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Outline

Number field case.

“Non-holomorphic” Eisenstein series on Drinfeld half space.

Function field analogue of Kronecker limit formula.

Application I: Colmez-type formula of Drinfeld modules.

Application II: Special values of automorphic L-functions.
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Number field case

Given z ∈ C with Im(z) > 0, recall the non-holomorphic
Eisenstein series:

E(z, s) :=
′∑

c,d∈Z

Im(z)s

|cz + d |2s , Re(s) > 1.

It is clear that

E
(

az + b
cz + d

, s
)

= E(z, s), ∀
(

a b
c d

)
∈ SL2(Z).
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Number field case

The Eisenstein series E(z, s) has meromorphic continuation to
the complex s-plane satisfying a functional equation:

π−sΓ(s)E(z, s) =: Ẽ(z, s) = Ẽ(z,1− s),

where
Γ(s) :=

∫ ∞
0

xs−1e−xdx .

Kronecker limit formula

E(z,0) = −1 and
∂

∂s
E(z, s)

∣∣∣
s=0

= − ln(Im(z)|∆(z)|
2
12 ).
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Number field case

Here ∆(z) is the modular discriminant function

∆(z) = e2πiz
∞∏

n=1

(
1− e2πinz

)24
,

which satisfies

∆

(
az + b
cz + d

)
= (cz + d)12∆(z), ∀

(
a b
c d

)
∈ SL2(Z).
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Function field setting

k := Fq(t).

A := Fq[t ].

|a/b| := qdeg a−deg b for a,b ∈ A with b 6= 0.

k∞ := Fq((t−1)).

O∞ := Fq[[t−1]].

C∞: the completion of an algebraic closure of k∞.
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Drinfeld period domain

Let
Hr := Pr−1(C∞)−

⋃
k∞-rational hyperplanes.

We have a left action of GLr (k∞) on Hr defined by:

g · z := (
r∑

j=1

a1jzj : · · · :
r∑

j=1

arjzj)

for z = (z1 : · · · : zr ) ∈ Hr and g = (aij)1≤i,j≤n ∈ GLr (k∞)
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Gekeler’s Imaginary parts

Given z = (z1 : · · · : zr−1 : zr = 1) ∈ Hr , for 1 ≤ i < r we let

Im(z)i := inf
ui+1,...,ur∈k∞

|zi + ui+1zi+1 + · · ·+ ur−1zr−1 + ur |,

and Im(z) :=
∏

1≤i<r Im(z)i .

Lemma

Given z ∈ Hr and g =

(
∗ ∗

c1 · · · cr−1 d

)
∈ GLr (k∞), we have

Im(g · z) =
|det g|

|c1z1 + · · ·+ cr−1zr−1 + d |r
· Im(z).
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“Non-holomorphic” Eisenstein series

For z ∈ Hr , we define

E(z, s) :=
′∑

c1,...,cr−1,d∈A

Im(z)s

|c1z1 + · · ·+ cr−1zr−1 + d |rs

= ζA(rs) ·
∑

γ∈Pr (A)\GLr (A)

Im(γ · z)s.

Here Pr :=

{(
a ∗
0 d

)
∈ GLr

∣∣∣∣ a ∈ GLr−1

}
. Then

E(γ · z, s) = E(z, s), ∀γ ∈ GLr (A).
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Kronecker (first) limit formula

Theorem 1 (W.)

(1) E(z, s) converges absolutely for Re(s) > 1 and has
meromorphic continuation to the whole complex s-plane with
a simple pole at s = 1.

(2) Suppose Imi (z) = q−` with ` ∈ Z for 1 ≤ i < r , we have the
functional equation

(qrs − 1)−1 · E(z, s) =: Ẽ(z, s) = Ẽ(z∨,1− s),

where z∨ ∈ Hr is a “dual” point of z.

(3) For every z ∈ Hr , we have E(z,0) = −1 and

∂

∂s
E(z, s)

∣∣∣
s=0

= − ln
(

Im(z) · |∆(z)|
r

qr −1
)
.
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Drinfeld modules and lattices

Let Λ ⊂ C∞ be an A-lattice of rank r . The exponential function
associated to Λ is:

expΛ(w) := w ·
′∏

λ∈Λ

(1− w
λ

), ∀w ∈ C∞.

