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Introduction

Branching processes form one of the classical fields of applied probability theory. In the
second half of the last century, the classical Galton-Watson process (GWP) has been one
of the most popular branching models. It may be seen as the prototype of a branching
process and has been studied in numerous publications. A survey of relevant references can
be found in the books by Asmussen and Hering [7], Athreya and Ney [12] and Jagers [59].
The underlying (discrete-time) branching mechanism is based on the assumptions that
individuals reproduce independently of one another and according to the same probability
distribution, and that each individual has a fixed life length of one unit of time and can
generate offspring only at its death. In most cases, it is assumed that the population
consists of exactly one individual when the process starts.

This branching model restricts itself to counting the number of individuals which are
alive at different points of time and focuses on the inherent branching mechanism with-
out considering exogenous effects like immigration or environmental changes. The most
important facts concerning the extinction probability, martingale results and conditional
limit theorems are collected in the aforementioned books.

During the last 35 years, many efforts have been made to generalize the GWP model
and to consider branching models which are not only interesting from the mathematical
point of view, but also accessible for applications. For instance, GWP allowing immigra-
tion have been considered in a series of articles. Again, we refer to the above books for a
list of references.

Moreover, allowing environmental changes over time has led to GWP in varying en-
vironment and GWP in random environment. In terms of the GWP model, this means
that the assumption of i.i.d. reproduction is relaxed. In the case of varying environments,
individuals still reproduce independently, but the offspring distribution depends on the
generation, while random environmental changes result in the fact that the independence
assumption is replaced by a certain conditional independence. A list of references on

GWP in random environment will be given in Section 1.2.
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As a further way of generalization, we exemplarily mention (continuous-time) age-
dependent branching processes (cf. [12], Chapter IV), where individuals live for a random
length of time. Often, these life lengths are assumed to be i.i.d. with an exponential
distribution which leads to continuous time Markov branching processes (cf. [12], Chapter
I1I).

This thesis deals with weighted branching processes (WBP) which have been introduced
by Résler [94, 95] who also studied them together with Topchii and Vatutin |97, 98].
However, special types of WBP have also been used by Graf et al. [51] and by Mauldin
and Williams [86] for the study of random Cantor sets and their Hausdorff dimensions.
We will prove limit theorems for ordinary WBP as well as for the more general weighted
branching processes in random environment (WBPRE). Loosely speaking, an ordinary
WBP can be seen as a GWP where individuals are allowed to have countably many
children, and where a nonnegative random weight or size is assigned to each individual.
The weight of an individual is given by the product of the weight of its mother and a
random factor which is independent of the mother’s weight. We mention that WBP are
closely related to branching random walks as will be explained in detail in Subsection 1.1.2.

Correspondingly, WBPRE can be interpreted as generalizations of Galton-Watson
processes in random environment. Again, each cell or individual carries a random weight
which is assumed to be nonnegative and is defined in a multiplicative way. Throughout this
thesis, we suppose that the environmental changes under consideration are modelled by a

stationary ergodic random sequence (U,),>o of probability measures on ([0, co)¥, ]Bflg,oo)).

The further organization of this thesis is as follows. Chapter 1 rigorously introduces both
branching models to be considered in this thesis and relates these models to well-studied
special cases. Moreover, we describe the connection to stochastic fized point equations in
Subsection 1.1.3.

The second chapter is devoted to the question of £;-convergence of the martingale
which is obtained when normalizing a weighted branching process in random environment
with its conditional mean (given the environment). Adapting the spinal tree method
which was pioneered by Lyons et al. [83] for GWP, and by Lyons [82] for branching
random walks, we find necessary and sufficient conditions for £;-convergence when (U, ),>0
is stationary ergodic. It will turn out that in contrast to supercritical Galton-Watson
processes (where the so-called Z log Z-condition is crucial), a pair of conditions has to be
imposed. One of these conditions can be seen as a generalized Z log Z-condition. However,

the (strict) Z log Z-condition "E [%} < o0”, where Z; is the total size of the first
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generation and u(Up) denotes its conditional mean, is not necessary for £;-convergence in
this general setting. Moreover, we see that in the special case of stationary m-dependent
environment (m > 0), the conditions can be substantially simplified. As an application,
we consider ordinary WBP which may be viewed as WBPRE with deterministic and
nonvarying environment. In this way, we are able to confirm a limit theorem due to
Lyons [82].

From Chapter 3 on, we focus on ordinary weighted branching processes. For each
a € (1,00), Chapter 3 gives a complete characterization of £,-convergence of normalized
weighted branching processes. Denoting by W the limit of the martingale obtained by
normalization, £,-convergence holds if and only if W has a finite and positive ath moment.
We find necessary and sufficient conditions for 0 < EW® < oo by exploiting an important
inherent probabilistic feature of the underlying branching model which expresses itself in
a double martingale structure. This justifies the repeated application of certain convex
function inequalities for martingales, an approach that has first been used by Alsmeyer
and Rosler [6] for supercritical GWP and a more general class of convex functions.

In Chapter 4, we analyze when the martingale limit W has a finite and positive ¢-
moment, where ¢ is a regularly varying function of index v > 1. This will be carried out
by using similar methods as in Chapter 3. Under an additional condition on ¢ (actually
guaranteeing that ¢ is asymptotically equivalent to some submultiplicative regularly vary-
ing function), we solve this problem completely. On the other hand, if the random weights
fulfill a certain boundedness property which implies that the weights are decreasing along
each fixed line of descent, no serious restriction on ¢ is required.

The final chapter uses the previous results to give bounds for the rate of convergence

of the intrinsic martingale and collects some further results on tail probabilities.
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Chapter 1
The underlying models

This chapter introduces the branching models to be investigated throughout this thesis.
Hereafter, let (2,2, P) be a fixed probability space which is supposed to be large

enough to carry all random variables encountered.

1.1 Ordinary weighted branching processes

1.1.1 The model

As mentioned in the Introduction, this thesis provides limit theorems for normalized
weighted branching processes and normalized weighted branching processes in random
environment. Weighted branching processes have been introduced by Résler [94, 95| and
have also been treated by Rosler, Topchii and Vatutin in [97] and [98|. Bibliographical
remarks on related but more specific models will be given at the end of this subsection.
In order to give an informal description of the underlying model, first without ran-
dom environment, we consider a population of cells all stemming from one ancestor cell,
denoted (0). As usual, we label each cell or individual of a subsequent generation by an
element v = (v1,...,v,) of the Ulam-Harris tree N := {(0)} U |J,,~; IN* which encodes
its line of descent. Suppose that each cell v = (v1,...,v,) has a lif_espan of one unit of
time and carries a random weight (or size) L(v) obtained as the product of the mother’s
weight L(v1,...,v,_1) and a random factor T, (v1,-...,v,_1). This reflects that every cell
grows or shrinks during its life period and splits into a random number of offspring cells

at its death. By normalization, let the ancestor have weight one, i.e. L(()) = 1, and let
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6 1.1. Ordinary weighted branching processes

the infinite vectors T'(v) = (T;(v))i>1, v € N be i.i.d.. The latter expresses the standard
assumption in many branching models that all population members exhibit the same bi-
ological performance (growth, reproduction) and that all cells develop independently of
one another. Note that every cell can produce infinitely many daughter cells, but that

only cells with positive weight are alive. Now, if

Zy=> L(v) (1.1.1)
[v|=n
denotes the total weight of all cells of the nth generation, then (Z,),>0 is called a weighted
branching process (WBP). Here and in the following, |v| denotes the length or generation
of v, in particular |()| = 0.
The following picture shows the first generations (denoted by Gy, ..., G3) of the corre-

sponding family tree. It only contains living cells, i.e. those cells with a positive weight.

(1,2,3) (3,2,1) (3,2,2)

Fig. 1.1: A typical realization of a weighted branching process

Hereafter, we are interested in the total weight or size of the nth generation (given by

Zn), and its behaviour as n — oo (when appropriately normalized).
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We emphasize that it is a crucial property of WBP that the underlying random vectors
T@) = (T;(v))is1: 2 = [0,00)N, v e N,

are i.i.d.. Notice that Rosler et al. [97, 98] also allowed negative weights. A modification
of the above concept as in Section 1.2 leads to weighted branching processes in random
environment. However, even in the present i.i.d. setting, we allow arbitrary dependencies

of the random variables T;(v), 7 > 1 when v € N is fixed.

Given v, w € N, we will say that w stems from v if v = (@) or if w = (v, ") for some

v' € N, where given v = (vy,...,v,) and v' = (v}, ...,v}) € N, (v,v") is to be understood

as (vi, ..., Uy, v}, ..., v%), in particular (v, ) := (#,v) := v for any v € N. v is called alive if

<oy Ug

its weight is positive. In addition, we abbreviate
T :=(T})i>1 :==T(0).

By assumption, this random sequence determines the distribution of the entire process
(Zn)n>o- Therefore, the sequence T4, T5, ... is often called generic weight sequence or se-
quence of generic weights. As indicated above, the family of weights L(v), v € N satisfies
L(@) =1 and

L(il, ,Zn) = T;'I . ,1—;2(21) et ,-Tin(ila ---;in—l)a (7;1, ,’Ln) =\ (77, > ].)

In combination with (1.1.1), this multiplicative structure leads to the frequently used

forward equation

Znoi=» L)Y T(w)=> > LO)T(v), n>0, (1.1.2)

[v|=n i>1 w|=n i>1

while a reversed view in time explains the backward equation

Zni1 =Y TiZpi,  1>0. (1.1.3)

i>1
Here, the sequences (Z,;)n>0, ¢ > 1, are i.i.d. with the same distribution as (Z,)n>0
and independent of 7" = T(()). This representation reflects the immanent self-similar
structure of the underlying branching model. Notice that on the event {T; > 0}, Z,;
can be written as Z,; = >_,,_, %]”) Hence, Z, ; can be viewed as the normalized size
of the subfamily founded by individual j at time n + 1. While the backward equation is

closely related to iterations of distributions and thus to stochastic fixed point equations
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(cf. Subsection 1.1.3), the forward equation discloses the martingale structure associated
with (Z,). If the reproduction mean p := EZ; is positive and finite, it is a well-known
fact (cf. [94], [95] or [97]) and also follows from the more general Lemma 1.2.3 below that
the normalized sequence

W, = Z,/u", n >0,

is a nonnegative martingale with respect to the filtration (F,),>0, defined by
Fo:={0,Q} and Fny1:=0(T():|v]<n), n>0.

Plainly, this implies EZ,, = ™ for n > 0, and F,, contains the o-algebra generated by
(L(v))joj<ns m > 0. By the martingale convergence theorem and Fatou’s lemma , W,
converges a.s. to some nonnegative and finite random variable W with EW < EW, = 1.
It seems worth noting that (W,,),>o can itself be viewed as a WBP with generic weights
w Ty, Ty, ..., and is naturally normalized. Therefore, we may (and will) often assume
without loss of generality that = 1, hence Z, = W, for all n > 0. If L(v) € {0, 1} a.s.
for all v € N, and each cell has only a finite number of living daughters, (Z,),>¢ is a
Galton-Watson process as will be explained below. Note that the simplifying assumption
of unit mean is a proper restriction in the context of Galton-Watson processes where the

reproduction mean is a crucial parameter.

The weighted branching process unites a branching mechanism and a multiplicative
structure. To give (extreme) examples, it is natural to suppress one of these components
and focus on the other. Removing the multiplicative structure leads to the well-known

Galton-Watson process:

Example 1.1.1. (Galton-Watson processes)
Suppose that T; € {0,1} a.s. for all i > 1. By induction, it follows that any individual can
only have weight 0 or 1. Thus, (Z,)n>o merely counts the number of living individuals

without distinguishing their weights or sizes. Put

pk::]P’<Zﬂ:k>, k€ Ny = Ny U {o0}.
i>1
If Z; is a.s. finite (i.e. pe = 0), then (Z,)n>0 is a Galton-Watson process (GWP) with
offspring distribution (pg)k>0, whereas otherwise, (Z,),>0 may be viewed as a Galton-
Watson process with state space Ny = Ny U {oo}. In case p,, = 0, the reproduction mean

p=EZ =), kp is an important parameter. In contrast to the general WBP, the
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GWP forms a (homogeneous) Markov chain and is a well studied object. One of the main
mathematical tools utilized for their analysis is the generating function f(s) := Es?' =
> iso Prs® for s € [0,1] together with its iterates and functional equations connected to
them. For more background material on GWP, we refer to the books [7], [12] and [59].

A general WBP also considers the random sizes of different individuals. This contrast
to Galton-Watson processes is emphasized by introducing the corresponding GWP with

state space Ny, given by

Zy= luwse, n>0,

v|=n

which counts the number of living cells in generation n. We shall frequently use the

notation

N:=2Z{ =) Lz, (1.1.4)

i>1

giving the number of cells with positive weight in the first generation.

On the other hand, if there is no branching at all, we arrive at a multiplicative random

walk:

Example 1.1.2. (Multiplicative random walks)
Assume that each individual has at most one successor, that is P (N < 1) = 1 which means

that the infinite sum ) ... 7; consists of at most one strictly positive term. Without loss

i>1
of generality, we may sug)pose that 75 = T3 = ... = 0 almost surely. Then it is obvious
that Z, is the product of independent copies of Z; = T7. In other words, (log Z,,),>o forms
a random walk taking values in R U {—oo}. If p = Elog 7, exists in R = [~o0, ], Z,
converges to 0 (0o) iff p is strictly negative (strictly positive) by the strong law of large
numbers. If p = 0 and Z; # 1 with positive probability, the Chung-Fuchs theorem implies

that Z, oscillates between 0 and oo.
Motivated by Example 1.1.1, we define

c:=P(T; € {0,u} for all i > 1) =P (T;/u € {0,1} for all i > 1) (1.1.5)

for a given WBP (Z,),>o with generic weights 73,75, ... and reproduction mean p =
EZ, € (0,00). Then ¢ = 1 if and only if the (normalized) WBP (W, ),>0 is a critical

Galton-Watson process. This situation is often excluded in the remainder of this thesis.
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Weighted branching processes have been discussed in a variety of contexts. In a
less general form, they were introduced by Mandelbrot [84] who assumed that || V|| =
ess sup N = r < oo and that 77, ..., T, are i.i.d., a classical model which has thereafter also
been considered by Kahane and Peyriére [62], Guivarc’h [52] and Barral [14]. Holley and
Liggett |56 considered the case when |N|| = 7 < oo and T3, ..., 7, are fixed multiples
of a positive random variable, whereas Durrett and Liggett [44] allowed (77, ...,7;) to
have arbitrary joint distribution. A similar model was also investigated by Waymire and
Williams [108|.

Graf et al. |51] and Mauldin and Williams [86] used weighted branching processes
for the study of random Cantor sets and their Hausdorff dimensions. In this context, the
weights L(v), |v| = n, denote the volumes of the remaining sets after n steps in a so-called
random recursive construction (without loss of generality assuming that the starting set
J(g) is normalized to have volume 1). Thus, the weights 7;,7 > 1 are a.s. bounded
by 1, and with C denoting the resulting Cantor set, then under mild conditions, C # ()
with positive probability, and the Hausdorff dimension of C is a.s. constant on the event
{C # 0} and given by the smallest a € (0, 00) such that Y .., ET}* < 1. We remark that
for the results in [51], the assumption ||N||, < 00 is needed. In this framework, it means
that there is a (non-random) bound for the number of remaining sets after the first step

of the random construction.

Weighted branching processes are also closely related to the Laplace functional of branch-
ing random walks and to so-called multiplicative cascades. These stochastic processes ac-
tually correspond to the situation where N is a.s. finite, but not necessarily ||N||, < 00,

i.e. N is not a.s. bounded. The following subsection is devoted to these connections.

1.1.2 Weighted branching processes vs. branching random walks

The objective of this subsection is to stress that weighted branching processes as just in-
troduced are closely related to the Laplace functional of a branching random walk (BRW).
This kind of process has first been considered by Kingman [65] and extensively studied
by Biggins in a series of articles [17, 18, 19, 20|, to mention but a few references. In
the following, we briefly outline the construction of a branching random walk. An initial
ancestor, forming the Oth generation, is created at the origin. His children form the first

generation and their positions on the real line are described by a point process Y! on
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R. The individuals in the nth generation give birth independently of one another and of
the preceding generations to form the (n 4 1)th generation. The point process modelling
the displacements of the children of an individual z from the position of x has the same
distribution as Y.

Let (X), be an enumeration of the positions of the people in the nth generation,

define
=E { /R e 0 Tl(dt)]

and assume that m(0) € (1, 00) and m(f) < oo for some 6 > 0. These assumptions imply

m(f) :=E

Zexp(—@X})

that the generation sizes T"(—00,00) in the branching random walk form a supercritical
Galton-Watson process with reproduction mean m(0). Particularly, individuals can have

only finitely many children. Then for any § with m(6) < oo, the Laplace functional

E™"(0) :=m(9)™" Zexp(—@Xﬁ), n>0

of the BRW is a nonnegative (and therefore a.s. convergent) martingale with respect
to (En)n>0, where &, is the o-field generated by the births in the first n generations.
Evidently, Z"(0) = T"(—o00, 00) is the underlying Galton-Watson process.

Moreover, it is a trivial observation that when 6 is fixed and (Z,), >0 denotes the WBP
with generic weight sequence T; := exp(—0X/)1yi(r)>s}, @ > 1, then Z(0) = m(0)™"Z,
for n > 0. In other words, the BRW is a special WBP, taking an additive point of view
instead of a multiplicative one. However, the concept of WBP is slightly more general
because it gives up the assumption of finite generation sizes. This is worth noting since
many results on branching random walks heavily rely on the analysis of Laplace transforms
and generating functions, exploiting well-known results for the underlying Galton-Watson
process. As an example, we mention the Seneta-Heyde type result proved by Biggins and
Kyprianou in [23] and [24] which we shall quote in Subsection 2.4.4. A further amenity
of the WBP model consists of the fact that it can be easily extended to the case of real-
valued (instead of nonnegative) weights, even though that case seems to be much more
difficult to analyse (cf. [97], [98]). However, Lyons [82] and Iksanov [58] recently also
considered BRW with not necessarily finite offspring numbers.

In Section 4.5 we will study in detail moment conditions for WBP satisfying the
condition P (supi21 T; < 1) = 1 which means that the weights are a.s. decreasing along
each fixed line of descent. In the BRW model, this regime corresponds to the case where

individuals can only be born to the right of their mother, i.e. the BRW can only take
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positive steps. The latter condition can also be expressed as Y'(—00,0) = 0 a.s., a
restriction imposed by Kingman in his pioneering article [65].

Liu [78, 79| has studied a multiplicative variant of the BRW called multiplicative cas-
cade which, however, also requires the condition of finite offspring numbers. In addition,
he treated extensively the case of homogeneous branching random walks in [77, 79, 80|
which corresponds to a WBP where with probability 1, all positive (generic) weights 7;
are equal. Some of his results on multiplicative cascades will be quoted in this thesis for
the sake of completeness.

Finally, we mention that multiplicative cascades taking values in a Banach algebra

(instead of being [0, co)-valued) have been introduced by Barral [15].

1.1.3 Weighted branching processes and stochastic fixed point

equations

Weighted branching processes have been discussed in a variety of contexts. For instance,
they have appeared in the analysis of certain stochastic fixed point equations. The con-
nection to this popular object of modern probability theory is exemplified by the following
two results, the first of which can also be found in [35], [94], [95], [96] and [97].

Theorem 1.1.3. The martingale limit W of a weighted branching process (Zy)n>o with

reproduction mean p = EZ; € (0,00) can be written in the form
T;
W=) =Wy as, (1.1.6)
i>1 P

where W1y, W(a), ... are independent copies of W and also independent of F1 = o (11,15, ...).

Proof. Without loss of generality, suppose that ;4 = 1 and let n > 0. Then using the

backward equation (1.1.3), W, 41 = Z,, 41 can be rewritten as

Wn+1 = ZEWH,Z a.8.,

i>1

where the random variables W, ;, © > 1 are independent copies of W, and also independent
of 71 = o(T},Ts,...). Hence, each W, ; has an a.s. limit W; distributed as W and
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independent of F;. Furthermore, W), W), ... are independent random variables. Now

by Fatou’s lemma,

W =liminf W, > E T;liminf W, ; = E TiWiy as..
n—oo n—oe
i>1 i>1

In addition, both W and the expression on the right-hand side have the same finite mean

and are therefore equal with probability 1. O

In particular,

WS T (1.1.7)
i>1

”

if 4 = 1, where ” £ means equality in distribution. In other words, if D (D) denotes the
space of distributions on [0, 00) ([0, 00]), then the distribution of W is a fixed point of the

so-called smoothing transformation K : D — D,

K(v) =P (Z T;X; € ) ,

i>1
where X, Xy, ... are independent random variables with distribution v such that (7;);>;

and (X;);>1 are independent. With this notation, the backward equation (1.1.3) reads
P(Z,1 €-)=K(P(Z, €)), n>0

and thus (Z; =1 a.s.)
P(Z, € ) = K"(61),
where 0, is the Dirac measure in 1 and K" is the n-fold iteration of IC. In other words, the
essence of the backward equation is that the distribution of Z, evolves as an iteration of
distributions.
In terms of the characteristic function ®y, of W, (1.1.7) can be expressed by the

functional equation

Oy (s) =E [[[ow(sTy)|, s€eR

j21

By the same argument as in Theorem 1.1.3, we obtain the following representation of the

martingale limit:

Theorem 1.1.4. Fizn > 2. Then W has the representation

L(v
w=>" % Wy a.s., (1.1.8)

v|=n

where W), v € N" are independent copies of W and also independent of (T (w))w|<n—1-
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Remark 1.1.5. Rosler [92, 93| considered the slightly more general distributional fixed
point equation
X223 TXx;+C (1.1.9)
j>1
fori.i.d. real-valued random variables X, X, X, ... which are independent of (C, T}, T5, ...),
where C' and T' = (Tj) ;> are in general neither independent nor nonnegative. Fixed points

of the latter equation naturally arise as limits of recursive equations of the form

x (n+1) 4 ZTy(n)Xg(n) + C(n)’ n> 0.
i>1
Here (T™,C™), Xf"),XQ("), ... are independent for each n, and the joint distribution of
T™ and C™ is known and converges to that of (C,T). A recursive system like this
has been dealt with in [92| and [93] in the context of the sorting algorithm QUICKSORT.
Although the method provided in these articles can be successfully applied to more general
divide and conquer algorithms, QUICKSORT still constitutes the most prominent example.
The method relies on the contraction property of the operator K¢ associated with (1.1.9)
which is defined on the set of all probability measures with finite (absolute) pth moment.
This set is endowed with the so-called Mallows metric. Further information on the method

employed, including applications and generalizations, can be found in [91]| and [96].

For a comprehensive account of stochastic fixed point equations, the reader may also
consult [5], [13], [27], [33], [34], [35], [44], [55], [58], [68], [75], [76], [79] and [80].

1.1.4 A useful relation of tail probabilities

If W' denotes the nondegenerate limit of a normalized supercritical Galton-Watson process
(Z! )0 fulfilling EZ] log* Z] < oo, it is well-known (see for example Lemma I1.2.6 in [7])
that

Ef(W')<oo < Ef <SupZ,’1/]EZ7'L> < o0

n>0
whenever f : [0,00) — [0,00) is nondecreasing and continuous on [0, c0), continuously
differentiable! on (0,00) and satisfies f(0) = 0 and f(2z) < c¢f(x) for some ¢ > 0 and

L Although the result can be extended to a larger class of functions, we focus on smooth functions in

this subsection.
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all z > 0. The following result, due to Biggins [19] in the situation of branching random

walks, shows that this equivalence also holds in our context. Put W* := sup,,», Wi,.

Theorem 1.1.6. Suppose that EW = 1. For any a € (0,1), there is a constant B =
B(a) € (0,00) such that

P(W > at) > BP(W* > 1), t>1 (1.1.10)

(cf. Lemma I1.2.6 in [7] for the Galton-Watson case). Moreover, if f :[0,00) — [0, 00) is
nondecreasing and continuous on [0, 00), continuously differentiable on (0, 00) and satisfies
f(0) =0 and f(2z) < cf(x) for some ¢ > 0 and all x > 0, we have the equivalence

Ef(W) <o <& Ef <suan) < 0. (1.1.11)
n>0
The following proof has been given by Biggins for branching random walks (Lemma 2

in [19]) and only requires slight modifications in our scenery:

Proof. Without loss of generality, suppose that y = EZ; = 1. For the proof of the tail
estimate, fix t > 1 and put E,, := {W,, > {,maxo<k<n, Wi < t} for n > 1. Then
PW >at)> > PW > at|E,)P(E,). (1.1.12)
n:P(E,)>0
For any n > 1, Theorem 1.1.4 gives the representation
W = Z L)W as., (1.1.13)
lv|=n
where W(,), v € N" are independent copies of W and also independent of (T'(w))uw|<n—1-
Consequently, for all n with P(E,) > 0,

P(W > at|E,) > P Z L(v)W) > at

lv|=n

E,

at
— —1|F,
-

L
lv|=n W

L

W,

(Z )(W -1) >
[z
lv|=n "

E

(v
(v

P
P

v

(v
(v) —1) > a—l‘En

= P( n)‘lelP’ ZLVS;)(W@)—1)>@—1‘$” dP

[v[=n
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because E, € F, and W, >t on E,. Since the random variables W,y — 1, |v| = n are
independent of each other and of F, with zero mean, Lemma 1 in [19] shows that for
some B = B(a) > 0,

L(v
/IP > V;n)(w(v)—1)>a—1fn dP > BP(E,),

|v|=n
whence by (1.1.12),
P(W > at) > BY P(E,) = BP(W* > t).
n>1

Now if f is as described, the moment assertion follows easily from (1.1.10) and the facts
that

Ef(X) = FOPX > 1) A(dt)
(0,00)
and
Ef(rX) <oo iff Ef(X) < oo
which are valid for any r > 0 and any nonnegative random variable X. O

1.2 Weighted branching processes in random environ-

ment

1.2.1 Introduction

In many biological contexts the assumption of independent and identical biological per-
formance of all cells seems doubtful because various exogenous environmental factors like
temperature, food supply, competition etc. may cause a variation of cell behaviour over
generations. If this variation shows a recurrent (seasonal) pattern the following gener-
alization of the above model (which can also be found in the prepublication [66]) may
be viewed as a reasonable alternative: Suppose that, given a stationary ergodic sequence
U = (Uy)n>0, the weight factors T'(v), v € N, are conditionally independent with a con-
ditional distribution depending only on U, if v belongs to the nth generation. This means
that the U, are the random parameters reflecting the environmental fluctuations over

time. A rigorous description is given further below. The sequence (Z,),>¢ thus obtained
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is our main object of interest in Chapter 2 and called a weighted branching process in
random environment (WBPRE).

A rigorous description of the setting now follows. As indicated, environmental changes
over time shall be modelled by a sequence of random probability measures on the set
([0, o)X, ]B%lg,oo)) of nonnegative sequences in which the weight sequences T'(v), v € N
take their values. More precisely, denote by > the measurable mapping

¥ -0, OO)]N — [0, o0], Z((xi)izl) = in’

i>1

and let M denote the collection of probability measures @ on ([0, 00)™, By ) fulfilling

0<u@:= [ sdo=[ yQiy <.

[0,00) [0,00]

In Subsection 1.2.2 further below, we will endow IM with an appropriate o-algebra 7.
Moreover, suppose that U = (U,,),>0 is a stationary ergodic sequence of random variables
taking values in (M, 90), i.e. satisfies (cf. [31], Chapter 6)

e Stationarity: SU 2 U, where the shift operator & : (MM, 9tN0) — (MM, 9tT0) s
defined by S((o, (1, --) = (¢1, o, --.) (and is obviously measurable). Note that this
implies S"U LU for any n > 1, where 8" (o, (1, ---) = (Cuy Gat1s )

e FErgodicity: The o-algebra J := {A € IB%,OO) :14(U) = 14(SU) P-as.} of as.
shift-invariant events is PY-trivial in the sense that P(U € A) € {0,1} for all A € 7.

In the new model the assumption of i.i.d. reproduction which is characteristic for the
situation of ordinary WBP is replaced by the assumption that the random variables
T(v),v € N are conditionally independent given U with conditional distributions deter-
mined by

P(T(v) € -|U)=U, as. forallveN.

Obviously, this ensures that all individuals still show identical biological performance since

for each v € A and all measurable A C [0, 00)¥,
P(T(v) € A) = / P(T'(v) € A[U)dP = EU,,|(A) = EUy (A)

by the stationarity of (U, )n>0, but in general, the assumption of independent reproduction

is not fulfilled. However, once it is known how the environmental conditions change in
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the course of time, individuals reproduce independently of one another, but in general not
in an identical manner. Nevertheless, taking this conditional point of view, individuals
within one generation also exhibit the same reproduction mechanism. In other words,
after picking the random distributions (Uy)n>0, (Zn)n>0 can be viewed as a weighted
branching process in varying environments. Obviously, the forward equation (1.1.2) can
be carried over without changes to the situation of WBPRE. However, to give an analogue
of the backward equation (1.1.3), write the conditional distribution of (Z,),>o in the
form P((Z,)n>0 € -|U) = L(U,-) a.s. for some suitable stochastic kernel . Then (1.1.3)
remains true if (Z,;)n>0, ¢ > 1 and T'()) are supposed to be conditionally independent
given U with P((Z,,;)n>0 € -|U) =L(SU,-) a.s. for all s > 1.

By Kolmogorov’ zero-one law, any sequence consisting of i.i.d. components is station-
ary ergodic. In this case, individuals in different generations reproduce independently of

each other as we will see in Subsection 2.4.3.

Before giving examples, we turn to the definition of an appropriate o-field 9t on M.

1.2.2 A suitable o-algebra on M

We now endow M with a suitable o-algebra 9. For this purpose, let IM’ be the collection

of distributions on (R, B) and endow M’ with the o-algebra 9 generated by the total

variation norm dpp on M’, i.e. by all subsets which are open with respect to the metric
dnr (@1, @) = sup{|Q1(A) — Q3(A)[ : A € B}.

Concerning an appropriate o-field 9t on M, we then stipulate the following:

M.1 For any A € ]BEI(\)I , the projection Q — Q(A) = [14dQ is 9M-B-measurable.
Note that by the standard extension principle for measurable functions, this implies

measurability of the mapping Z; : M — [0, co], defined by

Q= [ rda

whenever f is nonnegative and IB[O’OO)—]B-measurable. Using this for f = X gives

measurability of the mapping @ — u(Q).

M.2 The mapping Q — Q is MM-9'-measurable, where Q(-) € M’ is defined by

Q(B) == (@)™ /{EEB} ¥dQ, BeB.



1 The underlying models 19

M.3 The same is true for the mapping @ — Q*, where Q*(-) € M’ is defined by

Q" (B) := u(Q)‘l/ (Zﬂl{meB}) dQ, B € B.

i>1
Throughout this thesis, m; : [0,00)Y — [0,00) denotes the projection to the ith

component, i.e. m;((x;);>1) = «; for ¢ > 1. In particular, ¥ = > .o, 7.

M.1 is obviously a natural condition, whereas the relevance of M.2 and M.3 (which seem
rather artificial at first glance) will turn out in Section 2.3 where they are used to ensure

the measurability of certain auxiliary random variables.

1.2.3 Examples and some further notation

We now briefly describe two special cases of WBPRE. First, we explain the connection

to Galton-Watson processes in random environment.

Example 1.2.1. (Galton-Watson processes in random environment)
Suppose that P(T; € {0,1} for all 4 > 1) = 1, or equivalently, Uy({0,1}Y) = 1 a.s.. Since
T(v), v € N are identically distributed, this yields

P(L(v) € {0,1}Vv € N) =1,

and (Z,)n>0 is a Galton-Watson process in random environment (GWPRE). The latter
process has been introduced by Smith and Wilkinson [101] in the special situation of i.i.d.
random environment and later by Athreya and Karlin |10, 11| in the more general setting
of stationary ergodic random environment. Although Galton-Watson processes in random
environments are well-studied objects (see for instance [1], [10], [11], [38], [39], [49], [50],
[73], [83], [101], [103]-[106]), there seems to be no work on weighted branching processes
in random environment, apart from a recent article by Biggins and Kyprianou [26] dealing
with branching processes with a general type space. As an application of their investi-
gations, Biggins and Kyprianou sketch a result on branching random walks in random
environment which confirms the results we obtain in Chapter 2. In this context, it should
be mentioned that their article was written independently of and contemporaneously with
the article [66] which is actually a prepublication of Chapter 2.

