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We consider a probabilistic, discrete-time predator-prey model of the fol-
lowing kind: There is a population of predators and a second one of prey.
The predator population evolves according to an ordinary supercritical
Galton-Watson process. Each prey is either killed by a predator in which
case it cannot reproduce, or it survives and reproduces independently of
all other population members and according to the same offspring dis-
tribution with mean > 1. The resulting process (Xn,Yn)n>0, where
X, and Y, resp., denote the number of predators and prey of the n-th
generation, is called a Galton-Watson predator-prey process. The two
questions of almost certain extinction of the prey process (Yn)n>0 given
Xn — o0, and of the right normalizing constants dn,n > 1 such that
Y, /dn has a positive limit on the set of non-extinction are completely
answered. Proofs are based on an reformulation of the model as a certain
two-district migration model.
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1. INTRODUCTION AND MAIN RESULTS

Let (@, A, (Pry)ayenNo: (Xn, Yn)nz0, (§i)ig21, (1i5)i521, (Vi5)ij>1) be astochastic mo-
del which satisfies the following assumptions:
(a) For all z,y, P, , is a probability measure on (€2, A) such that P, ,(Xo =2,Yy =y) = 1.
(b) Under each Py, (& ;)ij>1, (Mi)ij>1 and (v5)i;>1) are mutually independent se-
quences of i.i.d. INg-valued random variables whose joint distributions do not depend
on z,y and have finite means p = E¢; 1, m = En; and o = Evy ;. (Here and in the
following we write P [E], P, . [E;.] and P, [E. ] for probabilities [expectations| w.r.t.
P, , which do not depend on, resp., (z,y), y and x.)

(c) For each n > 1,
Xn-1 Yn_1 Xn +
X, = Z &n; and Y, = ( Z Mn,j — ZV”J) ) (1.1)
j=1 j=1 j=1

This model has recently been introduced by Coffey and Biihler [2] in order to describe the evo-
lution of a predator-prey population with X,, the number of predators in the n-th generation
and Y,, the associated number of prey not eaten by these predators before having produced
offspring. &, ; clearly represents the number of offspring of the j-th predator in the n-th gen-
eration, v, ; the number of prey eaten by him and 7, ; the number of offspring of the j-th
surviving prey in that generation. According to the assumptions (X,,),>0 forms an ordinary
Galton-Watson process whereas (Y},),,>0, though based on the same principle of independent
reproduction, is additionally subject to shrinkage due to the predators. More precisely, each
prey produces offspring only if it survives its full potential life length of one time unit with-
out being killed by a predator. We call (X,,,Y,),>0 a Galton-Watson predator-prey process
(GWPPP). The analysis of predator-prey models dates back to Lotka [5] and Volterra [7] who
studied deterministic versions. Hitchcock [3] and Ridler-Rowe [6] are recent references for prob-
abilistic variants which, however,are very different from the one given above. We also mention
these works for further literature cited therein.

Two theorems will be proved in this paper. The first one is concerned with the extinction

probability function
q(,y) = Ppy(Yn —0X, ~0), z,yeN

under the assumption that 4 > 1, m > 1 and o > 0. It extends Coffey and Biihler’s main
result and completely answers the question when ¢(z,y) < 1 holds true. The second theorem
provides the right normalizing constants d,, such that Y,,/d,, tends to a positive limit on the
event {Y,, /4 0} of non-extinction. It is the counterpart of the Heyde-Seneta theorem for

ordinary Galton-Watson processes.

The statement of the results requires for some further notation. Put £ = &1, n =



?7171, vV = V171, deﬁne

pn(g) = P(€ = n), 5* = 1nf{n > 1; pn(ﬁ) > 0}7 5* = sup{n > 1; pn(g) > 0}7

FO(s) =D pa(©)s™ = By (%) for |s] <1, f1& = f©o..0f (n times)
n>0

and similarly p,(n), pn(V), 0e, 1%, Vs, v, fD, f,(ﬁ), @), f,S”). Let g,y be the minimal root of
f(s) = s which is < 1 because m > 1. Thus f(™ has an inverse g on [q(y), 1] with its
n-fold iteration g\ being the inverse of £\".

