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Hilbert's 12th problem

Hilbert's 12th problem

Let K be a number �eld. Hilbert's 12th problem consists in

giving

an explicit description of every abelian extension L/K . In particular,

describe explicitly

1 The Hilbert class �eld HK of K : the maximal abelian

extension of K , unrami�ed at every place.

2 The maximal abelian extension K ab of K .
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The case K = Q

Theorem of Kronecker-Weber

The abelian closure of Q is

Qab = Q(〈ζn〉n∈N\{0}).

Minkowski's Theorem

Let K be a number �eld. Then:

OK is UFD =⇒ HK = K .

In particular, when K = Q, we have that HQ = Q.
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Imaginary quadratic number �elds

For K a number �eld the only case essentially known so far, other

than K = Q, is K = Q(µ), µ imaginary quadratic.

In this case the solution comes by the theory of complex

multiplication.

Let d ∈ N \ {0}, squarefree, µ :=
√
−d , Λµ := 〈1, µ〉Z is a CM

lattice in C. To Λµ one associates therefore the CM elliptic curve:

Eµ : Y 2 = 4X 3 − 60G4(µ)X − 140G6(µ);

where:

Gn(µ) :=
∑

λ∈Λµ\{0}

λ−n;

are the corresponding Eisenstein series.
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Imaginary quadratic number �elds

Let:

j(µ) :=
123

1− 49
20

G6(µ)2

G4(µ)3

;

be the value taken in µ by the j−invariant:

j : Mod → C;

de�ned on the moduli space:

Mod = (C \ R)/GL2(Z);

of elliptic curves de�ned over C.
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Imaginary quadratic number �elds

j(µ) ∈ K

Theorem of Fueter-Weber

1 There exists α ∈ Q(µ) \Q such that:

HK = K (j(α));

2

K ab = HK (h(Eαtors.));

where h : Eα → P1 a Weber function.
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Imaginary quadratic number �elds

More precisely, by calling g2(µ) := 60G4(µ) and

g3(µ) := 140G4(µ), and z := [℘z : ℘′z : 1] the general point of Eµ:

The Weber function h is in particular:

h(z) =


g2(µ)g3(µ)

∆(µ) ℘z , if j(µ) 6= 0, 1728
g2(µ)2

∆(µ) ℘
2
z , if j(µ) = 1728

g3(µ)
∆(µ)℘

3
z , if j(µ) = 0

where ∆(µ) = g2(µ)2 − 27g3(µ)3 6= 0.
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Imaginary quadratic number �elds

Roughly speaking, the problem is hence solved by two steps:

K
unramified

HK
roots/torsion

K ab

For example, if K = Q the �rst step is skipped as HQ = Q, so that:

Qab = Q(S1
tors.) = Q(e2πiQ)

directly (S1 is the unit circle in C).

(Here the role of the Weierstrass ℘−function is played by the

exponential e2πi : R/Z→ S1).
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Real Multiplication program

K real quadratic number �eld.

K = Q(θ), θ =
√
d , d ∈ N \ {0},

squarefree.

〈1, θ〉Z is DENSE subgroup in R.

It is therefore not a lattice any longer. The corresponding quotient:

Π(θ) := R/〈1, θ〉Z

it is a quantum object. It is NOT Hausdor� and it is called a

quantum torus.
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Real Multiplication program

Y. Manin's RM project

Eisenstein series can not be de�ned over a subgroup dense in

R.

The project of developing a theory of "real multiplication" for

quantum tori has been proposed by Y. Manin in order to solve

Hilbert's 12th problem for real quadratic number �elds in the spirit

of Fueter-Weber theorem.
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C. Castaño Bernard - T. M. Gendron results

Let us de�ne ||x || := infn∈Z{d(x , n)}, for all x ∈ R. ∀ε > 0 it is

de�ned:

Λε(θ) := {n ∈ Z, ||nθ|| < ε}.

Such a set is not trivially {0} (and actually in�nite) if θ ∈ R \Q by

Kronecker's Theorem.