The precise connection of our results to similar results on Galton-Watson processes in

random environment will be discussed in detail in Remark 2.4.23 in Subsection 2.4.5.



20 1.2. Weighted branching processes in random environment

Obviously, the concept of WBPRE also generalizes that of ordinary WBP as introduced

in Section 1.1.

Example 1.2.2. (Ordinary weighted branching processes)

If the sequence (Up)n>o is deterministic and nonvarying, i.e. P(Uy € -) =P(U; € 1) = ... =
or for some I' € M, it is easily checked that T'(v), v € N are even independent. Hence,
(Zn)n>0 forms an ordinary weighted branching process with p =EZ; = p(I') € (0, 00).

If the conditions of the previous examples hold simultaneously, (Z,)n>0 is a Galton-
Watson process with reproduction mean p € (0,00) (cf. Example 1.1.1). If there is no
branching (as in Example 1.1.2), (Z,)n>0 can plainly be considered as a multiplicative

random walk with stationary ergodic increments.

We close this subsection with some additional notation and assumptions. Given Q =
(@n)n>0 € M™ we abbreviate 1o(Q) := 1 and

n—1

Nn(Q) = H/J'(Qz) € (0,00), n 2 1.

=0

Generalizing (1.1.5), we put

¢ = P(T;=0o0rT; = p(Up) for all i > 1)
= P(T;/pu(Uy) € {0,1} for all : > 1).

In addition, we assume that

B :=E[log u(Up)] € (=00, 00) (1.2.1)
and that
T. T. _
=E 1o : exists in R.
! Z u(o) ° u(Uo)
In case
T, T, : T,
= — Jogt —— or _=F ' _logm —
1=\ D T 8 ! 2 ¢ wn

is finite, we have the decomposition v = 7, — v_. Finally, note that by M.1 and Propo-
sition 6.31 in [31], the sequence (u(U,))n>o is stationary ergodic as well. Moreover,
w(U,) € (0,00) and hence u,(U) € (0,00) a.s. for each n > 0 by (1.2.1).
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1.2.4 The intrinsic martingale

Concerning WBPRE as just introduced, our main object of interest is the sequence
(Wn)nZOa defined by
W, = Z, /11, (U), n > 0.

We will see in Lemma 1.2.3 below that (W,,),>o forms a nonnegative martingale with
respect to an appropriate filtration (G, )n>0 of (€2, %, P) and therefore converges a.s. to a
nonnegative random variable W satisfying EW < 1.

Informally speaking, it is natural to ask for necessary and sufficient conditions for
Zn = 1y (U) as n — oc.

More precisely, our aim is to determine when p,(U), the conditional mean of Z,, given U,
appropriately describes the growth of Z,, as n — oo in the sense that W = lim,, ,,, W,, is
nondegenerate, i.e. satisfies P(W > 0) > 0, or even fulfills EW = 1. This problem will be
treated in Chapter 2 which is based on the recent article [66]. A more explicit motivation

and relevant references can be found in Section 2.1.

Introducing the filtration (G, )n>0, given by Go := ¢(U) and G, := o(U,T(v), [v| <n—1)
for n > 1, we can easily establish the a.s. convergence of (W,),>¢. As in Section 1.1, it is
easily checked that G, = o(U, F,) satisfies G, D (U, (L(v))|v|<n)-

Lemma 1.2.3. (a) Given any w € N, ]E(Zilei(w)\U) = p(Uw|) a.s..

(b) E(Z,|U) = p,(U) a.s. for all n > 0.

(¢) The sequence (Wy)n>o forms a nonnegative martingale with respect to (Gp)n>o with
EW,y = 1 and therefore converges a.s. to a nonnegative random variable W satisfying
EWw < 1.

Proof. (a) By construction, we have that

E(Zﬂ(w)‘U) = E(Z o T(w)|U)

i>1

= / 2 gpr v :/ S dUjy) = p(Uiw|)  asS..
[0,00)%

[0,00)
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(b) We prove the claim by induction. As Zy = po(U) = 1 a.s., we may suppose that
E(Z,|U) = u,(U) a.s. for some n > 0. Then using the forward equation
Zon= Y 10)= X L) Y Tiw) = X Lw) - SoT(w)
|v|=n+1 |w|=n i>1 lw|=n

the conditional independence of L(w) and ¥ o T'(w), the monotone convergence

theorem and part (a), we infer that

E(Zna|U) = ) E(L(w)-SoT(w)U)
|w|=n
= ) E(L(w)|U) - EE oT(w)|U)

lw|=n

2 )Y E(Lw)|U)

w|=n

= M(Un) : ,un(U) = /'Ln—l—l(U) a.s.,

as demanded.

(c) Fix n > 0. Obviously, W,, is measurable with respect to G,. Since L(w) is G,-

measurable if |w| = n, it follows that

EWni1]Gn) = pnn(U)'E| Y L(v)

|v|=n+1

= i (U) Z E(L(w) - 3 o T(w)|Gn)

lw|=n

= (U)7 Z L(w)E (% o T(w)|Gn)

lw|=n

D i (U) u(U) Y L(w)

w|=n

= u(U)'Z, =W, as..

Gn

To justify (%), observe that for all A € 9™ and B € Qe vi<n1 BY,

/ S o T(w) dP
{UeAa(T(U))lv\Sn—l EB}

= / E <1{<T(v))|v|sn_1e3} "Bo T(w)‘U) dP
{UeA}

- /{UEA} p(Un) - P ((T(U))|v<n1 € B‘U) dP
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v)a

= / E (M(Un)l{(T(v))vgnleB}
{UeA}

/ u(Uy) P,
{UeAv(T(U))M)lSnfleB}

for the random variables ¥ o T'(w) and (T'(v))|s|<n—1 are conditionally independent
with E(X o T(w)|U) = p(U,) a.s. as seen in (a). Since Wy = 1 we can finish the
proof by applying the martingale convergence theorem and Fatou’s lemma.

U

In particular, the normalization W,, = Z,,/u", n > 0 arising in ordinary weighted branch-
ing processes with reproduction mean u = EZ; € (0,00) leads in fact to a martingale
which converges a.s. to some limit W satisfying EW < 1. To be rigorous, we put
W = limsup,,_,,, W, whenever W has to be defined on the entire probability space
(Q,2,P).
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Chapter 2

Limit theorems for normalized
weighted branching processes

1n random environment

This chapter comprises the contents of the article [66] and gives an almost comprehensive
treatment of the problem indicated at the end of the previous chapter. As far as we
know (and as already mentioned in Example 1.2.1), the only further result on weighted
branching processes in random environment is stated by Biggins and Kyprianou in their
article [26], confirming our results (under some additional assumptions).

Unless stated otherwise, suppose that (Z,),>¢ forms a WBPRE with environmental

sequence U = (U, )n>o satisfying 4 = Elog u(Up) € (—o0, 00).

2.1 The problem

Given a supercritical Galton-Watson process (Z,),>o with reproduction mean ' € (1, o)
and a.s. martingale limit W’  a well-known result going back to Kesten and Stigum (cf.
Theorem 11.2.1 in [7] or Theorem 1.10.1 in [12]) says that the martingale (Z)/u"™)n>0
is uniformly integrable if and only if the so-called Zlog Z-condition is fulfilled, i.e. if
EZ; logt 7| < co. In other words, EW’' = 1 iff EZ] log™ Z] < oo, and EW = 0 otherwise.
Even in essentially more general branching models, similar conditions have turned out to
be crucial for the nondegeneracy of the corresponding martingale limit as long as individ-
uals behave independently of one another and follow the same reproduction mechanism.

For instance, we mention results by Doney [41, 42| on Bellman-Harris age-dependent

25
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processes and Crump-Mode processes and age-dependent birth and death processes, and
by Jagers [60] and Olofsson [90] on so-called general branching processes. The Zlog Z-
condition is also of great importance for the articles [87] by Nerman and [61] by Jagers

and Nerman on general Crump-Mode-Jagers processes.

If in the framework of Galton-Watson processes in random environment, the hypothesis
of independent reproduction is given up and replaced by conditional independence given
the environmental sequence, the Zlog Z-condition still guarantees uniform integrability
of the intrinsic martingale if the environmental sequence is stationary ergodic. This has
been shown by Tanny [106] when an additional assumption holds, and by Lyons et al.
[83] in full generality. However, Tanny has given an example which proves that in this
case, the Zlog Z-condition is not necessary, i.e. is not implied by uniform integrability.
However, if the environmental sequence is assumed to consist of independent components,
it is also due to Tanny [106| that the Zlog Z-condition does in fact characterize uniform
integrability.

Turning to WBPRE, these circumstances motivate the following since they suggest to
search for necessary and sufficient conditions for the martingale W,, = Z,,/u,(U), n > 0
from Chapter 1 to be uniformly integrable. As is well-known from probability theory, this
is tantamount with analysing when the a.s. martingale limit W has mean 1, i.e. when W,
converges to W in £;. In terms of the underlying branching model, the condition EW =1
(or, more generally the condition P(WW > 0) > 0) means that the sequence u,(U) =
E(Z,|U) of conditional means is a proper (random) normalization of the branching process
(Zn)n>0, at least on a set of positive probability. In other words, on the event {W > 0},
the rate of growth of the considered population is roughly pu,(U), whereas on {W = 0},

Z,, grows essentially slower (or shrinks faster) than u,(U), or even dies out.

It will turn out in Section 2.4 that in contrast to Galton-Watson processes in random
environment, there are essentially two assumptions which have to be imposed to ensure
uniform integrability. The first condition can be viewed as a generalized Z log Z-condition
and is expressed in terms of a certain random series which actually depends on the un-
derlying process only via the sum ) .., T;(v)/u(Uy) of weights related to each individual
v € N. When dealing with Galton-W_atson processes in random environment, this condi-
tion has been shown to be necessary and sufficient for uniform integrability (cf. [83] and
[106]). But in the much more general context we consider, a second assumption which
depends on the entire sequence (7;(0)/u(Up))i>1 is also needed. This condition is auto-

matically satisfied and therefore superfluous in the case of Galton-Watson processes in
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random environment. Moreover, we can show that the first condition is implied by the
Z log Z-condition (which reads E[u(Up)*Z; log™ Z1] < oo in this case), thus justifying the
notion generalized Z log Z-condition. If the environmental sequence U has independent
components, both conditions are equivalent, whereas in the general case of stationary
ergodic environment, the Z log Z-condition is a strictly stronger assumption.

The further organization of the chapter is as follows. The subsequent section presents the
method of proof which forms the fundament of the rest of this chapter. The approach
we use has been heavily inspired by the articles by Lyons et al. [83] and Lyons [82]
who gave probabilistic proofs of well-known limit theorems on Galton-Watson processes
and branching random walks, replacing the purely analytic approaches which had been
preferred in the past. Section 2.3 provides some additional lemmata which furnish the
proofs of our main results. These are stated and proved in Section 2.4 which also gives
an instructive counterexample showing that in stationary ergodic random environment,
the Zlog Z-condition is in general not necessary for £;-convergence. Furthermore, we
compare our results to former results in the literature on Galton-Watson processes and

Galton-Watson processes in random environment.

2.2 The method of proof

The approach we follow is based on viewing a weighted branching process as the sequence
of generation sizes of an appropriate weighted random family tree and involves modern
techniques utilizing the construction of size-biased measures on the space of marked trees
generated by the underlying process. In other words, the basic idea expresses itself in
a change of measure on the space of marked trees which makes it possible to restrict to
purely probabilistic arguments instead of analytic considerations. This concept is called
size-biased method or spinal tree method which aims at the fact that in the construction of
the size-biased tree a randomly chosen line of descent called spine occurs. It goes back to
Lyons et al. who used it to reprove a variety of classical limit theorems for Galton-Watson
processes (not only restricting to supercritical ones) in their article [83]. As an important
tool, they apply limit theorems for GWP allowing immigration which can be established
by standard techniques of general probability theory. However, Lyons et al. assert that
a related construction is due to Waymire and Williams [108] who studied a somewhat
different scenery.

The application of this method to more general classes of branching processes was
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pioneered by Lyons in his article [82] which contains a new probabilistic proof of Biggins’
martingale convergence theorem for branching random walks, improving on the analytic
version given in [17]. It should be emphasized that the construction used in this chapter
is an adaption of that sketched by Lyons in [82] to the more general situation where
environmental changes are allowed. Thus, our results generalize [82|, and his main result
will be obtained as a by-product in Subsection 2.4.4.
Modifications of the size-biased tree method have been developed and applied by Kurtz
et al. [67] for multi-type Galton-Watson branching processes, and by Olofsson [90] for
so-called general branching processes who also used corresponding processes allowing im-
migration as a key tool. These results have been extended by Athreya [9] to a Kesten-
Stigum-type result in a Markov chain context which made the method applicable to su-
percritical measure-valued branching processes on a general type space, particularly com-
prising multi-type Galton-Watson processes and single-type Bellman-Harris processes. In
addition, the spinal tree method enabled Kyprianou and Rahimzadeh Sani [69] to prove a
generalization of Biggins’ martingale convergence theorem for multi-type branching ran-
dom walks. The approach has also been fruitfully used by Biggins and Kyprianou [25]
in the context of stopped branching random walks by establishing a relationship between
stopping lines in the corresponding family tree and certain stopping times which also re-
quires a change of measure argument for the space of marked trees. The same authors
indicate further refinements and applications of the underlying method in the article [26]
which is closely related to Athreya’s article [9]. Recently, the change of measure argu-
ments pioneered by Lyons et al. have been utilized by Iksanov [58] in the study of fixed
points of the so-called branching random walk transform when the number of children is
not necessarily finite. Moreover, the robustness of the method is stressed by another ap-
plication outlined by Kyprianou [68] who studied travelling-wave solutions of the so-called
Kolmogorov-Petrovskii- Piskounov equation.

Finally, let us mention that a somewhat different construction has been used by Geiger
|48] to give probabilistic proofs of well-known conditional limit theorems for critical and

subcritical Galton-Watson processes.

2.2.1 Weighted trees

We have already mentioned that our method of proof is based on analysing the weighted
family tree associated with (Z,),>o. For this reason, we formally introduce the space

of weighted trees in this section and endow it with an appropriate o-algebra, following
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Chauvin’s and Neveu’s approaches (see [36], [88]).
Denote by T the set of all nonnegative mappings defined on N, i.e.

T:={t|t: N —[0,00)}.

Any t € T is called a weighted tree or marked tree and will be identified with the family
(t(v))ven- Additionally, given any v € N, define the projection £, : T — [0,00), £,(t) :=
t(v). The filtration (7,)n>0, given by

To=0(ly,lv|<n)  (n2>0),
will play an important role in our analysis. Finally, endow T with the o-algebra
T = 0(Un>0Tn) = 0(by,v € N).

To get the connection to the weighted branching process (Z,),>¢ introduced in Chapter 1,

we consider the random tree
L= (L(v))ven

which is obviously 7-measurable because each L(v) is a random variable.

2.2.2 Size-biased weighted trees

We now explain in detail the aforementioned change of measure on the space of marked
trees under consideration. The proofs of our main results exploit a fundamental relation
between the random weighted tree L = (L(v))yen and the so-called size-biased tree L =
(L(v))yen to be defined hereafter. Lemma 2.2.2 compares the distributions of L and L,
showing that on 7, the o-algebra generated by the first n levels of trees, the distribution
of L is dominated by the probability measure EW,1{1c}- As in the articles [82] and [83],
this allows us to apply a measure-theoretic result due to Durrett [43] which provides an

essential dichotomy for the martingale limit W.

However, we start with the formal construction. Let

>

(T (1), Ca))nzo = ((T:(1))i1, Cn) o

be a sequence of random variables which are defined on (2, A, P), take values in [0, 00)N x N

and meet the following conditions:

e Conditionally upon U, (T(v))yen and ((T(n), Cy))n>0 are independent.
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e Conditionally upon U, the random variables (T(n), Cy),n > 0 are independent with

conditional distributions determined by
P(T(n) € A,C, = i|U)
= /J,(Un)ilE (l{T(vn)eA}Tz’(Vn)‘U) (2.2.1)
w(U,) / 7 dU, as. (AeBYi>1),
A

where v,, is an arbitrary element of N” and 7; : RN — R denotes the projection to

the 7th coordinate. Note that this implies
P(T(n) € AJU) = u(Us) " 'E(Lirpneay - S o T(v,)[U) (2.2.2)
_ u(Un)‘l/ S dU, as.  (AeBN |va| =n),
A

P(C, = i|U) = p(U,)~"E(T;(v,)[U) as. (i > 1, |v,| = n), and

P (0 <Y Ti(n) < oo> =1 (2.2.3)

because P(T'(n) € £71((0,00))|U) = u(U,)™! fE—l((O,oo)) ¥ dU, =1 as..

Now define the random variables V; := (0), L(0) = 1, V,, := (Cq, ..., Crr_1) € N" forn > 1,
and

N L(V,) - Ty(n), w =V, for some n > 0,

L(w,i) =<

L(w) - Tj(w), otherwise

for all w € A and i > 1. The sequence (V},),>0 is a randomly chosen line of descent in the
size-biased tree and called spine. After these preliminaries, we note that the size-biased
random tree L = (L(v))yen is T-measurable as well. Figure 2.1 below shows a typical
realization of the first generations (denoted Go, e Gg) and gives a graphical explanation
of the construction. Individuals are enumerated in the same way as in the original tree. To
explain the notation, observe that since the original random weighted tree L = (L(v))yen
takes values in the polish space RY, its conditional distribution given U can be written in
the form P(L € -|U) = K(U, ) a.s. for some stochastic kernel K. Then for any v € N off
the spine, L(*) is a random weighted tree with conditional distribution K(S!"/U,-) which
is conditionally independent of the reproduction of any individual not stemming from v.
Recall that § is the shift operator defined in Chapter 1. The nodes V,, belonging to the
spine are indicated by the symbol M, whereas the symbol e stands for individuals not
belonging to the spine. The interpretation of the sequence (V},),>0 as a spine or backbone
is indicated by the broken lines. Here, Cy = 2,C; = 3 and C, = 1.
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Fig. 2.1: A typical realization of the size-biased tree

An informal illustration of the construction just given is the following:

— Again, the population consists of merely one individual (}) at the beginning of the
process, and this element is the ancestor of the spinal sequence (V,,)n>0, i.e. Vo = (0)

with weight 1.

— The first generation of the size-biased tree is made up of individuals with weights
T1(0), T(0), .... Among these individuals, choose V; = (C) according to the distri-
bution given above. In particular, L(V;) = T¢, (0).

— From now on, each individual V,, (n > 1) on the spine generates offspring with
weights L(V},) - T1(n), L(V,) - Ty(n), ..., and among these children, V,,; is picked via
Vi1 = (V, Cp) and has weight (V1) = H?:o Tc, (n).

— Any individual v = (v, ..., v,) off the spine has a descendant tree L(*) which has the
conditional distribution K(8™U, -) defined before. This means that any individual

0 = (V1,..sy U, V], ..., v)) in the size-biased tree which stems from v has weight
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L) = L(v) - Ty (v) + o Ty (01, evvy Uy V], ooey vl ). On the event {L(v) > 0}, L(D)
can be rewritten as L(0) = L(v) - L(9)/L(v).

— We emphasize that conditionally upon U, all individuals reproduce independently
of one another. Particularly, the family (L(”))ve ~ is conditionally independent of
(T'(n), Cp)nz0, and if v, w do not belong to the same line of descent (i.e. neither v

stems from w nor vice versa), then L(®*) and L(*) are also conditionally independent.

Remark 2.2.1. Given the situation of ordinary weighted branching processes with re-
production mean p (where Uy = U; = ... =T" a.s. for some I' € M), it follows that the

A

random variables (T'(n), C,), n > 0 are i.i.d. with distribution

P(T(0) € -,Co = i) = p '"B(lirenT;), 0> 1
(cf. 82]), in particular P(7(0) € -) = pwE(lyrey Z1), ie. dlg;;)) = % This implies that
forall 2 > 1,

L0 _p o

70) = > T0)

because for any A € BY,

. o > T, .
/ D,-d]P:/EdJPT(O): E-—d]P’T:/ “LdP = P(T(0) € A,Cp = 9).
(F(0)eA} A2 A p (Teay M

In terms of the underlying construction, this actually says that once the first generation
of the size-biased tree is born, the random spinal element is chosen according to the
(conditional) probability distribution (D;, D, ...) on the set of positive integers. D; gives
nothing but the weight contributed by individual i relative to the size of the entire first

generation.

In the remainder of this chapter we shall make frequent use of the relation between

~ A

Q:=P(L,U)e-) and Q:=P((L,U) € ")
described in Lemma 2.2.2 below. For this purpose, put

Z(t) ==Y tv) (t€T,n>0),

lv|=n

Wy (t,u) := 2, () / pn (1) (t € T,u € MY n > 0),
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w = lim sup wy,,

n—oo
W, == w, o (L,U), Z,:=2z,0L,
= T, @M

and note that w, is 7,-measurable (n > 0). In addition, we have the representations

W =wo (L, U) and W,, = w, o (L, U).

The subsequent lemma reveals that size-biasing along the spine has the effect that for
each n > 0, the new probability measure QAWL is dominated by the original measure Q)7
and has Radon-Nikodym derivative w,. Consequently, the problem of £;-convergence of
(Wn)n>o is transformed to studying the asymptotic behaviour of the sequence (wy)n>0
under the new measure because w,, is measurable with respect to 7. The final part of the
lemma applies a measure-theoretic result by Durrett [43] to obtain the crucial dichotomy

on the asymptotic behaviour of (W, )n>o.

Lemma 2.2.2. Let n > 0.

(a) For any A € T,, we have the identity
P(L € AJU) = E(W, - 1ize4y|U)  a.s..
(b) For any B € T,

Q(B) =E[W, - 1{,u)eny) = / wy(t, u) Q(dt, du),
B

. A . d@ !
i.e. Qi L Qi with dQ:T" (t,u) = wy(t,u).

7
(c) We have the dichotomy
(i) Qw < 00) =1 <= EW =1 and

(ii) Qw=00)=1+= Q(w=10)=1.

Proof. (a) Obviously, it suffices to show that for all n» > 0 and A, € B (|v| < n),

P(L(v) € A, V|v| < n|U) =E (1@(0)% V|U|Sn}Wn|U) a.s..
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For this purpose, we introduce the auxiliary random variables T'(v), v € N, defined
by
. T(n), v =1V, for some n > 0,
T(v) :=
T(v), otherwise.

Since L(#)) = L(P) = 1, we may suppose n > 1. Considering the representations

(L) wj<n = T 0 (T(V)) jp/<n—1

and
(L(U))MSH =Wo (T(U))Ivlgnfl

for some appropriate measurable mapping U : X, N7|v|§n_1R]N — Xyed, oj<nR, it is
enough to prove that for all B, € BY (jv| <n —1),

]P’(T(U) € Bv V‘U‘ <n-— 1|U) =E (I{T(v)eBU V‘U|Sn,1}Wn|U) a.s.. (2.2.4)
Choose 0 € IN". We claim (and prove by induction) that

P(T(v) € B, V|v| <n -1, V, = o|U)
= in(U) 'E (Lrpes, v L(0)|U)  as. (2.2.5)

Once this identity is verified, summation over all o € IN" yields (2.2.4).

First note that the case n = 1 in (2.2.5) is obviously true because

A

P(T(0) € B, V; = o|U) = P(T(0) € B,Cy = o|U)
= /L(Uo)ilE [Ta- . ]—{TEB}‘U} a.s.

for any B € B and o > 1. Then fix n and suppose that (2.2.5) is proved for all B, €
BY (jo| <n—1) and all ¢ € N Let 7 = (ig, ..., i) € N1, put o := (ig, .-, in_1)
and observe that L(7) = L(o) - T;,(0), and V1, = 7 iff V|, = 0 and C,, = i,. Then
it follows by hypothesis and construction that

P(T(v) € B, V|v| < n, Vi = 7|U)
= P(T(w) € B, Vv <n—1,V, =0/U)
‘P(T'(v) € B, Y|v| =n,v # o|U) - P(T'(n) € B,,Cy = i,|U)
pn(U)"E [L(0) - Lirwyen, vii<n-13|U] - E [Lr@en, vi=noz0} U]

w(U) "E[T;, (0)1{r(0)en,3 | U]
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= fin1(U) 'E [Lires, vipl<ny - L(0)T;,(0)|U]
= i1 (U)'E [l{T(v)EBU V|v|<n} * L(T)‘U} a.s.,

where the first identity holds in view of the conditional independence of the random
variables ((T'(v))joj<n—1, Va)s (T(v))}oj=nwso and (T(n),C,). The inductive hypoth-
esis and (2.2.1) have been used in the second equation, while the third identity is

once more due to conditional independence.
The proof of (a) is now complete.

(b) Without loss of generality, we may suppose that B is of the form B = C' x D for
some C € T, and D € 9MNe. Now (a) gives

QB):./ P(L € C|U) dP
{UeD}

- / E(W, - 1izecy|U) dP
{UeD}

= E[W, - 141,u)jccxny]

_ / wn(t, 1) Q(dt, du).
B

(¢) Since (7,)n>o is a filtration of T x MM satisfying 7 @ MY = o(Up>07,,), part (b)
and Theorem (4.3.4) in [43] imply that for all C € T @ 9MNo,

Q(C) = /deQ+ Q(Cﬂ {w = o0}),

in particular

EW = wszl—Q(w:oo),

T x Mo

ensuring (i) and (ii). O

Remark 2.2.3. In the situation of Lemma 2.2.2(b), let n > 0, A € B and put B :=
{w, € A} € 7,. Then

B n

i.e. W, can be obtained by size-biasing W, which explains the notion of size-biased trees.

Note that this implies P(W,, € -) < P(W, € -) with Zi%:g (x) = z, hence

A~

ER(W,,) = EW, h(W,,)
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for any measurable and nonnegative or bounded function h. For some more background
information (and further references) on the concept of size-biasing, we mention the article
[83] by Lyons et al.. If z, is understood as a mapping defined on T x MM (by letting

zn(t,u) = 2, (t) for all (¢,u)), z, is also 7,-measurable, and we come to

an{ZneA} :|

P(Z, € A) = EW, 1 =F
(ne ) =B 1incn =B [ 25

which can be interpreted as conditional size-biasing Z,,.

2.3 Some auxiliary results

This section is devoted to some preparatory results furnishing the proofs of the main

results of this chapter which will be stated in Section 2.4.

The first of these auxiliary results asserts that the probabilistic structure of the sequence
U = (Up)n>o is passed on to certain sequences of random variables encountered in the
construction from Section 2.2.2 in the sense that these sequences are also stationary and
ergodic. Moreover, they exhibit the same independence structure as the environmental
sequence (Up)n>o. This circumstance will help us to prove the main results of this chapter
because it permits us to apply well-known limit theorems for stationary ergodic or even

i.i.d. random variables, such as Birkhoff’s ergodic theorem or the Chung-Fuchs theorem.

Recall from Chapter 1 that IM’, the set of all probability measures on (R, B), is endowed
with the o-algebra 9" generated by the total variation norm dyy on IM’. Moreover, put
®:RxM — R,

o1, Q) =Q(t) = Q'((—o0,8])  (t€R,Q €M).

Furthermore, let m > 0 and recall that a stationary sequence of random variables (Y},),>0
is called m-dependent if for each k > 0, (Xo, ..., Xi) and (X;);>m+k+1 are independent,
i.e. if

PX0os X Xttt Xipmg2r2) = PX0rX) @ PG )jzmepitr
By stationarity, this entails independence of (Xj, ..., X;4x) and (X;);j>m+k+i+1 Whenever
I,k > 0. Obviously, 0-dependence of a stationary sequence means nothing but indepen-

dence.
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Finally, we note that it is a well-known fact (and can also be checked by modifying the
proof of Kolmogorov’s zero-one law) that any stationary and m-dependent sequence of
random variables is also ergodic.
Lemma 2.3.1. (a) The mapping ®*:(0,1) x M’ — R,
ot Q) =inf{z e R: ®(z,Q") >t} 0<t<1,Q e M),
is B ® 9'-B-measurable.

(b) The sequence (X,)no, defined by X, := ¥ o T(n) = Zzzlf’z(n) form > 0, is

stationary ergodic.

(¢) The same holds true for the sequence (X, )n>0, where X, := ZCE’;]S;) (n >0).

(d) If m > 0 and U = (Uy,)n>0 is a stationary m-dependent sequence, the same is true

for the sequences (Xp)n>0 and (X, )n>0, respectively.

Proof. (a) Fix any o € R. Then we have that

{#,Q):27'(t,Q) <a} = {(t,Q):inf{zreR:Q'(z) >t} <a}
= {(t,Q):Q(e) 2 t}
- Q) - Q) <0},

Since the estimate |Q] (o) — Q% ()| < dw (@', Q%) trivially holds for any fixed o and
for arbitrary @}, Q5 € M’, the mapping @' — @Q'(a) is continuous (and therefore

measurable), and the claim follows.

(b) Let Y = (Y,)n>0 be a sequence of i.i.d. random variables on (2,2, P) which are
uniformly distributed in the interval (0, 1) such that Y and U = (U, ),>¢ are inde-
pendent. First note that by (2.2.3), P(0 < X,, < 00) = 1. Then (2.2.2) says that for
any A € B,

P(X, € AU) = u(U,)"" / S dU, = U,(4) as., (2.3.1)
{ZeA}
and from the measurability assumption M.2 of Subsection 1.2.2, we infer that U, is

an A-N'-measurable random variable. Since U is stationary ergodic, the same is true
for U = (Un)nzo- Now put X := <I>_1(Yn,(~]n),n > 0. Then (X ),>o is stationary
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ergodic as well (see Proposition 1.4.1.6 in [32] and Proposition 6.31 in [31]), and it is
readily checked that the random variables X! n > 0 are conditionally independent
given U with P(X! € -|U) = U, as. for n > 0. Thus, (X,)n>0 L (X, )n>0 and

(Xn)n>o0 is stationary ergodic, as asserted.

The conditional independence of (T(n),Cn),n > 0 yields that for any sequence
(An)nzﬂ in ]B,
P(Tc,(n) € Ay Y > 0[U) = [ [ Us(4,) as,

n>0

where for n > 0, (2.2.1) shows that

’ﬂ>

Un(An) = P(Tg,(n) € A,|U)
= P(T;(n) € Ay, Cp = i|U)

%

= ,u(Un)_1 / m; dU, a.s..
Z {mi€An}

IV

As in (b), we obtain that in view of assumption M.3 from Chapter 1, U} is an
2-99U-measurable random variable. Then define X := ® (Y,,U;) and X} :=
X/ /(Uyp),n > 0. Then it is again easy to see that the random variables (X/),>o are
conditionally independent given U having conditional distribution P(X] € -|U) =
Uy a.s. for all n > 0. Thus, (X)'),>o forms a copy of (X'n)nZOa and since (X,"),>¢ is
stationary ergodic (see Proposition 1.4.1.6 in [32] and Proposition 6.31 in [31]), the

proof is complete.

Since the case m > 1 can be proved in a similar manner, we restrict ourselves to
the proof of the case m = 0 which means that Uy, Uy, ... (and hence U, Un, ...) are
independent and identically distributed. As the random variables X,,n > 0 are
conditionally independent given U with P(X, € -|U) = U, a.s., the independence

of U,,n > 0 ensures that for any sequence (Ap)n>o in B,
P(X, € A, Vn>0) = E[P(X, € A, Yn > 0|U)]

[[0.(4

n>0
= J[EU.(4

n>0

= [[P(X. € 4,),

n>0
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i.e. the independence of (X,),>o. The assertion on ()N(n)nzo follows by an analogous

argument. O

Remark 2.3.2. In the recent proof, we have seen that for each n, the nonnegative random
variable T¢, (n) has conditional distribution UZ. If (Zn)n>o forms an ordinary WBP, this
distribution is an unconditional one and independent of n. If we assume without loss of

generality that p = EZ; =1, U, a.s. takes the form

Ur = Z/ m dPT") =Y "ET1 ey =: &
i>1 JAmi€}

i>1
In Chapter 4 this probability measure £ will be of great importance which expresses itself

in the investigation of a multiplicative random walk with incremental distribution &.