Define next Zy =Y, and

anl
Zn = Y fny forn>1. (1.2)

J=1

(Zy)n>1 is nothing but the ordinary GWP originating from Y[ ancestors if no predators inter-

fere. By the Heyde-Seneta theorem, see Jagers [4, Theorem (2.7.1)], there are constants d,,,

e.g. d, =—1/log g%")(s) for some s € (q(;),1),

oo, if a <m
lim dn _ { and  lim At _ m, (1.3)
n—oo a 0,ifa>m n—oo  dp,
such that for all y € IN
Zn
- = Z P j,as. (1.4)

n

for some finite random variable Z which satisfies P. ,(Z > 0) = P. ,(Z,, — 00). Note that (1.3)
implies Z,41/Z, — m P. y-a.s. on {Z,, — oo}. If Enlog(1 +n) < oo one can choose d,, = m"
and E. ,Z = y holds; otherwise d,,/m™ — 0, as n — oo, and E. ,Z = co. By the same theorem

there are constants ¢, satisfying (1.3) with m replaced by p such that

Xn
— — X P, .-as. (1.5)
Cn

for all z € IN and some finite random variable X which satisfies P, .(X > 0) = P, .(X,, — 00).
Moreover X,,1/X, — p Py .-a.s. on {X,, — oo}.

Theorem 1 shows that the question whether the prey population has a positive chance of
survival essentially depends on the growth of Z,, relative to that of X,,. However, rather than
simply comparing the reproduction means m and p the formal condition reads ), -, 2—2 < 00
or = 0o. Note that the latter sum is finite if m > p, infinite if m < u, but can be cither one if

m = p.

THEOREM 1 Let (X,,Y,)n>0 be a GWPPP with p > 1, m > 1 and o > 0. Let

722n21 g_z
(a) If v = 0o then q(x,y) =1 for all x,y € IN.
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(b) If v < 00 and n* = oo, or if v < oo, n* < oo and po(v) > 0 then q(z,y) < 1 for all
xz,y € IN.

(c) If vy < 00, n* < oo, po(v) =0 and po(§) > 0 then q(z,y) <1 iff t > 1 and y > ::E*r

(d) If v < 0o, n* < o0 and po(v) = po(€) = 0 then q(x,y) < 1 iff t > 1 and y > &£
x>1, y= ;:E*w and Var(§ +n+v) =0 (i.e. &x=p, n* =m and v, = ).

T
or
U
Ex

Under the additional assumption that &£, and v have finite variances, Coffey and Biihler
2] proved q(z,y) = 1 for all z,y € IN if m < p and ¢(z,y) < 1 for all z > 1 and sufficiently
large y > y(x) if m > p. For the latter case they also gave an example where ¢(z,y) = 1 for
some z,y € IN. Theorem 1 shows that one can dispense with finite variances and furthermore
completely answer the question when ¢(z,y) = 1, resp. < 1 holds. Its proof is based on rather
different arguments than in the afore-mentioned paper, especially on a suitable construction
of (Xpn,Yn)n>0 in Section 2. Let us note for the case m = p that > -, g—z < 0o and thus
q(xz,y) < 1 for all z,y € IN can only hold when E¢log(1 + &) = oo. B

Our second theorem considers the case where ¢(x,y) < 1 and shows that the d,, from (1.4)
are the right normalizing constants in the sense that Y,,/d,, tends P, ,-a.s. to a nondegenerate

limit.

THEOREM 2 Let (X, Yy )n>0 be a GWPPP withm,pu > 1, a > 0 and Var(§+n+v) > 0.
Let (dy,)n>0 be as previously defined. Then
Y,

a — Y P, y-a.s. (1.6)

for some random variable Y which satisfies Py (Y = 0|.X,, — 00) = q(x,y) for all x,y € IN.