ζθ,ε(k) :=
∑

λ∈Λε(θ)\{0}

λ−k ;

jε(θ) :=
123

1− 49
20

ζθ,ε(6)2

ζθ,ε(4)3

.
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C. Castaño Bernard - T. M. Gendron results

Theorem (T. M. Gendron, C. Castaño Bernard)

The limit:

jqt(θ) := lim
ε→0+

jε(θ)

produces multiple values and it is a modular invariant de�ned on

the moduli space of quantum tori.

De�nition

The quantum j−invariant is the multi-valued function:

jqt : R/GL2(Z) ( R ∪ {∞}.
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C. Castaño Bernard - T. M. Gendron results

PARI-GP suggests that if θ is a fundamental unit of OK with

fundamental discriminant D:

1

]{jqt(θ)} = D;

2

∞ /∈ jqt(θ).

If θ = (1 +
√
5)/2 T. M. Gendron and C. Castaño Bernard

computed explicit values.

[1] Castaño Bernard C., Gendron T. M., "Modular invariant of quantum tori",
Proc. Lond. Math. Soc. 109 (2014), Issue 4, 1014 - 1049
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C. Castaño Bernard - T. M. Gendron results

Conjecture

Let θ be irrational real quadratic. One then has that:

1 ]jqt(θ) <∞ and ∞ /∈ jqt(θ);

2 jqt(θ) ⊂ Q;

3 If θ is a fundamental unit:

HK = K (N(jqt(θ)));

for N some weighted norm.
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De�nitions

Let X be a smooth, projective curve over Fq. Let P ∈ X .

De�nition

AP := Fq[X \ {P}].

We know that if X = P1(Fq) and P =∞:

A := AP = Fq[T ] k := Fq(T )

v∞ = v1/T := − degT (·) | · | = | · |1/T := qdegT (·)

k∞ = Fq((1/T )) C := (k∞)∞
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De�nitions

A←→ Z;

k ←→ Q;

k∞ ←→ R;

C ←→ C.
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De�nitions

The Hilbert class �eld HK has in�nite degree over K as Fq/Fq is

clearly abelian and unrami�ed.

If we restrict the de�nition of HK to be geometric, then there are

hK = ]ClK distinct abelian, unrami�ed extensions of K which are

all maximal.
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De�nitions

De�nition

A real algebraic function �eld is an algebraic extension of k which

is contained in k∞.

Equivalently, an algebraic extension of k is real

if v∞ totally splits in it.

K/k real quadratic. So this �eld extension corresponds to a degree

2 morphism:

π : X → P1(Fq).

Note that:

π−1(∞) = {∞1,∞2}.
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De�nitions

De�nition

Relative integers =⇒ OK := Fq[X \ π−1(∞)].

Absolute integers =⇒ A∞1
:= Fq[X \ {∞1}].
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Real quadratic function �elds

Let us take f ∈ k∞ ∩ k , quadratic, so that:

K = k(f ).

We may assume without loss of generality that f is a fundamental

unit:

f 2 = a(T )f + b, a(T ) ∈ A, b ∈ Fq
∗.

Let d := degT (discr(f )) = degT (a(T )).Therefore
|f | = |a(T )| = qd and |f ′| = |b/f | = q−d .

f ∈ A∞1
, /∈ A∞2

, f −1 ∈ A∞2
, /∈ A∞1

, T ∈ OK , /∈ A∞1
, /∈ A∞2

.
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Real quadratic function �elds

OK = Fq[T , f ] ⊃ A∞1
= Fq[f ,Tf , ...,T d−1f ].

f ∈ OK
∗, /∈ A∗∞1

, /∈ A∗∞2
. Therefore the group of units of OK

is in�nite and no OK−lattice can be embedded in C. While on

the other hand A∗∞1
= Fq

∗.

We also note that both A∞1
and OK are Dedekind domains, so the

ideal classes over them form actually a group.
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Real quadratic function �elds

A∞1
−lattices can be embedded in C. This gives rise to a rank 1

theory which provides a generalization of the Theorem of

Kronecker-Weber for any �nite extension of Fq(T ).

De�nition

An Hayes module is a rank 1 sign-normalized Drinfeld module:

Ψ : A∞1
→ K{τ}.

