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Let

k an even integer,

SLy(Z),

f a nonzero weakly holomorphic modular form of weight k for
§ the usual fundamental domain for SLy(Z).

Then we have the valence formula:

.

12

1 1
ordsf + §ord,-f + gord,,f + Z ord.f

TeF\{i,p}
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k an even integer,

f a nonzero weakly holomorphic modular form of weight k for
SLy(Z),

§ the usual fundamental domain for SLy(Z).

Then we have the valence formula:

1 1
5 = ordso f + Eord,-f + ~ord,f + Z ord f

3 .
TeS\{i.p}

«O>» «4F» «=)» 4«

it
it
S
o
i)



Let

k an even integer,

f a nonzero weakly holomorphic modular form of weight k for
SLy(Z),

§ the usual fundamental domain for SLy(Z).

Then we have the valence formula:

k
1 = ordsof + = ordf+ or f + Z ord f
TES\{i,p}

«0O0)>r «Fr «=» «

it
it
S
o
i)



Let

k an even integer,

f a nonzero weakly holomorphic modular form of weight k for
SLy(Z),

§ the usual fundamental domain for SLy(Z).

Then we have the valence formula:

k
1 = ordoof + = ordf+ or f + Z ord f
TeF\{i,p}

«O» «Fr «=» <«

it
it
S
o
i)



Let

k an even integer,

f a nonzero weakly holomorphic modular form of weight k for
SLy(Z),
§ the usual fundamental domain for SLy(Z).

Then we have the valence formula:

k 1 1
o= ordsof + §ord,-f + §ordpf + Z ord f
Te€\{i,p}

«O» «F»r «

i
it
it
S
o
i)



Write k = 12/x + ri with unique Iy € Z and r, € {0,4,6,8,10,14}.
Then ordyof < I.

Theorem (Duke and Jenkins, 2008)
For an even integer k, let

k = 12l + r with r, € {0,4,6,8,10, 14}.

For each integer —n < Iy, we have a unique weakly holomorphic

modular form fy , of weight k for SLy(Z) having the q-expansion
of the form :

fin(2) =g "+ 0(g")  (g=e*%, z € H).
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B S Y
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_ Classical case  Results by Choi  WhDmf fi, A generating function and dualities  Congruences
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Remark

the elements f; , have integral Fourier coefficients.
the elements f; , form a basis for M,!(.

Theorem (Duke and Jenkins, 2008)

Let fy n(z) = ZIZ—n ax(n,i)q'.
For k =4,6,8,10, 14, we have that

if (n,i) =1, then i* Y ay(n,i).
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Let fi,n(2) = 3> ak(n, iq'.

For k =4,6,8,10, 14, we have that

the elements f; , have integral Fourier coefficients.
the elements f; , form a basis for M}(.

if (n,i) =1, then i*"|ax(n,i).

«O» «Fr «=» <«

DA

4/25



the elements f; , have integral Fourier coefficients.
the elements f; , form a basis for M}(.

Let fi,n(2) = 3> ak(n, iq'.
For k =4,6,8,10,14, we have that

if (n,i) =1, then i*"|ax(n,i).

«O» «Fr» « >

<

DA

4/25



the elements f; , have integral Fourier coefficients.
the elements f; , form a basis for M}(.

Let fi,n(2) = 3> ak(n, iq'.
For k =4,6,8,10,14, we have that

if (n,i) =1, then i*“Y|a(n, ).

«O» «Fr» « >

<

DA

4/25



the elements f; , have integral Fourier coefficients.
the elements f; , form a basis for M}(.

Let fi,n(2) = 3> ak(n, iq'.
For k =4,6,8,10,14, we have that

if (n,i) =1, then i*“Y|a(n, ).

«O» «Fr» « >

<

DA

4/25



If n > |l| — I then all of the zeros of fy , in § lie on the unit circle.
Theorem (Choi and Im, 2016)

The zeros in I of almost all elements of a certain canonical basis

for the space of weakly holomorphic modular forms for FO+(2) lie on
the circle with radius 1/+/2 which is a lower boundary arc of the

fundamental domain §* for T (2). Here I (2) =< o(2), Wa >.
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k and type m for GLy(A).

for GLy(A).