There exists a unique polynomial

φΛ
t (x) = tx + g1(Λ)xq + · · ·+ gr−1(Λ)xqr−1

+ ∆(Λ)xqr ∈ C∞[x ]

satisfying expΛ(tw) = φt
(

expΛ(w)
)
. Note that φΛ

t induces an
Fq-algebra homomorphism φΛ : A→ EndFq (C∞), called the
Drinfeld A-module associated to Λ.
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Drinfeld discriminant function

For z = (z1 : · · · : zr−1 : 1) ∈ Hr , set Λz := Az1 + · · ·+ Azr−1 + A
and

∆(z) := ∆(Λz).

Then for every γ =

(
∗ ∗

c1 · · · cr d

)
∈ GLr (A) we have

∆ (γ · z) = (c1z1 + · · · cr−1zr−1 + d)qr−1∆(z).

Product expansion

∆(z) = t ·
′∏

w∈ 1
t Λz/Λz

expΛz (w)−1.
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Meromorphic continuation of E(z, s)

We may write E(z, s) as follows:

Proposition

For z ∈ Hr , we have

E(z, s)

=
Im(z)s

qrs − qr ·
′∑

w∈ t−1Λz
Λz

 1
|w |rs

+
′∑

λ∈Λz
|λ|≤|w|

(
1

|λ− w |rs
− 1
|λ|rs

) .
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Stieltjes-type formula of E(z, s)

Thus we obtain the following formula of Taylor coefficients of
E(z, s) at s = 0:

Proposition

∂n

∂sn

(
qrs − qr

Im(z)s · E(z, s)

) ∣∣∣∣
s=0

=(−r)n ·
′∑

w∈t−1Λz/Λz

lnn |w |+
′∑

λ∈Λz
|λ|≤|w|

(
lnn |λ− w | − lnn |λ|

) .
Here lnn x := (ln x)n for x ∈ R>0.

Question: A “modular” interpretation of higer derivatives of
E(z, s) at s = 0?
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Jacobi-type Eisenstein series

Given z ∈ Hr and w ∈ C∞ − Λz , let

E(z,w , s) :=
∑
λ∈Λz

Im(z)s

|λ− w |rs
.

Then for γ =

(
∗ ∗

c1 · · · cr−1 d

)
∈ GLr (A) one has

E(γ · z, w
c1z1 + · · ·+ cr−1zr−1 + d

, s) = E(z,w , s).
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Kronecker (second) limit formula

The following equality

E(z,w , s)− E(z, s) =
Im(z)s

|w |rs
+
∑

0 6=λ∈Λz
|λ|≤|w|

(
Im(z)s

|λ− w |rs
− Im(z)s

|λ|rs

)

leads us to:

Corollary

For z ∈ Hr and w ∈ C∞ − Λz , we have E(z,w ,0) = 0 and

∂

∂s
E(z,w , s)

∣∣∣
s=0

= − r
qr − 1

ln |∆(z) · expΛz
(w)qr−1|.
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Taguchi height of Drinfeld modules

Let F be a finite extension of k . Given a Drinfeld A-module φ of
rank r over F , write

φt (x) = tx +

(
r−1∑
i=1

gi(φ)xqi

)
+ ∆(φ)xqr

.

For each place w of F with w -∞, put

ordw (φ) :=

⌊
min

{
ordw (g1(φ))

q − 1
, ...,

ordw (gr−1(φ))

qr−1 − 1
,
ordw (∆(φ))

qr − 1

}⌋
.

The local height of φ at w is defined by

hTag,w (φ/F ) := −
[Fw : Fq]

[F : k ]
· ordw (φ).
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Taguchi height of Drinfeld modules

For each place ∞̃ of F with ∞̃ | ∞, we embed F into C∞ via ∞̃
and let Λφ,∞̃ ⊂ C∞ be the rank r A-lattice in C∞ associated to
φ. Let

hTag,∞̃(φ/F ) := − [F∞̃ : k∞]

[F : k ]
· logq D(Λφ,∞̃),

where for every rank r A-lattice Λ ⊂ C∞, put

D(Λ) := |α| · Im(z)1/r

if we write Λ = αΛz for α ∈ C×∞ and z ∈ Hr .
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Taguchi height of Drinfeld modules

Definition

The Taguchi height of φ over F is defined by

hTag(φ/F ) :=
∑
w -∞

hTag,w (φ/F ) +
∑
∞̃|∞

hTag,∞̃(φ/F ).

