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Number field case.

“Non-holomorphic” Eisenstein series on Drinfeld half space.
Function field analogue of Kronecker limit formula.
Application I: Colmez-type formula of Drinfeld modules.

Application II: Special values of automorphic L-functions.
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Number field case

Given z € C with Im(z) > 0, recall the non-holomorphic
Eisenstein series:

E(z,s):= Z |cz+d|25’ Re(s) > 1.

It is clear that

£ (az—”’,s) _E(z,s), ¥ (i Z) € SLu(2).

cz+d

Kronecker limit formula over function fields 3/48



Number field case

7S[(s)E(z,s) =: E(z,s) = E(z,1—s),

where o
r(s) = / x5 Te *dx.
0

Kronecker limit formula

E(z,0)=-1 and %E(z,s) = — In(Im(2)|A(2)| ).

s=0
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Number field case

Here A(z) is the modular discriminant function
> N 24
A(Z) _ e27r/z H (1 _ eZmnz) ,
n=1
which satisfies

az+b
A(CZ+d

) = (cz+d)"?A(z), v <i 2) < SLa(2).
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Function field setting

(] k = ]Fq(t).
o A:=Ty[t].
e |la/b| = qde9a—degb for g b ¢ Awith b # 0.

koo 1= Fq((t71)).
Ou = Fy[[t71]].

Cs: the completion of an algebraic closure of k..

Kronecker limit formula over function fields

6/48



Drinfeld period domain

Let
O =P (Cs) — U k--rational hyperplanes.

We have a left action of GL,(kx) on $" defined by:
r r
g-z:= (Zaﬁzj Deee Zarjzj)
j=1 j=1

forz=(z;:---:2z)cH and g = (@j)1<ij<n € GLr(kx)
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Gekeler’s Imaginary parts

Im(z),- = inf |Z,' +Uit1Zig1 + -+ U124 + Url,
Uiy, Ur€Ko

and Im(z2) := [[<;, Im(2);.
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Gekeler’s Imaginary parts

Im(z),- = inf |Z,' +Uit1Zig1 + -+ U124 + Url,
Uiy, Ur€Ko

and Im(z2) := [[<;, Im(2);.

Lemma
* *

Guivenzeﬁ’andg:(C1 oo Gl
cr

) € GL,(kx), we have

Im(g-z) = |detg|

= -Im(2).
lc1z1 + -+ G121 + dIf (2)
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“Non-holomorphic” Eisenstein series

/
Im(z)®
]E(z, S) =
C1v-~~7;,deA lc1zy + -+ Cr12Zr1 + d|®
= Glrs) > Im(y-2)°.
vEP-(A)\ GL/(A)

acGL,_q } Then

Here P, := {(g 2) c GL,

E(y-z,5) =E(z,5), Vv € GL/(A).
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Kronecker (first) limit formula

Theorem 1 (W.)

(1) E(z,s) converges absolutely for Re(s) > 1 and has
meromorphic continuation to the whole complex s-plane with
a simple pole at s = 1.

(2) Suppose Im;(z) = g~ with ¢ € Z for 1 < i < r, we have the
functional equation

(q° —1)""-E(z,s) = E(z,s) = E(z",1 — s),
where zV € §' is a “dual” point of z.

(8) Forevery z € $", we have E(z,0) = —1 and

5Bz 9)[_, = —In (im(2)-|A)7).

s=0
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Drinfeld modules and lattices

associated to A is:
! w
expp(w) =w- (1 - 3) "W el
AEA

There exists a unique polynomial
SP(xX) = b+ gi(MXT + -+ Gra(MXT ' + AN)XT € Caolx]

satisfying exp,(tw) = ¢(exp,(w)). Note that ¢} induces an
Fq-algebra homomorphism ¢ : A — Endg,(Cx), called the
Drinfeld A-module associated to A.
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Drinfeld discriminant function

A(z) == A(AS).

Then for every v = <c * *

— d) € GL,(A) we have
c

A(y-2)=(c1z1+ - Cr_1Z—1 + d)T TA(2).