A prey process thus shows the same dichotomy as a simple GWP. It either explodes at
an exponential rate given by its reproduction mean or it dies out. A further discussion of this
as well as the proof of Theorem 2 are given in Section 4.

The paper is organized as follows. The next section contains a number of prerequisites
for the proofs of Theorem 1 and 2, in particular a two-district migration model which in a
certain sense is a reformulation of the predator-prey model described before. Section 3 gives

the proof of Theorem 1 and Section 4 that of Theorem 2 as already stated.

2. A TWO-DISTRICT-MIGRATION MODEL AND OTHER PREREQUISITES

We begin with a general strong law of large numbers for double arrays which will be used

several times later on.

LEMMA 1 Let (Sy)n>1 be a sequence and ((n j)jn>1 be a double array of nonnegative,

integer-valued random variables such that S, and (. j);>1 are independent for all n, and the



Cn,j are all i.i.d. with possibly infinite mean 3. Then

s
1 — Sn
nli_)rréo S—n;:l Cnj = B a.s. on {lgr_l)gf SH > 1}. (2.1)

n

The proof is a simple adaptation of those of Lemma 5.2 and 5.3 in [1, Ch.II] and can be
omitted.

All notation from the previous section is kept throughout. In addition we define

Yn—l Xn
S, = Znn,j and U, = ZV”J forn > 1, (2.2)
i=1 =1

thus Y,, = (S, — U,)*". Since X,,11/X,, — p Py ~a.s. on {X,, — oo}, Lemma 1 above implies

Un Uy
lim ¥ =@ and lim — = aX P,.-as. on {X, — oo} (2.3)
n—00 n Nn—0o0 Cp

for all x € IN. Similarly,

S 1= Y,
I o= i nj = m  Ppyas. liminf % > 1 2.4
im im ; Mn.j m y-.5. on { iminf —2= > } (2.4)

for all z,y € IN. We will see in Section 4 that the latter event coincides P, ,-a.s. with
[, £ 0}.
An important tool for proving our results will be the construction of a suitable a.s.

convergent martingale. Define Y = Yj, and for n > 1

Y1l
Yy = HY, 1) Y iy — Un (2.5)
j=1

where H is the ordinary sign function, i.e. H(0) =0 and H(x) = ro7 for z # 0. Observe that

Y=Y, ifY, >0, and that Y;* <0 whenever Y,, =0, i.e. Y,, = (Y,*)". Coffey and Biihler [2]

considered the martingale

m~" (Y; + Zm"‘jUj>, n>0 (2.6)

j=1

which is Lo-bounded if £, 7 and v have finite variances. In lack of the latter condition, however,
this martingale does not appear to be appropriate because we cannot prove its L;-boundedness
which would be required for an application of the martingale convergence theorem. Moreover,

the normalizing constants m™"

need not be the appropriate ones if only first moments are
supposed to be finite. Instead, the following construction will lead us to another procedure of

proving a.s. convergence. It will be of great importance for the proofs of our theorems.
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A two district migration model. In order to better understand this construction we drop the
predator-prey interpretation and replace it by the following one: Let Zy, Z1, ... as defined in
(1.2) be the successive generation sizes of a population which colonizes two districts A and
B and the members of which we call natives. During the first time period all Z; ancestors
live in district A and nobody lives in B. Beginning with the first generation members can
migrate from A to B and settle there. In addition further individuals can immigrate from
the outer world into B. Let us call these individuals as well as all their descendants aliens.
Migration into A is not possible, neither from B nor the outer world. So A can only be left
whereas B can only be entered. Aliens reproduce according to the same distribution (that
of 1) as all natives and also independent of them and each other. Let Yy = Zy, Y7, ... be the
successive numbers of natives which stay at A until death, i.e. until next reproduction, and
let Yk+1 = Z;/il NMk+1,5, k > 0 denote their numbers of offspring. The sequence Uy, U, ... in
(2.2) governs the number of migrating individuals for the successive generations with priority
always given to native immigrants. More precisely, at each time k& > 1 just after reproduction
has taken place Yi A Uy natives migrate from A to B first and are followed by Uy — Z aliens
only if ¥}, < Uj. We denote by (Zr(Lk))nZo the GWP originating from them, natives as well as

aliens. The total number of individuals colonizing B at time k is thus given by

k
Zy €Nz, forallk >0, (2.7)