Let F ′ be a finite extension over F . Then

hTag(φ/F ′) ≤ hTag(φ/F ),

and the equality holds when φ has stable reduction everywhere.
Define

hst
Tag(φ) := ln q · lim

F ′:
[F ′:F ]<∞

hTag(φ/F ′),

called the stable Taguchi height of φ.
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CM Drinfeld modules

Given a rank r Drinfeld A-module φ over k , the endomorphism
ring EndA(φ/k) can be identified with an A-order O of an
“imaginary” field K with [K : k ] ≤ r . We call φ a CM Drinfeld
module if [K : k ] = r . Let I be an ideal of O which is isomorphic
to Λφ (as O-modules). Then

Proposition

hst
Tag(φ) = − ln D(I)

− 1
r# Pic(O)

∑
[A]∈Pic(O)

ln
(
‖A‖ · |∆(AI)|

r
qr−1

)
where ‖A‖ := #(O/aA) · |a|−r for a ∈ A− {0} with aA ⊂ O.
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Colmez-type formula

Let

ζI(s) :=
∑

invertibleO-ideal
A⊂I

1
‖A‖s

=
1

#O×
·

∑
[A]∈Pic(O)

‖A‖s

D(AI)rs · E(AI, s).

We then arrive at the following result.

Theorem 2 (W.)

hst
Tag(φ) = − ln D(I)− 1

r
·
ζ ′I(0)

ζI(0)
.

21 / 48
Kronecker limit formula over function fields

N



Number field case Function field case Colmez-type formula Adelic version Special L-values

Colmez-type formula

Note that when K/k is separable and tamely ramified at∞, one
has

D(O) = ‖d(O/A)‖1/2r ,

where d(O/A) ⊂ A is the discriminant of O/A. Suppose further
that I is an invertible O-ideal, our Colmez-type formula can be
reformulated as:

hst
Tag(φ) = −1

r

(
ln ‖d(O/A)‖1/2 +

ζ ′O(0)

ζO(0)

)
.
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Asymptotic behavior

Let ζK (s) := (1− q−fK (∞)s)ζOK (s), the complete zeta function
of K . Write

ζK (s) =
c−1

s − 1
+ c0 + O(s − 1)

and put γK := c0/c−1, so called the Euler-Kronecker constant
of K . Let φo be a rank r Drinfeld A-module over k with CM by
OK . Then the above Colmez-type formula can be written as:

hst
Tag(φo) =

gK − 1
r

ln qK −
1
2

ln q +
γK

r
,

where gK is the genus of K and qK is the cardinality of the
constant field of K .
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Asymptotic behavior

It is known that (by Ihara 2006)

γK = Or ,k
(

ln(gK − 1)
)

as gK � 0.

Therefore we obtain the following asymptotic formula:

hst
Tag(φo) =

gK − 1
r

ln qK + Or ,k
(

ln(gK − 1)
)

as gK � 0.
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Adelic settings

A: the adele ring of k .

OA: the maximal compact subring of A.

| · |A: norm on idele group A×.

A∞: the finite adele ring of k . In particular, one has
A = A∞ × k∞.

S(Ar ): the space of Schwartz functions on Ar .

S((A∞)r ): the space of Schwartz functions on (A∞)r .
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Mirabolic Eisensteins series

Let χ : k×\A× → C× be a unitary Hecke character. Given
ϕ ∈ S(Ar ), for g ∈ GLr (A) we put

Φϕ(g, s, χ) := |det g|sA
∫
A×

ϕ((0, ...,0,a−1)g)χ(a)|a|−rs
A d×a,

which converges absolutely for Re(s) > 1/r and has
meromorphic continuation to the whole s-plane. Define

E(g, s, χ, ϕ) :=
∑

γ∈Pr (k)\GLr (k)

Φϕ(γg, s, χ).
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Mirabolic Eisensteins series

Proposition

(1) The Eisenstein series E(g, s, χ, ϕ) converges absolutely for
Re(s) > 1 and has meromorphic continuation to the whole
s-plane.

(2) Let ϕ∨ be the Fourier transform of ϕ: For
x = (x1, ..., xr ) ∈ Ar , put

ϕ∨(x) :=

∫
Ar
ϕ(y)ψ(

r∑
i=1

xiyi ) dy .

