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Motivation

e Anderson and Thakur: Explicit formulas for log/exp coefficients for
tensor powers of Carlitz allow them to connect polylogarithm values
to zeta values

e Same goal for tensor powers of Drinfeld modules, but many
additional complications arise!

e Need new techniques to obtain log/exp coefficients, and zeta values
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Notation

e g =p", p prime (for talk assume p > 3)

IF, field with g elements

E/F,, elliptic curve given by the equation

E:y>’=t3+at+5b

A =T,[t,y] affine coordinate ring of E
K =TF,(t,y) its fraction field



Notation and Background

Notation
o A=TF,[0,n] (note 6, n also satisfy E)
K =T4(6,n)
Map ¢ : A — A, canonical isomorphism (:(t) = 6)

K algebraic closure of K

K, completion of K at infinite place

Co completion of Ko
e H C K. is Hilbert class field of K
e = = (#,n) is an K-rational point on E with weighted degree (2, 3)
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Twisting

For a € Coo(t,y), let a¥) be the ith Frobenius twist of a.
Extend twisting to matrices (and vectors) coordinate-wise
Define twisting on E(Cy,), e.g. E1) = (09, 79)
Mat,,(Coo ) {7}, skew polynomial ring: 7M = M7
Mat,, (Coo){7} acts on a € C

r'a =al®

and Mat,,(Co) acts by multiplication
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Rank 1 Drinfeld Modules
Let p: A — H{7} be a rank 1 sign-normalized Drinfeld module. Recall:

e Drinfeld divisor V = («, 3) € E(H) such that V — V() ==
e Shtuka function f € H(t,y) has divisor

div(f) = (V) = (V) + () — (),
e Can normalize f to get explicit formula (Thakur)

Cy—n-mt—-0) vt
f(tvy)_ - 6(t

)

t—«

)
)

where m is the slope between V(1) and =.
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Anderson A-module
For n > 1, an n-dimensional Anderson A-module is an A-module
homomorphism p : A — Mat,,(Coo){7}

po = dla + MyT+ -+ M7,

such that d[a] = t(a)I + N for some nilpotent matrix N € Mat,,(Co,).
The map p provides an A action on C.

The map d[-] always denotes the constant matrix of p, (ring
homomorphism).
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A-Motive and dual A-Motive
Let U = Spec C[t, y] and define the A-motive and dual A-motive

My =T(U,0p(V)) = U L((V) +i(o0)),

No =T (U,0p(=(V1))) C Cult,y].
Tensor Powers
Define the nth tensor powers over K[t, y],
M= MZ", N =N
Theorem from geometry: Tensor powers are also spaces of functions

M =T(U,0p(nV)) and N 2T(U,0g(—nVM)).

eta Values



Notation and Background Tensor Powers Coefficients of Exp®™ Coefficients of Log®™ Zeta Values
p p

7- and o-action on M and N
Define 0 = 7! and define (noncommutative) rings Cwo[t,y, 7] and
Cwo[t,y, 0] such that 7 and o0 commute with ¢ and y and that

Tz =201, oz=2Y.

e M isa Cylt,y, 7]-module: For a € M set ta = f™a")
e Nis an Cylt,y,o]-module: For b € N set b = fb(~1)
e Are motives in the sense of Anderson
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A-Motive Bases
Define functions g € M with “suitable” normalization for 1 <k <mn
with divisors

div(g1) = —n(V) + (n — 1)(c0) + ([n]V)
div(g2) = —n(V) + (n — 2)(c0) + () + (V(l) +[n—1]V)
div(gs) = —n(V) + (n — 3)(c0) + 2(2) + (2]VP + [n — 2]V)

div(gn—1) = —n(V) + (00) + (n — 2)(E) + ([n — 2]VV + [2]V)
div(gn) = —n(V) 4+ (n — 1)(E) + ([n — 1]V + V).

Fact: For 1 < i < n the functions g; form a 7-basis for M.

eta Values
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Dual A-Motive Bases
Define functions hy € N with “suitable” normalization for 1 < k <n
with divisors

+
div(hg) = (V) = (n + 2)(c0) +
div(hs) = n(V) — (n + 3)(c0) +

div(hn-1) = n(V®) = (2n = 1)(00) + (n = 2)(E) + (—[2]VV = [n - 2]V)
div(hy,) = n(VV) — (2n)(c0) + (n — 1)(E) + (=VD — [n —1]V).