Product expansion

/

Alzy=t- ][] exoa.(w)™".

welnz/N;
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Meromorphic continuation of E(z, s)

Proposition
For z € $", we have

E(z,s)
Im(z)® ! 1 ! ( 1 1 )
qI’S _ ql’ ;A |W|I’S )%/\:z |)\ — W|I’S |)\|I'S
we——= IxI<|w|
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Stieltjes-type formula of E(z, s)

Proposition
o" qrs _ qr
5 (e 229 |,

/ /

=0 > I+ > (I wl = in" )

wet=1Az/A; | §|€</}fv |

Here In" x := (Inx)" for x € R.o.
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Jacobi-type Eisenstein series

Givenze H"and w € Co, — Ay, let

Z w, S Z ‘>\ W‘I’S

AEA;

*

Thenfom:(C
.-

*
6 d> € GL/(A) one has
w

E(v- z, ,
9 Cizy+--+C 121 +d

s)=E(z,w,s).
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Kronecker (second) limit formula

Im(2)° Im(z)° _ Im(2)°
E(z,W,8) “E(Z2,8) =T 5+ D (|A—w|fs‘ AP
o

leads us to:

Corollary
Forze $"and w € C, — A, we have E(z, w,0) = 0 and

0 r r
il - _ . g1
8SE(Z’ w, s) o 7 In|A(Z) - expy, (w)7 7.

Kronecker limit formula over function fields 16/ 48



Taguchi height of Drinfeld modules

r—1 :
ot(x) = tx + <Z g,-(qs)xq') + A(p)x9 .

i=1

For each place w of F with w t oo, put

)

(7f-1 _ 1

ordy(¢) == {min{ g1 7 — 1

ordw(gi(¢))  ordw(gr-1(¢)) Ordw(A(czS))H'

The local height of ¢ at w is defined by
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Taguchi height of Drinfeld modules

For each place o of F with o | co, we embed F into C, via o
and let Ay s, C C be the rank r A-lattice in C, associated to
¢. Let

Mag.%(¢/F) = TFR log, D(A.%),
where for every rank r A-lattice A ¢ C, put
D(A) := |a| - Im(2)"/"

if we write A = a/\; fora € CX and z € $'.
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Taguchi height of Drinfeld modules

Definition

The Taguchi height of ¢ over F is defined by

hTag(Qb/F Z hTag w(d’/F Z hTag,ob(¢/F)-

wioo 3o|o0

Let F’ be a finite extension over F. Then

hrag(¢/F') < hrag(¢/F),

and the equality holds when ¢ has stable reduction everywhere.
Define

Tag(¢) Inq- “Fm hTag(d)/Fl):
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CM Drinfeld modules

“imaginary” field K with [K : k] < r. We call ¢ a CM Drinfeld
module if [K : k] = r. Let 7 be an ideal of O which is isomorphic
to A4 (as O-modules). Then

Proposition
hg(¢) = —InD()
1 =
i) 2 (Il |AE)T)

[A]ePic(O)

where ||| := #(O/a) - |a|~" foraec A— {0} with a2 C O.
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Colmez-type formula

G(s) = E _
( ) invertible O-ideal ||Q[”S
ACT
1 [[24]°
- : E -E(3, s).
rs
#O* [2]€Pic(O) b(3)

We then arrive at the following result.

Theorem 2 (W.)

—
~—

(0
Poag() =~ In D) - 7+ 0

~—
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Colmez-type formula

Note that when K/k is separable and tamely ramified at oo, one

has
D(0) = [[o(O/A)|[V?",

where 9(O/A) C Ais the discriminant of O/A. Suppose further
that J is an invertible O-ideal, our Colmez-type formula can be
reformulated as:

1 ¢0(0)

Hh(9) = 1 (Ino(©/A)] 2+ SO0 )
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Asymptotic behavior

of K. Write

Ok\°)s

Sk(s) = s—1
and put vk := ¢p/C_1, so called the Euler-Kronecker constant
of K. Let ¢ be a rank r Drinfeld A-module over k with CM by
Ok. Then the above Colmez-type formula can be written as:

+c+0(s—1)

gk —
r

h"sl“tag(d)o) -

1 1 YK
lan_EInq+7’

where gk is the genus of K and g is the cardinality of the
constant field of K.
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Asymptotic behavior

It is known that (by Ihara 2006)
vk = Ork(In(gk — 1))  as gk > 0.
Therefore we obtain the following asymptotic formula:

Ok —

]
htag(¢0) = gy + Ork(In(gk —1))  asgk>0.
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Adelic settings

o A: the adele ring of k.
o O,: the maximal compact subring of A.
@ |-|a: norm on idele group A*.

o A®: the finite adele ring of k. In particular, one has
A=A x K.

S(A7): the space of Schwartz functions on A'.