Then E(g, s, χ, ϕ) satisfies the following functional equation:

E(g, s, χ, ϕ) = E(tg−1,1− s, χ−1, ϕ∨).
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Mirabolic Eisensteins series

Note that we may write

E(g, s, χ, ϕ) = |det g|sA
∫

k×\A×

( ′∑
x∈k r

ϕ(a−1xg)

)
χ(a)|a|−rs

A d×a.

In particular, take χ = 1, g = g∞ ∈ GLr (k∞), and ϕ = 1Or
A
, we

get

E(g∞, s,1,1Or
A

)

=
|det g∞|s

q − 1

∫
k×∞

( ′∑
x∈Ar

1Or
∞

(a−1
∞ xg∞)

)
|a∞|−rsd×a∞

=
1

(q − 1)(1− q−rs)
·
′∑

x∈Ar

|det g∞|s

νLg∞ (x)rs
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( ′∑
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∞
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∞ xg∞)
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1
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Building map from Hr to the Br(R)

Here Lg∞ := Or
∞ · g−1

∞ ⊂ k r
∞, and for every O∞-lattice L ⊂ k r

∞
we put

νL(x) := inf{|a| : a ∈ k∞, x ∈ aL}, ∀x ∈ k r
∞.

Recall that the realization of the Bruhat-Tits building Br of
PGLr (k∞) can be identified with the equivalent classes of the
norms on k r

∞, and we have a Building map Hr → Br (R) defined
by

z 7−→ [νz ], where νz := (x 7→ |x1z1 + · · ·+ xr−1zr−1 + xr |).
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E(z, s) and E(g∞, s,1,1Or
A
)

Recall that

E(z, s) =
′∑

c1,...,cr−1,d∈A

Im(z)s

|c1z1 + · · ·+ cr−1zr−1 + d |rs

=
′∑

x∈Ar

Im(z)s

νz(x)rs .

Therefore:

Proposition

Given z ∈ Hr , suppose νz = νLg∞ for some g∞ ∈ GLr (k∞).
We then have

E(z, s) = (q − 1)(1− q−rs) · E(g∞, s,1,1Or
A

).
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“Adelic” Kronecker limit formula

Let Hr
A := Hr ×GLr (A∞). For zA = (z,g∞) ∈ Hr

A, put
Im(zA) := Im(z) · | det g∞|A. Given a Schwartz function
ϕ∞ ∈ S((A∞)r ), set

E(zA, s;ϕ∞) :=
′∑

x∈k r

ϕ∞(xg∞) · Im(zA)s

νz(x)rs , Re(s) > 1.

It is clear that

E(γ · zA, s;ϕ∞) = E(zA, s;ϕ∞), ∀γ ∈ GLr (k).
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“Adelic” Kronecker limit formula

Note that
lim←−a∈A−{0}(k

r/aAr ) = (A∞)r .

We may take a sufficiently “large” a ∈ A so that ϕ∞( · g∞)
corresponds to a function on k r/aAr with finite support. Then:

Lemma

E(zA, s;ϕ∞) =
|det g∞|sA
|a|rs

·
(
ϕ∞(0) · E(z, s)

+
∑

06=α∈k r/aAr

(
ϕ∞
)
(αg∞) · E(z, αz , s)

)
.
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“Adelic” Kronecker limit formula

For a unitary Hecke character χ : k×\A× → C× with χ(k×∞) = 1,
we define

E(zA, s, χ, ϕ∞) :=
1

1− q−rs ·
∫

k×\A∞,×
χ(a) · E

(
zAa, s;ϕ∞

)
d×a.
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Extending mirabolic Eisenstein series

Proposition

Let χ : k×\A× → C× be a unitary Hecke character with
χ(k×∞) = 1. Given a Schwartz function ϕ∞ ∈ S((A∞)r ), we
have

E(zA, s, χ, ϕ∞) = E(g, s, χ, ϕ∞ ⊗ 1Or
∞

)

for every zA ∈ Hr
A with

λ(zA) = [g] ∈ Br
A(Z) = GLr (A)/k×∞GLr (O∞).