Construct a canonical basis for the space of weakly
A

Define a weakly holomorphic Drinfeld modular form of weight
A

holomorphic Drinfeld modular forms of weight k and type m

investigate a generating function of the basis elements

A duality of t-expansion coefficients of the basis elements
elements

Congruence properties of t-expansion coefficients of the basis

The location of all zeros of the basis elements
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Classical case Results by Choi WhDmf f, , A generating function and dualities Congruences

Function fields case

Define a weakly holomorphic Drinfeld modular form of weight
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Construct a canonical basis for the space of weakly
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e investigate a generating function of the basis elements
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Let

Fy be the finite field of characteristic p with g elements,
A =TF4[T] be the ring of polynomials in an indeterminate T,

K =F4(T) be the field of rational functions in an
indeterminate T,

Koo =F4((1/T)) be the completion of K at its infinite place,
C be the completed algebraic closure of K,

Q = C — K be the Drinfeld upper half-plane,
T={zeQ:|z| =inf{|lz—a| :a€ A} > 1} the
fundamental domain for GLy(A).
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Fq4 be the finite field of characteristic p with g elements,
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K =F4(T) be the field of rational functions in an
indeterminate T,
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Let

Fg4 be the finite field of characteristic p with g elements,
A =TFg4[T] be the ring of polynomials in an indeterminate T,

K =T4(T) be the field of rational functions in an
indeterminate T,

Koo =F4((1/T)) be the completion of K at its infinite place,
C be the completed algebraic closure of K,

Q = C — Ky, be the Drinfeld upper half-plane,
T={zeQ:|z|=inf{|z—a|:ae A} > 1} the
fundamental domain for GL(A).
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From now on, fix an integer m with 0 < m < g —1. Let
k € Z with k=2m ( mod gq—1).

Definition

A weakly holomorphic Drinfeld modular form of weight k and type

m for GLy(A) is a C-valued holomorphic function f : Q — C that
satisfies:

(1) f(vz) = (dety)"™(cz + d)¥f(z) for any v = (2 5) € GLy(A),
(2) f is meromorphic at the cusp oco.

For convenience we denote by l\/l,!(‘m the space of weakly
holomorphic Drinfeld modular forms of weight k and type m.
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Results by Choi

A weakly holomorphic Drinfeld modular form

From now on, fix an integer m with 0 < m < g — 1. Let
k € Z with k =2m ( mod g —1).
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We denote by e the Carlitz exponential which is defined by

e(z)=z][(1-3)

AeL

and consider the parameter t at infinity defined by

t(z) = 1/e(7z).

Here L = A is the lattice of periods of the Carlitz module
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If f e M;Qm then f(z) =>_
(an € C).

Define ordoof = (g — 1)ng + m.

> apt@=mtm with a, 0,

Remark

GL>(A) has only one cusp oo and the genus of GL(A) is zero.
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Let k be an integer with k =2m (mod g — 1) and write

k = (q2 — D+ m(g+1)+ re(g—1)
for unique integers I, r, with 0 < r, < g.
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Let k be an integer with k =2m (mod ¢ — 1) and write

k ::(q247 Dik+m(g+1)+r(qg—1)
for unique integers /i, ry with 0 < r, < gq.
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Let k be an integer with k =2m (mod ¢ — 1) and write

k=(q" =1k +m(q+1)+ (g —1)
for unique integers I, ry with 0 < r, < gq.
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Theorem (Choi)
Forf #0e M

we have that ordsf < (q — 1)l + m.

Theorem (Choi)

For each integer n > —Iy, there exists a unique fy , € /\/l/!( L
the t-expansion of the form

tla=DEm+m L o(la=D)Ukt1)+m)y

with
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For f #0 € M, ,, we have that ordxf < (q — 1)l + m.

Theorem (Choi)

For each integer n > —Iy, there exists a unique fy , € /\/l;!(_ with

the t-expansion of the form

fin(z) = t@DEMEM 4 o(pla=D D) +m).
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| Clsicalcase  Resulisby Chol  WHDmf fi,p A generating functlon and dualities  Congruences
For f #0 € M, ,, we have that ordxf < (q — 1)l + m.

For each integer n > —I, there exists a unique fi , € M, with
the t-expansion of the form

fin(z) = fla=1)(=n)+m O(t(q—l)(/k+1)+m)_
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Let h be the Poincaré series of weight g + 1 and type 1.
Then

h(z) = —t+ > aptld=rt (3, € A).

n>0

Let g be the normalized Eisenstein series of wight g — 1 and
type O.