The following lemma consists of some moment calculations which clarify the rela-
tion between the quantities v and E[Z; logt Z;/u(Up)] on the one hand and the random
variables X,, X, on the other hand. As we will see in the forthcoming section, these
expressions are crucial for the statement of our results.

The final part of the lemma will be used for an application of the Chung-Fuchs theorem
in the proof of Theorem 2.4.12.

Recall that vy = Zk>1 Go) logi u(TUko)] and c=P (ﬂ@{Tz‘ =0or T; = u(Us)}) -

Lemma 2.3.3. (a) Suppose that v, or y_ is finite. Then

T,
log CO(O)

To@| _ . e
,U/(U()) fY-F 8 v

Elog X, = E

~ ogt
(b) Elog* Xy = E |log™ 2121 TZ(O)} =K [%] '

(c) Xo=1as <c=1.

Proof. (a) By construction, it follows that for all A € BN i > 1 and B € 9No,
P(T(0) € A,Co =i, U € B) — / P(T(0) € A, Cp = i|U) dP
{UeB}

= ]E[ (U0) " LzeayTi|U] dP (2.3.2)
{UeB

I
=

U
[ {TeA, UEB} i ’
(o)
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proving that

P((T(O), U) € C, 00 = Z) =K |:/,[,(U0) 1{(T,U)EC}:|

for all C € BN @ 9™ and i > 1. Consequently,

7(0) B
]P(,LL(UO) ED,C()—Z) /{v

d]P’ (2.3.3)
)eD} ,U

r(Ug

¢ (0)

for all D € B and 7+ > 1. Now first turning to the positive part of log u(U) we
obtain the decomposition R
0)
log" 2D _ Sy,
w(Uo) =
where
7,(0) 7;,(0)
Y = Licy—iy log™t =1, ., lo . k> 1.
k {Co=k} 108 1(Uo) {Co=k,Tx(0)>u(Uo)} g,U(Uo)

On the basis of (2.3.3), we infer that for arbitrary ¢ > 0 and £ > 1,

P(Y, >t) =P C'O:k,long(O) >t :/ Ik p
IU(UO) {log %}b»} M(UO)

and therefore by Fubini’s theorem

EY, — / P(T, > ) A(dt)
(0,00)

_E [M(T[’;O) / "1 frcos 2 ) /\(dt)]

- [M(%o) log” M(%o)} '

Thus, by monotone convergence, we have

=) B = ZE[ +u(%o)} -

k>1 k>1

]E1+C°

Since an analogous calculation gives

T, (0)
E [log~ —> =7
1(Uo) |
and one of the terms ~,,~_ is finite by assumption, it follows that
e, (0) — Tk T, | -
E |log — =v,—7. =v=E log € R,
1(Uo) ! kZZI u(Uo) " p(Uo)

as demanded.
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(b) As seen in the proof of Lemma 2.3.1(b),

Plog™ Xo >t) = P(X, > ¢)

= ElUp((¢", o0])
= [ (U ) 1{Z1>et}]
= E[u(Us)

Z11{10g+ Z1>t}] forallt >0

because Z; = Zz>1 T;. This implies by Fubini’s theorem that
Elog™ X, = / P(logt Xy > t) A(dt)
(0,00)

= ]E |:ILL(U0)_1Z1 [ ) 1{10g+ Z1>t} X(dt)}
0,00
E |:Z1 10g+ Z]_:| .
1(Uo)

(c) In analogy to (2.3.2), we have that for all A, B € B,

P(Tc,(0) € A, u(Uo) € BU) = 1yuwyeny Y #Us) "E(Lien, Th|U)

i>1

= Z,LL U() 1{T €A,u(Uo) GB}T|U) a.s.,

i>1

hence

P(Xo =1[U) = P(T,(0) = (Uo) > 0[U)
= > E(u(Uo) ' Tl {z=uwip|U)

i>1

= ZIP’ w(Uy)|U)  as.

i>1

Then the claim follows from the decomposition

pUo) =B(Z1|[U) = D BT z—uwon|U) + Y BT Lz 20w [U)

i>1 1>1

= p(Us) > P(Ti = p(Uo)|U) + > E(Ti1iryu(woyy | U)

i>1 i>1

= p(Us)P(Xo = 1|U) + > E(T; 1{n2uwopy|U)  as.

i>1

because P(0 < u(Up) < oo0) = 1. O
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For any a > 1, define the random variable

G(U,a) := ZM(Un)l/ ¥ dU, = Zu(Un)l/ r UZ(dz) as.
{E>an} (a™,00)

n>0
This random variable will turn out to be very important for the characterization of the
uniform integrability and hence £;-convergence of the martingale (W,,),>o. On the one
hand, the following result on the family of random variables (G(U, a)),~1 connects it to
the sequence (X, )n>0, on the other hand it shows that this family has the property that
either G(U,a) = o0 a.s. for all a > 1, or G(U,a) < oo a.s. for all a > 1.

Observe that if |v,| =n for all n > 0, S(vn) := 3,5, Ti(vys) and a > 1, then

:§:u@%){4 )xP“”““m =>_ U, ]E[ (Va)L{s(vn)>an}

n>0 n>0

U}

almost surely. Here, the path () = v¢ — vi — v, — ... may be interpreted as an
arbitrary non-random line of descent, and for fixed v € N, S(v) can be seen as a growth
factor since on the event {L(v) > 0}, S(v) = Z’il(if)(m), where >, L(v,1) gives the
weight of v before splitting.

Lemma 2.3.4. (a) Fora>1,G(U,a) =3  P(X,; > a"|U) a.s

(b) If G(U,a) < oo with positive probability for some a > 1, then

1
lim —logt X, =0 a.s.

n—00 N

(c) If G(U,a) = oo with positive probability for some a > 1, then

1
limsup —logt X, =00 a.s..
n—oo N

(d) G(U,a) is finite with positive probability for some a > 1 if and only if it is finite
a.s. for all a > 1.

Proof. (a) Fixn >0 and a > 1. Then (2.2.3) and (2.3.1) yield
Mxn>wunzﬁummm»:uw@1/m S dU, as.
{=E>an)
and therefore

Z]P’(Xn > a"|U) =G(U,a) as..

n>0
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(b) By Theorem 1 in [102], Lemma 4 in [89] or Lemma 7.2 in [83], lim sup,,_,, + log™ X,, =
0 a.s. or limsup,,_, % log™ X,, = 0o a.s., for the sequence (X,,),>¢ is stationary er-
godic (Lemma 2.3.1). Now if G(U,a) is finite with positive probability for some
a > 1, the Borel-Cantelli Lemma implies that

1
P(X, >a" i.0|U) =P (— log X, > loga i.o.
n

U) =0 w.p.p.,
i.e. limsup, % log" X, < oo a.s.. Consequently,

1
lim —log" X, =0 a.s.
n—oo n

by what has been mentioned above.

(c) Considering the conditional independence of X,,,n > 0, a similar argument gives

1
P(X, >a" i.0|U) =P (— log X,, > loga i.o.
n

U) =1 w.p.p,

1.e.

1
lim sup — log* X,, > loga >0 as..

n—oo T

Since limsup,,_,,, + log* X, € {0,00} a.s., this implies

1
limsup — log™ X,, =00 a.s.
n—oo T

(d) is an immediate consequence of (b) and (c). O

2.4 Main results

This section contains the main results of this chapter. As mentioned at the beginning of

this chapter, similar but weaker results are given in [26].

2.4.1 The general case

In this subsection, we consider the general case of stationary ergodic random environ-
ment. The following two theorems show that under mild additional assumptions, uniform

integrability is tantamount with the pair of conditions

v<0 and G(U,a) < oo w.p.p. for some a > 1.
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Recall the definitions

and the assumption that

exists in R.

v=E

Z Ty log Ty,
 (Uo) ~ (Vo)

Theorem 2.4.1. Suppose that v, < 0o, —oo < v < 0 and that there is some a > 1 such

that

6U.a) = vy [ sa,

= ZM(Un)_l/ x UZ(dz) < oo  with positive probability.

n>0 (a™,00)

Then W = lim,,_,oo W,, satisfies EW = 1.

Proof. Define Y := o((Tk, Ci)r>0, U) and fix n > 0. We start by calculating the condi-

tional expectation of W, given ). For this purpose, we decompose Zn = 2 OIA/, the sum of

all weights in the nth generation of L in the following way: Given any k € {0,...,n — 1},

let Ry be the sum of weights of all cells in generation n stemming from Vj, but not from

Vi+1. Then we have the representation

n—1
Zn=L(V,)+ ) Ry,
k=0
or more explicitly
n—1
Zy=LVa)+ > lw,=ep Y L(Vi) Dy,
lo|=n k=0

where

J21,j#0k+1

Esn—1,j = 1 and

Sok,j — E Tm(ala-“aaka]) T e 'Tvn_k_l(ala-"aak)]avla'--avn7k72)
lv|=n—k-1

(2.4.1)

ifk<n-—1,
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writing o = (071, ..., 0,) and v = (vq, ..., Uy_g_1). We claim that

U) = ﬁ w(Up) = #n(U) a.s.. (2.4.2)

E(Zo k.5
7 1=kt 1 ,Uk—l—l(U)

V) =E(Esk,

To establish (2.4.2), let B € @,,(B" ® B), C' € 9™ and
A:={(T(n),Cp)nso € B,UEC} €.

Then the conditional independence of 2, ; and (T'(n), Cp)ns0 (given U) implies

EO’,]C, j d]P = / IE (E(J’,k;. * 1 - n
[4 ! {UGC} J {(T( )acn)nZOEB}

= ‘/{UEC} E(Ea,k,j‘U) -E (1{(T(n),0n)n2063}

= /{UGC} E (E(Ea,k,j|U) . 1{(T(”),Cn)n20€B}

_ / E(Z,4,/U) dP as.,
A

v)ar

U) dP

U) dP

i.e.
E(Ea,k,j‘y) = ]E(Eo',k,j‘U) a.s.

because o(U) C Y. Moreover, it follows by construction that for all £ > 0,

[T uwy = ] EEertu
= E ﬁ ZOT(VI) U]

= E 1:[ > T (v1)

Li=k+1m;>1
= E(Ea’k,ﬂU) a.s.,

g

where for [ > 1, v; is an arbitrary element of N'. Thus, (2.4.2) is proved, and consequently,

V= Y Bw- [[um= Y fe- 0

E(Dk,a U
N I P ,Uk+1( )
J>1,5#0k41 I=k+1 J>1,j#0k+1
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Now invoking the Y-measurability of Vg, ..., V,,,

]E(Wn|y) = Dka‘y)
o|=n
= i Va) 1 3 : T;(k
= )+Z{w2u > Tik)
\a\ o en(U) 05
i
< Vi) - exp (log+Xk) a.s..

Uk Mk)

Our aim is to see that the last expression converges a.s. as n — oo. Then using the

obvious product representation

L(v,) = [ T ()

a straight forward extension of the ergodic theorem (see Lemma A.2) and Lemma 2.3.3(a)

show that
~ 1/n n—1 4 1/n
L™ (] Te)
4 (U) o MUk)
1 n—1 _
= exp E;long] (2.4.3)
— exp(Elog Xo) =¢” € [0,1) as.,
ie. .
. L(Va)
lim =0 as.
n—00 ,un(U)
It remains to verify that
1 L(V) N
. -exp (log™ X 2.4.4
2 ) (w087 X (244

converges a.s.. For this purpose, note that the ergodic theorem and (1.2.1) give

n—1

lim — Zlog,u Ux) = B = Ellog p(Up)] € (—00,00) a.s.

n—)oo
and therefore

lim (u(U,)) """ = lim exp <-% log M(Un)) =1 as. (2.4.5)

n—oo n—oo
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Hence
1/n

1 L
() =e’ <1 as. (2.4.6)

MESTE)

by (2.4.3). Referring to Lemma 2.3.4, the assumption G(U, a) < oo with positive proba-

lim
n—o0

bility for some a > 1 ensures

1
lim —log" X, =0 a.s., (2.4.7)

n—oo N

and together with (2.4.6), this guarantees that there is some 6 € (€7,1) such that for
almost every w € Q, fixed n € (1,67') and all sufficiently large k,

L)) .
i (0) (@) - O (@) = °

as well as

exp (log* Xy) (w) < 7"

Now putting these estimates together, the a.s. convergence of the series (2.4.4) is evident

since 07 < 1. Therefore, it follows by Fatou’s lemma that
E(lim inf W, V) < lim inf E(W, |Y) < 0o a.s.,
n—oQ n—oo

i.e. liminf,_, W, < oo a.s., in other words

A

Q(lim inf w, < c0) = 1. (2.4.8)

n—oQ

In addition, note that Q(w, > 0) = 1 for all n since by Lemma 2.2.2(b),

A

Q(wnzo):/ wy, dQ = 0.
{wn=0}

Obviously, w; ! is 7,-measurable for all n > 0. In the next step we show that the sequence

((w;', T))nso is a nonnegative supermartingale w.r.t. Q. In fact, lettingn > 0,4 € 7/ C

n

nt1 and recalling Lemma 2.2.2(b), the computation

-1 S -1 ~
/ W11 dQ - / Wy 41 dQ|7Z+1
A Aﬂ{wn+1>0}

_ —1
- / wn+1 " Wn+1 dQ‘Tr;+1
AN{wn4+1>0}

= Q(4) - QAN {wn1=0})
= Q(An{w, >0})+ QAN {w, =0}) — Q7. (AN {wny1 = 0})
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= / wy, ' w, Q7 + QAN {w, =0}) - Q(AN{wni1 =0})
An{w, >0}

< /w;ldé
A

<0
proves that Eg(w,1|7;) < w;' Q-as. as well as the integrability of w;! with respect
to Q. To justify the last inequality, consider that {W, = 0} C {W,1 = 0} for n > 0.

Therefore, (w,,

» 1 )n>o converges Q-a.s., in particular

~

Q(liminfw, = w) = 1.

n—oo
Consequently, (2.4.8) gives
Q(w < 00) =1,
which in turn implies
EW = / wdQ =1
T
by another appeal to Lemma 2.2.2. This is the claim. O

Remark 2.4.2. The preceding proof particularly contains the following result:
1
vy < 00, —00 <y <0, limsup —logt X,, =0 as. = EW =1. (2.4.9)
n—oo 1
This implication is stated here explicitly because it will be used in the proof of Theo-
rem 2.4.10.

Theorem 2.4.3. Suppose that v_ < oo. If 0 < v < 00, or G(U, a) is infinite with positive
probability for some a > 1, then P(W = 0) = 1.

#(Uo)
extended ergodic theorem (Lemma A.2) and Lemma 2.3.3(a) show that analogously to

(2.4.3),

Proof. First suppose that v = v, —v. = E [log Tco(o)] € (0,00]. Then (2.4.1), the

o 1/n ~ 1/n
Wl/n — Zn > L(Vn)
" pin(U) | m(U)
1 n—1 ~
= exp |- Zlong] (2.4.10)
k=0
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Thus,
Q(w = o0) = P(limsup W,, = o0) =1

n—oo

and

by Lemma 2.2.2(c).
If on the other hand, G(U, a) is infinite with positive probability for some a > 1, then
Lemma 2.3.4 shows that
1 1 .
lim sup — log X,, = limsup — log Z T;(n) =0 as.. (2.4.11)

n n
n—00 n—>00 i>1

Furthermore, we have the estimate

A

Il
o
=

]
=
S

12>1
and therefore
1/ 7074 N
W, LR X, 2.4.12
(1) W) (V) ] (2412
1 1 n—1 5 1
= exp (——log u(Un+1)) - exp (— long) - exp (— ]oan> :
n n < n
By (2.4.5),

1
lim exp <—ﬁlog,u(Un+1)) =1 as,

n—oo

and considering the fact that y_ < oo implies v > —oo and hence

n—1
1 -
lim exp <— E long> =e’>0 as.,

(2.4.11) and (2.4.12) yield

limsupW,, = o0 a.s.,
n—oQ

i.e. once more W =0 a.s. by Lemma 2.2.2(c). O

Remark 2.4.4. We have particularly proved the implication

1
7. < oo, limsup—logX,, =00 as. = P(W =0)=1 (2.4.13)
n

n—0o0

which will be used in the proof of Theorem 2.4.10.
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The subsequent corollary follows immediately from Theorem 2.4.1 and Theorem 2.4.3.

Corollary 2.4.5. Suppose that v; V y- < o0 and v # 0.
(a) The following are equivalent:
(i) EW =1,
(i) v <0 and G(U,a) < oo w.p.p. for some a > 1,
(11i) v < 0 and G(U,a) < o0 a.s. for all a > 1.

(b) Analogously, the following are equivalent:

(i) EW =0
(i) v >0 or G(U,a) = o0 a.s. for alla > 1,

(#ii) v > 0 or G(U,a) = oo w.p.p. for some a > 1.
In particular, EW € {0,1}.

The proof of the following theorem shows that the series G(U, a) introduced in The-
orem 2.4.1 converges a.s. for all a > 1 if Z;log" Z,/u(Uy) is integrable. However, we will
see in Example 2.4.22 that in general, the integrability of this random variable is not a

necessary condition for W to be nondegenerate.

Theorem 2.4.6. If —co <y <0 and E [%] < oo, then EW = 1.

Proof. We have seen in Lemma 2.3.3(b) that Elog™ X, = E [%] . Consequently,

the stationarity of (X,,),>¢ implies that for arbitrary a > 1,

> X:I[”(log+ Xy > nloga)

n>0

= Y P(X,>a")

n>0

= Z/]P’(Xn > a"|U) dP

n>0

- /(ZIP’(Xn > a”|U)> dP

n>0

= EG(U,a),

log™ X
oo>1+E[Og 0]

loga
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i.e. P(G(U,a) < oo) = 1. Moreover, the integrability of %U;Zl, the inequality T; < Z;

for i > 1 and the fact that = — log" = is nondecreasing in [0, oc] ensure that

T; T;
0<7v:=E — log" —
S =B )

T; Zy
<E log™
ZZ; w(lo) (U
[ Z; A
=E log™ }
) 1(Up)

_M(Uo
To) (log Z; — log u(Uo))l{zlz;L(Uo)}}

A

_Z1 10g+ Zl- —|—E |:Z1|10g,u(U0)|:|

L ) | (V)

[ Zylog" Z,] +E[|10gM(UO)|
(V) (o)

:Zl 10g+ Zl:
—————— | +E|lo Uy)| < 0.
N(UO) ] | g,u( O)|

Hence, the assertion follows from Theorem 2.4.1. O

(2.4.14)

"E(Z, |U)]

Corollary 2.4.7. Suppose that —oo < v < 0 and that there is some £ > 1 such that
P(T; =0 for alli > £) = 1. (2.4.15)

Then v_ < oo, E [%] < oo and EW = 1. The assertion remains true if (2.4.15) is

replaced by the assumption | N||w = ess sup N < oc.

Proof. Put ¢(z) := zlogz, x > 0 and note that « is convex with sup,.,.; [¥(z)| = 1/e.
Consequently, v_ < {/e < 0o, —o0 < v < 0 and additionally

—o0 < By (M(Z,}OQ = logt-E [u(ZUl'o)] O (E/fllfo)>

1
= logl+/(Ey (E

’ T,
20 (mvo))
= logl+ v < o0.

1M
=
=)

< logl+E
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Together with (1.2.1), this gives

=[] = ™ Gaw) =[]

]E¢< T 0)) + Elog 14(Up)

in particular E [%} < 00. Then Theorem 2.4.6 gives the claim. The second part
follows by a similar argument. 0

Remark 2.4.8. Using the decomposition Wi log W, = £ t((’]go‘)zl -4 IEFI}‘SUO) and the fact

that E|log 1(Up)| < o0, it can be checked that the moments EW; log™ W, and E[Z10e_Z1 lo[g]:)Zl]
are commonly finite or infinite which is not obvious at first glance because u(Up) is a

random variable.

The next result is an application of Birkhoft’s ergodic theorem and says that on {WW > 0},

1 . ey
Zn/ " converges a.s. to some finite positive constant.

Theorem 2.4.9. On the event {W > 0},

ZHm s e P =g Blognllo) € (0,00) a.s..

n—0o0

In particular, .
ZMm — — as oon {W >0}

n—oo /,L

if (Zn)n>o forms a WBP with reproduction mean p € (0, 00).

Proof. For any w € Q with W (w) € (0,00), it is evident that lim,_,o W, (w)'/? = 1. As
seen in the proof of Theorem 2.4.1, lim,_,o i (U)Y™ = €8 = exp(Elog u(Up)) € (0, 00)
with probability 1. Consequently,

lim Z/" = lim p,(U)~Y" - lim W}!/" = ¢7# on the event {W > 0, p,(U)"/" — ¢°}.

n—oo n—oo n—0o0

O
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2.4.2 Stationary and m-dependent random environment

As mentioned in Section 2.3, stationary m-dependent sequences of random variables are
particular examples of ergodic sequences. In this special situation, the following theorem
gives an improvement of Theorem 2.4.1. It says that (under mild additional assumptions)
the integrability of Z; log™ Z;/1(Up) is also a necessary condition for uniform integrability
of the considered martingale (W}, ),>o. Once more, we emphasize the fact that this is an
essential difference with the general case just treated as Example 2.4.22 will explicitly
show. Note that as in the general case, we have to exclude the case v = 0. The latter
restriction can be removed in the case of i.i.d. random environment which is nothing but

0-dependence; the corresponding result will be given in the following subsection.

Theorem 2.4.10. Let m > 0 and suppose that the sequence U = (Uy,)n>o is stationary
and consists of m-dependent random variables. If v < oo and v # 0, the following

statements are equivalent:
(i) P(W =0) < 1,
(ii) BW =1,

(iii) E [%] < 00 and v < 0.

Proof. The implication ” (i7) = (¢)” is trivial.
"(i) = (i13)”: If v > 0, we have already found the contradiction P(W = 0) = 1 in
Theorem 2.4.3. It remains to prove the finiteness of E [@gﬂ} . For this purpose, assume

u(Uo)
E [%} = 00, i.e. Elog™ Xy = co by Lemma 2.3.3. Since the sequence (X,,)n>o is

stationary and m-dependent (Lemma 2.3.1(d)), this guarantees (see Lemma A.1)

1
limsup —log™ X,, =00 a.s.
n—oo

and therefore

1
limsup —log X,, =00 a.s.
n—oo I

as well. Now W = 0 a.s. follows from (2.4.13) in Remark 2.4.4.

Zilogt 7y

() ] < oo and v < 0.

Summarizing, we have proved that (i) implies E [

» (i) = (i4)”: First, recall that by (2.4.14), 7, < E [%} + B log u(Us)| < oo. We

claim that limy,_, +log™ X,, = 0 a.s.: AsElog™ X, =E [%] < 0o (Lemma 2.3.3(b)),
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the m-dependence and stationarity of (X,)n,>o (Lemma 2.3.1(d)) in combination with

Lemma A.1 yields

1 1
lim sup — log™ X,, = limsup — log™ =0 as.,
n—,oo n n—oo n

S 7in)

i>1

hence EW =1 by (2.4.9) in Remark 2.4.2 and the assumption v < 0. The proof is now
complete. 0

If (2.4.15) holds (or || N||s < 00), we obtain the following simplified version of Theo-
rem 2.4.10.

Corollary 2.4.11. If U,,n > 0 are m-dependent for some m > 0 and form a stationary
sequence, ¥ # 0 and (2.4.15) holds, then
PW =0)<1<=EW =1<=~v<0.

Proof. We have seen in Corollary 2.4.7 that «_ is finite and that E [%] < o0 is

implied by 7 < 0. Now Theorem 2.4.12(a) completes the proof. O

2.4.3 The case of i.1.d. environment

In this section, we focus on the situation of i.i.d. random variables U,, n > 0. It is
an immediate consequence of this model assumption that cells in different generations
reproduce independently of one another because for any n > 1, ¢!, ...,0™ € N such that

lol| < ... < |0"| and measurable sets Ay, ..., A, C RY,

P (T(c') € Ay,...,T(c") € Ay)

E |:U|U-l|(A1) c e Upgn | (Ap)]
= EUjp (A1) - ... - EU gn | (AR)

= P(T(c") € Ai) .- P(T(c") € 4,).
The preceding section already contains a result for i.i.d. random environment under

the additional assumption v # 0, but by a simple application of the Chung-Fuchs theorem,

this restriction can be dropped:
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Theorem 2.4.12. Suppose that the random variables U,,n > 0 are i.i.d..

(a) If = < o0 and ¢ = P(ﬂizf[Ti =0 or T, = u(Us)}) < 1, the following conditions

are equivalent:

(i) POW =0) < 1,

(i) EW =1,
(iii) E [%} < 00 and v < 0.

(b) If c=1 and P(Z, = p(Up)) = 1, then W = EW =1 a.s..

(¢c) If c=1 and P(Z; = u(Up)|U) < 1 a.s., then W =0 a.s..

Note that in the situation of (b) and (¢), we automatically have

7= ZE[ ' gf)] =0

The theorem does not cover the case c = 1, P(Z; = u(Uy)) < 1, but P(Z; = u(Uy)|U) =1
with positive probability.

Proof of Theorem 2.4.12. (a) Keeping the proof of Theorem 2.4.10 in mind, we
merely have to show that P(W = 0) < 1 implies v < 0, or equivalently, that
W is degenerate in case v > 0. If v > 0, this has already been done in the proof of
Theorem 2.4.3. Turning to the case v = 0, the assumption ¢ < 1 and Lemma 2.3.3(c)
ensure that
P(log Xo = 0) =P(X, =1) < 1.

Consequently, the Chung-Fuchs theorem, Lemma 2.3.1(d) and (2.4.10) give

lim supW > limsup exp (Z log Xk) > lim suleog X, =00 as.,

i.e. W =0 a.s. in this case as well.
(b) Asforall Ac BY, Be Band v e N

P(T(v) € A, u(Uy) € B) = [mwwgﬁ UeAWﬂ
[1{u Uy |)EB}U|'U|(A)i|
l{ﬂ Uo EB}UO )]

[
(T € A, u(Us) € B),

I
) B B &
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it follows that for all v € N, P(XoT(v) = u(U,)) = 1. Hence, ¢ = 1 implies
Zn = tn(U) as. foralln >0and W =1 as..

Let T*(v) == (T7(v))iz1 = T(v)/u(Uy) and Uy = P(E o T*(v) € -[U), v €
N. Then (W,),>o is the uniquely determined weighted branching process with the
factors T*(v), v € N. Consequently, P(X o T*(v) € INy) = 1 for all v € N. More
precisely, we will see that (W,,),>o may be viewed as an ordinary branching process
in stationary ergodic random environment. To be rigorous, let U* := (U;),>o and
observe that U* is stationary ergodic, too. Additionally, let (Y (v))yenr be a family
of Ng-valued random variables on (€2, 2, P) that are conditionally independent given

U* = (U2)nso with
P(Y(v) € -[U*) =Up, as. forallv e N,
and recursively define Z; := 1, I := {(0)},
I i={(w,i) e N""' tw e I and 1 < i <Y(w)}

and

n—|—1 +1|_ ZY

wely
for n > 0. Thus (cf. the articles [103]-[106] by Tanny), (Z})n>o forms a GWPRE
with environmental sequence U* fulfilling
E(Z,|U)

=1 a.s..
M(Uo)

pr(U3) =E(Z; [U*) =) jUs ({5}) = E(E o T*(B)|U) =

3>0

To get the connection to the original process (W,,)n>0, note that for all finite N C N/
and all A, C Ny (v € N'), the conditional independence of the random variables
(T(v), w(Up|)), v € N (given U) on the one hand and of Y (v), v € N (given U*)
on the other hand yields

P(ZoT*(v) € Ay,v e N') = EP(ZoT*(v) € A,,v € N'|U)

= E| [[P(EoT"(v) € 4,|U)
| veEN!

= E| [] U,

_vEN’

= E| J] PY( eA\U*)]

| veN!
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= EP(Y(v) € 4,,v € N'|U¥)
= P(Y(v) € A,,veN'),

showing that (3 o T%(v))yen and (Y (v))yen have the same distribution. From this

it easily follows that (W,),>0 and (Z}),>o are identically distributed, in particular
P(W = 0) = P(W, — 0) = P(Z — 0). (2.4.16)

In the next step we show that A := {Uj({0,1}) = 1} has P(A) = 0. To see this,
observe that ]P’(Ua‘({(), 1}) = 1,03 ({0}) > 0) = 0 because Y, jUs ({j}) =1 as..
Therefore,

P(4) = P(U;({1}) = 1) = P(P(Z: = u(Us)[U) = 1) =0.
Then we may apply (2.4.16) and Theorem 1 in [10] to infer

P(W = 0) = EP(Z: — 0[U*) =1,

for Elog p*(Ug) = 0. O

Remark 2.4.13. The following example shows that the Chung-Fuchs theorem is not
applicable (without further assumptions) to m-dependent sequences of random variables
when m > 1: Given a sequence (X,),>o of i.i.d. random variables which are nondeter-
ministic and bounded, put Y, := X, — X,_1, n > 1. Then (Y;),>1 obviously forms a

1-dependent sequence of nondeterministic, bounded and centered random variables, but

lim supZYZ- = limsup(X, — Xy) < oo as..

n—oo n—00
=1

Hence, the Chung-Fuchs theorem can not be used without further restrictions to relax

the assumption v # 0 in Theorem 2.4.10 when m > 1.

Since the following corollary can easily be proved by combining Corollary 2.4.11 and
Theorem 2.4.12(a), we omit the details.

Corollary 2.4.14. IfU,,n > 0 are i.i.d., ¢ < 1 and (2.4.15) holds, then

PW=0)<1<=EW =1<=~v<0.
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The next result finishes this section. If Z; is integrable, it shows that (Z, /EZ, ),>¢ is also
a martingale which, however, tends to zero almost surely if u(Up) is not a.s. a constant.
Recall that Fy = {0,Q} and F,, = o(T(v) : v € N, |v| < n) for n > 1.

Theorem 2.4.15. Suppose that U,,n > 0 are i.i.d. and ¢ := EZ; = Eu(Uy) € (0, 00).
Then the sequence (Wn)nZOa given by W, == Z, /0" forn > 0, is a nonnegative martingale
with respect to the filtration (Fp)p>o- If 1(Up) is nondeterministic (i.e. 0 < Var u(Up) <

), W, tends to zero a.s. asmn — oco.

Proof. We have already mentioned at the beginning of this subsection that by the in-
dependence of Uy, Uy, ..., individuals in different generations reproduce independently of
one another. Hence if |v| = n + 1 for some n > 0, T'(v) is independent of F,,, and the

martingale property of (W,,),>o is easily established. By the strong law of large numbers,
. U l/n 1 n—1
(%) = exp (ﬁ > “log u(U;) —log o
i=0
—  exp (Elog p(Up) — log o)

n—oo

= exp(B—logp) <1 as.

because considering the strict concavity of the logarithm and the fact that p(Up) is non-

deterministic, Jensen’s inequality yields 8 = Elog u(Us) < log Eu(Uy) = log 0. Thus,
wn(U) = 0(0") a.s. asn — oo
which together with the a.s. convergence of W,, to W entails

(U
pin )—>0 a.s. as n — oo,

o" n—00

Wo=W,-

as desired. O

Remark 2.4.16. (a) Informally speaking, the preceding theorem states that (without
any additional assumption beyond p € (0,00) and Var u(Uy) > 0) Z, grows much
slower than ¢". In other words, the sequence (¢"),>o does not properly describe the
rate of growth of (Z,),>¢ and therefore cannot be used to normalize the underlying

process in a sensible way.
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(b) If u(Up) has a Dirac distribution, then necessarily P(u(Uy) € -) = 6,, and trivially
W, =W, a.s. for all n > 0.