Our Kronecker limit formula enables us to connect the special
value of E(zA, s, χ, ϕ∞) at s = 0 for the Schwartz function ϕ∞

with the “Drinfeld-Siegel units” on Hr
A.
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Drinfeld-Siegel units

Given a Z-valued Schwartz function ϕ∞ ∈ S((A∞)r ), take
a ∈ A− {0} so that ϕ∞ can be viewed as a function on k r/aAr .
put

u(z;ϕ∞) := ∆(aΛz)ϕ
∞(0)·

′∏
α∈k r/aAr

(
∆(aΛz) expa·Λz

(αz)(qr−1)
)ϕ∞(α)

.

Note that u(z;ϕ∞) is independent of the chosen a ∈ A.
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Drinfeld-Siegel units

The Drinfeld-Siegel unit associated to ϕ∞ on Hr
A is

u(zA;ϕ∞) := u(z; ρ(g∞)ϕ∞), ∀zA = (z,g∞) ∈ Hr
A.

Lemma

For zA = (z,g∞) ∈ Hr
A and γ =

(
∗ ∗

c1 · · · cr−1 d

)
∈ GLr (k),

we have

u(γ·zA;ϕ∞) = (c1z1+· · ·+cr−1zr−1+d)(qr−1)ϕ∞(0)·u(zA;ϕ∞).

In particular, u(zA;ϕ∞) can be viewed as a function on
GLr (k)\Hr

A if ϕ∞(0) = 0.

36 / 48
Kronecker limit formula over function fields

N



Number field case Function field case Colmez-type formula Adelic version Special L-values

“Adelic” Kronecker limit formula

Theorem 3 (W.)

Given a Z-valued Schwartz function ϕ∞ ∈ S((A∞)r ) and
zA ∈ Hr

A, we have

E(zA,0;ϕ∞) = −ϕ∞(0)

and

∂

∂s
E(zA, s;ϕ∞)

∣∣∣∣
s=0

= − ln
(

Im(zA)ϕ
∞(0) · |u(zA;ϕ∞)|

r
qr−1

)
.
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Lerch-type formula

Moreover, let χ : k×\A× → C× be a unitary Hecke character
with χ(k×∞) = 1. Suppose χ is non-trivial or ϕ∞(0) = 0. Then

Corollary

E(zA,0, χ, ϕ∞)

=
1

1− qr ·
∫

k×\A∞,×
χ(a) · logq

∣∣u(zAa;ϕ∞
)∣∣d×a.
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Hayes-Stickelberger element

Suppose r = 1. The Drinfeld half space H1 consists of one
single point, say zo. Given a proper ideal mC A, let Hm be the
ray class field of k of conductor m. Let

ϕ∞m := 11+m·OA∞ ∈ S(A∞).

Then um := u((zo,1), ϕ∞) lies in H×m , and the
Hayes-Stickelberger element of Hm is:

ωm = −
∑

σ∈Gal(Hm/k)

logq |uσm| · σ−1 ∈ Z[Gal(Hm/k)].

39 / 48
Kronecker limit formula over function fields

N



Number field case Function field case Colmez-type formula Adelic version Special L-values

Rankin-Selberg L-function

Let Π and Π′ be two automorphic cuspidal representation of
GLr (A) with central characters denoted by ω and ω′,
respectively. Put χ := (ω · ω′)−1. We define a multi-linear
functional PRS : Π× Π× S((A∞)r )Z → C by

PRS(f , f ′, ϕ∞) :=

∫
A× GLr (k)\GLr (A)

f (g)f ′(g)ηχ(g;ϕ∞)dg.

Here

ηχ(g;ϕ∞) :=
1

1− qr

∫
k×\A∞,×

χ(a) · logq
∣∣u(zAa;ϕ∞

)∣∣d×a

for every zA ∈ Hr
A whose image via the building map is

[g] ∈ Br
A(Z).
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Rankin-Selberg L-function

On the other hand, write Π = ⊗v Πv and Π′ = ⊗v Π′v . For each
place v , put

LRS
v (s; fv , f ′v , ϕv ) :=

1
Lv (s,Π× Π′)

·
∫

Nr (kv )\GLr (kv )
Wfv (gv )W ′

f ′v
(gv )ϕv

(
(0, ...,0,1)gv

)
|det gv |sv dgv ,

which is holomorphic at s = 0 and LRS
v (0; fv , f ′v , ϕv ) = 1 when v

is “nice”.
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Rankin-Selberg L-function

Define
PRS

v (fv , f ′v , ϕv ) := LRS
v (0; fv , f ′v , ϕv )

and consider the following multi-linear functional on
Π× Π′ × S((A∞)r )Z:

PRS := PRS
∞ (·, ·,1Or

∞
)⊗

(
⊗v 6=∞PRS

v

)
.

