuity of Fe.

|Gb(r)−G0(r)| ≤ Fe(b) +
∫

[0,∞)

(Fe(b)− Fe((b− s)+)) P (Mr ∈ ds) b↓0−→ 0.

If a > 0, then

|Gb(0)−Ga(0)| ≤ |Fe(a)− Fe(b)| b↓a−→ 0,

and for r > 0

|Gb(r)−Ga(r)| ≤
∫

[0,∞)

|Fe(b− s)− Fe((a− s)+)| P (Mr ∈ ds) b↓a−→ 0.

Finally, we note that the uniformity assertion (2.1) also follows from these inequalities because
Fe is even uniformly continuous.

Our next lemma is crucial for the proofs of Theorem 1 and 2.

Lemma 2. If F is nonarithmetic, then, for each a ∈ IR, τ(t + a) − τ(t) converges in
distribution to Ga, as t→∞. Moreover, the convergence is uniform in the sense that

lim
t→∞ sup

a≥−δt
r∈IR

|P (τ(t+ a)− τ(t) ≤ r)−Ga(r)| = 0 (2.2)

for each δ ∈ (0, 1).

Proof. Put Mn = max0≤k≤n Sk for n ∈ IN0. We have for all a ≥ 0 and r ∈ IN0 that

P (τ(t+ a)− τ(t) ≤ r) = P (Rt > a) +
∫

[0,a]

P (τ(a− x) ≤ r) P (Rt ∈ dx)

= P (Rt > a) +
∫

[0,a]

P (Mr > a− x) P (Rt ∈ dx)

= P (Rt > a) +
∫

[0,∞)

P (Rt ∈ ((a− s)+, a]) P (Mr ∈ ds),
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and for r ∈ IN

P (τ(t− a)− τ(t) ≤ −r) = P (Rt−a > a) +
∫

[0,a]

P (τ(a− x) > r − 1) P (Rt−a ∈ dx)

= P (Rt−a > a) +
∫

[0,a]

P (Mr−1 ≤ a− x) P (Rt−a ∈ dx)

= P (Rt−a > a) +
∫

[0,a]

P (Rt−a ≤ a− s) P (Mr−1 ∈ ds).

From this the assertions are easily inferred. For the uniform convergence in a ≥ −δt and
r ∈ IR one has to use the fact that P (Rt ≤ r) converges uniformly in r to Fe(r) because Fe is
continuous.

Lemma 3. Let F be nonarithmetic and a(t), b(t) be such that limt→∞ a(t) = ∞ and
limt→∞ b(t)/a(t) = r for some r ∈ IR. Then

lim
t→∞Ga(t)(b(t)) =

{
1, if r > 1/µ

0, if r < 1/µ
. (2.3)

and

lim
t→∞G−a(t)(b(t)) =

{
1, if r > −1/µ

0, if r < −1/µ
. (2.4)

Proof. Again it suffices to prove the first assertion because the second one then follows
via G−a(t)(b(t)) = 1−Ga(t)(−b(t)−). But the first line of (1.6) gives

Ga(t)(b(t)) = 1− Fe(a(t)) +
∫

[0,a(t)]

P (a(t)−1τ(a(t)− x) ≤ a(t)−1b(t)) Fe(dx)

which together with t−1τ(t) → µ−1 a.s. and the dominated convergence theorem implies the
assertion.

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. Fix an arbitrary ε ∈ (0, µ/2). By (C.3), we can choose η ∈ (0, ε)
so small that

P ( max
n1≤n≤n2

|ξn − ξn1 | > ε) < ε (3.1)

for all t ≥ µ+ η, where n1 = (µ+ η)−1t and n2 = (µ− η)−1t. Put ε1 = µ+η/3
µ+η , ε2 = η/3

µ+η and
then

At = {Sn1 ≤ ε1t, ηn1 ≤ ε2t}.
for t ≥ 0. Then n−1Sn → µ and n−1ξn → 0 a.s. imply

lim
t→∞P (At) = 1.



6

Defining
ν1(t) = inf{n ≥ n1 : Zn > t} ∧ n2,

ν2(t) = inf{n ≥ n1 : Sn + ξn1 > t} ∧ n2,

ν′(t) = inf{n ≥ n1 : Sn + ξn1 > t},
τ ′(t) = inf{n ≥ n1 : Sn > t},

we easily infer

ν(t)− ν1(t)
P→ 0;

P (ν2(t+ ε) ≤ ν1(t) ≤ ν2(t− ε)) > 1− ε;
ν′(t)− ν2(t)

P→ 0;

τ ′(t)− τ(t) P→ 0

from t−1ν(t)→ µ−1, t−1ν′(t)→ µ−1, t−1τ(t)→ µ−1 a.s. and (3.1). Consequently, setting