(c) If (Up)n>o is any stationary ergodic sequence, then in general, (W,),>o does not
form a martingale. Nevertheless, the second assertion in Theorem 2.4.15 remains
true as can be seen by using Birkhoft’s ergodic theorem instead of the strong law of

large numbers.

2.4.4 Applications to ordinary WBP

We now consider ordinary weighted branching processes (see for example [94]-[98]). In this
special case, the environmental sequence U = (U,)n>¢ is deterministic and nonvarying,
ie. P(Uy€-) =P, €-) =...=0r for some I' € M and

p(U;) = p(l') = / y I'Z(dy) =: p € (0,00) a.s. for all 4 > 0.
[0,00]

Moreover, we know from Remark 2.4.16(b) that in this case W, = W, a.s. for all
n > 0, and it is obvious that cells reproduce independently of each other. Furthermore,
E(Z,|U) =EZ, = u" € (0,0) a.s.,

1; 1;
Z—logjE —] and y=E
1

i>1

1 =E

L, T =
z — log —] € R.
Seo

Here, the relevance of a Z log Z-condition is evident because for any a > 1, G(U,a) is

deterministic and takes the form

G(U,a) = Z,u_l/ v P? (dz) = Z,u_l]EZl 1{7,5e) a.s.,
n>0 (a,00) n>0

and by Proposition 2 in [95] or Proposition 13 in [97], the latter expression is finite for
some/all a > 1 iff EZ; logt Z; < oo.

In a slightly different form, the following result is due to Lyons [82] whose method proof
we used in the more general situation of WBPRE. Weaker results (requiring finiteness of
> o1 ET? for some o > 1) are given by Rosler, Topchii and Vatutin in [97] and by Résler
in [_95] (when o = 2). In the context of branching random walks, a similar theorem is
due to Biggins [17]|. Liu [78] gives some bibliographical remarks on similar results in less

general situations.
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Theorem 2.4.17. Suppose that (Z,)n>0 s a weighted branching process with finite and

positive reproduction mean .
(a) If y_ < o0 and c = P(T € {0, u}¥) < 1, then the following conditions are equivalent:
(i) P(W =0) < 1,
(ii) EW =1,
(iii) EZ; log™ Z; < oo and v < 0.
(b) Ifc=1 and P(Zy = p) = 1, then W =EW =1 a.s..
(c) Ifc=1and P(Z; = p) < 1, then W =0 a.s..

(d) If —oo < <0 and EZ; logt Z) < oo, then EW = 1.

Proof. (a) and (b) are immediate consequences of Theorem 2.4.12 as p(Up) = p a.s..

(c) By replacing T'(v),v € N with T'(v) := p~'T(v),v € N, we may suppose p = 1.
Thus, (Z,)n>o forms a critical Galton-Watson process with p; := P(Z; = 1) < 1.
Consequently, Lemma 1.3.1 in [12] gives

W=1lmZ,=0 a.s..

n—oo

(d) has been proved in Corollary 2.4.14. O

Remark 2.4.18. (a) In the context of supercritical Galton-Watson processes, it is well-
known (cf. Theorem I1.2.1 in [7] or Theorem 1.10.1 in [12]) that EW € {0,1}.
However, we cannot ensure that this assertion is also true in full generality for
weighted branching processes because Theorem 2.4.17 is not applicable if v and
EZ, log* Z; are both infinite (for instance, if 7, = 7_ = oc). But at least we can
state that if v, V 7_ < oo, then EW € {0,1} (cf. Corollary 2.4.5).

(b) Résler [95] has shown that if 4 = 1, EZ; log™ Z; < oo, >_.,o, ET? < 1, and the un-
derlying GWP (Z],),>o from Section 1.1 is supercritical Wit_h extinction probability
q', then
P(W =0)=¢ =P(Z. —0) <1,

i.e. W >0 a.s. on the set where (Z]),>o survives.
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The subsequent theorem gives a characterization of £;-convergence for ordinary WBP

which makes use of Theorem 1.1.6.

Theorem 2.4.19. Given a WBP (Z,)n>0, the following conditions are equivalent:
(i) EW =1,

(11) n11_>no10E|Wn - W] =0,

(i) (Wy)n>o is uniformly integrable,

(iv) E (sup,so Wa) < .

Proof. As the other results follow from standard results of martingale theory, we merely
mention that sup,,, Wi, is integrable if EW = 1 as can be seen by applying Theorem 1.1.6
to f(z) = . O

Theorem 2.4.17 gives raise to the question whether it is possible to find a suitable deter-
ministic norming for (Z,),>o if one of the conditions v < 0 and EZ; log* Z; < oo is not
satisfied. This question is further motivated by a well-known result going back to Heyde
|54] and Seneta [99] which says that for any nondeterministic supercritical Galton-Watson
process (Z),)n>0 with reproduction mean y' € (1, 00), there exists a sequence (c,,)n>0 such
that lim, ,. ¢, /c, = i’ and (Z]/c;)n>0 converges almost surely to a nondegenerate
limit Z’ with P(Z' > 0) = 1 — ¢/, where ¢ is the extinction probability of the GWP.
Notice that the condition EZ] log" Z! < oo is not required, but in that case ¢/, can simply
be chosen as ¢, = .

The following result is due to Biggins and Kyprianou |23, 24| who formulated it in
terms of a BRW. It seems worth noting that the Z log Z-condition is not required, but
that the assumption v < 0 is imposed. Moreover, the theorem only claims convergence
in probability, rather than almost sure convergence. As vaguely indicated by Biggins and
Kyprianou, their proof suggests that one cannot ensure a.s. convergence without further

restrictions (without giving a counterexample, however).

Theorem 2.4.20. (Biggins, Kyprianou [23, 24])
Suppose that (Zy,)n>0 is @ WBP with p =TEZ, =1 and associated Galton- Watson process

(Z))n>0 as in Section 1.1 (in particular, Z; = N ). Assume that the additional conditions
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(i) There is some n € (0,1) such that 3_,, ETY < oo for all @ € (1 —n,1+mn) (which

implies v, < 0o as will turn out in Remark 3.6.3),
(i) P(N < o00) =1 (i.e. the WBP is in fact a BRW) and EN =3 .., P(T; > 0) > 1,
(i) v =3 51 ETilog T; <0

are satisfied. Then there exists a sequence of positive constants (cy)n>0 such that

Zn
— — A in probability,

Cp M—©

where A is a finite random wvariable which is strictly positive when the (supercritical)

Galton- Watson process (Z))n>o0 survives, i.e. A > 0 a.s. on the event {Z, # 0} =

Zn+1
Zn,

{Z!, — oo}. Moreover, on the same event, — 1 in probability.
n—oo
The following theorem is quoted from [78| and demonstrates how the WBP can suitably

be normalized if v > 0. It turns out that higher moment assumptions on Z; are required.

Theorem 2.4.21. (Liu [78])
Suppose that v, < 0o, ¢ < 1 and EN € (1,00), where N = EiZI {150y (which implies
Y- < 00).

(a) If v = 0, then
Zy ==Y L)1z log L(v), n>1

|v[=n
is a martingale with respect to (F,)n>1. If additionally, EN**¢ + EZ|™ < oo for
some € > 0, then (Z})n>1 converges a.s. to some nondegenerate random variable
Z* > 0 with infinite mean.

(b) If v > 0, then
ZP =3 "Lw)?’, nx1,
lv|=n
is a martingale with respect to (Fp)n>1, where 3 is the unique number in (0, 1) satis-
fying 3 s ETf = 1. If in addition, IEZfﬁ) log™ Zfﬁ) < o0, then (Z,(Lﬂ))nzl converges

a.s. to some nondegenerate random variable Z® > 0 with mean EZ® = 1.

The martingale (Z),>1 satisfies EZ} = 0 for all » > 1 and is in general not nonnegative.

However, as remarked by Liu, it is ultimately nonnegative in the sense that for almost
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every w € (2, there is some ny = ng(w) such that Z*(w) > 0 for all n > ny(w). The choice
of € (0,1) in (b) is based on the observation that if EN € (1,00), then the function
o Yo ET® 17,50y is strictly convex on [0, 1] (cf. Lemma 3.3.1) with derivative v(®) =
Dot IEJTEl log T; on (0,1]. Choosing 3 as described, it follows that (%) = Yot ]ETf log T;
is n:agative which makes Theorem 2.4.17 applicable to the process (Zf{g ))nzli

2.4.5 A counterexample and additional remarks

As has already been announced in Subsection 2.4.1 and Subsection 2.4.2; the following
example shows that in the general case of stationary ergodic random environment, the
finiteness of E[Z; log"™ Z1/u(Uy)] is not a necessary condition for W to be nondegenerate.

Tanny [106] has given a similar construction in the context of GWPRE.
Example 2.4.22. Let (X,),>0 be a stationary ergodic sequence of IN-valued random
variables on (£2, 2, P) such that

(i) EXy = oo and

(i) limy, o0 % =0 a.s.
(see Example (a) in [102] for the construction of such a sequence). Moreover, let

Ap = 2""0,m + (1 —27")0(1,0,0,..)5

where v := (v{™);5; is defined by

. 1, 1<i<om
v, = (n>1),
0, 7> 22

and for x € [0,00)N, dx is the Dirac measure in x. Then U := (Uy,)n>0 := (Ax,)n>0 i8

stationary ergodic with
w(lUs) = / Uy (dr) = (1 —27%) 425227 Xn =5 97X € (4;5) as.. (2.4.17)
[0,00]

In the next step we check that the conditions of Theorem 2.4.1 are fulfilled: We will see (in
a slightly more general situation) in Remark 2.4.23 that v, < oo and v = —E[log u(Uy))],
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ie. —oo < v < 0 by (2.4.17). Furthermore, it follows from (ii) that for almost every
w € Q and all sufficiently large n that X“T(“’) <1=2 je 2%+2 < 2" and therefore

/ 2 U (w)(dz) = 0.
(27,00)

Consequently, G(U, 2) is a.s. finite, whence EW = 1 by Theorem 2.4.1.

It remains to show that E[Z; log™ Z,/u(Uy)] is infinite. But (2.4.17) and (i) ensure
that

E [Zl 10g+ Z1:|

E(Z, log" ZI‘U):|
1(Uo)

(W)

1

z [/ rlogt z Uoz(dx)]
[0,00]

1

=B [27%0 . 2¥0F2 og 2 X0 2]

4log?2
- Zg E[X, + 2] = 0o,

v |
=
ﬁ | —|

v

as claimed.

At the end of this chapter we give some supplementary remarks relating our results to
well-known results on GWP and GWPRE.

Remark 2.4.23. (a) Suppose that P(T € {0,1}) = 1 and 3 = E (log u(Up)) € (0, 00).
Then (Z,),>0 may be viewed as a supercritical GWP in random environment with

stationary ergodic environmental sequence U* := (U}'),>0, for if |v,| =n > 0,

P (Z Ti(v,) = k‘U) =P(S o T(vn) = k|U) = U>({k}) a.s. for all k > 0.

i>1
In addition,
p(Uy) = kUY({k}) as. foralln >0,

k>1

T; T T ]
=k — log* — = E ‘' log" 1=
Y+ 1221“((]0) g ,U(UO) QZIM(UO) g ,U(UO) {T; 1}]

1 7
= E|log* . }
[ & u(@) " o)
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- ® g’ )
= E[log™ u(l)] < oo,

Y. —E [log_ } _ E[log" u(U)] < oo

M(Uo)
and

Y=Y - :E[log@] = —f € (—0,0).

Now Corollary 2.4.5 says that
1

EW =1<= G(U,a) = ) A

n>0 K

/ x U’ (dr) < oo w.p.p. for some a > 1,
(a™,00)

and EW = 0 otherwise, in full accordance with Theorem 7.1. in [83]. Moreover, by

Theorem 2.4.6, EW =1 if E [%} < 00, confirming Theorem 3 of [106]. As

n—1
1
lim f, (U)Y™ = lim exp (ﬁ Zlogu(Uk)) =e’>1 as.
k=0

n—oQ n—0o0

by the ergodic theorem, we have that for almost every w, there exist constants
ay,as € (1,00) with
@ < pnia(U)(@) < af

for all sufficiently large n. Since G(U, a) is finite w.p.p. for some a > 1 if and only
if it is finite a.s. for all @ > 1 (Lemma 2.3.4(d)), this shows that

G(U,a) < oo w.p.p. for some a > 1
1 / 5
= — z U, (dz) < o0 as.,
RZZON(Un) (141 (U),00)
the latter condition appearing in Theorem 1 in [106]. Note that the additional

technical assumption made there is dispensable.

Summarizing, we can state that our results from Subsection 2.4.1 form generaliza-
tions of known results on branching processes in stationary ergodic random envi-

ronment.

If in the situation of (a) the random variables U,, n > 0 are even i.i.d., then v =
—fB3 < 0, and Theorem 2.4.12 implies that
Z1 10g+ Z1:|

]EW=1(:>]E[ ()
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and EW = 0 otherwise, agreeing with Theorem 2 in [106] which deals with Galton-
Watson processes in i.i.d. random environment. In view of Theorem 2.4.10, the

result remains true if (U, ),>o is merely stationary and m-dependent for some m > 1.

If additionally, the sequence (U,),>o is deterministic and nonvarying, then v =
—log i is negative iff 4 > 1, and Theorem 2.4.17 says that for the classical Galton-
Watson process (Z,),>0 with normalized limit W := lim,,_, 5—,’; and offspring dis-

tribution (pg)k>o satisfying p1 =P(Z; =1) < 1,

EW =1 <= EZlog"Z = Zpkklogk <ooand u>1,
k>2

which is the classical result by Kesten and Stigum (see e.g. Theorem I1.2.1 in [7] or
Theorem 1.10.1 in [12]).



Chapter 3

A characterization of £,-convergence

for weighted branching processes

3.1 Motivation

The previous chapter has given an almost exhaustive characterization of £;-convergence
of the martingale obtained by normalizing a WBPRE with its conditional mean. We
have seen that in the general case of a stationary ergodic random environment, necessary
and sufficient for £;-convergence (which is tantamount with uniform integrability) can
be expressed in terms of the random variable G(U,a) = 3=, 5o #(Un) ™" Jan00) T UZ>(dx)
for fixed a > 1, and the expectation v = 2221 E% log % When the environment is
given by an i.i.d. (or even deterministic) sequence, it has been shown in Theorem 2.4.12
that besides v, the Zlog Z-condition E[Z; log™ Z1/pu(Uy)] < oo is crucial. If (Z,)n>0
forms a WBP, we may suppose without loss of generality that u(Up) = p = EZ; =1
(possibly after replacing T'(v) with T'(v) = p 'T(v) for each v € N). Thus Z, = W,
for each n, and £;-convergence of (Z,),>o is guaranteed by two conditions: The first
condition v = ) .., ET; log T; depends on the sequence T;, ¢ > 1 itself whereas the second
condition EZ; log1 7/, < oo depends on the weights T;, ¢ > 1 only via their sum. Thus,
in contrast to the well-known case of supercritical GWP, an additional assumption has to
be imposed explicitly: In that case it suffices to check whether the Z log Z-condition is
satisfied because 7 is automatically negative as the weights can only take the values 0 or

1/EZ; <1 (cf. part (c) of Remark 2.4.23).

In the rest of this thesis, we focus on weighted branching processes (Z,),>o which form

67
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themselves a martingale, i.e. satisfy

EZ =) ET; =1 (3.1.1)

i>1

and hence EZ,, =1 for all n. This chapter deals with the question of £,-convergence when
a > 1, i.e. we are searching for a characterization of the condition lim,,_,., E|W,, —W|* =0
in terms of the generic weight sequence (7;);>1. For supercritical Galton-Watson processes,
it is well-known that the condition EZ{® < oo is equivalent to £,-convergence (cf. [2§]
and [6]), but in view of what has been mentioned above, it is not surprising that a further
assumption on (7;);>; which does not only depend on Z; = )., T; is needed here. It
will turn out in Theorem 3.4.3 that this condition reads >, IETi_O‘ < 1.

First of all, we mention that by basic facts of martingale theory (consult [53], Section

2.3), we have the characterizations
W, =5 Wasn — oo < (W) n>0 is uniformly integrable

< E <supWﬁ‘) < 00

n>0

< supEW? < o0
n>0

whenever o > 1. As will turn out in the following, these assertions are also tantamount
with EW® € (0, 00).

Before describing the method of proof that is going to be used in this chapter, we make
some additional assumptions helping us to avoid trivialities and to ensure clearness of
our account. The final section of this chapter will be devoted to a justification of these
assumptions. In fact, it will come out that these assumptions do not form veritable

restrictions.

In what follows, we shall always assume that
c=P(T;€{0,1} foralli>1) <1 (3.1.2)

which means that the WBP is not a (critical) GWP. Furthermore, recall from (1.1.4) that
N = Z 1{Ti>0}
i>1
denotes the number of positive weights in the first generation. Given p > 1, Liu [78]
has provided necessary and sufficient conditions for 0 < EW? < oo under the additional

assumption
P(N < 00) = 1. (3.1.3)
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It should be mentioned that the case P(N = oo) > 0 is explicitly allowed in this thesis.
However, we assume that
P(N >2) >0 (3.1.4)

unless stated otherwise, or equivalently

sup P(T; ATy, > 0) > 0, (3.1.5)

i#k
which means that the WBP is not only a multiplicative random walk. Note that together
with (3.1.1), this ensures A := E (sup;», T;) < 1 because sup;s, 7; < >_,5; T; with strict
inequality holding on a set of positive probability, whence for any sequ_ence (kj)j>1 of
positive integers,

EL(k1,....k,) < A" — 0. (3.1.6)

n—oo

In particular, L(ky, ..., k) tends to zero in probabilty as n — oco. By Lemma 3.2 in [35],
even sup,, _, L(v) 5 0 as n — oo, and if additionally D1 ET} < oo for some & > 0,

this convergence holds even almost surely by Lemma 3.2 of [35].

We close this section with an account of references. As mentioned above, Liu [78] has
treated the question of £,-convergence for o > 1 in the context of generalized multiplica-
tive cascades where (3.1.3) is assumed. As to branching random walks, the same result
is due to Biggins [20] if 1 < « < 2. For the same set of exponents «, Rosler, Topchii
and Vatutin [97] give a complete result without the assumption (3.1.3), extending the
result for o = 2 given by Rosler in [95]. A somewhat weaker result can be found in [13]
if N < 2and 71,75 <1 a.s.. Similar conditions as the ones we have to impose for £,-
convergence appear in the theory of stochastic fixed point equations (see for example [93]
or [34]). Finally, note that independently of and simultaneously with our results, Iksanov
has characterized £,-convergence in the framework of stochastic fixed point equations
without assuming (3.1.3). His recent preprint [58| is given as a reference. It will be ex-
plained in the following section that his method of proof differs from ours. However, it is
also a probabilistic one, being closely related to the spinal tree construction we used in

the previous chapter.

3.2 The double martingale structure

The approach to be used in this chapter adapts the one used by Alsmeyer and Rosler

[6] in the situation of a normalized supercritical Galton-Watson process. In contrast to
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analytic methods which have often been used for branching random walks or Galton-
Watson processes, it avoids the investigation of the corresponding Laplace or Fourier
transforms, but uses rather probabilistic arguments. It is based on the key observation
that the underlying branching model bears a double martingale structure: Besides forming
a martingale itself, (WW,,),>¢ is related to a family of further martingales in the sense that
their increments D,, = W,, — W,,_1, n > 2 can also be viewed as martingale limits which
will be explained in detail below. Taking this as a starting point, our approach heavily
relies on the repeated use of convex function inequalities for martingales due to Topchii
and Vatutin, and Burkholder, Davis and Gundy (see Theorem B.4 and Theorem B.2).
Note that in the context of generalized renewal measures, a similar approach has been

used by Alsmeyer [3].

To begin with, some further notation is necessary: Given any «a € (0, 00), put

g(a) = ZET;’ € (0,00] and p(a):=EZ} € (0,00].

i>1

Due to the standing assumption (3.1.1), ¢g(1) = u(1) = p = 1. Additionally, define

29 = 3 L,

Wéa) = g(a)™"Z@W, W, :=wl

DO = W W = g(a) 3 L(w)? (va)a—gm), D, = DY)
lv|=n—1 i>1
and ﬁ;a) = g(a)"D¥

forn > 1 and a € (0, 00) with g(a) < co. All variables with index 0 are defined as 1 unless
stated otherwise. Note that as Wé” =W, =2, = Z,(LI) for all n > 0, we will use both
expressions W, and Z, interchangeably. Furthermore, observe that if g(a) < oo, (Z,(la))nzo
is the WBP with generic weight sequence (7;*);>1, hence EZ{® = > jojen EL(v)* = g(a)"

2

for all n > 0. Similarly, (Wéa))nzo is the WBP with generic weight sequence (T7*/g(c))i>1.

Now the key observation is the following: Fix n > 2 and any enumeration (v;);>1 =

(vg-nfl))jzl of {v € N : [v] = n— 1} = N""!. Moreover, define the filtration (H,)m>0 =

( %L_l))mzo by

Ho:=Fn1 and Hp :=0(Fo1, T(Vj)i<jcm), m>1
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Then the assumption of independence of T'(v), v € N ensures that (©,,),>0 is a martin-

gale with respect to (Hm)m>0, Where

Om = _ L(v;) (Z Ti(v;) — 1) [= 0 if m = 0]

j=1 i>1
yields an a.s. absolutely convergent series with limit D,,.
This martingale structure permits us to apply certain martingale inequalities, leading

to expressions involving terms of the form

DY = g(s)"D¥ = Y Ly (Z Ti(v)* — g<s>)

v|=n—1
or
DY) =g(s)™ Y L(v)’ (Z Ti(v)’ — 9(8)>
v|=n—1 i>1
with n > 0 and some dyadic power s > 1. In the same way as above (when s = 1) it
can be checked that both 555) and DS) are martingale limits for fixed n and s. Finally,

)

it is also easy to verify that for any s, the sequences (Dgf))nzl and (D,,"),>1 constitute

sequences of martingale differences, i.e. (Zzzo D,(f)) and (ZZZO Efﬁ) are again
n>0

n>0
martingales.

Remark 3.2.1. The method of proof just sketched differs from the ideas Liu [78] and
Tksanov [58] employed, respectively. Liu’s article involves a change of measure method
which is based on the construction of a probability measure Q (called Peyriére measure)
on the product space Q2 x I (equipped with a suitable o-algebra), where Q is the (origi-
nal) probability space, and I denotes the set of all infinite sequences of positive integers.
Random variables which are defined on 2 and indexed by (finite or infinite) sequences of
integers are then understood as random variables on {2 x I. This construction is useful
because certain moment relations are passed on from the original model to the extended
probability space, and additionally, some of these random variables turn out to be inde-
pendent under the distribution Q. Furthermore, this approach enables Liu to apply results
from the theory of random difference equations. A similar construction for Galton-Watson

processes can be found in [81].

The starting point for Tksanov’s proof is given by the representation (1.1.6). He relates

the situation of stochastic fixed point equations to Lemma 2.2.2 (in the case of ordinary
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weighted branching processes) and to that of so-called perpetuities which makes a re-
sult from the theory of perpetuities applicable. Note that by Lemma 2.2.2, ]Eqﬁ(Wn) =
EW, ¢(W,,) for any n > 0 and any measurable nonnegative function ¢, where (Wk)kzo
is the sequence of random variables defined in Section 2.2.2. This particularly implies
EW? = EW?~" whenever n > 0 and p € (1,00).

3.3 Preparatory moment results

Lemma 3.3.1. (a) If g(o) < oo for some o > 1, then g is strictly convex in [1, ).

(b) If g(x) <1 for some x > 1, then g(y) <1 for all y € (1, z).

Proof. (a) As for all @ > 0, x — a” is convex on [1,00) (and even strictly convex if
a # 1) we obtain that for all A € (0,1) and z,y € [1, o] such that x # v,

gz + (1= A)y) = Y ELI

i>1
< D EQTF +(1-NTY)
i>1
= Ag(@) + (1= A)g(y)
because >, P(T; ¢ {0,1}) > 0 in view of (3.1.2).
(b) Pick y € (1,2) and put A := 7% € (0,1). Then by (a) and the fact that g(1) =1,

gy) =g A+ (1 —=Nz) <A+ (1-Ng(z) < 1.

Recall that for positive 3 with g(8) < oo,

Dy’ =1and D) = g(8)" DY = > L(v)’ (va)"—g(ﬂ))’ nzl

|lv|=n—1 i>1

Moreover, if ¢ is a nonnegative function defined on [0, 00), we say that 1 satisfies a growth

condition if for some C = Cy € (0, 00),

Y(2z) < Cy(x), = >0. (3.3.1)
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Note that if in addition, v is nondecreasing, this implies that for any ¢ > 0, we can find

some constant C' = Cy . € (0, 00) such that
Y(ex) < CyY(x), =z >0. (3.3.2)

Unless stated otherwise, each function ¢ on [0, 00) is extended to the real line by setting
¥(z) = ¢(—x), x < 0. Denote by 3 the set of all even nonnegative functions ¢ which are
continuous, nondecreasing on [0, 00) and satisfy condition (3.3.2), and notice that for any
1 € 3 and m € 7, the function S™, defined through

S™f(z) := f(|z|*"), =z €R,

also forms an element of 3.

Given two expressions A, B, we write A < B if B < oo implies A < oo.

Lemma 3.3.2. Letl € N, ¢ € 3 and assume that Ea)(Z,) < oo, u(2!) < oo and g(2!) < 1.
Then

Suqu/)(Wn) < Q(l,?/)) = Q1(l,¢) + Q2(57¢),

n>0

where
-1
Qi(l,¢) == BS ™y (Z DY )> C @)=Y Esmy(D) ),
k>0 m=0 k>0

and for s > 0 with g(s) < oo,

E(()S) =1 and Eff) = Z L(v)? (Z Ti(v)* — g(s)) , k>1.

v|=k—1 i>1

Furthermore,

(9l
ZDEj) € [0,00) a.s..
k>0
Put F_; := Fy = {0,Q} and recall that F, = o(T'(v) : |[v] < n—1), n > 1. In what
follows, C' always denotes a suitable finite and positive constant which may differ from

line to line.

Proof. The proof runs by induction over [. If [ = 1, an application of the Burkholder-
Davis-Gundy inequality (Theorem B.2) yields

ES 'y (Z E(Di\fn_l)) - ZEw(Dn)] :

n>0 n>0

Ey(W) < sup Ey(W,) < C

n>0
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Asg(1) =1,
> Ep(Dy) = Qa(1, ).

n>0
Moreover, if n > 1, the independence of T'(v) and T (w) for v # w ensures

ED2F) = Y 3 L)L) (me—l) (Zn(m—l)]

lv|=n—1 |w|=n—1

= VarZ, Y L(v)’

|v|=n—1

< u(2)g@" W2,

and therefrom

STEDF) = w2 g2y DY

n>1 n>0 k=0
n(2) k1 (2) 1(2) —()
(2) = D, as
1-9(2) & P 1—g(2) ,;0 g
Note that

because supj ]E|D,(62)| < 2 implies

E (Z ig@)”w,ﬁ?’\) =YD 9@EIDY | <2 (n+1)g(2)" < 0.

n>0 k=0 n>0 k=0 n>0

In particular, 3, ng) € [0,00) a.s.. In view of D3 =1 and (3.3.2),

supE(W,) < OIESIw <1+ . (322)2522’>+Q2(1,w)]

1
n>0 k>0

=< Ql(lv’(/J) + Qz(lﬂﬁ)

Now suppose that the claim is proved for some [ € N, put r := 2' and assume that
g(2"%') < 1 and p(2"!) < co. Furthermore, assume that Y, ., Ei’") € [0,00) a.s.. Note
that Lemma 3.3.1 ensures g(r) < 1, and that u(r) < oco. Hence_, by the inductive hypoth-
esis, sup,sq EY(W,) < Q1(l,%) + Q2(/,%). Now, another application of the Burkholder-
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Davis-Gundy inequality together with Fatou’s lemma gives the estimate

QiLy) = ES™ (ZEEZ))

k>0
< liminfES ™ (Z EEZ’)
m—00
k=0

ES ! (Z]E <E§j)2‘fk_1>> +3 Es (EEZ’)]

k>0 k>0

IN

C

because the sequence (ZZZ:O Ei”) forms a martingale as well. Similarly to the case
m

>0
[ =1, it follows that for £ > 1, -

E(E‘!‘”\m) < ¥ L(v)”E<ZTX—g(r)>2

lv|=k—1 i>1
2
< ¥ we(¥n)
lv|=k—1 i>1
< EZy ) L(v)”
|lv|=k—1

= pu@r)g2r)- W) as.,

because ) .., 77 < Z] by Lemma B.1, and consequently

ZE(ﬁi’”)z\ﬂ_l) < a0 Y or 3 DE

k>1 k>0 m=0
p(2r) k y(2r)
—_— E g(2r)*D
1—g(2r) = (2r)"Dy

2 —(2r
M) e

1—g(2r) =

By using supj E D < 2, > k0 g(2r)¥E| D7 | < oo which shows > k0 Ef” € [0, 00)
with probability 1. To finish our proof, it suffices to show that

QU 1Y) < QU+1,¢).

Suppose that Q(I+1, 1) < co. Then the finiteness of Q5(l, 1)) is trivially obtained because
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and we must only check that Q;(l,1) < oc. But as seen above,

Q1(l,¢) S C(h(“ﬁ) + IQ(Zaw))

with
I.(l — ES— 1y 1 _2r) D)
1(1,9) w( +1_g(27~)§ ;
< (2 vEST! (ZDQT)>
k>0
< Qil+1,9) <o
and
=S Es" %/;( ) < Qo +1,9) <
k>0
as demanded. O

Remark 3.3.3. The previous lemma reveals some additional technical difficulty that
does not appear in the situation of supercritical Galton-Watson processes (see [6]): When
estimating terms of the form Ei (1) by means of the Burkholder-Davis-Gundy inequality,

processes depending on the random variables D. ( )

,n > 0 come into play, where [ > 1.
In the Galton-Watson case, the weights L(v), v € N only take the values 0 or 1, and the
underlying process remains unchanged. This leads to the pleasant technical simplification
that the result of such estimations can be expressed in terms of the original process instead
of the random variables we have to introduce (cf. Lemmata 4.1 and 4.2 in [6]). However,
our calculations comprise the case of supercritical GWP (see part (b) of Remark 3.6.2).
Since we are in the general case of arbitrary nonnegative weights, it is an unfortunate

effect that our estimates become more complicated.

Lemma 3.3.4. Suppose that (7n)n20 1s a weighted branching process with generic weights

(T;)i>1 such that for some q > 1,

(1) vglg) <1,

where G(s) := Zz>1 ]ETS s > 1. Then there exists another weighted branching process
(Zn)n>0 with generic weights (1; )Z>1 such that

A

Zny < Z, foralln>0,
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Zl =c+ 7, a.s. for somec>0

and hence Bf (Z,) < Ef(Z,) whenever f € 3, and

9(1) <1, g(q) < 9(1)",

where §(s) = Y, ET?, s > 1.

Proof. To begin with, fix ¢ > 0 such that 1 > (¢ +g(1))? > w € (0,1). For m € NN,

A~

let (Zmn)n>0 be the weighted branching process with weights

. £ ifl<i<m
Tm,i(v) = ﬁ , V€& N
Tim) ifi>m+1

Then ZAm,n > Z, for alln > 0, and Zm71 =c+Z,. Put g,,(s) := Zi21 IET;H which satisfies
C S
Am - N\ g 3 > 1a
gm(s) =m (m) +79g(s), s>
in particular §,,(1) = ¢+ g(1) < 1. Now choose m so large that

n(a) =30) + o < IDEL < ey g0 = g1y

The lemma follows if we choose (Z,,)n>0 = (Zm,n)n>0 for such m because for each f € 3,

Ef(Z,) = Ef(c + Z,) < Ef(Z)).