J=1

the total population size including aliens by
Ze ¥ v+ 27 forallk>o0. (2.8)

It is obvious and underlined by the choice of notation that the number Y,, of natives of
the n-th generation who stay and therefore reproduce in A corresponds to the the number of
surviving prey of this generation in the original model. The predator process (X, )n>0 still
appears as a control sequence hidden in the sequence Uy, Us, ... which governs the number of
individuals who enter district B in successive time periods and originate simple GWP.

Now consider the sequence (Y,),>o defined in (2.5). Recall that Y,, = (Y¥;*)" for all

n > 0. Let 7 denote the first entrance time of aliens, obviously given by
T =inf{n>0:Y,=0} = inf{n>0:Y"<0} = inf{n>0:2, =2} (2.9)
Since Z,, = Z, for 0 < n < 7, we infer from (2.8)
Zn =Y+ 72" =Y, +27Z" foral0<n<T. (2.10)
For n > 7 Y* is negative with absolute value just giving the total number of aliens in the

n-th generation. Subtracting this number from the total population size at time n, given by

A

Z, = Z, yields the number of natives at this time, given by Z,,. Consequently, the first

equality in (2.10) remains true for n > 7 and we have proved
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LEMMA 2 Let Y, ,n >0 be as in (2.5). Then Z, =Y,  + Z* for alln >0

The importance of Lemma 2 relies on the fact that (Y,"),>0 and thus (Y;,)n,>0 on {7 =
oo} have now been constructed as the difference of two "nice” processes, namely the simple
GWP (Z,)n>0 and the GWP with immigration Z* def Z?Zl fozj. Note also that the P, ,-
distribution of (Z,,),>0 does not depend on x, whereas that of (Z}),>o does not depend on
Y.

Our final prerequisite is an a.s. convergence result for Z' /d,, which combined with (1.4)
and Lemma 2 trivially implies a.s. convergence of Y,"/d,,. For each j > 1, we denote by Z (@)
the a.s. limit of Zr(bj)/dn, as n — 0o, with respect to each P, .. Note that, given (X, Uy,)n>0,
the ZU, j > 1 are conditionally independent under each P, . with

P, (Z9 € -|(X,,Up)ns0) = Pa(Z€)*U) P, -as., (2.11)

)

where (k) denotes k-fold convolution and Z is given in (1.4).

LEMMA 3 Forallz,y € IN, Z}/d,, and Y /d, converge P, ,-a.s. to random variables
Z* and Y™, resp., which satisfy Y* = Z — Z* and
1, ifvy< o

P, (Z* < 0| X, = 00) = Ppy(Y* > —00|X,, = 00) = { . (2.12)
0, ify=o00

If m > p and Enlog(1 4+ n) < oo, then Z* = Zn21m_jZ(j) and Ey . Z* = 20

PROOF. As already stated above we must only consider the sequence Z /d,,,n > 0, and
it clearly suffices then to prove the assertions under P; .. Furthermore it is no loss of generality
to assume P; .(X,, — 0) = 0. Put ¢, = —logggf)(so) and d,, = —loggfln)(so) for some s
sufficiently close to 1.

It is easily verified that gT(Ln)(s)Zv*L,n > 0 forms a bounded, nonnegative supermartingale
under P; . and thus converges a.s. Taking the logarithm yields that Z/d,, a.s. has a limit
which, of course, may be infinite.

Next observe that CCZ—Z always converges to some p € [0, 00], as n — oo. This is trivial if
m # p and follows by rather straightforward analytic arguments if m = y. We omit further
details. As a consequence, U, /d,, converges P, .-a.s. to the limit U = paX where (2.3) should
be recalled. If p = co we have thus already proved the assertion of the lemma because Z} > U,
for all n > 1. In the following p is therefore always supposed to be finite.