Bt = {ν′(t+ ε) ≤ ν(t) ≤ ν′(t− ε), τ ′(t) = τ(t)} ∩At,

we have
lim sup
t→∞

P (Bt) > 1− 2ε

and further
lim sup
t→∞

|P (τ(t)− ν(t) ≤ r)− P ({τ ′(t)− ν(t) ≤ r} ∩Bt)| < 2ε (3.2)

for every r ∈ IR. Now

P ({τ ′(t)− ν(t) ≤ r} ∩Bt) ≤ P ({τ ′(t)− ν′(t− ε) ≤ r} ∩At)
=
∫

(−∞,ε1t]×(−∞,ε2t]
P (τ(t− s)− τ(t− s− ε− v) ≤ r) P (Sn1 ∈ ds, ξn1 ∈ dv)

≤ EGξn1+ε(r) + sup
b≥(1−ε1)t,
a≥−ε2t

|P (τ(b+ a)− τ(a) ≤ r)−Ga(r)|,

and since, by Lemma 2, the final expression tends to 0, as t→∞, we obtain

lim sup
t→∞

P ({τ ′(t)− ν(t) ≤ r} ∩Bt) ≤
∫
Gv+ε(r) Λ(dv) (3.3)

for every r ∈ IN0, because ξn1

d→ Λ and Gv+ε(r) is a bounded continuous function of v. A
similar estimation gives

P ({τ ′(t)− ν(t) ≤ r} ∩Bt) ≥ P ({τ ′(t)− ν′(t+ ε) ≤ r} ∩At)
=
∫

(−∞,ε1t]×(−∞,ε2t]
P (τ(t− s)− τ(t− s+ ε− v) ≤ r) P (Sn1 ∈ ds, ξn1 ∈ dv)

≥ EGξn1−ε(r) − P (Act) − sup
b≥(1−ε1)t,
a≥ε−ε2t

|P (τ(b+ a)− τ(a) ≤ r)−Ga(r)|,

and thereby

lim inf
t→∞ P ({τ ′(t)− ν(t) ≤ r} ∩Bt) ≥

∫
Gv−ε(r) Λ(dv). (3.4)
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Finally, the assertion follows when combining (3.2)-(3.4) and letting ε tend to 0 which yields
limε→0Gv±ε(r) = Gv(r) for all r ∈ IR.

Proof of Theorem 2. We keep the notation of the previous proof, but this time we
choose ε = ε(t), η = η(t) as functions of t in such a way that 0 < η(t) < ε(t) ↓ 0, as t ↑ ∞, and

lim
t→∞P ( sup

n1≤n≤n2

|ξn − ξn1 | > ε(t)) = 0;

lim
t→∞P (At) = 1;

lim
t→∞ sup

b≥(1−ε1)t,
a≥−ε2t,
x∈IR

|P (τ(b+ a)− τ(a) ≤ r)−Ga(r)| = 0.

It is then obvious that

τ(t)− τ ′(t)
ϕ(t/µ)

P→ 0,
ν(t)− ν′(t)
ϕ(t/µ)

P→ 0,

and therefore enough to show the assertion for ϕ(t/µ)−1(τ ′(t)−ν′(t)). Recall that ϕ(t) = tαL(t)
for some α ∈ [0, 1] and some slowly varying function L which converges to ∞ if α = 0.
Consequently, limt→∞ ϕ(t/µ)/ϕ(n1) = 1. A look at the subsequent inequalities immediately
shows that we can assume there w.l.o.g. that

ζn
def=

ξn
ϕ(n)

→ ξ

µ
a.s.

as n→∞. Similar to the proof of Theorem 1, we obtain

P ({τ ′(t)− ν′(t) ≤ rϕ(t/µ)} ∩At)
=
∫

(−∞,ε1t]×(−∞,ε2t]
P (τ(t− s)− τ(t− s− v) ≤ rϕ(t/µ)) P (Sn1 ∈ ds, ξn1 ∈ dv)

≤
∫

(−∞,ε2t]
Gv(rϕ(t/µ)) P (ξn1 ∈ dv) + sup

b≥(1−ε1)t,
a≥−ε2t,
x∈IR

|P (τ(b+ a)− τ(a) ≤ r)−Ga(r)|

≤ EGζn1ϕ(n1)(rϕ(t/µ)) + sup
b≥(1−ε1)t,
a≥−ε2t,
x∈IR

|P (τ(b+ a)− τ(a) ≤ r)−Ga(r)|

and conversely

P ({τ ′(t)− ν′(t) ≤ rϕ(t/µ)} ∩At)
≥ EGζn1ϕ(n1)(rϕ(t/µ)) − P (Act) − sup

b≥(1−ε1)t,
a≥−ε2t,
x∈IR

|P (τ(b+ a)− τ(a) ≤ r)−Ga(r)|.