Then g(z) = 143,00 bat@ I (b, € A)
Let j be the Drinfeld j-invariant
Then

J(2) =1/t 4> et (€ A)

n>0
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We construct f; , explicitly in terms of h, g,/ as follows:
We have that

(7h)(q71)lk+mgrk . t(qfl)lk+m + O(t(qfl)(lk+l)+m) c M!

k,m

which gives fy _;, = (—h)aDlctmgri
To construct fx 1 we multiply f, _; by —j. We have

fie, 1, (2)(=i(2)) =

ta=Dh=1)+m 4 qp(a=Dhtm 1 O(¢(a=Dh+1)+m) for some
acA

which gives

fi 1, (2)(—4(2)) — afi .y (2) =
ta=D)(h=1)+m | O(t(q—l)(lk+1)+m) and

f—t+1 = fe—1 (— — @).
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That is, for each n > 1, we obtain fi _;, ., by multiplying
fi,—l,+n—1 by —j and then subtracting off multiples of f, _ 44

to successively kill the coefficients of t(@=Dk=d)+m o
0<d<n-1.

By this process we find the fy , for each integer n > —I.
Remark
o fyn= (—h)(q’l)’ﬁmgrkPk‘nﬂk(—j) for a unique polynomial
Py n+i,(x) € A[x] of degree n+ I.
e The elements f; , have t-expansion coefficients in A.
e The elements f; , form a basis for l\/l,!( o

«O» «F»r «

it
v
a

it
v



Classical case Results by Choi WhDmf fk,n A generating function and dualities Congruences

How to construct f ,?

That is, for each n > 1, we obtain f, _j, ., by multiplying

fx —1,+n—1 by —j and then subtracting off multiples of fx _ 14
to successively kill the coefficients of t(a=D(k—d)+m for
0<d<n-1.

By this process we find the f; , for each integer n > —Ij.

15/25



Classical case Results by Choi WhDmf fk,n A generating function and dualities Congruences

How to construct f ,?

That is, for each n > 1, we obtain f, _j, ., by multiplying

fx —1,+n—1 by —j and then subtracting off multiples of fx _ 14
to successively kill the coefficients of t(a=D(k—d)+m for
0<d<n-1.

By this process we find the f; , for each integer n > —Ij.

15/25



WhDmf fi ,

How to construct f ,?

That is, for each n > 1, we obtain f, _j, ., by multiplying

fx —1,+n—1 by —j and then subtracting off multiples of fx _ 14
to successively kill the coefficients of t(a=D(k—d)+m for
0<d<n-1.

By this process we find the fj , for each integer n > —Iy.

Remark

o fyn= (—h)(q_l)’k+mgrkPk7,,+,k(—j) for a unique polynomial
Pi.nt1,(x) € Alx| of degree n+ /.

15/25



WhDmf fi ,

How to construct f ,?

That is, for each n > 1, we obtain f, _j, ., by multiplying

fx —1,+n—1 by —j and then subtracting off multiples of fx _ 14
to successively kill the coefficients of t(a=D(k—d)+m for
0<d<n-1.

By this process we find the fj , for each integer n > —Iy.
Remark

o fyn= (—h)(q_l)’k+mgrkPk7,,+,k(—j) for a unique polynomial
Pi.nt1,(x) € Alx| of degree n+ /.

e The elements f , have t-expansion coefficients in A.

15/25



WhDmf fi ,

How to construct f ,?

That is, for each n > 1, we obtain f, _j, ., by multiplying

fx —1,+n—1 by —j and then subtracting off multiples of fx _ 14
to successively kill the coefficients of t(a=D(k—d)+m for
0<d<n-1.

By this process we find the fj , for each integer n > —Iy.
Remark

o fyn= (—h)(q_l)’k+mgrkPk7,,+,k(—j) for a unique polynomial
Pi.nt1,(x) € Alx| of degree n+ /.
e The elements f , have t-expansion coefficients in A.

e The elements f; , form a basis for I\/I}( m-

15/25



WhDmf fi ,

How to construct f ,?

That is, for each n > 1, we obtain f, _j, ., by multiplying

fx —1,+n—1 by —j and then subtracting off multiples of fx _ 14
to successively kill the coefficients of t(a=D(k—d)+m for
0<d<n-1.