S((A>)"): the space of Schwartz functions on (A>)".
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Mirabolic Eisensteins series

Y€ S(A’) for g € GL,(A) we put
®,(.5.%) == |detgls [ ((0....0.a ) (@)lal "o,

which converges absolutely for Re(s) > 1/r and has
meromorphic continuation to the whole s-plane. Define

g(g) S7X7 90) = Z ¢¢(7g7 Sa X)
vEP:(K)\ GL/(K)
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Mirabolic Eisensteins series

Proposition

(1) The Eisenstein series £(g, S, x, ¢) converges absolutely for
Re(s) > 1 and has meromorphic continuation to the whole
s-plane.

(2) Let " be the Fourier transform of : For
X =(Xq,...,Xr) € A", put

o (x) = / o> xiyi) dy-
oy i=1

Then &£(g, s, x, ©) satisfies the following functional equation:

£(9,8,x.¢)=E(g " 1 —s,x7,¢Y).
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Mirabolic Eisensteins series

fos ) =lsetall [ {3 el | x(@iaiaa

xek’
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Mirabolic Eisensteins series

fos ) =lsetall [ {3 el | x(@iaiaa

xek’
In particular, take x = 1, g = g € GL(kx), and ¢ = 1or, we
get
(G, 8,1, 101)

|det goo|s / —1 —rs X
= —— | D 1o (83 X0m0) | 18se| 0 an
d kso XEAr

|det goo|®
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Building map from &’ to the 5'(R)

we put
vi(x):=inf{|al : a € ko, x € al}, Vx € kL.

Recall that the realization of the Bruhat-Tits building B, of
PGL, (k) can be identified with the equivalent classes of the
norms on k’_, and we have a Building map " — B,(R) defined
by

Z+— [vz], where vy == (X — | X121 + - + Xr—1Zr—1 + X¢|).
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E(z,s) and £(g., S, 1,10r)

E(z,s) =
( ) O dEA |C1 Z1+ -+ Cr—1Zr—1 + d|rs
i Im(z2)$
XCAT Vz(X)rs-
Therefore:
Proposition

Given z € ', suppose v, = v, for some g, € GL/ (k).
We then have

E(Z, S) = (q - 1)(1 - q—rS) ’ 5(gw’37171og)-
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“Adelic” Kronecker limit formula

Let 5] == 9" x GL,(A>). For zy = (z,9*) € 9/, put
Im(z4) := Im(z) - |det g*°|4. Given a Schwartz function
e € S((A*)"), set

S
E(za, S; ¢™) ng (xg™ ( ) Re(s) > 1.

XEK"

It is clear that

E(y - 2Za, 8; ) = E(24,8; ™), Vv € GL/(k).
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“Adelic” Kronecker limit formula

acA—{0}

We may take a sufficiently “large” a € A so that ¢>°( - g=°)
corresponds to a function on k" /aA" with finite support. Then:

Lemma
det g*°|3

Bz siv™) = A (0=(0) B(z,9)
T Z (9000)(@900)'15(2,&2,5)).
0£ack”/aA"
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“Adelic” Kronecker limit formula

For a unitary Hecke character x : k*\A* — C* with x(kZ) =1,
we define

1
Bz so0e™) = pg [ @ E@aseY)da
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Extending mirabolic Eisenstein series

Proposition

Let x : k*\A* — C* be a unitary Hecke character with
x(k%) = 1. Given a Schwartz function o> € S((A*>)"), we
have

E(za, 8, X, ™) = £(9,8, X, ¢ ®10r)
for every z, € £} with

A(za) = 9] € Bu(Z) = GLA(A)/ kS GLr(Ox).

Our Kronecker limit formula enables us to connect the special
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Drinfeld-Siegel units

Given a Z-valued Schwartz function ¢>° € S((A>)"), take
ac A— {0} so that ¢> can be viewed as a function on k" /aA".
put
/ (o
u(z ™) = A(anz)?" O T (A(a/\z) expa_Az(az)(q’—U)‘P ©
ack’ /aAr

Note that u(z; ¢*°) is independent of the chosen a € A.
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Drinfeld-Siegel units

w(za; ) = u(z; p(g°)¢™), Vza =(2,9%) € H}.

Lemma

we have
u(y-2a; %) = (G124 +Cr—1 Z—1+0)TTETOy(7,; ).

In particular, u(zy;p>) can be viewed as a function on
GL,(k)\$ if ¢>°(0) = 0.
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“Adelic” Kronecker limit formula

Theorem 3 (W.)