3.4 Results

We start with the following (rather weak) result which shows that if P(Z; # 1) > 0 and
EW =1, the integrability of W is not obvious because W will take arbitrary large values,

implying that there is an increasing nonnegative function A with Eh(W) = oc.

Theorem 3.4.1. Suppose that EW =1 and P(Z, = 1) < 1. Then W is unbounded in the
sense that for all t > 0,
P(W >t) > 0.

Consequently, if ¢ is a measurable, nonnegative and ultimately positive function on [0, c0),

Ep(W) € (0, 00].
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Proof. From the assumptions EZ; = 1 and Z; # 1 w.p.p., it follows that Z; > 1
w.p.p., and consequently P(Z; > 1+ 6) > 0 for some § > 0. Since {Z; > 1+ 0} =
Us1 {Zle T,>1+ (5} , we can find some m > 1 such that

A::]P(Em::rizwa) > 0. (3.4.1)

=1

Denote by (Z,,m)n>0 the weighted branching process with generic weight sequence (75 ,,)i>1,
where T, , = T; if i € {1,...,m} and T;,, = 0 otherwise. In the following, we prove by
induction that for all n > 1,

P(Zpm > (1+6)") > 0.

The case n =1 is just (3.4.1). Supposing that the claim has been proved for some n > 1,

independence gives

P(Zpi1m > (1+ )"

=P > L)) Tk >1+o"

ve{l,...,m}n i=1
> P (zn,m > (140" Ti(v) > 1+ forall v € {1, ...,m}”)
=1
> P(Zom > (146)")- A" >0

because Zpm = > cq1,. myn L(v). Now let ¢ > 1 and choose ng = ng(t) € IN satisfying
2t < (14 0)™. Then Z,, > Z,,m entails

P(W* > 2t) > P(Zn, > 2t) > P(Zny > (14 6)™) > P(Zngm > (1 +6)™) > 0.

Finally, (1.1.10) (applied to a = 1/2 and 2¢ instead of ¢), shows that for some positive
constant B,
P(W >t) > BP(W* > 2t) >0

which completes the proof. O

Remark 3.4.2. In the context of branching random walks (i.e. when (3.1.3) is assumed),
Biggins and Grey [22] have shown (still supposing EW =1 and P(Z; € -) # ;) that the
distribution of W has the following properties:
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(a)

(b)

(c)

For any x > 0, P(W =2z) =0, i.e. A:==P(W € -N(0,00)) is a continuous measure
on (R, B) with total mass ||Al| =P(W >0) < 1.

The conditional distribution P(W € -|W > 0) is either singular or absolutely con-

tinuous.

IfEN =Y., P(T; > 0) < oo, then the conditional distribution P(W € -|WW > 0)
has a Lebesg_ue density which is continuous on (0,00). In the particular case of
homogeneous branching random walks (cf. [77], Section 0 or [80|, Section 8 for a de-
scription of the underlying model), Liu [77] has shown that the condition EN < 0o is
superfluous. Concerning supercritical Galton-Watson processes, the corresponding
result can be found in [12], Corollary 1.10.4.

Moreover, Liu [79] has shown that if EW =1, 1 < N < o0 a.s., P(N > 2) > 0,
g(1) =1,P(Z; =1) < 1, and if the weights are ordered in such a way that for every
i>1,

supT; =0 a.s. on {T; = 0},

jzi
then ET, © < oo for some € > 0 implies that the law of W has a Lebesgue density
on (0,00). In addition, P(a < W <b) >0 forall 0 < a < b < oc.

The subsequent theorem is the main result of this chapter. As explained in Remark 3.2.1,

it has been proved by Liu [78] under the additional hypothesis (3.1.3). Recently, Iksanov

[58] has given a proof in the general case (by using different methods than we do), see

Remark 3.2.1. Alternative proofs appear in [97] for the case 1 < o < 2 and in [95] for

the case « = 2. If & € N and sup;», 7; < 1 a.s., our result coincides with Theorem 2.1

of Mauldin and Williams [86] who used their result for the calculation of the Hausdorff

dimension of the limit set in a random recursive construction.

Concerning branching random walks, the corresponding result for « € (1, 2] is due to

Biggins [19, 20]. Further references on similar results proved under weaker assumptions
are given by Liu [78]. In Remark 3.6.2(b) we will see that Theorem 3.4.3 covers the

well-studied case of supercritical GWP.

Theorem 3.4.3. Let o > 1. Then the following assertions are equivalent:

(i) EZ} < oo and g(a) = 3,5, ET < 1.

(i) EW* € (0, 00).
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Remark 3.4.4. The condition g(«) < 1 is also of importance for the analysis of stochastic
fixed point equations (see e.g. [93| or [58]). In this context, it might be interpreted as
a contraction condition. As a further reference, a paper by Baringhaus and Griibel [13]
could be mentioned. If N <2, « € (1,2) and d € R, they treated the class of fixed points
v of the mapping K from Subsection 1.1.3 which have mean d and finite absolute ath
mean by imposing similar conditions and using contraction arguments with respect to the

metric

do(i, v2) = /R 60 (t) = ()] - £ A(de),

where ¢,(t) = [ e v(dz) is the Fourier transform of v. They even partly relax the

assumption of nonnegative weights 77, 75.

Proof of Theorem 3.4.3. First, we prove that (i) implies sup,, EW,* < co. In analogy
to the proof of Theorem 1.1 in [6], this is done by distinguishing the cases o € (2!, 2!+1]

for [ > 0, and using an induction over /.

If o € (1,2], the proof is actually due to Rosler, Topchii and Vatutin (cf. Theorem 6 of
[97]). In this case, x — x“ is convex with concave derivative, and the Topchii-Vatutin
inequality (see Theorem B.4) and the fact that Wy = 1 entail

EWS <1+ E[Dg|*
k=1
for any n > 1, hence
EW® <supEW? <1+ ZE|Dk|a

n20 E>1
since (W,)n>0 is a nonnegative martingale. In the following, we will make use of the fact
that each Dy may be viewed as a martingale limit (as described in Section 3.2). For this

purpose, fix k¥ > 2 and an enumeration (v;);>1 of N¥~!. Define ©g := 0,

n
On =Y L(v)) (ZTZ.(VJ-) - 1) ,  n>1
j=1 i>1
and observe that D, = lim,_,, ©,. The limit is independent of the chosen enumer-
ation (v;)j>1 of IN¥7! because the series converges absolutely. Moreover, it is easily

checked that (©,),>0 is a martingale with respect to (#,)n>0, where Hy := F;_; and
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My = 0(Fi—1, (T'(v;))1<j<n) if n > 1. Hence, another application of the Topchii-Vatutin
inequality together with Fatou’s lemma and (4.3.2) leads to

E|Dy|* < liminfE|©,|*

n—oo

< 2) E|L(v) (ZTi(Vj) - 1)
5>1 i>1

= 2) EL(v;)* -E[Z —1]°
i>1

= 2E[Z, - 1/* ) EL(v)°

lv|=k—1
= 2EZ —1]°g(e)*

if £ > 2, and this estimate trivially also holds in case k£ = 1 since D; = Z; — 1. Thus, as
E|Z, —1|* < EZY < o0 and ¢() < 1,

EW® <supEW;? <1+ 2E|Z; —1[* Zg(a)n—l < 0.

n20 n>1

Now let [ > 0 and suppose that the claim has been proved for all § € UL_ (2%, 2k+1] =
(1,241, pick o € (21, 2172] and assume g(a) < 1 and EZ® < oo. Since EZ2"" < EZ® <
oo and another appeal to Lemma 3.3.1 ensures g(2*!) < 1, Lemma 3.3.2 shows that it is

enough to prove that

a/2™
< 0.

a/21+1 l
—_(ol+1 __(9om
Qi+ 1,0) +Qy(l + 1,0) ::E(Zfo )> +ZZE‘D§3 )
k>0 m=0 k>0
For this purpose, abbreviate s := 2/*1 and 8 := a/s € (1,2]. Then, as the sequence
(oo El(:),}—n))nzo forms a martingale with E(()s) = 1, another application of Fatou’s

lemma and the Topchii-Vatutin inequality gives

>0

k=0

B
@Q:1(l+1,) < liminfE

n—oQ

< 1+ QIimianIE‘ﬁ,(:)
k=1

n—oQ

B —(s)|8
:1+22]E‘D§€)

k>1

Now, viewing each ES) as a martingale limit, we can apply the Topchii-Vatutin inequality
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once more. Using similar arguments as in STEP 1, we conclude that for each £ > 1,

> T —g(s)

i>1

8 B

E ‘EEj)

< 2 ) EL()”-E

lv|=k—1

B
< 2FE (1+ZT) > EL()

i>1 v|=k—1
B
- (1437 far
i>1

and
B g sp
E (1+ZT5> <E(ZT:) <E (ZT) =EZ8 < .
i>1 i>1 i>1

Putting these estimates together, we get

8
Qi(l+1,0) <1+4E <1+ZT;) Y gl@)f ! <00

i>1 k>1

because g(a) < 1.
As to Qo(I + 1, «), it suffices to show that for each m € {0, ..., 1},

—(2m a/2m
U(m, a) = ZE‘DS ) (3.4.2)

k>2

is finite because

a/2™

=E

™)

E ‘bf

> TP - g(2m)

i>1

a/2m a/2™
g]E(HZTf’") < EZ® < o0.

i>1

)

If £ > 2, we once more make use of the fact that each E,(fm can be seen as a martingale

limit: Fix k£ > 2 and an enumeration (v;);>; of N*~! put p := 2™ §:=«a/p > 2 and

Yj = L(v;) (Z Ti(v))" — g(p)> , J>1.
i>1
Then by the Burkholder-Davis-Gundy inequality, for some constant C' € (0, 00) which

does not depend on k,

]

4
EDY| =E < C (Ji(k,p,6) + ok, p,6)), (3.4.3)

Y,

j21
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where
5/2 i 27 9/2
i =[S w000 | S a1 - a00)
j>1 j>1 i>1
9 §/2
<z| 3= 1oE(T 1)
|v|=k—1 i>1
- 52 (3.4.4)
<E| Y L(v)*EZ?
lv|=k—1
5/2
p(2p)’°E L(v)*
lv|=k—1
and
[
Jo(k,p,8) ==Y E|Y;’= Y EL@)PE|> T —g(p)
i>1 |v|=k—1 i>1
é
<E (1 + ZT;’) > EL(v) (3.4.5)
i>1 [v]=k—1
[
=F (1 + ZTip> g(a)* 1.
i>1
Note that
é é
E (1 + ZT,?’) <E (ZTf) <EZ” =EZ¢ < oo,
i>1 i>1
Therefore,

) =Y J(k,p6) <Y g(a) " < oo,

k>2 k>2

and keeping (3.4.2) and (3.4.3) in mind, we still have to make sure that

Q) == ZJl(k,p,é) < 00

k>2

For this purpose, observe that

6/2
Ji(k, p, ) < u(2p)‘s/2]E[ >y L(U)QP-I = u(2p)?EZ",

lv|=k—1
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when (Z,)n>0 denotes the WBP with generic weight sequence (T;);i>1 = (T7%)i>1. As in
Lemma 3.3.4, write g(u) = Yo, ET; = ..o, ET/™ for u > 1 and note that §/2 =
a/2p > 1. By assumption and Lemma 3.3.1, _y(l) vV g(0/2) = g(2p) V g(a) < 1. Hence
by Lemma 3.3.4, there exists another weighted branching process (Zn)nZO with generic

weight sequence (Ti)izl such that

Zn < Zn foralln >0, (3.4.6)
EZ? < EZ)” (3.4.7)

and
9(1) <1, §(6/2) < 9(1)°%, (3.4.8)

with §(-) having the same meaning as in Lemma 3.3.4. Put
Wy i= Zn/BZy = Zn/G(1)", 1 >0

and note that IEWn =1 for all n > 0. This leads to

—0/2
Ji(k,p,0) < M(ZP)J/QEZk/—l
< u(2p)’PEZ% by (3.4.6)
< p(2p)’Pg(1)* 2 sup W/

n>0

A

Evidently, (W;,)n>0 can also be viewed as a normalized WBP with generic weight sequence
(Ti/g(1))i21. Applying the inductive hypothesis to (Wn)nzo instead of (W,,)n>0, it follows
that

sup lEW;f/2 <00
n>0

because
(I) 6/2=a/2p e (1,2"],

~ ~ 3.4.7 __
(1) B2 = g1y-orgs? LV g7 — g (X4 %) < EZP = EZ¢ < 00 and

NG2
(I11) ZiZIE(gﬁ)) = 202 <1 by (3.4.8).

To finish the proof, observe that

Ui(m,a) = Z Ji(k,p,d) < u(zp)m - sup IEW,‘E/Q ) Zg(l)kéﬂ < 00

k>2 n20 k>1

because p1(2p) < p(a) < oo and §(1)%% < §(1) < 1.
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Now suppose that EW® € (0, 00). Using Lemma B.1 and the fixed point equation
W =Y T,W as.
i>1
from Theorem 1.1.3, where W(), W), ... are independent copies of W and also indepen-
dent of F;, we obtain
W > TPWE as..
i>1
More precisely, strict inequality holds with positive probability in view of (3.1.5), the
independence of the random variables (77, T5, ...), W), W(g), ... and the fact that EW;) >
0 for all 4 > 1. Thus,
EW® > Y E(TFWE) = EW®g(a),
i>1
ie. g(a) <1 because 0 < EW* < 0co. We remark that in the context of stochastic fixed
point equations, similar arguments are employed in [44] and [75]. Finally, the finiteness

of EZ¢ is implied by the subsequent result.! 0

In the previous chapter, we have given necessary and sufficient conditions for EW = 0
or EW =1, respectively. However, without additional assumptions, we cannot guarantee
that EW € {0, 1}, for instance if ¥ = —oo and EZ; logt Z; = oo (cf. Theorem 2.4.17).

Theorem 3.4.5. Suppose that EW =6 > 0. Then
Ey(W) > Ey(6Z1)

holds for any convex and increasing function 1 : [0,00) — [0,00). If a > 1 and ¢ is a

nonnegative function satisfying 0 < E¢(W) < oo and

lim infM € (0, o0],

z—o0 %

then g(a) < 1.

Proof. If ¢(z) = z* for some a > 1 or 1(z) = €°* for some s > 0, and (3.1.3) holds,
the following proof is due to Liu |75, 78|. Again, we make use of the fixed point equation
(1.1.6). Together with the fact that EW = ¢, it implies

E(W|F)=E (Z TiW

i>1

Fl) = ZTiE(W(i) |F1) = ZTZ]EW =07, a.s..

i>1 i>1

If EW =1, one could also use Z; < W* and Theorem 1.1.6 to infer EZ¥ < EW** < EW® < oo.
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Without loss of generality, we may assume that Ey)(W) < oco. Then Jensen’s inequality

gives
Ep(W) = E[E(y(W)[F1)] > Ep(EW[F))] = Ep(621).

The second assertion is an immediate consequence of Theorem 3.4.3, for EW® < E¢(W).
O

Remark 3.4.6. The fact that E(W|F;) = Z; a.s. if EW = 1 which was established in
the preceding proof by using the fixed point equation (1.1.6), can also be deduced from
a more general result of martingale theory (e.g. [37], Theorem 7.4.3): Since EW = 1
implies uniform integrability of the sequence (W,),>o by Theorem 2.4.19, the latter can
be extended to a martingale with index set Ny = Ny U {oc}, i.e. writing Wy, := W
and Fo 1= 0(Up>0Fn) = 0(T(v) : v € N), (Wy)er, forms a martingale with respect to
(Fa)nen,- In particular, E(W|F,) = W, = Z, a.s. for each n > 0.

The following lemma can be obtained by combining the previous results with standard

results from martingale theory. Recall the standing assumptions (3.1.2) and (3.1.4).

Corollary 3.4.7. For any a > 1, the following conditions are equivalent:

(i) E(sup,»o Wy) < oo,

(i) sup,,>o EW; < oo,

(11i) EW* € (0, 00),

(iv) BEZ¢ < 00 and g(a) < 1,

(v) W =5 W (n— o),

(vi) (W2)n>o is uniformly integrable,
(vii) lim, o, EW® = EW* € (0, 00).

As a combination of Theorem 3.4.3 and Theorem 3.4.5 shows, EZ* = oo implies that

for each m > 1, the sequence (EZ%),>n is unbounded. The subsequent theorem shows

that each of these moments is even infinite.
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Theorem 3.4.8. Suppose that 1) : [0,00) — [0,00) is nondecreasing and satisfies (3.3.1)
(and hence (3.3.2)) and Ep(Z,) = co. Then E(Z,) = oo for all n > 1. In particular,

EZY = oo for some o > 1 implies EZS = oo for alln > 1.

Proof. Fix n > 2. Then we can find w € N""! and € > 0 such that P(L(w) > ¢) > 0,
thus

Ep(Zy) = B[ Y L)) Tiv)

lv|=n—1 i>1
> Ey (L(w) Zﬂ-(w))

> [ BU6Z)PLw) € d)
[e,00)
> P(L(w) >e¢)-Eyp(eZy) = 0

because by (3.3.2), ¥(Z1) = ¢(e 1 (eZ1)) < Cy(eZ) a.s. for some C € (0,00), whence
Ey(eZ,) = oo as well. O

We have already seen in Theorem 3.4.3 that for arbitrary a > 1, 0 < EW?* < oo if
EZY < 0o and g(a) < 1. In case o = 2, a result by Caliebe and Rosler [34] helps us to
compute EW? explicitly. The result has also been stated by Rosler (|95], Section 4), but

the explicit calculation is omitted there.

Theorem 3.4.9. If g(2) < 1 and u(2) = EZ? < oo, then

Var Z1

VarW =
1—g(2)

(3.4.9)

or equivalently,

Proof. From Subsection 1.1.3 we know that P(W € -) is a fixed point of the mapping
introduced there. In case P(Z; = 1) = 1, it is easy to see that P(W = 1) = 1 as well,
and the assertion is trivial because both sides of (3.4.9) are equal to 0. If P(Z; = 1) < 1,
observe that (3_1, T;)n>1 converges in £, because all T; are a.s. nonnegative and Z7 is

integrable, hence Z; — Y " | T; £ 0asn— oo by the dominated convergence theorem.
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In other words, Condition (A2b) in [34] is satisfied. Therefore, we may apply Theorem 4

in [34] to obtain
_ (EW)*VarZ,  VarZ,
VarW = 1—9@) ~1-40 € (0, 00).

Remark 3.4.10. The proof just given exploits the connection between weighted branch-
ing processes and the theory of stochastic fixed point equations by relating the martingale
limit W to solutions of certain fixed point equations. On the other hand, it is not difficult
to prove Theorem 3.4.9 without any knowledge on stochastic fixed point equations, but

by a straightforward calculation which yields that for any n > 1,

EZpy = ) ) EL()L(w) -E(ZZTZ-(U)Tj(w)>

[vl=n [w|=n i>1 j>1

= Y EL@w)-E (ZZT;@)@@)) +(EZ)° ) Y E(lL()L(w))

[v|=n i>1 j>1 lv|=n |w|=n,w#v
= (2 Y EL@)*+ > Y E(L(v)L(w)) — Y EL(v)?
lv|=n lv|=n |w|=n lv|=n

= (u(2) - 1)g(2)" +EZ,
= VarZ, -g(2)" +EZ2,

whence by induction,
n—1
EZ} =1+VarZi-» g(2)f, n>1
k=0
Since integrability of sup,,, Z; implies Z, N W, we obtain

7z 2) — (2
EW? = lim EZ2 = 14+ 221 _ #2) = 9(2)
e 1-g(2) 1-g(2)

Obviously, the sequence (EZ2),,>o is increasing which is also clear because (Z2),>o forms

a submartingale.

The following theorem deals with the moment generating function of W. It has been
stated by Liu [78| subject to (3.1.3). Nevertheless, we will give a proof because Liu uses a
result of Rosler (see Theorem 6 in [93]) which is not applicable without corrections. The

relevant improvements concerning Rosler’s article can be found in [55], Satz 2.3.18.
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Given a nonnegative random variable Y on (2, 2(, P), put
DY) :={s>0:Ee’ < o0}

and note that the set D(Y") is clearly always of the form 0, (0, 00), (0, §) or (0, §] for some
8 € (0,00). Recall that W* = sup,,»o Wp.

Theorem 3.4.11. Assume that EW = 1. Then the following statements are equivalent:

(i) D(Z1) #0, and T; < 1 a.s. for all i > 1.

(ii) D(W) # 0.
(iii) D(W*) % 0.

More precisely, we have DIW*) C D(W) C D(Z;), and DW)\D(W*) consists of at most

one point.

Proof. ”(i) = (i1)”: Obviously, EZ7 < oo and ¢(2) < 1 because > .o, 77 < > .o, Ti
with strict inequality holding on a set of positive probability by (3.1.2)._ Hence, in :fiew
of (1.1.6), Satz 2.3.18 in [55] (which is a slight modification of Theorem 6 in [93]) gives
Ee*oW < o for some sq > 0.

"(17) = (4)”: Let s € D(WW). Since x — €** is convex and increasing, Theorem 3.4.5 yields
Ees”t < Ees" < oco. Moreover, 1% = o(e*?) for any a > 1 shows 0 < EW? < oo for all
« > 1, hence

sup g(a) < 1

a>1
by another appeal to Theorem 3.4.5. Now it is not difficult to see that sup;5; T; <1 a.s.:
If A:= {sup,;5, T; > 1} had positive probability, then

p
9(p) =) EI} >E (sup T) > /A (sup 71-) dP — oo

= i>1 i>1

by the monotone convergence theorem, a contradiction.
As to the equivalence of (7i) and (ii7), observe that W < W* and that by Theorem 1.1.6,
for any t > 1 and 0 < a < 1, there is some constant B = B(a) such that

P(W/a > t) > B(a)P(W* > 1).
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This implies

Eels/aW o / SP(W > at) A(dt) > / e"P(W* > 1) A(dt) > Ee*™”
(0,00) (0,00)

for any s > 0 and @ € (0,1). Hence, v € D(W) implies u — ¢ € D(W*) whenever
0 < & < u. Since D(W) is always of the form ), (0, c0), (0, 8) or (0, §] for some § € (0, 00),
this completes the proof. O

Remark 3.4.12. In our context, the random variable C' occurring in Theorem 6 of [93]
or Satz 2.3.18 of [55] is identically 0.

Liu [79] has also analysed when W has moments of negative orders and obtained the

following result.

Theorem 3.4.13. (Liu [79])
Suppose that the conditions of Remark 3.4.2(d) are satisfied, let a > 0 and denote by ¢
the Laplace transform of the law of W.

(a) IfETT* < 0o and BT “1y=1} < 1, then

(i) ¢(t) =0t ?) ast — oo,
(i) P(W < zx)=0(z*) asz | 0,
(ii5) EW =" < oo for all b € (0,a).

(b) IfETT® < 0o and ETT *1yy_1y = 1, then EW ™" < 00 if 0 < b < a, and EW " = 0o
if b> a.

As outlined by Liu [77, 80], the theorem can be substantially simplified when focussing
on homogeneous branching random walks, a situation which actually corresponds to the

case where for fixed v € NV, all positive weights T;(v) are equal.

3.5 Some remarks on the functions p(-) and g(-)

The following remark is partly due to Liu [78| under the additional assumption (3.1.3).
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Remark 3.5.1. (a) If sup;5;7; < 1 a.s. and ¢ = P(7; € {0,1} for all i) < 1, then g is

(b)

strictly decreasing on [1,00), in particular ¢ < 1 on (1, 00).? Thus, for any a > 1,
EW® < p(a).

If on the other hand g(p) < 1 for all p > 1, we have seen in the proof of Theo-
rem 3.4.11 that sup;5; 7; < 1 a.s.. Hence, EW =1 and EW? < oo for all p > 1
imply sup;>; T; < 1 a.s..

A combination of (a) and (b) gives the following dichotomy concerning g: Either
sup,~; 9(p) < 1 or lim, 4, g(p) = 00, according to whether P(4) = 0 or P(4) > 0,
where as in the proof of Theorem 3.4.11, A = {sup,»; 7; > 1}. Note that in the
latter case, there may be some py > 1 such that g(p) = oo for all p > p,. Recall that
by convexity, g(x) < oo for some z > 1 implies ¢(s) < oo for all s € [1, z].

Caliebe and Résler (see Example 3.1 in [35]) have given an example where g(1) = 1,
but g(p) = oo for all p € (0,00) \ {1}.

By putting g(0) := >".o; ET? 1ir501 = Doy P(T; > 0) = EN € (0, 0], the function
g can be extended to t_he point 0. Now if_g(ﬂ) < 1 for some § > 1, it follows that
EN € (1,00]. To justify this assertion, assume w.l.o.g. that ¢(0) = EN < co. Then
a slight modification of Lemma 3.3.1 shows that g is strictly convex in [0, f]. Letting
0 = B~ < 1, it follows that 1 = g(1) < 0g(8) + (1 — 0)g(0), i.e. g(0) > 1 which
means that the underlying GWP

Zy = Z lizw)>01;, 720
lv|=n

from Section 1.1 is a supercritical one (with possibly infinite reproduction mean
= 9(0)).

If 71,75, ... are assumed to be independent, then g(0) = EN < oo iff N < 00 a.s.
because EN = >, P(T; > 0) = oo implies P(limsup;_,{7; > 0}) = 1 by the
Borel-Cantelli lemma, hence P(N = oo) = 1. In particular, P(N = oco) can only

take the values 0 or 1 in this special case.

The subsequent remark collects some relations between the functions u(-) and g(-).

2¢ = 1 obviously implies g = 1 in [1, 00).
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Remark 3.5.2. (a) g(z) < p(z) =EZ7 for all x > 1,
(b) g(x) > u(x) for all z € (0,1),
(c) If T;,i > 1, are independent, Lemma 10.3.1 in [37] states that for any z > 1,
u(z) < g(z) v g(z),

where ¥ = 1 if z is an integer and £ = z — |z] denotes the fractional part of x

otherwise.
(d) Ifz>1and N =35, Liz>0) is a.s. bounded, i.e. [[N||o < 00, then p(z) < g(z).

(a) and (b) follow immediately from the fact that s — s is convex and therefore super-
additive in (0, 00) if z > 1 (Lemma B.1), but concave, hence subadditive in case 0 < z < 1.
For (d), observe that

ue) = E2¢ < IV, B (sup Ty ) < VI B (ZT) = N - (@)

i>1

3.6 An a posteriori justification of the assumptions

and some further remarks

Remark 3.6.1. Throughout this chapter, we have assumed that P(N > 2) > 0 which
means that with positive probability, there are at least two positive weights in the first
generation (genuine branching). The purpose of this remark is to make clear that the
case P(N < 1) =1 is uninteresting. First of all, it is not difficult to see that in the latter

case, (Zy)n>o forms a multiplicative random walk (cf. Example 1.1.2), i.e.

Znéﬁ

with independent copies 2y, Zs, ... of Z;. Consequently, EZ% = (u(a))" for each n > 1 and

(1]

9 n21,

a € (1,00). Now excluding the trivial case P(Z; = 1) = 1 which means that Z, =1 a.s.
for all n, Jensen’s inequality gives pu(a) > u(1)® = 1 because = — z% is strictly convex.

Hence, EZ% = (u(a))" 1 0o as n — oc.
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The subsequent remark shows that Theorem 3.4.3 comprises the case of supercritical

Galton-Watson processes.

Remark 3.6.2. (a) We have imposed the condition

c=P(T; € {0,1} for all 5) < 1

which is a natural one because in case ¢ = 1, (Z,)n>o forms a critical Galton-
Watson process (cf. Example 1.1.1). Hence, lim,, ,o, Z, = 0 a.s. unless p; = P(Z; =
1) = 1 (see for example Proposition 1.2 in [7]). In the latter case, P(Z, = W =
1 for all n) = 1, i.e. trivially sup,soEZ; < oo for any a > 0. Otherwise, if a > 1,
Sup,,»o EZ; = oo since boundedness of the sequence (EZ;),>¢ would imply uniform
integrability of (Z,),>0, hence EW = lim,,_, EZ, = 1, which is a contradiction to
P(W =0)=1.

Suppose that (Z,)n>0 is a WBP with generic weights (7;);>; satisfying
5::1?(2& € {0,1} for all § > 1) —1 and j:= ET, € (1,00),

i>1

and denote by (Z,,)n>o the WBP with generic weight sequence (T});>1 := (ﬂ_lﬁ-)izl.
Then (Zn)nzo forms a supercritical Galton-Watson process, whereas (Z,)n>0 =
(Zn/i™)ns0 has g(1) = 1 and g(a) = 4 *Y o, El; = g~ < 1 for any a > 1.
Asto W =lim,,_, Zn/ﬂ" = lim,, 00 Zn, Theor;m 3.4.3 gives

EW® € (0,00) & EZ% <o [& EZ%< )]

for any o > 1, in full accordance with the results obtained by Bingham and Doney
[28] and by Alsmeyer and Résler [6].

Remark 3.6.3. It is a well-known fact that £,-convergence implies £;-convergence when
a > 1. Thus, EW =1 if one of the conditions of Theorem 3.4.3 holds. This can also be
established by appealing to Theorem 2.4.17:

e The assumption EZ; log"™ Z; < oo is obviously weaker than the condition EZ® < oo

for some o > 1.
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e Since h(z) = xlog™ z is convex in [0, c0) with h(0) = 0, Lemma B.1 shows

7. =E (Z h(ﬂ)) < Eh(Z;) < .

i>1

The finiteness of v, is also clear if g(a) < oo for some a > 1 because logtz =
o(z®7!) as T — oo yields v, = > is1 ET; log™ T; < CY s EIY = Cg(a) < .

¢ In Remark 4.3.2 we will give another proof for the fact that g(«) < 1 for some o > 1
ensures ¥ < 0. This proof will be formulated in terms of a random variable having
distribution £ =3, El; (¢} (cf. Remark 2.3.2).

Remark 3.6.4. (a) The condition 7 < 0 is also natural because if g(1) = 1 and g(a) <
oo for some o > 1, it is not difficult to see that v is the right derivative of g at 1:
Choose (3 € (1,a) and let 1 < 8 < . Then

9(8) —g(1) _ E(Tzﬂ — 1)z E(Tzﬁ — T) 1<y .
B R S e e D e LAl

As to A¢(f), pick i > 1 and observe that for all w € {T; > 1}, there is some
6;(w) € [1, By] such that

Ti(w)’ — Ti(w)
5—1

with C = sup,, logz/z°7#° < oco. Since g(«) is finite, a double application of the

= T,-(w)ei(“’) log T;(w) < T,-(w)ﬂ0 log T;(w) < CT;(w)®

dominated convergence theorem gives

E(T? — T)1,r.
limA,(5) = Z(lﬂlﬁl (I - T) {Tm})

Bl1 6—-1

B
Bl 6—1

= Z:]ETZ log™ T;

i>1
= 74 [<od.

Turning to Ay(f3), convexity of 3 — T;(w)? for any w € Q and i > 1 together with
Lemma VI.1.1(d) in [45] ensures that

(T = T) 1z, <1
6—1
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is nonpositive and decreasing as 5 | 1. Consequently,

. T)]-{T<1}
lim Ao E|l = ET; logTi1¢p 1y = —y— € [—00,0
iip 200 = (ﬁm G ) = SR log T = - € (oo,

by a double appeal to the monotone convergence theorem. Hence,

g, (1) = gg% =Im(A:(8) + A2(B) = 71+ ===,

as claimed above.
Now if g < 1 in a right vicinity of 1, the condition ¢/ (1) = v < 0 comes out

naturally.