Let h,, be the generating function of Z} for each n > 1 and let ¢ and ¢ denote the
Laplace transforms of Z* under P; . and of Z = lim,_,o Z,/d, under P. ;, resp. Note that
¢ satisfies (L) = g o p(t) for all t > 0 such that ¢(t) € [g(,), 1], see Jagers [4, Theorem
(2.7.2)]. Hence p(-5) = 9" 0 p(t) for all such ¢ > 0 and all n > 1. Note further that ¢(0) = 1

because p = lim,, 7 < oco.
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Since the Z(),j > 1 are conditionally independent, given (Xn,Un)n>0, and (2.11) holds,
we obtain for all n > 1 and s € [0, 1]

ha(s) = Ej. Hffl)j(s)Uf) = EL.(Hf(”)offl"_)j(s)Xj)
j=1

n—1
= By, f<”>ofé@1<s>X1E1~(Hf”)ofé’l%_j(s))ml

7j=1

7))

= F. f(u) o féﬂ_) X1E (H f (77) S)Xﬂl>>

(2.13)

X1
= Ei. [f(”)oféz(s)‘hn—l(s)] ) = FOU 0 £V (s) - hn1(5)]

where (X] )n>0 is an independent copy of (X, ),>0 satisfying P, .(Xo = X{, = =) = 1 for all
z € IN. We then further obtain for all ¢ > 0
U(t) = lim By (exp(tZ;logg{”(s0))) = lim hn(g" (s0)")

n—oo n—oo

= Jlim fOF 0 12 (97 (50)") - hna (957 (50)")]

* 2.14
— i Oy EJ(@p(_tZ;l) .EL(mp( tZ; 1))] (2.14)
_ O o o Ly (L
— SO 0 p() ()]

For t = 0 (2.14) gives (0) = f©(1(0)), hence ¥(0) = P .(X,, — 0) = 0 or ¥(0) = 1. In the
first case ¥ = 0, in the second one ¥ > 0. Now consider ¢ = 1. (2.13) yields

P(1) = lim hn(gg?)(so)) = lim EL,(HQ(’?) )

n—oo n—oo

“e (o) <o 2))

(2.15)

and the last expression is obviously positive iff ) i>1 g—j < 00 Pj .-a.s. which in turn holds iff
D> g < 00 because limy, .o U—: =aX >0 P _.-a.s. We have thus proved (2.12).

In order to prove the final assertions of the lemma note that under the stated conditions
we can choose d,, = m™ and that fozj/m” — 7 /mJ P, -a.s. Moreover, Sup,,>om- " Zp is
integrable w.r.t. P ; by the Kesten-Stigum theorem, see e.g. [1, Ch.Il, Theorem 2.1], whence
by Px’.((Z,gj))nzo €:U;j =u) =P ,((Zn)n>0 € -) and a simple estimation

E, ( sup —) < E,.(U;)E. 1( sup —) = oz E. ( sup —) < 00
n>0 M" n>0 M" n>0 Mm"
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follows for all z,5 € IN. We conclude that 221 m=7 SUp, > m—"Z is integrable and a.s.

finite w.r.t. each P, . and then by dominated convergence

z. 70)
= nlgr;o Zm J v j = ZW P, -as.

which is the asserted identity for Z*. If we finally observe that F, .27 = E, .U; = azy’ for all

j > 1 then also the assertion on E, .Z* follows.

3. PROOF OF THEOREM 1

We keep the notation of the previous sections. The proof of Theorem 1(a) is trivial now
because we infer from Lemma 3 that v = oo implies 1 = P, ,(Y* = —o0|X,, — 00) > ¢q(z,y)
for all ,y € IN. The proof of Theorem 1(b)-(d) is based on the following

LEMMA 4 Ify < oo there is k € IN such that q(x,y) <1 for all x € IN and £ > k.