There are hA∞1
distinct isomorphism classes of Hayes modules over

A∞1
.
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Theorem of Hayes

Theorem of Hayes

1 HA∞1
is the smallest �eld of de�nition of a Hayes module

over A∞1
.

2 For every given modulus m in A∞1
the (narrow) absolute ray

class �eld of conductor dividing m is:

Km
∞1

= HA∞1
(Ψ[m]).
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De�nitions

Kronecker's Theorem for function �elds

For any h ∈ k∞ \ k the image of Ah is dense in S1 := k∞/A.

De�nition

The corresponding quantum torus is the quotient:

k∞/〈1, h〉A.
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De�nitions

De�nition

Let h ∈ k∞, ε > 0. We de�ne:

Λε(h) := {a ∈ A, ||ah|| < ε};

where ||x || := infa∈A{|x − a|}, for any given x ∈ k∞.
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De�nitions

De�nition

ζh,ε(n) :=
∑

a∈Λε(h)+\{0}

a−n, ∀n ∈ N.

De�nition

jε(h) :=
T q − T

1− T q2−T

T q2−T q

ζh,ε(q2−1)
ζh,ε(q−1)q+1

, ∀ε > 0.

(Analogue of E. U. Gekeler's j−invariant for rank 2 Drinfeld

modules).
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De�nitions

De�nition

We call quantum j−invariant the following multi-valued

function:

jqt : k∞/GL2(A) ( k∞ ∪ {∞};

jqt(h) := lim
ε→0+

jε(h).

L. Demangos Quantum j invariant and Real Multiplication program for global function �elds



Introduction Complex multiplication theory Real quadratic number �elds Function �elds in positive characteristic Hayes theory The quantum j−invariant Proof

De�nitions

Theorem

1

∀0 < ε < 1, ∀h ∈ k∞ \ k, |jε(h)| = q2q−1.

In particular, ∞ /∈ jqt(h).

2

h ∈ k ⇐⇒ jqt(h) =∞.

[2] T. M. Gendron, L. Demangos, "Quantum j−invariant in positive
characteristic I: de�nition and convergence", Archiv der Mathematik, 107 (1),
25-35 (2016)
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De�nitions

Theorem

1

h is quadratic =⇒ ]jqt(h) < +∞.
2

h is quadratic unit =⇒ ]jqt(h) = d = degT (discr(h)).

[3] T. M. Gendron, L. Demangos, "Quantum j−invariant in positive
characteristic II: formulas and values at the quadratics", Archiv der

Mathematik, 107 (2), 159-166 (2016)
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Class �eld generation

Main theorem

Let K/k be quadratic and real, h ∈ O∗K unit. Then:

HOK
= K (N(jqt(h)));

N(jqt(h)) :=
∏

α∈jqt (h)

α.

[4] T. M. Gendron, L. Demangos, "The quantum j−invariant and Hilbert class
�elds of real quadratic extensions in positive characteristic",
https://arxiv.org/pdf/1607.03027.pdf
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Class �eld generation

Step 1: Diophantine approximation

Let h ∈ k∞ \ k . Let assume h2 = a(T )h + b, b ∈ Fq
∗.

We de�ne the sequence:

q0 := 1, q1 := a, · · · , qi := aqi−1 + bqi−2;

(best approximation of h if b = 1 by continued fraction).

We have that ||qnh|| = |qnh − qn+1| = |h′n+1||h−h′|
|a(T )| = q−(n+1)d .

This follows by Binet's formula:

qn =
hn+1 + (−h′)n+1

√
D

, ∀n ∈ N.
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Class �eld generation

{T d−1q0, ...,Tq0, q0,T
d−1q1, ...,Tq1, q1, ...} is Fq−basis of A,

where the order is by decreasing errors:

||T lqnh|| = |T lqnh − T lqn+1| = ql−(n+1)d < 1.

We �x:

ε := q−Nd−l , l = 0, ..., d − 1.

One can prove that:

Λε(h) = Fq〈qN , qNT , ..., qNT
d−l−1, qN+1, qN+1T , ..., qN+1T

d−1, ...〉.