We then have

Theorem 4 (W.)

Given two cuspidal representations Π and Π′ with Π′ 6∼= Π̃, we
have

PRS = L(0,Π× Π′) ·PRS.
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Godement-Jacquet L-function

Let Π be an automorphic cuspidal representation of GLr (A) with
a unitary central character ω. For f1, f2 ∈ Π and Φ ∈ S(Matr (A)),
the associated Godement-Jacquet L-function is

L(s; f1, f2,Φ) :=

∫
GLr (A)

Φ(g) · | det g|sA · 〈Π(g)f1, f2〉Petdg.

It is known that L(s; f1, f2,Φ) converges absolutly for
Re(s) > 1/r and has analytic continuation to the whole
complex s-plane with the following functional equation:

L(s; f1, f2,Φ) = L(r − s, f̃1, f̃2, Φ̂).

Here f̃ (g) := f (tg−1) and

Φ̂(X ) :=

∫
Matr (A)

Φ(Y )ψ
(

Tr(X · tY )
)
dY .

43 / 48
Kronecker limit formula over function fields

N



Number field case Function field case Colmez-type formula Adelic version Special L-values

Godement-Jacquet L-function

Wite Π = ⊗Πv and take a pairing 〈·, ·〉v for each place v so that

〈·, ·〉Pet =
∏

v

〈·, ·〉v .

For factorizable f1, f2 ∈ Π and Φ ∈ S(Matr (A)), we then have

L(s; f1, f2,Φ) = L(s − r − 1
2

,Π) ·
∏

v

Lo
v (s; f1,v , f2,v ,Φv ),

where

Lo
v (s; f1,v , f2,v ,Φv ) :=

1
Lv (s − (r − 1)/2,Π)

·
∫

GLr (kv )
Φv (gv )|det gv |sv · 〈Πv (gv )f1,v , f2,v 〉v dgv .
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Godement-Jacquet L-function

Let PGJ
v (f1,v , f2,v ,Φv ) := Lo

v (0; f1,v , f2,v ,Φv ) and

PGJ := PGJ
∞ (·, ·,1Matr (O∞))⊗

(
⊗v 6=∞PGJ

v

)
,

a multi-linear functional on Π× Π× S(Matr (A∞))Z.

On the other hand, identifying Matr (k) with k r2
, the left and

right multiplications of GLr on Matr then induces an embedding

GL2
r = GLr ×GLr ↪→ GLr2 .
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Godement-Jacquet L-function

The mirabolic Eisenstein series on GLr2(A) restricting to
GL2

r (A) can be written as follows: for Φ ∈ S(Matr (A)) and
(g1,g2) ∈ GL2

r (A), we have

E((g1,g2), s, ω−1,Φ) = |det(g1g2)|rsA

·
∫

a∈k×\A×

∑
0 6=X∈Matr (k)

Φ(a−1 ·t g2Xg1)ω−1(a)|a|r2s
A d×a.

Theorem (Piatetski-Shapiro and Rallis)

For f1, f2 ∈ Π and Φ ∈ S(Matr (A)) we have

L(rs; f1, f2, Φ)

=

∫(
A× GLr (k)\GLr (A)

)2 f1(g1)E((g1,g2), s;ω−1, Φ)f̃2(g2)dg1dg2.

46 / 48
Kronecker limit formula over function fields

N



Number field case Function field case Colmez-type formula Adelic version Special L-values

Godement-Jacquet L-function

Let PGJ : Π× Π× S(Matr (A∞))Z → C be the following integral:

PGJ(f1, f2, Φ) :=
1

1− qr ·∫(
A× GLr (k)\GLr (A)

)2 f1(g1)ηω−1((g1,g2);Φ∞)) · f̃2(g2)dg1dg2.

Then:

Theorem 5 (W.)

PGJ = L(
1− r

2
,Π) ·PGJ.
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The end.

Thank you for your attention.
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