PRrROOF. Put r(z,y) = Py (7 = 00, X,, — 00) with 7 given in (2.9). Clearly, ¢(z,y) <1
iff r(z,y) > 0.
We show first ¢(1,y) < 1 for all sufficiently large y. Recall that Y* = Z — Z* with

P,,(Ze-) =

P,Ze) = P,(Ze )W
and P,,(Z"€:) = P,

(27 €)= P28 e )@
for all z,y € IN. Recall further . 1Z =1 or = oo. Hence by the law of large numbers

lim P ,(Z>ey) =1 forallee (0,1)

Yy—o0

and lim P, .(Z" >ey) = 0 foralle >0 and z € IN.

y—00

We obtain for each ¢ € (0, 1)
r(z,y) > P1y(Y*">0,X;, > 00) > Py (Z - Z" >ey) =P y(Z >2y) - P.(Z° > ey),

and the last expression is obviously positive for all y > k, k sufficiently large.
In order to complete the proof of the lemma consider (Y,*, X,,),>0 under P, ,,, for arbi-
trary x,m € IN. Observe that

Px,mw((yﬁkan)nZO € ) - PLm((erk7Xn)n20 € ')*(x)

from which r(z,mz) > r(1,m)* easily follows and thus r(x, mz) > 0 for all m > k. Finally,
for arbitrary x € IN and y > kx we conclude r(x,y) > r(z, kx) > 0 because r(z, ) is obviously

increasing.
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With the help of Lemma 4 we will now prove Theorem 1(b)-(d). Indeed, since (X, Yy, )n>0 is
a Markov chain, Lemma 4 implies that ¢(z,y) < 1 if for all t > 0

Y,
n>0 n

CASE 1: v < 00, n* = oo. There is nothing to prove because n* = oo obviously implies
P, (Y1 >tX;) >0 for all z,y € IN and ¢t > 0 which is stronger than (3.1).

CASE 2: v < 00, n* < 00, po(r) > 0: In this case it is enough to note that, given any
x,y € IN, for sufficiently large n € IN and t > 0

Y, dy, “n
X, > ta,Xn >0) > P, (Y, =yn 7Or£ja§Xn U;j=0,0< X, <tycy,) > 0

that n*"™ > m™ > d,, and that Ccl—" — 0.

CASE 3: v < o0, n* <00, po(r) =0, po(§) > 0: Fix x,y € IN and define for n > 1

Y, = sup{k >0: P, (Y, =k, X, >0) >0},
z, = inf{k>1:P, (X, =k, Y,=7,) >0} (3.2)
and w, = inf{k>0:P,,U,=kY,=7,) >0}

=N

It is then easily verified by using (1.1) that under the above assumptions z,, = &, u, = V..

+ -
— *N 77*n -1 *M I/*f* *—"N

— _ | = - 1— 3.3
Un (77 y n*—lfy) U] (y 77*—1( n )) (3.3)

for all n > 1.

Ify > ;’:f*l then ,,/z, T 00, as n — 00, so that (3.1) and thus ¢(z,y) < 1 follows.

Ify < 7'7/;"—5*1 then y,, = 0 for sufficiently large n implying Y,, = 0 on {X,, > 0} for

and

sufficiently large n, i.e. q(x,y) = 1.
Finally, if y = ;:—f*l then (3.3) shows that y,, = y for all n > 1. But together with
Ui — 00 Py y-a.s. on {Xj — oo} this implies Y,, < (y — U, )™ = 0 on this event for sufficiently

large n, i.e. again ¢q(z,y) = 1.

CASE 4: v < 00, n* < 00, po(v) = po(§) = 0: Note first that py(§) = 0 implies P, ,(X,, —

o0) =1 for all z,y € IN. If z,y are now again fixed we obtain here for 7, z,, and u,, in (3.2)

+
z, = a€, w, = o€ and 7, = n*"(y - nf”ifg* (1— (f}—))) (3-4)

for all n > 1. Similar arguments as in the previous case show ¢(z,y) < 1, resp. ¢(z,y) = 1

TV Ex
P ory <

TV Ex
n* =&’

according to whether y >
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Ify = % then (3.4) implies 7,, = v 0T = % for all n > 1. Furthermore we

infer from the definition of n*, ¢, and v, that

X * Sk .
{Yn = *"Vg } = {Y;=9,,X;=2,,U; =u, forall 1 <j <n} “ D, Pas
N — S«
fOI' au n 2 1’ Whereas Yn < % on D% Pm,y‘a-s- NOW put

T = inf{(n>1: 1(D,,) =0}.