By Binet's formula, if N → +∞, so ε→ 0+, we have that:

qN+i ≈
hN+1+i

√
D

.
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Let:

ai := (h, hT , ..., hT i )A∞1
;

for any i = 0, ..., d − 1.

So, by de�ning:

ζad−l−1(n) :=
∑

α∈a+
d−l−1\{0}

α−n;

we obtain:

ζh,ε(n) =
∑

a∈Λε(h)+\{0}

a−n

ε→0+
// h

N

√
D
{ζad−l−1(n)}l=0,...,d−1 .

By homogeneity of the degree 1− q2 we have cancellation of

(hN/
√
D)1−q2 in the expression of jqt(h), so we obtain:
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Step 2: Description of jqt

jqt(h) =

 T q − T

1− T q2−T

T q2−T q

ζai
(q2−1)

ζai
(q−1)q+1


i=0,...,d−1

= {j(ai )}i=0,...,d−1.

Theorem of Goss

∃r ∈ C \ {0}, ∀a ∈ ClA∞1
, ∀n ≡ 0 mod (q − 1) :

ζa(n)

rn
∈ HA∞1

.

This generalizes Euler's formula:

ζ(2n)

π2n
∈ Q = HQ.

L. Demangos Quantum j invariant and Real Multiplication program for global function �elds



Introduction Complex multiplication theory Real quadratic number �elds Function �elds in positive characteristic Hayes theory The quantum j−invariant Proof

Class �eld generation

Step 2: Description of jqt

jqt(h) =

 T q − T

1− T q2−T

T q2−T q

ζai
(q2−1)

ζai
(q−1)q+1


i=0,...,d−1

= {j(ai )}i=0,...,d−1.

Theorem of Goss

∃r ∈ C \ {0}, ∀a ∈ ClA∞1
, ∀n ≡ 0 mod (q − 1) :

ζa(n)

rn
∈ HA∞1

.

This generalizes Euler's formula:

ζ(2n)

π2n
∈ Q = HQ.

L. Demangos Quantum j invariant and Real Multiplication program for global function �elds



Introduction Complex multiplication theory Real quadratic number �elds Function �elds in positive characteristic Hayes theory The quantum j−invariant Proof

Class �eld generation

Step 2: Description of jqt

jqt(h) =

 T q − T

1− T q2−T

T q2−T q

ζai
(q2−1)

ζai
(q−1)q+1


i=0,...,d−1

= {j(ai )}i=0,...,d−1.

Theorem of Goss

∃r ∈ C \ {0}, ∀a ∈ ClA∞1
, ∀n ≡ 0 mod (q − 1) :

ζa(n)

rn
∈ HA∞1

.

This generalizes Euler's formula:

ζ(2n)

π2n
∈ Q = HQ.

L. Demangos Quantum j invariant and Real Multiplication program for global function �elds



Introduction Complex multiplication theory Real quadratic number �elds Function �elds in positive characteristic Hayes theory The quantum j−invariant Proof
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Again by homogeneity of the degree 1− q2 we factor out

r1−q2 .

Therefore:

j(a) ∈ HA∞1
, ∀a ∈ ClA∞1

.

Which means that:

jqt(h) ⊂ HA∞1
.
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Class �eld generation

Step 3: Class �eld generation

G (HA∞1
/K )

'
��

π // // G (HOK
/K )

'
��

ClA∞1

π // // ClOK

where:

π : a 7→ aOK .

It is easy to see that:

{ai}i=0,...,d−1 = {(f , fT , ..., fT i )}i=0,...,d−1 ⊂ Ker(π).

(f ∈ OK
∗).
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Class �eld generation

Proposition

hA∞1
= dhOK

.

Let ClK := Div(K )/Princ(K ) the class group of K .

Proposition

ClA∞1
' ClK/〈∞1〉, ClOK

' ClK/〈∞1,∞2〉.

Corollary

Ker(π) = {[a0], ..., [ad−1]} = 〈[ad−1]〉 = 〈∞2〉 ' Z/dZ.
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Therefore:

jqt(h) = {j(a), a ∈ Ker(π)}.