By letting t tend to ∞ in both inequalities and invoking Lemma 3 (recall P (ξ = 0) = 0), we
conclude

lim sup
t→∞

P ({τ ′(t)− ν′(t) ≤ rϕ(t/µ)} ∩At) ≤ P (µ−1ξ ≤ r)
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and
lim inf
t→∞ P ({τ ′(t)− ν′(t) ≤ rϕ(t/µ)} ∩At) ≥ P (µ−1ξ < r)

and therefore
lim
t→∞P (τ ′(t)− ν′(t) ≤ rϕ(t/µ)) = P (µ−1ξ ≤ r)

whenever P (µ−1ξ ≤ ·) is continuous at r. This completes the proof of Theorem 2.

4. Examples.

Two examples shall demonstrate the applicability of Theorems 1 and 2. The first one
arises as the stopping rule of a repeated significance test for normally distributed observations,
see [8], Example 7.1 on p. 71.

Example 1. Let (Wn)n≥0 be a zero-delayed nonarithmetic random walk with non-zero
drift µ̃ and finite positive variance σ̃2. Consider the first passage times

ν(t) def= inf{n ≥ 1 : |Wn| >
√
tn}, t ≥ 0, (4.1)

of (Wn)n≥0 beyond a square root boundary. Squaring the stopping condition and rearranging
terms leads to the required form

ν(t) = inf{n ≥ 1 : Sn + ξn > t} (4.2)

with

Sn
def= nµ̃2 + 2µ̃(Wn − nµ̃) and ξn

def=
(Wn − nµ̃)2

n
(4.3)

for n ≥ 1. Obviously, (Sn)n≥0 forms a zero-delayed nonarithmetic random walk with positive

drift µ def= µ̃2 and finite positive variance σ2 def= 4µ̃2σ̃2. Moreover, as mentioned in [3], p. 847,
the ξn are easily seen to satisfy the conditions (C.1-3) as well as ξn

d→ Λ where Λ(t) = χ(t/σ̃),
χ a chi-squared distribution with one degree of freedom. Hence Theorem 1 applies to this
example and ensures that τ(t) − ν(t) converges in distribution to a chi-squared mixture (up
to the scaling factor 1/σ̃) of the Ga. Let us mention that the same result follows with a little
more work for the one-sided stopping rules

ν+(t) def= inf{n ≥ 1 : Wn >
√
tn}, t ≥ 0.

Our second example is also taken from [8] (Example 6.1 on p. 62) and appears as the
stopping rule of an open ended test for the unknown mean of a normal distribution with unit
variance under a normal prior.

Example 2. Let (Wn)n≥0 be as in Example 1 and consider the stopping times

ν(t) def= inf{n ≥ 1 : |Wn| >
√

(n+ 1)[t+ log(n+ 1)]}, t ≥ 0. (4.4)

These are of the form (4.2) with Sn defined as in (4.3) and perturbations

ξn
def=

(Wn − nµ̃)2

n
− W 2

n

n(n+ 1)
− log(n+ 1) (4.5)
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for n ≥ 1. As in Example 1, validity of (C.1-3) can easily be verified for these variables.
Furthermore ξn/ log n→ −1 a.s. Hence we infer

τ(t)− ν(t)
log t

P→ − 1
µ̃2

(t→∞) (4.6)

from Theorem 2 and the well-known fact that convergence in distribution and convergence in
probability are equivalent in case of degenerate limit laws.

On the other hand, we can improve on (4.6) because the divergent part − log(n + 1) of
ξn is deterministic and slowly varying. Defining

ν̂(t) def= inf{n ≥ 1 : Sn + ξ̂n > t}

for t ≥ 0 where

ξ̂n
def= ξn + log(n+ 1) =

(Wn − nµ̃)2

n
− W 2

n

n(n+ 1)

for n ≥ 1, we first obtain upon using log ν(t)− log t+ 2 log µ̃ = log( ν(t)
t/µ̃2 )→ 0 a.s. that

ν(t)− ν̂(t+ log t− 2 log µ̃) P→ 0. (4.7)

Since further the ξ̂n satisfy (C.1-3) and evidently converge in distribution to Λ given by Λ(t) =
χ(t+µ̃2), χ as in Example 1 a chi-squared distribution with one degree of freedom, we conclude
with Theorem 1 that τ(t)− ν̂(t) converges in distribution to a chi-squared mixture (up to the
shift −µ̃2) of the Ga. A combination with (4.7) finally leads to the result

τ(t+ log t− 2 log µ̃)− ν(t) d→
∫
Ga χ(da+ µ̃2) (t→∞). (4.8)
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