If Var(§ +n +v) = 0, i.e. in the purely deterministic case, we clearly have T' = oo and thus

q(z,y) = 0. But if the latter variance is positive, then T' < 0o P, ,-a.s. which together with

XTV*g*

the strong Markov property and Y < e

implies
r(z,y) = Ey,r(Xp,Yr) = 0, thusg¢(z,y) =1.
The proof of Theorem 1 is herewith complete.
4. PROOF OF THEOREM 2

In the following we fix any x,y € IN, suppose v < 00, ¢(z,y) < 1 and define A = {Y,, /4
0,X, — oo} ={Y, /4 0,U, — oo}. We infer immediately from the definition of Y;, that
Z;/;f Mn,; > Up — 00 and thus Y,, — oo P, ,-a.s. on A, i.e. A={Y, — oo, X,, — oo}. Since
Lemma 3 already implies P, ,-a.s. convergence of Y, /d,, to some random variable Y, namely
Y = (Z — Z*)*, it remains to prove for Theorem 2 that P, ,(Y = 0|X,, — o0) = ¢(x,y), or
equivalently that P, ,(Y > 0, X,, — o0) = r(z,y).

The idea to prove the latter assertion can be intuitively described as follows: Given
Y, — oo, we show the existence of a (random) time point 7 such that the prey generation
at this time can be reduced by one individual and still originates a prey process which does
not become extinct. Moreover, the separated individual originates an ordinary GWP which
not either will die out. One may think of this individual as being brought to a district where
inhabitants are no longer exposed to predators. If we look at the branching tree of the whole
prey population this means that on the set of non-extinction we may extract a full subtree
of an ordinary GWP with one ancestor. The theory of ordinary GWP, more precisely the
Heyde-Seneta theorem ensures that the subpulation size divided by d,, has a positive limit on
its set of non-extinction whence this must also hold for the total population size divided by d,,.

In order to make the previous argument rigorous we give a number of lemmata.
LEMMA 5 For all x,y € IN, lim,,_,oo 7(X,,, Ys,) = 1(A) Py y-a.s.
PRrROOF. Note that (r(X,,Ys))n>0 is a nonnegative, bounded martingale w.r.t. each P, ,

and thus converges a.s. to a limit r, say. Clearly, r =0 on A€ so that

n—oo

P,y(A) = r(z,y) = lim E, , r(X,,Y,) = /rdP%y
A
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forces 7 to be a.s. 1 on A.

LEMMA 6 If Var(§ +n+v) > 0 then liminf,, o r(X,,Y, — 1) >
all z,y € IN.

1
5 Pry-a.s. on A for

Proor. W.l.o.g. fix z,y € IN such that r(x,y) > 0. Suppose Varn > 0. In the following
we use a simple coupling-type argument. Let (71 ;);>1 be a sequence of random variables with
the following properties:

— (M jsM,5),J > 1 areiid. and independent of (Np41,5,&n.5, Vn,j)jn>1;
— m,; and 7 ; have the same distribution;
— M1, — Th,; is symmetric with positive, finite variance.
The existence of such a sequence is easily verified, possibly after an enlargement of the under-

lying probability space (2, A, P, ,). Now define

y_1 ?nfl
Yo =y—1, Y1 = Zﬁl,j — U and Y, = Znn,j — U, forn>2.
Jj=1 j=1

Obviously, P:c,y((Xn,?n)nzo €)= FPry1((X,,Y,) € -). Moreover, Y, >Y, for all n > 1 if

this is true for n = 1. The central limit theorem implies

—_

~ 1 y—1 m
lim P:r Y: >Y = lim P I — N — ) > Y —
1 ,y( 1= 1) 1 Y ((y _ 1>1/2 ]§:1(U1,g 771,]) = (y _ 1)1/2