Fact: For 1 < ¢ < n the functions h; form a o-basis for N.
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The map ¢

For g € N =T(U,Op(—nV 1)), define the map

e: N = CL,

by writing g in the o-basis for NV,

m n n

9= 3D sl =3 >,

7j=01i=1 7=0i=1

where d; ; € C, then defining

m
E n,j; n 1,jo--->s

j=0

(Y.

di ;)

0

(i))T_

j))nhg—j)7

eta Values



n and Backgrounc Tensor Powers Coefficients of Exp&”

A-Motive to A-Module

Fixing the o-basis for N makes a construction of Anderson explicit:

N/(1-0)N = C",

a\L \Lp?7L

N/(1-0)N = C",

e The map ¢ is a [F,-vector space isomorphism

e Using ideas of Hartl and Juschka: p®" : A — Mat, (H){7} is an
Anderson A-module

e Call p®™ the nth tensor power of the Drinfeld module p
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Example: Anderson A-Module

The t-action for p®™ can be written as

0 a1 1 0 ... 0 0

0 66 a 1 ... 0 0

00 6 a3 ... 0 0

0 0 0 O 0 an_o

0 0 0 O 0 0

0 0 0 O 0 0
for a; = 21

0—t([i]VD) +[n—i]V)"

Coefficients of Exp®™

o

o
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Exponential and Logarithm Functions

Define the exponential and logarithm function associated to p®" as the
vector of power series in Mat, x1 (Coo[[21, - - -, 2n]])

Exp Z Q.z, Log Z Pz

with Q; = P; = I and where z = (21,...,2,)". Note: Exp®" is the
unique ]Fq—llnear power series satisfying

Expy" (dla]z) = pg" (Bxpy™ (2).)

Zeta Values
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Coefficients of EXp?”: Preliminaries
For a fixed dimension n, for 1 < ¢ <n and for ¢ > 0, define the functions

S ge
T ey

where for ¢ = 0 we understand vy, = gr.
e Functions ; , related to “polyexponential” functions

e Come up naturally in certain residue calculations
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Preliminaries
For 1 < ¢ < n, there exist constants c;1,--- ,cn € H and d;, € H

such that

ge _ (4) (4) (i)
1 i = gt Feagy’ +ocong) + Y djkag,
(ffO .. fa=D) =

where the functions o, live in the Riemann-Roch space
ajr € L(VD)—n(EN)+k(EV"D) 4. 4n(2)—(n(j—1)+k—1)(c0)).

Define the matrix

€11 €12 ... Cin
C2.1 0272 e Can

Cnjl Cn2 --- Cpn

) )
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Main Theorem on Exponential Function Coefficients (G.)

For dimension n > 2 and z € C, if we write

Exp}" Z Qiz",

then for ¢ > 0, the exponential coefficients Q; = C; and Q; € Mat,,(H).
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Corollary on Exponential Function Coefficients (G.)

We get more exact information about the first column of @;. For
z € C, we have the expression

z z g1

0 0 > q g2
Bl || =] [+ | :

: : =09 (ffM .. fE=D)n N NETO)

0 0 gn
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Notation and Background Tensor Po

Motivation and Proof
Motivation for theorem: Residue calculation for vector-valued Anderson

generating functions.

Actual proof for theorem: Calculate recurrence formula that Q; must
satisfy, prove C; satisfies it.



Coefficients of Log/"

n

We study the coefficients of Log using a diagram of maps inspired by

Sinha.
Rigid Analysis Definitions

o Tate algebras for c€ A: T, = {Zl o bit" € Co

\cb[—>0}

e & as the rigid analytic variety associated to

o Y C & be the inverse image under ¢ of the closed disk in C, of
radius |0] centered at 0

e U is the affinoid subvariety of £ associated to Ty[y]
o B:=T(U,Op(—n(V)+n(2)))

Coefficients of Exp&™ Coefficients of Logf?" Zeta Values
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Modules €2 and Qg

Define A-modules of rigid analytic functions
Q={heB|hY - f"h=ge N},
Qo ={heB|rY - f"h=0}.
For a function h(t,y) € 2, define the map T':  — T[y|"™ by

h(t7 y) " g1
T(h(t,y)) = : ;
h(t7 y) “On

Map T provides a “vector version” of the spaces {2y and )



Coefficients of Log? (4

The Map RESzq)

Define M to be the submodule of T[y] consisting of all elements in T[y]
which have a meromorphic continuation to all of C,. Then, for
(21 ey 2n) T € M™ define the map RESz(:) : M™ — CZ, as

21 Reszi) (z1\)
RESzw | | =
z3 RGSE(i) (Zn)\)

9

where A\ = dt/2y is the invariant differential of E.
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Interlude on Periods
Define the Anderson-Thakur function

[e%e] qi
Wp = 51/((1—1) 11) ﬁ(i)v £=— (m + g);

and denote
II, = — RESE(T(w:})).

Theorem (G.)