By this process we find the fj , for each integer n > —Iy.
Remark

o fyn= (—h)(q_l)’k+mgrkPk7,,+,k(—j) for a unique polynomial
Pi.nt1,(x) € Alx| of degree n+ /.
e The elements f , have t-expansion coefficients in A.

e The elements f; , form a basis for I\/I}( m-

15/25



Theorem (Choi)

D fil

n> Ik

For each integer k with k = 2m (mod q — 1), we have that

(q Dntl-m _ g(z)qfkr/k(T)
((2) = i(T))h(2)9?fi 1, (2)
(z,7€Q)
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(z,7 € Q).

(q 1)n+1—m

For each integer k with k = 2m (mod q — 1), we have that
D fil
n> Ik

g(2)fx,—1,(7)
U(z) —j(m))h(2)T2fk 1, (2)
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For each integer k with k = 2m (mod q — 1), we have that
5 ntr(a)e- e
n>—I

(z,7 € Q).

§(2)9 k1 (7)
((2) = j(m)h(2)32 1 1 (2)
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For each integer k with k = 2m (mod q — 1), we have that
5 ntr(a)e- e
n>—I

(z,7 € Q).
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Let fi n(2) = 32,5 ak(n, r)t@=Dr+m  Then we have that
(1) ifl<m< q—1 then —ap_(r,s—1) = ax(s,r—1) for all r,s.

(2) if m=0 or1 then —ax_k(r,s) = ak(s,r) for all r,s.
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Definition

For a positive integer k with k =0 (mod g — 1),

1
E()=1- gy > Glt(a2)

a monic

where Ex(L) € K is the Eisenstein series of weight k for the lattice
L and Gy is the k-th Goss polynomial of L.

Then Ei(z) is a Drinfeld modular form of weight k and type 0 for
GLy(A).
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For a positive integer k with k =0 (mod g — 1),

1
Ek(z) =1- T(L) Z Gk(t(az)),

a monic
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L and Gy is the k-th Goss polynomial of L.
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For a positive integer k with k =0 (mod g — 1),

1
Ek(z) =1- T(L) Z Gk(t(az))>

a monic

where Ex(L) € K is the Eisenstein series of weight k for the lattice
L and Gy is the k-th Goss polynomial of L.

Then Ei(z) is a Drinfeld modular form of weight k and type 0 for
GLy(A).
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Congruences

Eisenstein seires

Definition
For a positive integer k with k =0 (mod g — 1),

1
Ex(L)

Ex(z)=1-

S Gilt(az)),

a monic

where Ex(L) € K is the Eisenstein series of weight k for the lattice
L and Gy is the k-th Goss polynomial of L.

Then Ei(z) is a Drinfeld modular form of weight k and type 0 for
GLy(A).
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For a positive integer k with k =0 (mod g — 1),

let p(T), qe(T) € A such that (px(T),qx(T)) = A and

n>1

Ex(z) =1 - p(T)/ak(T)Y_ a(m)ela-rm
with a(n) € A
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For a positive integer k with k =0 (mod g — 1),
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Let k be a positive integer with k =0 (mod q — 1).
We define the coefficients ax (0, r) by

fio(z) =1+ ax(0,r)ela=1r,

Then a polynomial px(T) divides ax(0,r) for all r > Iy + 1.
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Let k =(q—1)a with0 < o < q, and

fk71(z) = l/t(q_l) - Z ak(l, n)t(q_l)"

n>1

Then we have that for all positive integer 3

k(1,98 — 1) = 0 (mod p),

where p is a monic polynomial of degree 1.
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Let k =(q—1)a with0 < o < q, and

fia(z) =1/t607D 43" 3, (1, n)ela= 1,
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Theorem (Choi and Im 2014)
Assume that k = 0

( mod g—1). Let Iy and ry as before.
Suppose either if r, =0 or if r, 0 and n > — Iy is such that

( ”*’ﬁj’k ) # 0 in Fq, then the zeros of fi , in T are on the unit
circle |z| = 1.
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Let g = p® with s > 0

For each / with 1 </ < r, let n(i) be the unique nonnegative
integer such that

p" i
Let

= max{n(i)|1 < i < rc}. For each integer t > | and every integer
B > 0 letting n = Bpt — I, we have p")||n + I, + i. Hence

("Hhrnc) £ 0 in Fq.
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e s —— i
For each n > 1 let j, be the Drinfeld modular function with the
t-expansion of the form

ju(z) = @) 4 Z cn(i) a0,
i=1

Then the zeros of j, in T are on the unit circle |z| = 1.
Note : j, = fo .
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Thank you!
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