By similar calculations it can be shown that if g(1) = 1 and g(a) < oo for some
a>1,
e g€ C>®((1,)), i.e. g is infinitely often differentiable in (1, «) with derivatives
d* Y k
d—ﬂk‘q(ﬂ) = Z>leETZ (logTy)" € (—o0,0), 1<f<a,k>1

and

o limgy, g'(8) = ¢, (1) = 7 € [~00, 00).
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Chapter 4

On the existence of g-moments of
the martingale limit of a weighted

branching process

4.1 Introduction

The preceding chapter has provided a complete characterization of £,-convergence for
ordinary weighted branching processes whenever a > 1. In fact, putting ¢, (z) := z%, we
have seen that W,, converges in £, to its a.s. limit W if and only if E¢, (W) € (0, c0)
which is also equivalent to the pair of conditions E¢,(Z;) < oo and ) ,o; ET}* < 1. These
facts suggest to search for a similar characterization of 0 < E¢(W) < 00 when ¢ forms
an element of a larger class of functions. More precisely, it is plausible to consider the
class of regularly varying functions since these functions can be viewed as interpolations
of the family of functions ¢,,« > 0 (in a sense which will be explained in Section 4.2).
The relevance of regularly varying functions also becomes apparent by the fact that under
mild technical assumptions as in Theorem 2.4.17, £,-convergence is tantamount with the
pair of conditions vy < 0 and EH(Z;) < oo, where H(x) = xlog"t z is regularly varying.
Before going into detail, let us mention that the question of existence of ¢-moments
of the limit of a (normalized) branching process has been treated in various contexts
and by various authors. Concerning regularly varying functions ¢, Bingham and Doney
considered supercritical Galton-Watson processes in their article [28] as well as Crump-
Mode and Jirina processes in [29]. They obtained necessary and sufficient conditions for a

large class of regularly varying functions. It seems worth noting that their methods were

97
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of purely analytical nature. Alsmeyer and Résler [6] confirmed these results and even
dealt with a larger class of (convex) functions. Moreover, they used a completely different
approach based on the inherent double martingale structure (as we also did in Chapter 3).
As to weighted branching processes, Rosler, Topchii and Vatutin [97] considered the class
of so-called weakly conver functions which also satisfy some submultiplicative property,
the main examples being z — 2P for p € (1, 2], however.

In what follows, we adapt the approach used by Alsmeyer and Résler, but unless
stated otherwise, we restrict to regularly varying functions. As in the previous chapter,
the double martingale structure of the underlying WBP is essential. The methods we use
are very similar to that of Chapter 3, but we could not treat both situations simultaneously
because in the following, we have to make use of the results obtained for the functions

x +— % a > 1. In particular, Lemma 3.3.2 and Theorem 3.4.3 will play a key role.

To begin with, some further notation is necessary: We call two nonnegative functions

f1 and f5 on [0,00) asymptotically equivalent and write f; < f if

0 < liminf fi(z) < lim sup () < 00,
2200 fo(2) T amee Sfa(2)
while f; ~ f5 has the usual meaning lim,_, (@) — 1 1t is a trivial but useful observation

f2(z)
that if ¢ and 1 are nonnegative, locally bounded and satisfy ¢ =< v, and X is an arbitrary

nonnegative random variable, then E¢(X) and Ei(X) are commonly finite or infinite,
ie. Ep(X) < Eyp(X) and Eyp(X) < Ep(X), where as in the previous chapter, we write
A < B if finiteness of B implies that of A. In particular, if ¢(z) < z* for some o > 1,
P%1 £ §;, and if the basic assumptions of Chapter 3 hold, a combination of Theorem 3.4.1
and Theorem 3.4.3 implies that E¢(W) € (0, 00) if and only if g(a) < 1 and EZ¢ < oo.

For fixed m € Z, we maintain the notation S™f(z) = f(|z[*"), z € R, and C always
denotes a finite positive constant which may differ from line to line.

Furthermore, we stick to the assumptions (3.1.1), (3.1.2) and (3.1.4) imposed in Chap-
ter 3.

The further organization of this chapter is as follows. In the subsequent section, we
recall some basic facts on regularly varying functions and introduce an important subclass
(denoted R'C) of this general class of functions which consists of those regularly varying
functions whose slowly varying part ¢ is increasing and ultimately log-concave, i.e. log/
is ultimately concave. Since we want to apply similar convex function inequalities as

in Chapter 3, in particular Lemma 3.3.2 (thus adapting the approach of Alsmeyer and
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Rosler [6] for supercritical Galton-Watson processes), Subsection 4.2.1 finds a related
class of convex functions. This will allow us to apply the Topchii-Vatutin inequality
and the Burkholder-Davis-Gundy inequality in Section 4.4. Furthermore, we will see in
Subsection 4.2.2 that any element of the subclass SR'C mentioned above is essentially
submultiplicative, helping us to use similar arguments as in the case of the multiplicative
functions z +— 2% (cf. Theorem 3.4.3). Section 4.3 introduces and analyzes a useful
multiplicative random walk related to the underlying process (Z,),>o. Section 4.4 presents
the main result when dealing with the subclass SR™. We use a similar approach as for
the case ¢(x) = 2 (o > 1), but Theorem 3.4.3 is itself an important tool. Note that no
additional assumptions on the underlying WBP (Z,),,>o have to be imposed. On the other
hand, if the underlying weight sequence 77,75, ... is a.s. bounded by 1 which implies that
along each fixed line of descent, the weights are decreasing, we find an almost complete
solution without too strong assumptions on the regularly varying functions considered.
This will be demonstrated in Section 4.5. The final section is devoted to applications of

the results from Section 4.4 and Section 4.5.

4.2 Functions of regular variation

Recall that a nonnegative and ultimately positive function f defined on [0, 00) is called

reqularly varying of order a > 0 if for any positive t,

lim f(tz)
z—oo f(x)

ie. f(tx) ~ t*f(x) for any ¢t > 0. If this relation holds with « = 0, f is called slowly

=t*,

varying. Plainly, h is regularly varying of order o > 0 iff  — h(x)z~® is slowly varying.
Every nonnegative and measurable slowly varying function ¢ can be written in the

form

0(x) = o(z) exp (/[1] £(w) ,\(du)> o>,

u

where
e c is nonnegative and measurable with lim, ., ¢(z) = ¢ € (0,0), and

e u — ¢(u)/u is locally integrable with lim, ,. e(z) =0
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(see Theorem 1.3.1 in [30]). Consequently,

(@) = exp ( /[1 » # ,\(du)) ,

so that, as we are dealing with moments, we may restrict ourselves to considering slowly
varying functions of this kind. Given any o > 0, denote by R, the class of locally bounded,
measurable functions from [0, 00) to [0, 00) which are regularly varying at infinity with
exponent « (slowly varying in case a = 0).

Given any slowly varying function ¢, we put

Ul(z) = /(0 ]@,\(ds) and He(z) == /[ )@,\(ds) (4.2.1)

S S

and stipulate the everywhere finiteness of such functions wherever they appear. Obvi-
ously, this is guaranteed for U/ if @ is locally integrable in (0, 00), and for H if @ is
integrable in [0, c0). Note that U/ is nondecreasing, while H/ is a nonincreasing function.
Furthermore, if ¢y, /1 € R, satisfy £y < ¢1, and both Uly, and U¢; are everywhere finite,
then Uf, and U/, are asymptotically equivalent, i.e. Ufy < Uf;. Finally, if U/ is every-
where finite, then by Karamata’s theorem (Proposition 1.5.9a in [30]), U¢ is also slowly
varying and grows stronger than ¢, i.e. lim,_, ., HZ—S) = 00. Invoking Proposition 1.5.9b of
[30], we infer that the same assertion is also valid for H¢ instead of U/, but we will use

this fact only for UZ.

It has been loosely indicated in the Introduction that one might consider regularly
varying functions as interpolations of the family of functions ¢,(z) = z, a > 0. To be
precise, let 0 < ap < a3 < ap < 0o and choose ¢ € R,,. Then by Proposition 1.3.6 in

[30],
¢(x) _ .

lim = lim =00
r—o00 %0 T—00 QS(,’L‘) ’

i.e. ¢(x) grows stronger than z%°, but weaker than z2*. In this sense, ¢(z) lies asymptot-

ically between x®° and x®2.

Finally, denote by RIC the subclass of functions ¢ € R, of the form

u

6(z) = 2% exp ( /[1 y £u) )\(du)> (4.2.2)

such that ¢ is nonnegative and ultimately nonincreasing with

/[1,oo> ") ) = o0
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(IC stands for increasing concave which is justified because choosing a > 0 sufficiently
large, © — f[a’z] E(u—“) A(du) is increasing and concave in [a, 00).). Furthermore, put RI¢ =
Uas0RC.

Obviously, each ¢ € RIC is continuous, and satisfies 2% = o(é(z)) and ¢(z) = o(z**°)

as £ — oo whenever § is positive. In particular, ¢(x) % z* for any 3 > 0.

4.2.1 Regular variation and convexity

A regularly varying function ¢ is in general neither convex nor smooth. Since we want
to apply certain convex function inequalities in this chapter, we give some preparatory
remarks which link regular variation, convexity and other useful properties. Most of these
remarks are essentially taken from the first two sections in [6].

Let us stipulate hereafter that the usual primed notation for derivatives of a convex or
concave function on (0, 00) is always to be understood in the right sense whenever right
and left derivatives differ. Whenever necessary and without further notice, any function
1 defined on [0, 00) is extended to the real line by putting 9 (z) = (—=z) for z < 0.

Now let &, be the class of convex differentiable functions + on [0, 0o) which are (strictly) in-
creasing on [0, co) with ¢(0) = 0 and concave derivative ¢’ on (0, co) fulfilling lim, o ¢'(z) =
0. Obviously, z — x is an element of € if 1 < a < 2, but the identity function does not

belong to €. Given n > 1, we put
Q:n = anzo = {Snd) : (f) € C()},

where it should be recalled that S"¢(z) = ¢(|z|?") for all n € Z and z € R, and finally

¢ .= U ¢,.

n>0

Plainly, each 9 € € is convex with 1(0) = 0 and therefore superadditive by Lemma B.1.
As two further useful properties of functions in €, we mention (see Lemmata 3.3 and 3.4
in [6])

P(2z) < Coh(z), >0 (4.2.3)

for some C' = Cy € (0,00), and

Y(z)

Y € €, = liminf —=

=0 I

> 0 (4.2.4)
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for any n > 0. Note that (4.2.3) and the monotonicity of ¢ yield
Y(cx) < CY(z), x>0 (4.2.5)

for any ¢ > 0 and some C' = Cy, € (0,00). Particularly, € is contained in the function

class 3 considered in Section 3.3.

Furthermore, define
¢ = {p € & : 4"(0) € (0,00)}

and €* := U,>o&, where €} := S"C; = {S"¢ : ¢ € €} for n > 1. It should be mentioned
that this notation slightly differs from that used in [6]. Note that if ) € € for some
n > 1, then ¢"(0) = 0. Given any element ¢ of €y, Lemma 3.3 in [6] asserts that there is
some qg € ¢ such that ¢ ~ ngS Consequently, if n > 1 and ¢ € €, then ¢ ~ 1,@ for some
P e €.

Now the following lemma links regularly variation and the function classes just intro-

duced, permitting us to allow convex function inequalities in the course of this chapter.
Lemma 4.2.1. Given ¢(z) = z%(x) € R, for some a > 1, the following assertions hold
true:

(a) If 2™ < a < 2™ for some n > 0, then ¢ < v for some ¢ € € NNR,.

(b) If a = 2™ for some n > 0 and £ < Uy for some by € Ry, then ¢ < 1p for some
b € €N R

(c) If a = 2™ for some n > 1 and ¢ < Hly for some £y € Ry, then ¢ < b for some
Y € € N Ron.

Proof. This follows immediately by combining Lemma 2.1 and Lemma 3.3 of [6]. O

The following lemma collects further important properties shared by all elements of

¢*, summarizing Lemma 3.3 and Lemma 3.4 of [6].

Lemma 4.2.2. Let i) € € for some n > 0. Then the following assertions hold true:

(a) ’i‘;) s nondecreasing and ;ﬁ,(ffl s nonincreasing in x > 0.
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(b) Timgyo L5 = (S7)'(0) = 0 and limyo 2% = EZ"O ¢ (0, 00).

In other words, any ¢ € € (n > 0) satisfies
w(s)=0(s*"), s10, (4.2.6)
so a fortiori
¥(s) =o(sY), sl0 (4.2.7)
whenever 0 < o < 27+,

Given any nondecreasing convex function ¢ : [0,00) — [0,00), we next define the

associated function L¢ through

Lé(z) = / YU) \(dr) A(ds), = >0, (4.2.8)
(0,2] 4 (0,s]

r

If ¢ € €*, then L¢ is everywhere finite, i.e. €* C {¢ € € : Lp(z) < oo for all z > 0}
since @ is integrable at 0. In case ¢ € €, the function L¢ will be of importance in our
analysis. Therefore, the subsequent lemma collects a number of properties of the function
L¢ associated with any ¢ € €* and relates it to the function ¢ itself. As a reference for

the lemma, we mention Lemma 2.2 and Lemma 3.5 of [6].

Lemma 4.2.3. Let ¢ € € for somen > 0. Then Lo is everywhere finite and convex and

satisfies
lim inf Lo(z) >0
T—00 ¢(x)
as well as
lim inf Lé(z) > 0.

z—oo zlogx
If n > 1, then 2¢(z/2) < Lo(x) < éd(x) for all x > 0, in particular Lo < ¢ by (4.2.3),
whereas in case n = 0, Lo > ¢. More specifically, if ¢(x) = z*4(z) € € N R, for some
a > 1, then

¢(z)

Lo(r) ~ 22

while in case ¢p(z) = zb(z) € €N Ry,
£(s)
~ zUl(z) = - A
Lé(z) ~ 2Ul(z) = = /( T As)

and

L@
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Remark 4.2.4. Any increasing convex function ¢ : [0, 00) — [0, 00) satisfies the relation
o(z) < z¢'(x) < ¢(22), x > 0 (see [6]). In case ¢ € €, ¢ also satisfies (4.2.3) and therefore

o(z) < z¢'(x). (4.2.9)

Moreover, if ¢ and 1 are two asymptotically equivalent elements of {¢ € €5 : Lo < oo},
then L, Ly also belong to €, by Lemma 3.5 of [6], and Ly < Li. To justify the last
assertion, observe that by (4.2.9), Ly < L if and only if

(‘0[ S wl s
e = [ Eaag < [ T = @)
(0a] S (0a] S
which is readily established when using (4.2.9) and ¢ < 1 because “"s(s) = “’s(f) and
Y(s)  ¥(s)
s T Ts2

4.2.2 Regular variation and submultiplicativity

Moment results concerning ¢ € R will be proved by similar arguments as for the case
¢(x) = x*. Therefore, it is necessary to find estimates for expressions of the form ¢(xy)
in terms of ¢(z) and ¢(y). The following lemma shows that each ¢ € RIC is essentially
submultiplicative. More precisely, ¢ turns out to be asymptotically equivalent to a sub-
multiplicative function.

Given @ > 0 and ¢ : [0,00) — R with lim, ,,e(z) = 0 such that e(u)/u is locally

integrable, we define

fo(x) = exp (/{LM] fls+a) ,\(ds)) L 2>0

S

which is of type IC whenever ¢ is nonnegative and ultimately nonincreasing.
Lemma 4.2.5. Let {(z) = exp (f[l,wx] @ /\(ds)) € R and a > 0.
(a) For each a >0, by, < by, = L.
(b) If € is nonincreasing and nonnegative in [a+1,00), then ¢, . is submultiplicative and

Increasing, i.e.
Ea,s(xy) S Ea,s(x) ) Ea,s(y) for all x,y Z 0.
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(¢c) Each € € R satisfies £ < Zfor some increasing submultiplicative le RIC. Conse-
quently, each ¢ € RIC is asymptotically equivalent to some submultiplicative o € RIC

with increasing slowly varying part /.

Proof. (a) Forallz >a+1,

by ()
5075(33)

v
@
S

o

= ((1+a)" €(0,00).

On the other hand, choose b > 1 such that ¢ is nonincreasing in [b, 00), and fix
z > b. Then

el = ew(f O=ay)
- ( /M e(s + ai OBy ds)) e ( /M e(s + ai —<l9) 5 d8)>

< exp </[1,b] (”“8 ()A(ds)) < oo

because (s + a) —e(s) < 0 for all s > b.

(b) Put L(z) :=log ¥, .(z) for which we have to verify
L(zy) < L(z) + L(y) for all z,y > 0.

But since
log(1V zy) <log(lVz)+log(lVy)foral z,y >0

and ¢, := ¢(a + -) is nonincreasing in [1, 00), this follows from

L(zy) = / €a(s) A(ds) = / ea(e®) A(du)
[1,1vay] S [0,log(1Vzy)]
< / ea(e”) Mdu) + / a(€") A(du)
[0,log(1Vz)]

[log(1vz),log(1Va)+log(1Vy)]
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VAN

/ eq(e®) Adu) + / eq(e") A(du)
[0,log(1Vz)] [0,log(1Vy)]
= L(z) +L(y)
for all z,y > 0.
(c) follows from (a), (b) and the multiplicativity of  — z®.

O

The following lemma provides estimates for expressions of the form (zy) when 1 is
an element of €* and also asymptotically equivalent to an element of RRIC. Note that by

the preceding auxiliary result, v is also asymptotically submultiplicative.
Lemma 4.2.6. Given o € (2",2"*") for some n > 0, assume that (z) = z%4(z) €
€ MR, and b < ¢ for some ¢ € RIC. Then the following assertions hold true:

(a) There is a finite positive constant C > 0 such that
Y(ay) < Clp(z) + 2 - [(¥(y) +y*) V1] for all 2,y > 0.
(b) Put ¢(x) :=x~14p(x), z > 0. Then

Y(zy) < Cx®(Y(y) +y*) for all (x,y) € (0,1) x [1,00)

and
P(zy) < Cz* '(W(y) +y* 1) for all (z,y) € (0,1) x [1,00).

Proof. (a) Put ¢(z,y) := [¢(z) + 2] - [(¥(y) + y*) V 1] and write ¢ in the form ¢(z) =
z*{(z). By Lemma 4.2.5(c),

o(z) < p(x) = z%(z) € R, (4.2.10)

such that ¢ is submultiplicative in [0, 00). Since £ < ¢ < 7 and lim,_, £(s) = oo,
the same is true for £ and E, and we can pick Cy > 1 such that

inf (z(s) A Z(s)) >1,

s>Ch

0 < inf w(s) < sup ¥(s) < 00 (4.2.11)

s2C1 @(8) T s>cp ()
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and

inf 208 gy Y1) (4.2.12)

0< in < 00

s>C1 ¢(S) - SS;CI')l ¢(8)
because 1 < ¢ and ¢ < ¢.

Fix n € (0, 1). From the uniform convergence theorem for regularly varying functions
(see Theorem 1.5.2 in [30]), we know that

)

im ——= = 2% uniformly in z € [n/2, C}].
y=oo Y(y) In/2, Gl
As z — 7% is bounded in [5/2, C;], we conclude that
. Y(zy) . :
1 = 1 uniforml € [n/2,C],
ylglo w(y)xa uniiormly i [77/ 1]

i.e. there is some Cy > C such that
Y(zy) < 22%Y(y) < 2¢(z,y) for all x € [n/2,C4] and all y > Cs. (4.2.13)

We now distinguish various locations of x and y :

Case 1 (z > Cy,y > ()

If x > C) and y > Cy, in particular zy > C}, we obtain from (4.2.11) that

P(zy) < Coplzy) < Co(x)p(y) < CY(2)y(y) < Cq(z, y).

Case 2 (y < (%)

As 1) is nondecreasing, (4.2.5) gives

Y(zy) < Y(Coz) < Cop(z) < Cqlz,y).

Case 3 (z < C1,y > ()

This is the most difficult case and requires some more work. If z > 7/2, (4.2.13)
gives the assertion, so we may assume 0 < x < 1/2, y > C5 and distinguish three

subcases.

(i) If zy > Cy > C1, (4.2.12) shows

Y(zy)  Colry)  Cx*l(zy) o
o) = ey - fw) C

because £ is nondecreasing in [Cy, 00) and = < 1. Hence,

Y(zy) < Cz®yY(y) < Cq(z,y).
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(ii) If n < zy < Cy,

<z sup £(s)=Cz®
) s€[n.Co]

Y(ay) _ 2*l(xy)
vy) 4

because £(y) > 1 and £(s) = s~%(s) is continuous and therefore bounded on
[n, Cy]. Again, this yields ¢ (zy) < Cq(z,y).

(iii) If 0 < zy <n(< 1), (4.2.6) implies
Y(ay) < Clay)™" < Clay)* < Cq(x,y).
The proof of (a) is herewith complete.

(b) is an immediate consequence of (a) and (4.2.7).

4.3 The related multiplicative random walk

In the following, the measure

£:=) ETile,
i>1
will play an important role. Due to our assumption g(1) = Y., ET; = 1, { is a distribu-
tion on (0, 00). Suppose that X, X, ... are independent random variables with distribution

¢ and denote by (Mp,),>o the associated multiplicative random walk, i.e. My :=1 and
n
M, = HXi’ n > 1.
i=1

The following result gives the connection of (M, ),>o to weighted branching processes. It
is due to Biggins and Kyprianou if (3.1.3) holds (see [24], Lemma 4.1 (iii)). Although the
proof in our situation does not require additional arguments, we give it in our terminology.
In the case where ||N||oc = ess sup/ N < oo, a similar random walk has been used by
Durrett and Liggett [44].

Lemma 4.3.1. (a) For alln > 1 and 1, ...,x, > 0,

P(M; < &y,..., M, < z,) =E [Z L(v) ﬁ 104, (L (1, ...,vk))} .



4 On the existence of ¢g-moments of the martingale limit of a WBP 109

This implies

Ef(M,) =E | 3 L) f(L(v)) (4.3.1)

|v|=n

for all measurable f > 0, in particular
Y EL(v)* = g(a)" (4.3.2)
|v|=n
for any o > 1.
(b) Suppose that ¥ : R? — [0,00) is a measurable function. If for fited n > 1, I1, TI(v)
(lv| = n) are i.i.d. nonnegative random variables such that
o (II(v))|y|=n is independent of F, and
e II is independent of M,,

then
> EL()¥(L(v),TI(v)) = B¥(M,,TI). (4.3.3)

v|=n

Proof. (a) The proof runs by induction on n. The case n = 1 is simple because by

definition,

E|> L0)luwsen)| =E

lv[=1

Zﬂl{nswl}] =&((0,71]) = P(M, < z1).

i>1

Now suppose the claim is proved for some n > 1 and all ¥, ...,y, > 0. Then using

the inductive hypothesis in (%), we infer

> E (Lw) | R vm)

lv|=n+1

- Y YE (L(w)ﬂ-(w) [T 200 (L)) 1<o,zn+ﬂ<L<w>Tz~(w>)>

lw|=n i>1 k=1

I

Z /(0 ) sE Z L(w) H 1(0,$k]((L(w1’ e wk))1(0,$n+l](8L(w)) P (dS)

i>1 |w|=n

—~
*
a3

= Z/ SIP(MI S I, "'7Mn—1 S xn—lan S Tp N mn—f—l/s) P(T; € dS)
(0,00)

i>1
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Ml < L1y -ee Mn—l S Tp—-1, Mn S Ty N\ xn—l—l/s) f(dS)

I
S

(0,oo

Ml < zy, ---aMn—l S xn—laMn S Tn A $n+1/8) ]P(Xn+1 € dS)

Il
—

(0,00
( M < i Mn+1 S xn+1)-

I
‘i

(4.3.1) follows from this by the standard extension arguments and yields
Y EL(v)* =EM ' = (EM? ') (ZET“) = g(a)"
[v/=n i>1

for arbitrary n > 1, as desired.

(b) A simple calculation using (a) and the independence of the random variables en-

countered gives

EU(M, 1) = / BU(M,, s) P(II € ds)
[0,00)

-y /[ EL(H(E(). ) BI() € )

v|=n

= Y EL(v)¥(L(v), I(v)).

lv|=n

Remark 4.3.2. The previous result allows us to give another proof of the implication
ng(ﬁ) < 1 for some ﬁ >1 =v< 0”

(cf. Remark 3.6.3): Without loss of generality, assume y_ < oco. Since 74 < oo by Re-
mark 3.6.3, Elog® M; = ., hence E|log M;| < oo, and EM?™" = ¢() by the preceding

lemma, Jensen’s inequality yields

(B—1)y= (8- 1)Elog My = Elog M{"! < log EM{ " =logg(8) < 0.

The subsequent lemma, will be of importance in Section 4.4 because it links the pair
of conditions Ey)(Z;) < oo and g(a) < 1 to the convergence of a certain series. Its
proof is heavily based on the application of a result by Sgibnev [100] which gives sufficient
conditions for the finiteness of the ®-moment of the supremum of an additive random walk
with negative drift, where ® is submultiplicative in the sense that ®(z +y) < ®(z) - ®(y)
for all z,y > 0 (cf. [100]).
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Lemma 4.3.3. In the situation of Lemma 4.2.6, suppose that Eap(Z;) < oo and g(a) < 1.
Then

> EG(My) = > EMp~ (M) < oo

k>0 k>0

Proof. We consider the additive random walk (log M,,),>o first (Note that M, is a.s.

strictly positive). Since
Elog* My =) ET; log™T; = 7
12>1
by the preceding lemma, and v, is finite by Remark 3.6.3,
Elog M; ==Y ET;logT; € [-00,0)
i>1

by Remark 4.3.2 and the fact that g(«) < 1. Hence, the strong law of large numbers
guarantees that

lim log M,, = —0 a.s.,
n—oQ

i.e. lim, ,o, M, = 0 a.s.. Consequently,
o1:=0:=inf{n > 0:log M, < 0} =inf{n >0: M, <1}

is finite with probability 1 (and even integrable, see Korollar 14.2.3 in [2]).! Moreover,
for n > 1, put

Ont1 = inf{m > o, : log M,, — log M, < 0} = inf{m > o, : M,,/M,, <1}

and note that o, is also integrable (see Satz 1.4.4 and Korollar 14.2.3 in [2]) . This

gives the decomposition

o—1 opt1—1
D EO(My)=E | U(M)| + D ES(Mo) + D E| Y ¥ )] = i+ T+ Js,
n>0 k=0 n>1 n>1 k=o,+1

where empty sums are to be read as 0. As to J;, observe that by Lemma 2 in [64] and the
fact that v = Elog M; < 0,

Ef (sup log Mn) ZIEf log My)1ipspy = —IE

n20 k>0

o—1
> f(log M ]
k=0

!Here and in the following, we make use of the standard convention inf §) := co.
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and

o—1
1
Ef {supM, | = —E M, 4.3.4
f (s, ) = g gﬂw] (1.3.4
for each nonnegative, measurable f. Since Eo € [1, 00), this yields

Ji =Eo -Ey <sup Mn> < Ey (sup Mn) =: R(v).

n>0 n>0

Applying Lemma 4.2.6(b) for y = 1, we obtain ¢(x) < Cx*! for all z € (0,1), whence
by Satz 1.4.4 in |2],
=) Ep(M,,) <CY EME ' =C) (EMI )" <0
n>1 n>1 n>1

where M, < 1a.s. and EM2~! € (0,1) have been utilized. We now turn to J;. Evidently,
if 0, <k < opy1, My /M,, > 1. Putting
H(y) = @) +y* "), y>1,
Lemma 4.2.6(b), (4.3.4) and Satz 1.4.4 in |2] show
[On4+1—1
5= e[S o)

n>1 Lk=0n+1

Opt1—1
< Y E|M! Z H(Mk/Man)]

n>1 L k=on,+1
o—1
< > EMS'E ZH(Mk)]
n>1 k=0
< EH [sup M, | - IEJM;“_1
() 3
0
< E <supMn)-Z(1EMg—1)"
n=0 n>1
< R(y)

because 0 < M,, <1 a.s. and EM2 ! < 1. For (e), recall that

s on l—a _ 7; —a _ Yin ) _
o PE)E S = Jig laje™ = Ji, He) = oo,

i.e. EX ! < F)(X), hence EH(X) < i) (X) for any nonnegative random variable X.
To show J; + J3 < 0o, we are left with the proof of

R(¢)) = Ey o exp <sup log Mn) < 00.

n>0
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By assumption and Lemma 4.2.5, ¢(z) < ¢(x) = 2*4(z) € Rq which is submultiplicative
with increasing slowly varying part £ such that £(1) = 1. Therefore, ¥(z) < B(z) :=
xa_lg(x) which is also submultiplicative and increasing, and since 1 is locally bounded

on [0,00), we can confine ourselves to establishing that

Ep* (sup logMn> < 00,
n>0
where
©*(z) == B(e®) = el V%0(e?), 1z €R,

which has ¢*(0) = 1, is measurable, nondecreasing and submultiplicative in the sense that
ez +y) <p*(z) ¢*(y) forallz,y € R
(cf. [100]). To apply Theorem 2 in [100], it is necessary to determine

r+(p*) := lim log ¢*(x) =a—1+ lim %.

T—00 x T—00 X

log £(y)
logy

But by Proposition 1.3.6 in [30], lim, = 0 which in turn gives
ri(p*)=a—1¢€ (0,00).

Write F := P(log M; € -) = &(log € -) and denote by

B(s) = /]Re”IF(dx) - /]Re” Pllog M; € dz) = EM? = g(s + 1) € (0,00], s> 0,

the moment generating function of I, in particular

A

F(ri(¢")) =Fla—1)=g(a) < L.

As in [100], we introduce the associated measure F(;) on [0, 00), defined by

Fry(4) = / F((z,00)) Mdz) (A€ B

which is finite because Remark 3.6.3 and Remark 4.3.2 ensure

Fy) ([0, 00)) = / Pllog™ M; > 2) A(dz) = Elog™ M = v, < 0.

[0,00)

We want to apply Theorem 2 in [100] which still requires finiteness of

/[0 ) ().
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Recalling the fact that ¢* is increasing, i.e. locally bounded and that ¢*(z) < 1(e?), we

infer
/[ ) go*(a:) ]F(l) (d:r) <1I:= : )E(ez) ]F(l)(dx).
0,00 0,00
It suffices to analyze the latter integral which can be rewritten as
= [ P o0) M)
0,00
= ) E (T / D(€%) Lrsen) A(dx))
i>1 [0,00)
s
= Z]E (T%]-{TZ-ZI} (2) )\(ds)) .
i>1 LT 8

Since #(s) = s~@(s) is continuous, hence locally bounded on [1,00), and a — 2 > —1,
Karamata’s theorem (Proposition 1.5.8 in [30]) enables us to find constants C' > 0, zp > 1
such that

Cy(2)

z

for all z > z;.

12 = [ Y A = /[1 ]s“é(s)x(ds)gczalé(z):

[L,2] S
Moreover, J(z) is finite. Putting these estimates together, we get
I < J(20)) ETlgcnco + O E (Tl (Th)
i>1 i>1
< J(z)+C ) Ey(T)
i>1

< J(20) + CEY(Z1) < o0

because 1 is superadditive in [0, 00) by Lemma B.1. Now an application of Theorem 2 in

[100] completes the proof. O

The following remark collects two basic asymptotic properties of the sequence (&,)n>0
which are immediate consequences of the strong law of large numbers and the central

limit theorem, respectively.

Remark 4.3.4. Suppose that v, < oo and v = Elog X; € [—00, 0).
(a) For any s > 0,

fn([oa 3]) =P (i: logXZ- < ]0g3) G |

: n—00
=1

because lim,,_, o, 2?21 log X; = —o0 a.s. by the strong law of large numbers and the

fact that v = Elog X; < 0.
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(b) Suppose that 7% := Var(log X1) = Y_,5, ET; log” T; — 7* € (0, 00). Then an applica-
tion of the central limit theorem yields that for any s € R,

gn ({0, en’y—l—sr\/ﬁ]) — P (Zi:1 IO%/)_('L — ny < 8)
UEVAL)
[ ThllosXi - Elg X)) _
n Var(log X)

1 s 2
— P(s) = —— e ¥ /2d .

We have stated at the beginning of this section that ), ET;1(7,c.} renders a probability
measure on (0, 00). This fact is complemented by the subsequent result which shows that

any distribution ¢ on (0,00) has a representation of this kind.

Lemma 4.3.5. Given any distribution ¢ on (0,00), there is a weighted branching process
(Zn)n>o0 with independent generic weights Tv,T5, ... such that P(N > 2) > 0 and

((A) =) ETligeay for all A € B o).
i>1

If f(O,oo) L{(ds) < oo, (T;)i»1 may be chosen such that ||N||s = ess sup N < co.