By Artin reciprocity:

Ker(π) ' G (HA∞1
/HOK

).
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Class �eld generation

Therefore:

∀σ ∈ G (HA∞1
/HOK

), N(jqt(h))σ =
∏

ai∈Ker(π)

j(ai )
σ =

=
∏

ai∈Ker(π)

j(aiaσ
−1) = N(jqt(h)).

It follows that:

N(jqt(h)) ∈ HOK
.
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Theorem

]OrbG(HOK
/K)(N(jqt(h))) = hOK

= [HOK
: K ].

As G (HA∞1
/K ) is abelian: =⇒ K (N(jqt(h)))/K is Galois

extension.

Corollary

K (N(jqt(h))) = HOK
.
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Class �eld generation

The ε−exponential expε : C → C de�ned in the intuitive way:

expε(z) := z
∏

λ∈Λε(h)\{0}

(
1− z

λ

)
;

does not give any deep information because:

lim
ε→0+

expε(z) = z .

Given Λ a rank 1 lattice, the corresponding rank 1 Drinfeld module

becomes sign normalized by rescaling Λ by a suitable factor

ξ(Λ) ∈ C explicitly computed as a function of Λ.
We de�ne a transcendental ε−scaling factor ξε ∈ C associated to

Λε(h) in complete analogy.
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De�nition

For every ε > 0 the normalized ε−exponential êxpε : C → C is

de�ned as follows:

êxpε(z) := ξε expε(ξ
−1
ε z).

De�nition

expqt(z) := lim
ε→0+

êxpε(z).
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Class �eld generation

Theorem

The quantum exponential is a multi-valued function:

expqt
h : C ( C;

such that:

expqt
h (z) = {e0(z), ..., ed−1(z)};

where e0, ..., ed−1 : C → C are the exponential functions associated

to the Hayes modules Ψ0, ...,Ψd−1, such that:

ei : C/ξiai ' Ψi ;

for i = 0, ..., d − 1, where:

lim
ε→0+

ξε = {ξ0, ..., ξd−1}.
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Class �eld generation

Let M be an ideal of OK .

De�nition

IM := {A ⊆ OK , (A,M) = 1}.

PM := {aOK ∈ IM, a ≡ 1 mod M}.

PM
1 := {aOK ∈ PM, a positive (sgn(a) = 1)}.

PM
2 := {aOK , aσ positive, 1 6= σ ∈ G (K/k)}.

PM
+ := {aOK , aσ positive, ∀σ ∈ G (K/k)}.
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De�nition

ClM := IM/PM.

ClMi := IM/PM
i , i = 1, 2.

ClM+ := IM/PM
+ .

Completely analogous de�nitions are given for m := M ∩ A∞1
,

except that there is no more need to distinguish positivities as the

place above ∞ which is considered is only one.

De�nition

Km and KM
1 are the unique abelian extensions of K having their

Galois groups over K isomorphic via reciprocity to Clm+ and ClM1 ,

respectively.
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We call:

Z := G (Km/KM
1 ).

Theorem

Z acts transitively on the set of A∞1
−modules of m−torsion points

{Ψ0[m], ...,Ψd−1[m]}.

L. Demangos Quantum j invariant and Real Multiplication program for global function �elds



Introduction Complex multiplication theory Real quadratic number �elds Function �elds in positive characteristic Hayes theory The quantum j−invariant Proof

Class �eld generation

We call:

Z := G (Km/KM
1 ).

Theorem

Z acts transitively on the set of A∞1
−modules of m−torsion points

{Ψ0[m], ...,Ψd−1[m]}.

L. Demangos Quantum j invariant and Real Multiplication program for global function �elds



Introduction Complex multiplication theory Real quadratic number �elds Function �elds in positive characteristic Hayes theory The quantum j−invariant Proof
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De�nition

tqt := OrbZ (t0), t0 ∈ Ψ0[m] ⊂ Km.

Theorem

KM
1 = HOK

(〈TrZ (tqt), ∀tqt〉).

The analogous result is shown as well for KM
2 by repeating the

arguments on A∞2
and replacing f with f ′. Then:

KM = KM
1 KM

2 .

This gives an explicit description of KM in terms of expqt and tqt .
Submitted soon
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