The period lattice of Expff’" equals {d[a|Il,, | a € A} and the last
coordinate of II,, € C7 is

91 (E) n
4444444447'Wp7
ai1ag ...ap—1

where 7, is a fundamental period of p and the constants a; € H.
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Notation and Background Tensor Powers

Main Diagram
Define the following diagram of maps:
0TS N S

T

Exp?"

M BBz cn

Theorem (G.): The diagram commutes.

Proof: Use Anderson generating functions
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Using Diagram for Logarithm Coefficients

We will use the maps in the diagram to get formulas for the coefficients
of Log?”. For d; € C with |d;| < C for some constant C' > 0 for
1 < j < n, define

c(t,y) =d,hy+---+dih, €N,
then define a rigid analytic function in T'(U, Og(n(Z)))
0 ot )
Bt y:d Z ff(l)f(2) f@yn

1=

for the vector d = (dy,...d,)" € C%,.

a Values
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Using Diagram for Logarithm Coefficients

Telescoping series gives

0 e(t. )@
(r = 1)(B) = (7~ ") (— > f(i)),,> — c(t.y),

i=0
so B(t,y,d) € Q. Then using the diagram we find
Expy" (= RESz(T(B))) = e((r — f*)(B)) = e(c(t, y)),

but by definition
e(e(t,y)) = (dy,...dy)T".

To summarize,

Expf" (- RES=(T(B(t,y:d))) = d.
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Using Diagram for Logarithm Coefficients
Take the logarithm of both sides (possibly shrinking radius of
convergence) to get

—RES=z(T(B(t,y;d))) = Log}"(d)

After writing out — RES=(T'(B(t,y;d))) as a power series in d, we get a
formula for the coefficients of Log®™.

2 Values
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Main Theorem on Logarithm Coefficients (G.)

If we write
Log Z P; zl

for n > 2, then for i > 0

gjhgl) k41

P,=(Resg | —F~i——=—A .
‘ = (€] (@))n
(ffO...f®) L<jhn
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Corollary on Logarithm Coefficients (G.)
For the coefficients P; of the function Log?”, the bottom row of P;, for
i >0, can be written as

(0ol



Zeta Values

Definitions for Zeta Values
Recall the definitions:

e Extension of (1-dim) Drinfeld module p to integral ideals a C A due
to Hayes, which maps a — p, € H[7]
e J(pq) is constant term of p, with respect to T
o ¢, € Gal(H/K) is Artin automorphism associated to a
e B is integral closure of A in H
Define zeta function associated to p twisted by b € B

hoa

Co(bys) = Z m

aCA
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Main Theorem for Zeta Values (G.)

For b € B and for n < ¢ — 1, there exists a vector

(%,..., %, CCy(bin)) T € CL

such that
B3
d:= Exp/‘?" e H",
%
C¢,(b;n)
where O = C" " MEE) ¢ frang d e H™ is explicitly computable.

0—t([n]VD)

Issue: Radius of convergence for Log?"
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Main ldea for Zeta Values Proof
We use ideas from Papanikolas and G. to realize the zeta value as a sum
of elements which are almost the bottom row of P;, for ¢ > 0,

min(i,q+e) (i) 4 (i—J)
S e A

C.h1 (f(l)...f(z J))

pbin) = i
1=0

where d ., C € H. Since Exp®” is the inverse power series of Logf?"
get the theorem
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Example: Zeta Valuesn =2,q =3
Let E/F3 be defined by y? =3 —t — 1 (A has class number 1). In this
case, the theorem gives

(8) = Expf’,gm <CC*(2)> )

Where € = — -1 € K. Implies:
e (x,C¢(2))7 is in period lattice of Exp;?"
* (@)/m e K
e Since (¢ — 1)|n, agrees with Goss - conditions under which zeta
values in the period lattice.



Example: Zeta Valuesn =2,q =14

Let E/F4 be defined by y? +y = t> + ¢, where ¢ € F is a root of the
polynomial ¢ + ¢ + 1 = 0. Then the theorem gives

O+ 0+ (01 +0)" _p on( *
@ +0)+ @ +032 )~ P \ce@)
Where C = (6* +60)~! € K. Implies:
e (¥,C¢(2))" is not in period lattice of Exp5™"
o Imol (0* +6)% + (6 + 6)*
TP\ (0t +0) + (04 + 0)?
e Can we show this explicitly?

) is not torsion.

Zeta Values
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Future Directions
e Extend formulas to zeta values for all n > 1. What to use for
Anderson-Thakur polynomials?
e Use multivariable L-functions of Pellarin to get higher zeta values?
e Extend theory to curves of higher genus. Work over Jacobian?



Thank you for listening!

eta Values
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