Proof. We consider the non-zero measure  on (0, 0c), defined by
1
Q(A) = ; g(ds)a Ae ]B(O,oo)a
A

which is o-finite because Q([1/n,n]) = |,

1/ n]%C(ds) <n < oo for all n > 1. In the rest

of this proof, the total mass

|ww:m&m»=/ L

(0,00) §

plays a crucial role:

(L) If ||Q|| < oo, choose K € IN such that K > 2V ||Q|| and put
1
Q1 :=...:= Qg := EQ’ Qi:=0,1>K+1,

and p:=1—Q,((0,00)) = 1 — 9l ¢ [0, 1). Furthermore, define

K

A

Qi=pho+ Qi 1<i<K, and Q;:=6,i>K+1.
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(IL.) In case ||Q|| = oo, the o-finiteness of @ enables us to find measurable, pairwise
disjoint sets A; C (0,00), j > 1, such that for each j > 1, @, := Q(- N A;) has
0 < [|Qj]l < oo. Without loss of generality®, we may assume that sup;, [|@;]| < 1.
Now let p; :=1—||Q;]| < 1 and

Q; =pido+Q;, j>1.

In either case, note that @ = > .., @; and that each Qj is a probability measure on
[0,00). Choose independent (nonnegative) random variables T}, j > 1 such that each 7}
has distribution Qj. This yields that by the definition of @,

S BLimey = 3 [ sQulds)

i>1 i>1

= Z/ASQi(dS)

i>1

- [ squs)
- /Aséddshé(fl)

for any A € B(g ). To finish the proof, note that in case (I.),
P(N >2)>P(Ty AT, > 0) = P(Ty > 0)P(Ty > 0) > (1—p)>> 0

and
P(N S K) 2 ]P(TK+1 == TK_|_2 = ... = O) - ]_,

while in case (II.),

P(N > 2) > P(Ty > 0)P(Ty > 0) > (1 — p1)(1 — ps) > 0.

Given a measurable space (X,.A4), denote by M(X,.A) the collection of all probability
measures on (X, A). Furthermore, let 7; : RN — R be the projection to the ith component

(i >1). Then the following remark paraphrases Lemma 4.3.5 in measure-theoretic terms.

2Qtherwise, we may proceed as in (I.)
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Remark 4.3.6. In a more measure-theoretic language, the previous result says that the

mapping

{F eM ([0’ OO)]N,IB][I(\)I,OO)) . Z/[;) . T, dl' = 1} — M((0,00); ]B(O,oo))a

i>1

T / 7 dT,

is surjective. However, it is not injective because in case (I.) of the previous proof, K can

be chosen arbitrarily large.

4.4 Results concerning ¢ € iﬁ}f

The following theorem gives necessary and sufficient conditions for 0 < E¢(W) < oo when
« is not a dyadic power and ¢ belongs to the class SRIC. Its proof adapts the approach
used for the case ¢(x) = z and applies Theorem 3.4.3. This is possible because ¢(x)
grows stronger than z% as seen in Section 4.2. Moreover, the auxiliary results stated in
Lemma 4.2.6 and Lemma 4.3.1 will enter into our arguments as well as Lemma 3.3.2.
Evidently, we may exclude the case Z; =1 a.s. in which E¢(W) = ¢(1) = 1.

Examples will be given in the final section of this chapter.

Theorem 4.4.1. Suppose that P(Z, # 1) > 0 and let ¢ € RIC for some a € (1, 00) which

s not a dyadic power. Then the following assertions are equivalent:
(i) E¢(Z1) < o0 and g(a) = 3,5, BT < 1,

(ii) E¢(W) € (0, 00).

Proof. As in the proof of Theorem 3.4.3, we start by showing that sup,,s., E¢(W;) < oo if
E¢(Z;) < oo and g(«) < 1. For this purpose, choose ¢ € €*NR, according to Lemma 4.2.1
and C, o > 0 such that ¢(z) < Cy(x) for all z > xy. Now for arbitrary n > 1,

Ed’(Wn) < Egﬁ(Wn)l{Wnﬁzo} + CE¢(WH)1{Wn>I0} < sup d)(s) + 0E¢(Wn)7

z€[0,z0]

so a fortiori, sup,sqE#(Wy,) < sup,sqoEy(W,) because sup,cp,, ¢(s) < oo. In other

words, the crucial point is to prove that

sup Ey(W,,) < co.

n>0
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In analogy to the proof of Theorem 3.4.3, this is carried out inductively, but now dis-
tinguishing the cases o € (2},241), 1 > 0. Write ¥ (s) = s*4(s), s > 0, and put Y (v) :=
Yisi Ti(v) = Land I(v) :=1V >, Ti(v), v € N.

Suppose that « € (1,2) which means 1 € €N MR,. In particular, ¢ is convex with
concave derivative which implies by a double appeal to the Topchii-Vatutin inequality
(Theorem B.4) and by Lemma 4.2.6 that

sup Bgp(W,) < (1) + > Ep(D

< g2 3 B0y ()
n>1 |y|=n—1
< )Y Ep(L()(v)) (4.4.1)
n>1 |ly|=n—1
< )) + L(v)* ) - | »(IL(v)) + (v)*
> 3 E[(ston i) )
B[V Z)+ (V) -3 > (E(L(v) +EL()*)
n>1 |y|=n—1
“ > > (EY(L(v) +EL(v)*)
n>1 jv|=n—1
= > > EH(L©)+ > g(a)"
n>1 |v|=n—1 n>1
= Tt L)
< ) Ep(M,),

n>0
where as earlier 1(s) = s '4)(s) = s* *4(s), s > 0. In (%), we have utilized the fact that
Ep(1V Zy) <Ep(Z1) < Ep(Z1) < o0

Furthermore, ¢ € RIC implies E(1 V Z1)* < E¢(1 V Z;) < oo. For the penultimate line,

we also used Lemma 4.3.1. So we have shown that

supEgp (W) < Y B (M

n>1 n>0

and the latter sum is finite by Lemma 4.3.3.
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Now assume that the claim is proved whenever o € UL_,(2F,2¥*1) for some | > 0, and
pick o € (21,22) in which case ¢ € €} ;. As Lemma 3.3.2 shows, we may restrict

ourselves to proving that

l
Qul +1,0) =S~y (Zﬁfm)> and Qo1+ 1,4) = > > EBS " (D)

k>0 m=0 k>0

are finite, where for s > 0 with g(s) < oo,

E(()S) =1 and EE:) = Z L(v)? (Z T;(v)° — g(s)) , k>1.

lv|=k—1 i>1

Note that Lemma 3.3.2 is applicable because u(27!) < E¢(Z;) < oo and g(21!) < 1.
Moreover, it is obvious that €* is a subset of the function class 3 defined in Section 3.3.
Put s := 271, Turning to @Q:(l + 1,%) first, observe that S~ € € is convex with
concave derivative. Hence, a similar argument as in the proof of Theorem 3.4.3 (when

estimating Q1 (I + 1, «)) ensures

Ql+1,9) = ES™y (ZE@)

< P1)+4) > EST (L(U)s (1 vZ:/;-@)S)) (4.4.2)
k>1 |v|=k—1 i>1
< Y1) +4) 0 > ESH (L(v)s <1VZ7}(v)) )
k>1 |v|=k-1 i>1
< >N Ep(L()(v)) < oo.
k>1 |u|=k—1

For the last estimate, recall that
S Y BSLW) < Y E(M,) < o0
k>1 |v|=k—1 n>0
by the same argument as in (4.4.1) of STEP 1.
To show Q2(l + 1,%) < 0o, or equivalently,

U(m,y) == Z]ES’mw (3227”) < oo for all m € {0, ..., 1},

E>1

fix m and note first that Ei)(7;) < oo gives

Bs ™ (D)) <ES ™y (1 Y ZT) <ES (v 2)™) =Bu(1v 21) < oo

i>1
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Concerning Zk22 ES ™y (ﬁ,(fm)) , another appeal to the Burkholder-Davis-Gundy in-
equality (Theorem B.2) shows that it is sufficient to prove

> ik, maw) + Y Ja(k,m, 1)) < oo, (4.4.3)
k>2 k>2
where
Ji(k,m, ) = BS ™™y | p(2mtt) N L(w)?
lv|=k—1
and

Y L) —g(2")

i>1

Jo(k,m, ) = ) ES™™p (L(U)Zm

lv|=k—1

(cf. (3.4.3)—(3.4.5) in the proof of Theorem 3.4.3). But

S hlkymp) < >N EST™ (L(U)Qm (1VZTZ-(U)2’">>

k>2 k>2 |o|=k—1 i>1

IN

Yo Y ESTy | L) (1\/2:/;-(@)) (4.4.4)

k>2 |v|=k—1 i>1

= ) Y Eg(L()M(v)) < oo
k>2 |v|=k—1
since the convergence of the last sum has been obtained in (4.4.1). Asto ), Ji(k,m, 1),

note that for some constant C' € (0, 00) not depending on k,

Ji(k,m, ) <CES™ ' | Y L) | = CES ™ ' (Z) 1) (4.4.5)

lv|=k—1

in view of (4.2.5) and the fact that pu(2™™) < EZ% < E¢(Z;) < co. (4.2.5) is applicable

because S~ € &, ., and (Z,),>0 is the weighted branching process with generic

weights (T)i>1 = (T2 )i>1 satisfying
3(1) V(a/2m) = g(2) v g(a) < 1
by Lemma 3.3.1. As in Lemma 3.3.4 and in the proof of Theorem 3.4.3, we have written

g(u) = ZiZI]ET? for u > 1. According to Lemma 3.3.4, we can choose (Z,),>0 with

A

generic weights (7;);>1 such that

Zn < Z, foralln>0, (4.4.6)
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7, =c+ Z; a.s. for some ¢ > 0, hence
ES ™ 1(Zy) < ES ™ 1p(Z,) =ES ™ Ly (Z T) , (4.4.7)
i>1

and
(1) <1, gla/2mtty < ()™ (4.4.8)

with §(-) as in Lemma 3.3.4. For (4.4.7), just note that €* is a subset of the function class

3 considered in Lemma 3.3.4. Consequently, we can estimate
Jy(k, m, ) < CES™™ "4p(Zp—1) < CES™™ 14) (g(l)k_l(l v Wk—l)) ;

(W;);0 denoting the normalization of (Z;);>¢ with generic weights 7;/§(1), i > 1. Fur-
thermore, §(1) < 1 and Lemma 4.2.6(b) give

71 (§(1)F 11V W)
< C’g(1)(J‘(k71)/2m+1 (Similw(l \% Wk_1) + (1 V Wk_l)a/2m+l)

and thereby

Ji(k,m, ) < Cg(1)* D" qup [S*mwu V) + (1V Wj)aﬂ”“} . k>2.

j20

For Zk22 Ji(k,m, 1) < oo, it now suffices to establish

sup E [S_m_lw(l VW) 4+ (1V Wj)a/2m+1] < 0

j=>0
which reduces to

sup ES ™™ 1) (W;) < oo (4.4.9)

J>0
because ¢ < ¢ implies S ™ 4(z) /x> = $~™"1f(x) — co. In order to prove (4.4.9),
T—r00
it is readily checked that

(1) S~ 1yp(z) < S~ 1(x) = 22" exp (f[1,1Vx] S_;;:fs(s) )\(ds)) € m}x%mﬂ’
(II) a/2m™F € UL_, (2, 2841,
(1) ES ™ '¢(W:) < oo because ¢ =< 1, (4.2.5), (4.4.7) and Lemma B.1 imply
B g(111) < BS~ (W) < BS () < BS (7)< BY(4) < o

and
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7 a/2m+1 6(a/2m+1
(IV) ZiZIE (gﬁ)) = MWJ < 1 by (4.4.8).

Thus, an application of the inductive hypothesis to (Wn)nzo and ST 1¢ € %L%mﬂ
guarantees
sup ES ™ Lp(W;) < oo

320
and therefrom (4.4.9).
Summarizing, we have shown that

supEo(Wr) < Qi(l+1,9) +Q2(l+1,9)

n>0

< Joax U(m, )

o o aggmt\ K
< pax, |supES™ lw(Wj)-;(g(l) 2 +) ] <00
by (4.4.9) and the fact that maxoc,m<; §(1)%%™" < 1, as demanded.

Now the previously shown yields that E¢(WW) < sup,,s Eé(W,) < oo by the continuity
of ¢ and Fatou’s lemma, and also uniform integrability of the sequence (W}, ),>o itself, i.e.
EW =1 and E¢(W) > 0 by Theorem 3.4.1 since ¢ is ultimately positive.

On the other hand, if 0 < E¢(W) < oo, i.e. 0 < E(W) < oo, Theorem 3.4.5 shows
E¢(Z,) < Eyp(Z1) < oo by the convexity of 1. Moreover, since * = o(¢(x)) as © — oo,
we obtain EW* € (0,00), whence g(a) < 1 by Theorem 3.4.3. O

The following corollary is easily obtained by combining previous results.
Corollary 4.4.2. Suppose that EW > 0 and ¢(z) = xz%4(x) € R, for some o > 1. Then
Ep(Z1) < E¢p(W) whenever one of the following conditions is satisfied:

(i) « is not a dyadic power, i.e. a € (1,00)\ {2" : n > 1},

(ii) o =2" for some n >0 and £ < Uly for some £y € Ry,

(7ii) o =2" for some n > 1 and £ < Hey for some £y € Ry.
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Moreover, in either case g(8) < 1 for all 8 € (1,), and (ii) even implies g(a) < 1 if
a > 2. The same is true for arbitrary o > 1 if Ef (W) < oo for some nonnegative function
[ with liminf, . f(z)z~* € (0, oc].

Proof. The assertion follows by combining Theorem 3.4.5, Lemma 4.2.1 and Theo-
rem 3.4.3. We just have to mention that in either case, 2 = o(é(z)) (x — oc) for
B < «a by Proposition 1.3.6 in [30], and if (i7) holds, even z® = O(¢(z)) (z — o0) is
valid. =

Remark 4.4.3. By a similar argument as in the proof of Theorem 3.4.8, it follows for any
¢ € R, (a > 1) that Ep(Z;) = oo implies Ep(Z,,) = oo for all n > 1. We just mention
that by Theorem 1.5.3 of [30], ¢ ~ ¢ for some nondecreasing ) (which plainly also belongs
to Ra), and that by definition, f(ex) < f(z) for all regularly varying functions f and all
e > 0.

Remark 4.4.4. Arguing along the lines of Theorem 3.4.3, one can prove for any submul-
tiplicative ¢ € € that sup,E¢(W,) < oo if E§(Z1) < oo and } ., E¢(T;) < 1. Since

the only obvious applications are given by ¢(z) = z® for 1 < a < 2, we omit the proof.

Remark 4.4.5. As Theorem 1.1.6 is evidently applicable to any function ¢ € €, it follows
that provided EW = 1, Ey(sup,,»o Wn) < oo if and only if Ey)(W) < oco. Consequently,
if ¢ is regularly varying of order o > 1, and ¢ < ¢ for some ¢ € € (for instance, if one
of the conditions (3)-(iii) of Corollary 4.4.2 is fulfilled), then the same equivalence holds
with ¢ instead of .

The following corollary is stated without proof. We just mention that by the continuity
of ¢ € R, lim, o d(W,,) = ¢(W) with probability 1. Moreover, by choosing 1 as in the
proof of Theorem 4.4.1,

E¢ (sup Wn) < Ky (sup Wn> = ()P (sup W, > t) A(dt)
(0,00)

n>0 n>0 n>0

which enables us to argue with Theorem 1.1.6.
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Corollary 4.4.6. Suppose that (3.1.2) and (3.1.4) hold. Given ¢ € RIC for some o > 1

which is not a dyadic power, the following conditions are equivalent:
(i) Eg(sup,,so Wn) < o0,

(i1) sup,>o E¢(W,) < oo,

(i11) Eo(W) € (0, 00),

(iv) Ep(Z1) < 00 and g(ar) < 1,
(v) (¢(Wy))n>o is uniformly integrable,

(vi) lim, o Ed(W,) = Eo(W) € (0, 00).

Additionally, since ¢ is continuous and ultimately nondecreasing with ¢(0) = 0, (3)
ensures

lim Eg(|W, — W) =0

. La
by the dominated convergence theorem. Moreover, W,, = W as n — oo.

4.5 Results when the weights are decreasing along each

line of descent

In the preceding section, we restricted the class of regularly varying functions ¢ under
consideration in order to provide necessary and sufficient conditions for the existence
of ¢-moments of the martingale limit W. However, no serious additional assumptions
on the underlying WBP were imposed. This section is devoted to the opposite kind of
restriction: It will turn out that if an additional assumption on the weights 77,75, ...
is fulfilled, we obtain a result similar to Theorem 4.4.1 for a substantially larger class
of regularly varying functions ¢. When this additional assumption is in force, we only
require that ¢ is asymptotically equivalent to some ¢ € €*. For example, we can also
treat the case of dyadic exponents «, and the corresponding slowly varying part does not
necessarily have to tend to infinity (unless o = 1). To begin with, let us stipulate for the
rest of this section that

P (supT,- < 1> =1 and ec<1. (4.5.1)

i>1
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This means that for any sequence (k;);>1 of positive integers, the sequence of weights
(L(k1, ..., kn))n>1 is nonincreasing and obviously tends to zero with probability 1 by (3.1.6).
In other words, the weight of any cell/individual cannot be larger than the weight of its
mother. Plainly, the hypothesis ¢ < 1 excludes the trivial case of critical Galton-Watson
processes. Furthermore, we know from Remark 3.5.1 that g is strictly decreasing in [1, 00),
in particular g(a) < 1 for any « > 1. Together with Lemma 3.2 in [35], this even yields
limy, ;00 SUP|y =, L(v) = 0 almost surely. In view of Theorem 3.4.3 and Theorem 4.4.1,
this emphasizes that (4.5.1) is an essential restriction. In addition, note that v; = 0 and
—00 < v < 0. A further technical amenity is ensured by the fact that the multiplicative
random walk (M, )n>o from Section 4.3 has almost surely nonincreasing paths because
M; is a.s. bounded by 1. Finally, in the language of branching random walks, hypothesis
(4.5.1) corresponds to a branching random walk with positive steps, i.e. individuals can
only move to the right.

Before formulating the main result of this section which is proved by modifying the
proof of Theorem 4.4.1, we mention that when (4.5.1) is assumed, the techniques used in

this chapter also provide a new proof of the implication
“EZ, logt Z; < co = EW = 1¢

(cf. Corollary 4.5.3) which was already obtained in Theorem 2.4.17 for arbitrary ordinary
weighted branching processes. As stated above, the condition v € [—o0,0) is automati-
cally satisfied.

When the underlying branching process is a branching random walk (with not neces-
sarily nonnegative steps), the case o = 1 and #(z) = (log™ z)° for some § > 0 (and hence
Ul(z) < (logt x)'* as will be checked in Section 4.6) of the following result is due to
Biggins [19]. Again, we exclude the trivial case Z; = 1 a.s.. Example 4.6.2 in the following
section will point out that Theorem 4.5.1 comprises the case of supercritical GWP and
therefore generalizes well-known results on this type of branching process. Notice that in
case « = 1, we only give a sufficient condition for 0 < EW /(W) < oo, and recall that

Ul(z)

lim, o Ty = for any slowly varying function /.

Theorem 4.5.1. Suppose (4.5.1), P(Z; = 1) < 1 and let ¢(z) = 2*4(z) € R, for some
a>1. Then
0<Ep(W) <o iff Ep(Z1) < o0

for any o > 1 which is not a dyadic power. The same equivalence holds if o = 2™ for
some n > 1 and either £(x) < Uly(x) or £(x) < Hly(z) for some £y € Ry. Finally, if
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a =1 and ¢ satisfies limy o £(x) = 00 and €(x) < Uly(x) for some £y € Ry, then

0 <EWLW) < oo if BZULZ) < .

Before starting the proof, another appeal to Lemma 4.2.1 allows us to choose 1 € €*NR,
with slowly varying part ¢ such that 1 < ¢. Note that lim,_ @ = limg; @ = 00

by Proposition 1.3.6 in [30] and the additional assumption on £ when o = 1.

Proof. We start by showing that the conditions E¢(Z;) < oo or EZ,U¢(Z;) < oo, respec-
tively, are sufficient for (W) < oo by establishing sup,,soE¢(W,) < oco. This is once
more done by distinguishing the cases ¢ € €}, 7 > 0, and by using a similar procedure as
in the proofs of Theorem 3.4.3 and Theorem 4.4.1.

CASE 1: ¢ € €

First suppose that 1) € € which evidently corresponds to one of the following cases:
(I) 1 <a<2and Ep(Z7) < o0,
(I1) o =2, £ < HY, for some £y € Ry and E@(7;) < oo,
(TIT) a =1, £ < U, for some £y € Ry and EZ,UL(Z;) < co.

By the choice of ¢, ¥"(0) € (0,00). Then the same arguments as in STEP 1 of the proof
of Theorem 4.4.1 (cf. (4.4.1)) give

sSUpE(Wa) < D > E(L(0)II(v)),
n20 n>1 |yj=n—1
where II(v) =1V Yo, T;(v), v € N. By an application of Lemma 4.3.1(b)?, we obtain
DD EH(L)(v) = Y EM, ' (M,IT) = > EMg TI*(M,I),
n>0 [v|]=n n>0 n>0
where II is copy of 1V Z; that is independent of (M, ),>o. Now fix a € (0,1), recall that

lim,,_,o, M,, = 0 a.s., define 75 := 0 and for n > 1,

T i=inf{k > 7,1 : My/M, _,} <a  [inf() = oo]*.

3Choose ¥ (z,y) = ™ (2y)1(0,00)x[0,00) (¥, ¥) and recall that ¢(0) = 0 and M,, > 0 a-s..
AWriting v = 7i(a) for a € (0,1), it is well-known from renewal theory (cf. Satz 0.3.1 in [2])

that limaw% = _%Y (= 0if vy = —o0) because 7i(a) = inf{n > 1 : —logM, > —loga}, and

(—log My)n>o is a standard renewal process with drift —y € (0, co]. In particular, 7, < co a.s. for all n.
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Then
[ Th41—1
SCEMIMMI) = > E|IT Y (MID)* (M)
n>0 n>0 L k=Tn
*) e
2 e[S @i
n>0 L k=Tp,
= D" a "E[(@" (") (a1 — 7))
n>0
= ]EﬁZa_"]EdJ(a"H).
n>0
For (%), observe that =z — @ = 2*1{(z) is nondecreasing by Lemma 4.2.2, and that

My < a™ if k > 7, because (My)g>o is a.s. nonincreasing. For the last line, just note
that II is also independent of (7,,),>0 and that for each n > 0, 7,11 — 7,, has the same

distribution as 71. Now we know from Lemma 4.3 in [6] and the fact that Emy < oo that

Eri Y o "Eip(a"IT) < EL(IT),

n>0

where it should be recalled from (4.2.8) that L) (z) = fo 4 f(o q Y A(dr) A(ds) for z > 0.

Furthermore, we have stated in Lemma 4.2.3 that Ly < ¢ < ¢ if (I) or (II) is valid,
whereas in case (III), Li)(z) < 2Ul(z) =< 2Uf(z) by Lemma 4.2.3 and the fact that £ =< /.

Hence,

?}i{?m (W) < EL(I) < { Ep(Z: ) if (I) or (II) holds } o

EZ,Ue(Z,)  if (III) holds

CASE 2: ¢y € ¢/, for some [ >0

I+1

Now assume that 1 € &€}, , for some [ > 0 which is tantamount with the validity of one

1+1
of the following three conditions:

(I) 27! < a < 242 and Eé(7;) < oo,
(IT) o = 2!*2, ¢ < H¥, for some £y € Ry and Ep(Z;) < oo,
(III) o = 241 ¢ < Ul for some £y € Ry and Ep(Z;) < oo.

Since 1(z)/22"" is nondecreasing by Lemma 4.2.2, E¢(Z;,) < oo ensures pu(21) < oo,
and g < 11in (1,00) by (4.5.1), Lemma 3.3.2 shows that it suffices again to prove that the
terms Q1(l + 1,%) and Q2(I + 1,%)) defined there are finite.
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-1 _(2l+1)
e Asto Q1(l+1,¢) =ES "¢ (Zkzo D, ) , (4.4.2) shows

Qil+1,9) <Y > Ep(L(w)(v)).

nZl |1)|:n—1

Put ¢(z) = “®@) for x > 0 and observe that by another appeal to Lemma 4.2.2,

T

% can be continuously extended to the point 0 via 1(0) = 0. Furthermore, the

same lemma ensures that @ is increasing in (0, o). Hence, Proposition B.9 in [85]

implies that v is star-shaped which means that 1 (rz) < rv¢(z) whenever r € [0,1]
and z > 0, or equivalently, ¥ (rz) < r?(z) for all (r,z) € [0,1] x [0, 00), giving

Qil+1,9) < Y ) Ep(L(v)I(v))

nZl ‘U|:TL*1

< EY(1VZ)Y, Y EL(®)

n>1 lv|=n—1

= Ey(1VZ1)) g2 <0

n>1

because sup,c  L(v) <1 a.s. and g(2) < 1.

Turning to Qo(l +1,%) = 3L _, > k0 ]ES*mw(b,(fm)), it suffices to prove finiteness
of 3 iso Ji(k,m,¢) and 3,5, Jo(k, m,¢) for all m € {0, ..., 1} (cf. (4.4.3)). But by
(4.4.4) and the calculations used for Q; (I + 1, ), it follows that

D Dh(k,m) <> Ep(L(w)TI(v) < oo

k>2 k>2 |v]=k—1
for each m, whence we can focus on the expressions
> hlk,m ) =ESTm M | p@m) > LT, 0<m <L
E>2 v|=k—1

Recall from (4.4.5) that for each £,

Jl(k? m, Q,b) S CESim*lw Z L(U)2m+1

lv|=k—1

for some C depending only on m and . Furthermore,

ES™™ ' | > L) | <ESTw | > L(v)?

lv|=k—1 lv|=k—1
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by an application of Lemma B.1 to z — 22", i.e. we can restrict to the case m =0

which requires finiteness of

Y ES 'y Y L)

k>2 |v|=k—1

Now fix € > 0 such that 1 < §:= a/2+¢ < a. Then

-1 ~1p
S () _§ Y@
B 1€ T—00

by Proposition 1.3.6 in [30] and the fact that S~/ is also slowly varying. As S 14

belongs to €, lim,g w = 0 by Lemma 4.2.2. Hence, we obtain the esti-

mate S~'¢(z) < Cx + Oz’ for some C € (0,00). Since Y405 >, EL(v)* =
> k2 9(2)! < oo, finiteness of Y-, ., Ji(k,m, ) reduces to that of

g

Se 3 ) -yez

k>2 v|=k—1 k>2
when (Z,)n>o denotes the WBP with generic weights (T1,T5,...) = (T2,71%,...).
Note that by (4.5.1), g(s) = ;5 ET, = > is1 ET7?® satisfies g(1) V g(8) < 1. Now
another appeal to Lemma 3.3.4 allows us to choose (Zn)nZO with generic weights
(Tz-)izl such that Z, < Z, as. foralln > 0, Z; = ¢+ Z; a.s. for some ¢ > 0,
9(1) =>4 ET; < 1 and §(3) = ZiZIETf < §(1)”. Hence,

EZ, <EZ} < §(1)* -supEW/ for all k> 1, (4.5.2)
j=0

where (W) ;50 is the WBP with generic weights (7;/§(1))i>1. Notice that

sup IEWf < 00
320

- 15 .
by Corollary 3.4.7 because ZiZI E (g:(ri)) = % <1 and
P8 o6 L w7° g
EW, <EZ] < EZ] <EZ] <E¢(Z;) < 0.
For the last line, we utilized z# = o(¢(x)) as # — oo and the fact that by (4.5.1),
Z) = Yois1 TP <3251 Ti = Zy as.. Now use (4.5.2) and §(1) < 1 to infer

SUEZS < 37517 - sup EWY < oo,

k>1 k>1 320

Summarizing, we have shown that E¢(Z;) < oo implies sup,,.q E¢(W,,) < oc.
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As ¢ is continuous, sup,,sq Ey (W, ) < oo implies (W) < oo, whence sup,,»o E¢(W,,) <
oo and E¢(W) < oo since ¢ =< . To show Ep(W) > 0, note that lim, d’ff) =
and sup,,5q Ky (W;,) < oo imply uniform integrability of (W, )n>o (cf. [47], p. 74). Then

the claim merely requires an application of Theorem 3.4.1 since ¢ is ultimately positive.

The converse assertions follow from Corollary 4.4.2 because if & > 1, 0 < E¢(W) < oo
implies 0 < EW# < oo whenever 1 < 8 < a, hence uniform integrability of (W,,)n>o and
EW = 1. U

Remark 4.5.2. (a) In the particular case ¢(x) = z(log™ z)? for some positive 3 one
could also argue by using Lemma 6 in [21]| instead of considering the embedded

multiplicative random walk (M, )n>0.

(b) In the situation of CASE 1 of the previous proof, suppose that subcase (I) is valid,
i.e. 1 < a < 2. Then we can give an alternative argument for sup,,s.o E¢)(W;) < oo
by using a result on regularly varying functions: Choose § > 0 such that § = a—¢§ >
1, recall that ¢ (z) = 2*¢(x) for > 0, and put

Ys(x) = wﬂg) = 220(z) € Ry.

From Theorem 1.5.3 in [30] we know that 1)5(x) ~ t;(z) for some increasing function
Y5 : [0,00) = [0,00) (which is plainly also an element of %;), and we can find some
Z > 0 such that

Ys(x) < 205(x) < 4s(x) for all z > T.

Note that

M := sup 9;5(z) < o
z€[0,7]

since 1 is continuous with 1(z) = O(z?) as z | 0 by (4.2.6), and ¥5(2) = 2 %9(2)
for all z > 0. Consequently, we obtain that for all z € [0,1] and y > 0,

Y(zy) = w(xy)l{wySE} + 17b($y)1{acy>i}
= (2y)°¥5(2y) Lizy<ay + (29)°Vs(2Y) Lizysa)

< M(xy)? + 2(2y)?Ps(2y) L izysz)
< M(zy)® + 2(zy) s (y) 1oz
<

(zy)”
M(zy)” + 4(zy) s (y)
M(zy)” + 42y (y)
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because zy < y and )5 is increasing. Fix v € N. Since L(v) € [0,1] a.s. and L(v),
II(v) are independent, this yields

Eep(L(v)TI(v)) < MEL(v)? - BI(v)? + 4EL(v)? - Eyp(M(v))
< [MEQ1V Z,)° +4Ep(1 v Z))|EL(v)?,

whence

supEp(Wo) <> Y E(L(0)I(w)) <Y Y EL©)’ =) g(8)" <oo

n>0

because g(f) < 1.

From Lemma 4.2.2 we know that @ is nondecreasing, but

¥(z)

z2

is nonincreasing
in z > 0. If one knew that for some 3 € (1, ), % is nondecreasing, one could
use a similar argument as for Q;(l + 1,7) in CASE 1 of the previous proof since
this would ensure by another application of Proposition B.9 in [85] that ;/}ﬂ(—f)l is
star-shaped, i.e. 1¥(rz) < rfy(z) for all 7 € [0,1] and z > 0. However, this growth

condition cannot be guaranteed in general.

A close look at CASE 1 shows that it has not essentially been used that v is also
regularly varying. Still assuming (4.5.1), it follows for any ¢ € € that ELw(Z;) <
oo implies

supEy(W,) <oo and 0<Eyp(W) < oo

n>0

because Lemma 4.3 in [6] is applicable to any ¢ € €.

If « =1 and (W,),>o is a normalized supercritical Galton-Watson process with
a.s. limit W, Alsmeyer and Rosler [6] showed that in the situation of the preceding
theorem, the condition EZ;Ul(Z;) < oo is even necessary for 0 < Egp(W) < oc.