Yy—0oo Yy—oo

DO |

Consequently, for xx, yr — 0o such that limy_,o 7(z, yx) = 1 we conclude

liminf r(zg,yx — 1) > liminf lim (X5, Yy) dPyy .
k—o0 k—oo n—oo Jryi >y >0y

= lim Py, ({V1 2 Y1} N A)

. ~ 1
= lim (r(:z:k,yk)—P.,yk(leYl)> i

k—oo

which together with Lemma 5 yields the assertion.
If Varn = 0 but Var{ > 0 or Varv > 0 then use a similar construction with the &; ;’s or

v1,;'s replaced by appropriate copies in the definition of Y, resp. The details can be omitted.

We are now ready for the intrinsic step towards the proof of Theorem 2 which is basically a

geometric trial argument. We fix any z,y € IN such that r(z,y) > 0. Define

1
= inf{n >0:7(X,,Y,—1) > Z}

which is a.s. finite on A (w.r.t. P, ,). Using the definition of Y’ we have the decomposition

Y, = Yin)+ Zu(m), n>0
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where, w.r.t. P, ,(:| X = 21,Y, = vy1), (Vn(71), X740 )n>0 has the the same distribution as
(Xn, Yn)n>1 under Py, 4, —1, and (Z,(71))n>0 is an ordinary GWP with one ancestor, the same

distribution as (Z,),>0 under P.; and independent of the previous process. Let
Ty = inf{n>mn:Y,(m) <0or Z,(r) =0}

with usual convention inf () = oc.

For k > 2, we now define recursively
. 1
7 = inf{n >T_1:r(X,,Y,—1) > Z}’

decompose Y*

> o into V5 (1) and Z,(7x) in the obvious manner and put

T, = inf{n > 7 : V(%) <0 or Z,(1) = 0}.

Note that 7, < oo Py y-a.s. on AN{T;_1 < oo} by Lemma 6. Recall further for the next

lemma that q(,) = P.1(Z, — 0) is strictly less than 1 because (Z,)n>0 is supercritical.
LEMMA 7  The first occurrence time o = inf{k > 1: T}, = oo} is P, y-a.s. finite.

Proor. We will prove P, (T, < 00) = Py (0 > k) — 0, as k — oo. It follows by using
the strong Markov property

P‘r’y(Tk < OO) = / PXTkvy‘rk; (Tl < OO) dP:E,?J
{m<oo}
= [ (=P, 02 = . Zu(m) — ) dP,
{Tk<oo}

= / (1 — T(XTk,YTk)(l — Q(n))) dp%y
{Tr<oo}

1 _
< (1 - 4%’)) Py y(Th—1 < 00)

and hence upon induction

k
1—
P, (T <o0) < <1—#) — 0, ask — oc.

PROOF OF THEOREM 2. Let z,y € IN such that r(z,y) > 0, i.e. ¢(z,y) < 1. On A we
obviously have 7, < 00, T, = co. Denote by Z(k) the P, ,-a.s. limit of Z,,(7%)/d, and observe
that Z(o) > 0 P, ,-a.s. on A by construction. Consequently, the desired result follows from

lim =2 > lim 727170(7—0)

n—oo d,  nNn—oo dn

= m Z(c) > 0 P,y-as. on A



If Var(§ + 17+ v) > 0 then Theorem 2 ensures that Y;, essentially behaves the same as
the associated GWP Z,, where no predators occur: It either dies out or it explodes at the
same order of magnitude d,, as Z,. In the deterministic case, i.e. when Var({ +n+v) =0,
the situation is equal unless m > p and Yy = %ﬁ’ Whereas q(Xp,Yy) = 1 in the non-

deterministic case, q(Xo, Yy) equals 0 here and one can easily verify that Y,, grows like p"

14

m

instead of m™, a situation which never occurs otherwise.
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