Given a Z-valued Schwartz function o> € S((A*)") and
Zp € 9}, we have

E(za,0; ¢>) = —¢>°(0)
and

9 oo _r_
&E(ZA, S; cpoo) — —1|n (Im(zA)“O (0) . Iu(zA; 9000)|qr_1)'

s=0
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Lerch-type formula

Moreover, let y : kK*\A* — C* be a unitary Hecke character
with x(kX) = 1. Suppose y is non-trivial or ¢*>°(0) = 0. Then

Corollary
E(ZAa 07 X ()OOO)

1 -
= —« a) -log, [u(zya; o) |d*a.
o /,(X\AOO,XX() 9 [u(zaa )|
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Hayes-Stickelberger element

single point, say Z,. Given a proper ideal m < A, let H,, be the
ray class field of k of conductor m. Let

Cm = Tim0e € S(A™).

Then uy :=u((20, 1), ¢*°) lies in H, and the
Hayes-Stickelberger element of H,, is:

wm=— > logguG| o' € Z[Gal(H/K)].
7€Gal(Hn/k)
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Rankin-Selberg L-function

respectively. Putx = (w-w)~'. We define a multi- Ilnear
functional PRS : M x M x S((A*)"); — C by

PRS(1,f/, o) = / 1(9)F'(9)m(g; #™)dg.
AX GL(K)\ GL/(A)
Here
L 00 . . . 200 X
o) = g [ (@ bogg u(zna o) 0"

for every z, € $ whose image via the building map is
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Rankin-Selberg L-function

On the other hand, write M = ®,M, and N" = ®,M),. For each
place v, put

1
Ly(s,M x 1)

W, (9v) W;;(QV)SOV((Q - 0, 1)QV) | det gy [} dgv,

LES(S; fV7 fll/7 SDV) =

' /N,(kv)\GL,(kV)

which is holomorphic at s = 0 and LFS(0; f,, f,, ¢,) = 1 when v
is “nice”.
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Rankin-Selberg L-function

and consider the following multi-linear functional on
M x N x S((A>®))z:

PP = PPS(. 10 ) ® (@V;ﬁoo 95‘3).

We then have

Theorem 4 (W.)

Given two cuspidal representations M and I’ with M’ 3£ 1, we
have

PRS = 1(0,N x M) - 278,
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Godement-Jacquet L-function

the associated Godement-Jacquet L-function is

L(s:fy. T, ®) = / o(g) - | detgls - (M(g)h. h)perdly.
GL/(A)

It is known that L(s; fi, f, ) converges absolutly for
Re(s) > 1/r and has analytic continuation to the whole
complex s-plane with the following functional equation:

L(s:fi, b, ®) = L(r —s.F, b, ®).
Here f(g) := f('g~') and
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Godement-Jacquet L-function

For factorizable f;, , € M and ¢ € S(Mat,(A)), we then have

L(s:fi. b, &) = L(s — =

> I_I) ’ rV[ Le(S; f1,V) f2,V7 <j>V))

where

1
o . —
Ly(si o o ®v) 1= e — (373, m)
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Godement-Jacquet L-function

eQZGJ = c@c?od('? '71Matr(o<x>)) ® (®V#Ooe@9d) ’

a multi-linear functional on M x M x S(Mat,(A°))z.
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Godement-Jacquet L-function

Let Z7°(Fi v, fo,v, ®v) == LY(0; fy v, 2y, dy) @nd
PG . c@c?od('? '71Mat,(000)) ® (®V;éoo'@vGJ) )
a multi-linear functional on M x M x S(Mat,(A°))z.

On the other hand, identifying Mat, (k) with k", the left and
right multiplications of GL, on Mat, then induces an embedding

GL? =GL, xGL; < GL,2.
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Godement-Jacquet L-function

(91,92) € GL2(A), we have
£((91,92),8,w™ ", ®) = |det(g190)|

3l S o(a - goXow ' (a)alfd a
aEK\AX 0 X cMat, (k)

Theorem (Piatetski-Shapiro and Rallis)
For f;,f, € Mand & € S(Mat,(A)) we have

L(rs; fy, o, P)

/(AX GL(k)\ GLr(4))
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Godement-Jacquet L-function

1

POty b, @) = g

/(AX GL/(K)\ GLr(4))" i(91)n.-1((91: 92); ) - T (92) dg g

Then:

Theorem 5 (W.)

P =1L ). 2%
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The end.

Thank you for your attention.

Kronecker limit formula over function fields

48/48