When the underlying branching process is nothing but a normalized supercritical Galton-

Watson process, Alsmeyer and Rosler [6] also obtained a new proof of the fact that

if Z1log® Z; is integrable, then (W, ),>o is uniformly integrable (which is part of the

classical Kesten-Stigum theorem). Note that by Theorem 2.4.17, the situation of weighted

branching processes also requires the assumption v < 0. By using the same argument as

Alsmeyer and Rosler, we can give an alternative proof of the implication

"EZylogt Z; < co = EW =17

if the WBP fulfills (4.5.1), hence v, = 0 and vy € [—o0, 0).
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Corollary 4.5.3. Assume that ({.5.1) holds. Then EZ, log" Z; < oo implies EW = 1.

Proof. By Lemma 4.5(b) in [6], there is some ¢ € &, such that La)(z) < oo for all z > 0,
lim, o0 @ = oo and EL#(Z;) < oco. By Lemma 3.3 in [6], we can find ¢ € € with
¢ =< 1. Hence, lim,_, @ = 00 as well and by Remark 4.2.4, ELp(Z;) < oco. Now use
Remark 4.5.2(c) to infer

sup Ep(IW,,) < oo

n>0

and note that this condition ensures uniform integrability of (W, )n>o (cf. [47], p. 74). O

Remark 4.5.4. The proof of Corollary 4.5.3 has exploited the fact that for any nonneg-
ative random variable X, EX log™ X < oo implies finiteness of ELp(X) for some ¢ € €
with lim,_, @ = 00. On the other hand, Lemma 4.2.3 shows that for any ¢ € €, finite-
ness of ELLy(X) ensures the integrability of X log™ X. Applying this in the case o = 1 of
Theorem 4.5.1 (with ¢ as in the proof of that theorem), we obtain EL(Z;) < co because
Lyp(z) < xUl(x), and therefrom EZ; log* Z; < co and EW = 1.

4.6 Examples

Example 4.6.1. The purpose of this example is to demonstrate the applicability of
Theorem 4.4.1. No further assumption on 71,75, ... beyond g(1) = >°,5, EI; = 1 and
P(Z; =1) < 1 is imposed.

(a) Put ¢o5(x) :== 2%(log" x)?, x > 0, where a > 1 is not a dyadic power and 8 > 0.
Obviously,

bap(t) ~ 2%(1+10gz)’ 1} o0)(2) + 211 (2)
1Vx
_ a B
= z%exp ———ds
</1 s(1 +logs) >

which belongs to RC because £4(s) = Hl#;gsl[l,oo)(s) is nonnegative and ultimately

nonincreasing. Thus, Theorem 4.4.1 gives

Epos(W) € (0,00) iff E¢p,s(Z1) <oo and g(a)<1.
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(b) Now we consider ¢, g(x) = z*(log log 2)P 13 00)(x) for z > 0, keeping the assump-
tions on « and f. Since for s > 3,

B £s(s)

s-logs-loglogs T

d
I log(loglog s)? =

?

and é4(s) = B(log s - loglog s)'1[3,00)(s) is nonnegative and ultimately nonincreas-

ing, we obtain that

IV 2

- €a(s

Pap ~ T €Xp (/ s )ds) € R
1 s

Hence,
Edas(W) € (0,00) iff Edop(Z)) <oo and g(a)<1,

once more appealing to Theorem 4.4.1.

Example 4.6.2. Given the situation of Remark 3.6.2(b), T; = i 'T; € {0, 27!} € [0,1)
a.s. for all 4 > 1, i.e. (4.5.1) is satisfied. Hence, Theorem 4.5.1 can be applied in the
context of supercritical Galton-Watson processes, confirming results obtained by Alsmeyer
and Résler in Corollary 2.3 of [6], and slightly improving results by Bingham and Doney
[28] (Theorems 5-7). Note that by Corollary 2.3 in [6], the condition EZ;Ul(Z;) < oo is
also necessary for EW{(W) € (0,00) in this case. In the special case £(z) < (logz)? for
some p > 0 (whence Ufl(z) < (logz)P*! as will be established further below), this fact is
due to Athreya [8].

Example 4.6.3. The following examples are devoted to the situation of Section 4.5, i.e.
we suppose that (4.5.1) holds and exclude the case Z; = 1 a.s.. From now on, fix p > 0
and n > 1.

(a) Let £(z) = (log™ z)?, £o(z) = p(log z)P "' 1pp,00)(z) € Ro and observe that

2V 1 p—1 log(2vz)
Uy (z) = / pllogs)” © ds = / puP tdu < (logt z)? = £(z).
2 1

8 og2

Via Theorem 4.5.1,

EW? (logt W)? € (0,00) iff EZ¥ (log" Z,)P < cc.
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(b) In a similar manner, £(z) = (loglogz)P1jze0)(z) < Uly(z), where the function
bo(s) = p(k’gllgigg:)p_ll[g,oo)(s) is slowly varying. This yields

EW?" (W) € (0,00) iff EW?{(Z;) < oco.

(c) Let £(z) := (1Vlogz) P € Mg and by(z) := p(logx) P 1y ) € Ro. Then
v o p © I v
HY xz/ 7dy=/ pu P du < Ly(x
0( ) 2V y(lOg y)p—H log(2Vx) 0( )
and therefrom by Theorem 4.5.1

EW? (1VviegW)? € (0,00) iff EZ¥(1VlogZ) ™ < oc.
(d) Similarly, £*(z) = (loglogx) P13 € Ry satisfies

o0 o o0 p
0 (x) < =1y < d
(@) /loglogmpu ! /x ylogy(loglogy)r 7’

and £5(s) = p(log s)~*(loglog s) ~'13,40)(s) € MRy, hence

EW?" (W) € (0,00) iff EZ%¢*(Z)) < oo.

Finally, we exemplify our result for the case a = 1.

Example 4.6.4. Assume (4.5.1), P(Z; € -) # 6; and let p > 0.

(a) As seen in the previous examples, £(x) = (log" x)P satisfies £(z) =< Uly(z) with

bo(z) = p(log )P~ "1y 00)(z) € Ro. Furthermore,

1ve 1 P log(1vz)
Ul(x) = / ( Ois) ds = / u? du < (log® z)P*
1 0

consequently
0<EW(logm™ W) <o if EZ (logm Z,)P™ < oo
by Theorem 4.5.1.

(b) Analogously, £(z) = (loglog z)P13 o) (z) < Uly(z) for some £y € Ry. Moreover, for

T >3,
_ T 1 1 P log z
Ul(z) = / (loglog )" ds = / (logu)? du.
3 1

§ og3
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Since u — (log™ u)P belongs to PRy, Karamata’s Theorem (Proposition 1.5.8 in [30])
gives ﬁég?,(l()g u)? du ~ y(logy)? as y — oo, i.e.

_ logx
Ul(z) = / (logu)? du < logz - (loglog )P (x — 00).
1

og3

Together with Theorem 4.5.1, this implies

0 < EW(loglog W) 1iw>sy < oo if EZ; log Z; - (loglog Z1)P 17,3 < oo.

(c) More generally, putting {1 (x) = logx for z > 1 and l,,(z) = log(l,—1(z)) = l,—1(log )
for n > 2 and x > "', it can be checked that I? =< Ul,,, for some [, , € Ry, and
Ul (z) < logx - I,,(x)?, hence

0< EWZ?L (W)I{W>en—l} < oo if EZl lOg Z1 . lrI,)L(Zl)]-{Z1>e"—1} < Q.



136



Chapter 5

Some applications to tail probabilities

5.1 On the tail probabilities of W — W,

Since a.s. convergence implies convergence in probability, the expressions P(|W,,—W| > x)
clearly tend to zero as n — oo for any fixed x > 0. In this section, we give estimates for
these tail probabilities (in n and z). First of all, observe that for any nonnegative random
variable X and any increasing nonnegative function ¢ on [0, 00), Ep(X) < oo implies
P20 < [ p(x)aP 0
{x>1} fmee

by the dominated convergence theorem, i.e.
P(X >1t)=o(p(t) ') ast— oo. (5.1.1)

Moreover, if EW =1 and Ey)(W) < oo for some ¢ € €,

P(|W — W,| > z) < MWZ(;) Wal) _ Z((lx)) x>0 (5.1.2)

holds by Markov’s inequality and the dominated convergence theorem because

V(W = W,|) <o (SUp Wn> a.s.

n>0
and

Ey) (sup Wn> <Ep(W) < o0

n>0
by Theorem 1.1.6 which ensures Eyp(|W — W,|) = o(1) as n — oo. In particular, the

expression o(1) depends only on 7, but not on z.

In the special case ¥(z) = zP with p € (1,2], we obtain the following more explicit

result.

137
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Theorem 5.1.1. Suppose that for some p € (1,2], EZ? < oo and g(p) < 1. Then

"E|W — 1P

B(W — W,| > ) < 24P

, n>1,2>0.
xP
In case p = 2, we even have the slightly better estimate
2)" Var W
P(W — W,| >z) < g()—Qr’ n>1,z>0.
x

Proof. By what has been mentioned before the theorem, we only have to estimate E|IW —

W, [P for any n > 1. For this purpose, we use the representation

W=W,=Y_ L(v) Wy —1)
|lv|=n
which is a consequence of Theorem 1.1.4. Again, (W(”))|v|:n is a family of independent
copies of W that is independent of F,. Similarly to the proof of Theorem 3.4.3, this
sum can be viewed as a martingale limit, and another application of the Topchii-Vatutin

inequality (with C' = 2) gives
E[W — WoP <2 EL@) W) — 1" = 2E[W — 1[Pg(p)".
lv|=n

In case p = 2, it is a well-known fact (and easy to check by calculation) that the Topchii-

Vatutin inequality holds with C' = 1 which proves the theorem. O

Remark 5.1.2. Recall from Theorem 3.4.9 that VarW = YEE(Z;) and notice that by a

double appeal to the Topchii-Vatutin inequality,
4E|Z; — 1P

E[W — 17 <
1—g(p)

ifl<p<2.

Remark 5.1.3. In the situation of the preceding theorem, we now consider the martingale
(Wn)nZOa defined by W,, = W,, — 1 for n > 0. Then it follows by Markov’s inequality and
Doob’s inequality (Theorem 7.4.8 in [37]) that for n > 1 and z > 0,

- - \? 1 p P 1 -
P (max |W;| > nx) <E (max |VVZ|> ( < < ) () sup E|W; P
nx

1<i<n 1<i<n nx)P p—1 j>1
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Since uniform integrability of (W2),so ensures that of (|W,|?),>o and by convexity of

x — xP, we further obtain

~ | -
P( max [Wi| >nz) < (—2~) —— lim EW;P
1<i<n p—1/) (nz)?Pj>co

p
1
- ( P ) E[W — 1]

p—1) (nz)?
4B Z, — 1P ( p \' 1
1—g(p) (p - 1) (n)P

by the previous remark. In case p = 2 we may even drop the constant 4. This is an

improvement of a recent result by Li [72] for general £,-martingales (1 < p < 2) which
uses the rough estimate

]E|Wn|p < B,n sup E|D;|?

1<i<n
for some constant B, € (0, 00) depending only on p, and gives

P (max W;| > naz) <B, ( sup 1E|Di|p) z7Pp!P.

1<i<n 1<i<n

A similar result in the case p > 2 has been obtained by Lesigne and Volny [71] using
Burkholder’s inequality.

Remark 5.1.4. Recall that W* = sup, 5, W, and suppose that (4.5.1) holds. If there is
some 0 > 0 such that Ee®?' < oo, Theorem 3.4.11 asserts that Ee*'"" < oo for some A > 0.

Hence, it follows by Markov’s inequality that for all n > 1, z > 0 and some C € (0, 00),

P (sup Wy, > na:) <Ce ™ and P (sup W,| > nx) < Ce M. (5.1.3)

n>0 n>1

In particular, Ee* P = EerWi—Wimil < Ee’W™ < oo for all i > 1. Thus, the above estimate
(5.1.3) improves a result by Lesigne and Volny for general martingale differences X1, Xo, ...

satisfying sup;>; Ee*¥il < co which asserts
i 1 2/3, 1/3
P(|W,,| > nz) < exp —5(1 —&)(Ax)*°n

for all z > 0, 0 < ¢ < 1 and all sufficiently large n (cf. [71], Theorem 3.2). An extension
of the latter estimate to the sequence of maxima sup;;<, | > ;—; X;i| has been obtained
by Laib [70], further related results can be found in [40] and [46].
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For the one-sided tail probabilities P(W,, — W > x), Theorem 5.1.1 particularly gives

"Var W

POV — W, > 2) < &) . n>1,12>0, (5.1.4)

22
provided ¢g(2) < 1 and VarZ; < oo. The subsequent result improves this estimate by
applying a recent result by Bentkus [16] for martingales whose increments are bounded
from above. Once again, the fixed point equation (1.1.8) comes into play.

To formulate the result, we use the convention e ¥/ = 0 whenever y > 0.

Theorem 5.1.5. Suppose that Var Z; < oo and ¢(2) < 1, and put K := 1V VarW < oc.
Then for each n > 1 and x > 0,

2 x

7 N pe® | —
2KZ£2)) ’ (KZ<2>)1/2

bl

PW,—-W >z)<E exp(—

where

— 1 .
O(2) = \/—2_7'('/ e * /% ds

is the survival function of the standard normal distribution, co = 1/®(\/3) and 72 =

Zk}\:n L(?})2.

Proof. Fix n,z and an enumeration (v;);>1 of IN". Then we have the representation
W, —-W = ZL(VJ')(I - Wy,)) as.
j>1
from the proof of Theorem 5.1.1. Now abbreviate ¢ := (c;);>1 if the latter is an arbitrary
sequence of nonnegative real numbers, A := {c € [0,00)%:0< D16 < oo} and © :=
P ((L(vj))j>1 € -) - Then

PW, —W > 1) = /A]P’(Wn W s a|(L(v,));e1 = ©) O(de)

= /A]P’ (Z cj(1=W,)) > 3:) O(dc).

j21

Here,

P (Z ci(1 = We,y) > x) < Ely, infm 00 {72y ¢ (1= Wiy,))>a}

m— 00

< liminfP (

1

¢j(1=Wiy) > m)
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by Fatou’s Lemma. Since (E;":l ci(1— W(vj))) is a martingale (with respect to an
m>1

appropriate filtration) that has increments which are bounded from above, i.e.
Cj(l — W(VJ)) < Ccj a.s.,

a recent result by Bentkus (Theorem 1.1 in [16]) says that for every c € A,

P (Z ¢i(1 = Wiyy) > ) < D(z/om(c)),
m o g\/? 2 . .
where 0,,(c) == (K 37, ) and D(y) = "2 A cy(y). Since 0,u(c) 1 0w (€) =

1/2
(K 2]21 c?) as m — oo and D is continuous,

m—0o0

P(W, —W >z) < / lim inf P (i ¢i(1 =W,y > x) ©(dc)

=1

< /A lim inf D(z/om (c)) O(de)

m—0o0

- / D(2/02(c)) O(de)

Xz
= D|———= | dP
‘/{0<Z7(—?) <o} (KZ;P) 1/2

.
(KZ(Q)) 1/2

because D(00) := lim,_, D(y) = 0. 0O

= ED

The following remark discusses applications of Theorem 5.1.5. Therefore, we assume
throughout that g(2) < 1 and Var Z; < co.

Remark 5.1.6. It is easily checked that for any v,y > 0 and 8 > 1,

B
e Y < (ﬁ> yP. (5.1.5)

eu

(a) Using this in case 3 = 1 together with D(y) < e ¥’/2, we obtain that in the situation
of the preceding theorem,
2K oK .
P(W, — W > z) < / exp (—2°/2KZ{?) dP < ——EZ{? = —59(2)".

{zP>0} ex
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(b) In the case f > 1, we apply the preceding result and inequality (5.1.5) in two

situations:

o IFE (D, Tf)ﬂ < oo and g(206) < g(2)?, i.e. Tg := sup, E(W{?)? < oo by

Theorem 3.4.3, we achieve the better estimate
P(W, —W >z) < Eexp (—2?/2KZ?)

B
S (QﬂK) Fg$_2ﬂg(2)"’3

for n > 1 and z > 0.

(5.1.6)

e Assume (4.5.1) and EZ’ < co. Then (Z,(?))ﬂ < Z8 <W* as., and EW*P < oo
by Theorem 3.4.3 and the fact that g(3) < 1. Furthermore, 73 = g(2)"W£2) —
0 a.s. as n — oo since g(2) < 1 and (Wéz))nzo is a nonnegative martingale that

converges almost surely to a finite limit. Thus, by the dominated convergence

theorem,
E(ZP)? =0(1) asn — oo,
whence
o(1)
P(W, —W >z) < —55 a8 7n =00, (5.1.7)
x

where the numerator o(1) is independent of z. This means that in this special
situation, we attain a slight improvement of (5.1.2) for not too small 2 because
we do not require EZ?’ < oo, but only EZ’*? < co. On the other hand, (5.1.6)
or (5.1.7) ensure E ((W,, — W)")? < oo for all n > 1 and

. . +\P _

whenever 0 < p < 2[.

(c) It is a well-known fact (see e.g. Lemma 7.20 in [63]) that the survival function ®

satisfies the estimate

L PPy < e i

V2 (1 + #2) - T V2t

Concerning an upper bound for the constant cq, Bentkus [16] asserts that ¢q < 25.

For the function D introduced in the proof of Theorem 5.1.5, this means

25
Dt<e‘t2/2(1/\ ) t> 0.
(t) < vV 2t
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Remark 5.1.7. Let « € (1,2] and suppose that EW =1, g(f) < 1 for some 6 > «, and
Y is1 EI log Tt < g(a)logg(a). If Z; belongs to the domain of attraction of a stable
law of index « which satisfies an additional condition, Rosler et al. [98] have evaluated

the rate of convergence of W — W,, to 0 in the following sense: There is a sequence of

constants (¢,)n>0 = (¢n(a))n>o such that lim,, . 2 =1 and
(9(a)"eca) W = Wy)

converges in distribution to a nondegenerate random variable X. More precisely, they

determined the limit of the Fourier transforms
Eexp [it(g(e)"c) (W —=W,)],  teR,
as n — oo. In addition, they showed that the sequence (c,),>¢ is a suitable Seneta-

Heyde norming of the martingale (W,*)nso = (9(04)_” > pl=n L(v)"‘) , l.e. c;lWr(ba)
- n>0

converges in probability to a random variable A, which is strictly positiv; whenever W,
survives, and express the above limit of Fourier transforms in terms of A,. It ought to be
emphasized that Rosler et al. also allow negative weights in their articles |97] and [98],
while the BRW case is covered by Theorem 2.4.20.

5.2 Some relations between the tail probabilities of Z;,

W and W*

At the end of this thesis, we describe some relations between the tail probabilities of the
random variables Z;, W and W*. Note that if EW = 1, W and W* automatically show

a similar tail behaviour by Theorem 1.1.6.

Remark 5.2.1. Let o > 1 and suppose that ¢ < 1.

(a) If g(o) < 1 and Z; has polynomially decreasing tails of order «, i.e. for appropriate
C,xy >0,
P(Z, > z) < Czx * for all z > xy,

then for any f € (1, @),

EZ’ = BxP'P(Z, > ) Mdz) < oo.
(0,00)
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Therefore, by Theorem 3.4.3, EW? < oo, and by (5.1.1),
P(W > 2z) =o(z?) asz — oo,
in particular, W has polynomially decreasing tails of order 3 whenever 3 < a.

(b) On the other hand, if EW =1 and W has polynomially decreasing tails of order «,
then by Theorem 3.4.5, EZ? < EW? < oo for any 3 < «a, whence by (5.1.1), Z; has

polynomially decreasing tails of order .

(c) Assume that EW = 1 and recall that a nonnegative random variable Y is said to

have exponentially decreasing tails if for some C,r > 0,
P(Y >t) < Ce " for all t > 0.

By the Markov inequality, we easily conclude from Theorem 3.4.11 that if ¢ < 1,

the following statements are equivalent:
(i) Z; has exponentially decreasing tails, and sup;>; 1; < 1 as,

(ii) W has exponentially decreasing tails,

(iii) W* has exponentially decreasing tails.

The following theorem has been proved by Rosler, Topchii and Vatutin [98], providing
conditions which guarantee that W belongs to the domain of attraction of a stable law
of index o € (1, 2] iff Z; belongs to the domain of attraction of a stable law of the same
index «. This implies that both random variables show a similar tail behaviour.

It should be mentioned that Rdosler et al. have also studied the case of not necessarily
nonnegative weights 77, Ty, ... in [98|. However, as before, we focus on nonnegative weights.

For more background material on stable distributions, we refer to [57|, Chapter 2.
Theorem 5.2.2. (Rosler, Topchii, Vatutin [98])
Let o € (1,2] and suppose that EW =1 and g(a) < 1 = g(1).
(i) Suppose that there exist constants 0 < Cy; < Cy < 0o such that for all i > 1,
P(T;,=0o0rCy <T; < Cy) =1. (5.2.1)

Then W belongs to the domain of attraction of a stable law of index o iff Z, belongs

to the domain of attraction of a stable law of indez a.
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(#) If in the situation of (i), a < 2 and H is slowly varying at infinity,

1
P(Z, > x) =%Z()H(x) as & — 0o for somen >0
1
iff P(W > x) :LO()H(JT) as x — oo for some ¥ > 0.
./EOL

(#i) Assume that for some 0 > «, g(0) < 1. Then W belongs to the domain of normal
attraction of a stable law of index o iff Z1 belongs to the domain of normal attraction

of a stable law of inder a.

(iv) If in the situation of (iii), a < 2 and H satisfies lim, o, H(z) = H € (0,00) (s0 a

fortiori, H is slowly varying), we have the same equivalence as in (ii).

Remark 5.2.3. (a) Given the situation of (i), suppose that one (hence each) of the
random variables Z;, W belongs to the domain of attraction of a stable law of index
a. Then for any 0 < a,
EW°® VEZ! < oo

(cf. [57], Theorem 2.6.4), a result which rounds off those of Chapter 3.

(b) If g(1) = 1 and (5.2.1) holds, g(f) < oo for all # > 0 because

ci' ifo<h<1

9(0) <
ci~toife > 1.

Hence, g is convex and thus continuous in (0, c0) which ensures that if g(«) < 1, we
can find 6 > o with ¢(#) < 1.

The following result is due to Liu [78] in case P(N < oo) = 1, i.e. if there are only
finitely many positive weights in the first generation. The general case has recently been
studied by Iksanov [58].

Theorem 5.2.4. (Liu [78]; Iksanov [58])
Suppose that ¢ < 1 and that for some x > 1, g(x) = Zi21 ETX =g(1) =1, u(x) =EZ¥ <
oo and Y, ET log™ T; < co. Then there is a constant Cy € (0,00) such that

lim 2XP(W > z) = C,,. (5.2.2)

T—00
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Remark 5.2.5. The conditions EZ¥ < oo and Y., EI*log™ 7; < oo hold simultane-
ously if for some ¢ > 0, u(x +¢) = B2} < because logtx < Cxf for all z > 0
and some C' > 0, hence .. ET*log™ T; < Cg(x +¢) < Cu(x + €) < oo. Notice that,
by Theorem 3.4.3, the cond]tion g(x) = 1 implies EWX = oo, in accordance with the
asymptotic result (5.2.2) which gives

1
EWX >~ / X TTP(W > z) A(dz) > / — A(dz) = oc.
(1500) (1,00) z
On the other hand, strict convexity of ¢ (cf. Lemma 3.3.1) yields g(x — 1) < 1 whenever
0 <n<x—1, whence 0 < EWX™" < oo by Theorem 3.4.3, again in full accordance with
(5.2.2) which shows

EWX™1 < / L A(dz) < oc.
(1,00)

xl—m

Theorem 5.2.4 evidently covers the case P(sup;»; 7; > 1) > 0 because if the contrary
is satisfied, then ¢ < 1 on (1,00) by Remark 3.5.1. In this situation (still assuming
¢ < 1 to avoid trivialities), the following result by Liu [74] complements this section, in
particular part (c) of Remark 5.2.1. For any nonnegative random variable X, let || X||
be the essential supremum of X and recall that for ¥ > 0, (Z,gﬂ))nzo denotes the WBP
with generic weights 77, i > 1.

For a simplified version in the context of homogeneous BRW, we refer to [77].

Theorem 5.2.6. (Liu [74])

Assume that the following conditions are satisfied:
(i) [[N||oo < 00, sup;5; T; <1 a.s. and ¢ < 1,
(i) g(1)=1and P(Z; #1) >0 (= || Z1]|c > 1)

(iii) {9 € (1,00) : [ 2" oo < 1} £0,

(iv) For some constants 0 < 6 < 1, kK > 0 and C > 0, and all sufficiently small x € (0, 1),

P <Z§0) >1—x and supT; < 5> > Cz",

i>1

with 0 denoting the smallest solution of the equation ”250)”00 =Y i1 T =11in
(1, 00).
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Then for some constants 0 < ¢; < ¢3 < 00 and all sufficiently large x > 0,

exp (—czxe/(a_l)) <P(W > zx) <exp (—clxa/(a_l)) )

Remark 5.2.7. Evidently, the moment generating function ¢ — Ee!?! of Z; is everywhere
finite because || Z1[|oo < [|N]|oo < oc. Furthermore, the function R(J) = || >_,5, TP1 (150}l 0o
is nonincreasing on [0, 00) with R(0) = || N||e € [2,00) and R(1) = || Z1]|ec > 1

Finally, we quote a further result by Liu [79] dealing with the distribution function of
W (cf. Theorem 3.4.13). An analogous result for homogeneous BRW can be found in [77]
and [80].

Theorem 5.2.8. (Liu [79])
Suppose that the assumptions of Remark 3.4.2(d) hold. Denote by m the essential infimum

of N and suppose that m > 2. Moreover, assume that for some a > 0,

IF’( inf T,-2a> =1,
1<i<m
and put X :== —logm/loga. Then 0 < A < 1, and the following assertions are valid:

(i) There is a constant Cy > 0 such that for all sufficiently small x > 0,

P(W <z) <exp (—Clx_A/(l_’\)) .

(i) Let e > 0. If
]P’(szand sup Tiga—l—e) > 0,
1<i<m
then there is a constant Cy > 0 such that for all sufficiently small x > 0,

with A(e) = —logm/log(a + €).
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Appendix A

Two asymptotic results for stationary

ergodic sequences of random variables

The following asymptotic result for stationary m-dependent sequences is well known (see
for example Lemma 1.1 in [83]) in the independent case (m = 0), but by decomposing the
sequence into finitely many independent subsequences, it is easily extended to the more
general setting of m-dependence. We mention that (3) is readily verified for any sequence
of nonnegative and identically distributed random variables via the Borel-Cantelli lemma,
whereas (i) does not hold for arbitrary stationary ergodic sequences as a counterexample
by Tanny [102] shows (cf. Example 2.4.22).

Lemma A.1. Suppose that for some m > 0, Y = (Y,)n>0 is a stationary m-dependent

sequence of nonnegative random variables.

(i) If EY; < oo, then

Y,
lim — =0 a.s
n—oo 1
(1) If EYy = oo, then
limsup— =00 a.s
n—oo N

Proof. (i) Stationarity and m-dependence imply that for any [ € {0,...,m}, the se-
quence Y := (Yj(m+1)+1)j>0 consists of i.i.d. random variables with finite expecta-
tion. Thus, by an application of Lemma 1.1 in [83], we obtain

lim Yjim+1)+ -0
Jj—o0 j

a.sS.
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for any such [, and this easily yields the first assertion.

(ii) Similarly,
Y, Yiim
lim sup — > lim sup —Im) o as.

because EY; = oo and another appeal to Lemma 1.1 in [83] show

Yiim
lim sup M =00 a.s..
j—o0

O

The subsequent lemma is a straightforward extension of Birkhoff’s ergodic theorem
(see, for instance, Theorem 6.28 in [31]) which has been stated for the case E|Y]| < oo.
We also allow EY; € {—o0, +00}.

Lemma A.2. Given any stationary ergodic sequence Y = (Yp,)p>1 of (real-valued) random

variables such that EY; exists in R,

1 n
— E Y, — EY; a.s..
n P n—00

Proof. Without loss of generality, we may assume that EY; € {—o00, 400} because the
case E|Y;| < oo is covered by Birkhoff’s ergodic theorem (see for example Theorem 6.28
in [31]). We treat the case Y; > 0 a.s. and hence EY; = oo first. Given any ¢ > 0, define
the truncated random variables Yn(c) = Yalyy,<cp, m 2> 1. Then the truncated sequence

(Yn(c))nzl is stationary ergodic as well (and bounded), hence
IS @y
Jim — ;Y =EY,"” < o0 as.

by Birkhoff’s ergodic theorem. But for any ¢ > 0,
R R

whence by monotone convergence and the fact that Yl(c) 1Y) as. as ¢ — 00,

R I I e c
llﬁgngZYiZsuphm—ZY;():supEYl():EYl:oo.

c>0 oo N 2 c>0
=1 =1

The general case follows from an application of the first part (and the ergodic theorem)
to the stationary ergodic sequences (Y,),>1 and (Y, )n>1, respectively because either Y;*

or Y| is integrable. O



Appendix B

Two convex function inequalities for

martingales

The following lemma gives an important property of convex functions on [0,00). A real-
valued function ¢ defined on [0, 00) is called superadditive if ¢(x + y) > ¢(z) + ¢(y) for

all z,y > 0. As a reference for the lemma, we mention [85], p. 453.

Lemma B.1. Any convez function ¢ : [0,00) — R with ¢(0)

< 0 s superadditive. If
o(z) = z* for some a > 1, ¢ is even strictly superadditive in (0,00),i.e. ¢ satisfies

oz +y) > éd(x) + édy) for all z,y > 0.

The subsequent theorem is Theorem 11.3.2 in [37]. In the case ®(z) = z? for some
p > 0, it can also be found in [53] (Theorem 2.12).

Theorem B.2. (Burkholder, Davis, Gundy [37])

Let ® be a nondecreasing and continuous function on [0,00) fulfilling ®(0) = 0 and
®(2z) < c®(zx) for all x > 0 and some ¢ € (0,00). Then there exists a constant C' € (0, 00)
such that for every martingale ((Sn, Z,))n>0 with So = 0 and Z5 = {0, Q}

E® (sup \Sn|) < CE® (=) + CE® (sup |Sn, — Sn1|)

n>1 n>1

< CE®(2)+C Y E®(|S, — Sail),

n>1
where = = (ZnZl E((S, — Sn,l)2|2,’n,1))1/2 and ®(oc0) := lim,_, o D(z).
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Remark B.3. We emphasize that the constant C' does not depend on the martingale
(Sn)n>0 but only on the constant ¢ from the growth condition ®(2z) < c®(z), z > 0.

The following inequality is a reformulation of results given in [4] and [107].

Theorem B.4. (Alsmeyer, Rosler [4]; Topchii, Vatutin [107])
Suppose that & : R — [0,00) is an even conver function with ®(0) = 0 and a concave

derivative on (0,00). Then for any martingale (Sk)k>0 and n > 1, the inequality

ED(S,) <ED(Sy) + C Y EB(Sg — Sp-1) (B.1)
k=1
holds with C = 2. If (Sk)k>0 i nonnegative or ®(x) = z?, then the inequality holds with
C=1.

Remark B.5. If (Si)i>o is ®-integrable, i.e. E®(Sy) < oo for all k£, Theorem B.4 can be
found as Theorem 1 in [4]. If the right-hand side of (B.1) is infinite, there is nothing to
prove. Otherwise, an application of Theorem 2 in [107] shows that E®(S,) < oo which
implies that (Sk)o<k<n is a P-integrable martingale, whence again (B.1) can be obtained

from Theorem 1 in [4].



List of abbreviations

WBP
WBPRE
BRW
GWP
GWPRE
iid.

i.o.
W.p.p.
a.s.
w.l.o.g.

w.r.t.

weighted branching process

weighted branching process in random environment
branching random walk

Galton-Watson process

Galton-Watson process in random environment
independent and identically distributed

infinitely often

with positive probability

almost surely

without loss of generality

with respect to
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