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Values of cyclotomic polynomials
L Number Fields

Let n € Z; and p, := {¢ € C: (" = 1}, the n-torsion
Z-submodule of C*. As Z-modules, p,, = Z/nZ. The nth
cyclotomic polynomial over QQ is the monic polynomial
®,, () whose zeroes are the primitive n-torsions of i, i.e.,
Ou(2):= ][ (-0
(Epn, primitive
®,,(z) € Z[z], is irreducible over Z, and has degree p(n),
where ¢ is the Euler totient function. Moreover,
2" —1=]]®alx). (1)

dn

“d | n means: d runs over all the positive divisors of n”.
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THEOREM 1.1 (V. LEBESQUE, (1859))

Let s € Zy. Then ®1(1) =0 and for n > 2, we have

L, n#p°,

S

p, n=p.

(I)n(l) =

Equivalently, Theorem 1.1 asserts that: for n € Z>,, we

have ®,,(1) = e*™ where A is the von Mangoldt function:

log(p), n=p®

&0 7 )
5{% 0, n # p°. }q
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L Number Fields

THEOREM 1.2 (D. H. LEHMER, (1966))
Let myn € Z>y and A, == {P,(1) : n < m}. Asm — oo,

the geometric mean of A,, tends to e, Euler’s number.

| 5\

PROOF.
We have
1 1 p(m)
—— > log(@,(1)) = ——] A(n) = p— L.
1<n<m 1<n<m
O
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@ 7 := the ring of rational integers.

e I, [t] := the ring of polynomials in ¢ defined over a finite

field F, of characteristic p, i.e., ¢ = p°® for some s € Z,.
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L Function Fields

Let p be a prime number, A := F[t], where g = p®, for
some s € Z,. Furthermore, let, A, := be the set of monic
polynomials in A, P be a monic irreducible (prime)

polynomial in A. We have the sequence of inclusions;
Ask s K=k, —>K—>Cyp =K

Let 7 be the gth power map (z — x%), k{T} be the twisted

polynomial ring in 7 over k and p: A — k{7}; N — py be

the Carlitz module, i.e., p is an Fy-algebra homomorphism
..., such that p, =t + 7. For each N € A, we associate the
5@?&’ additive polynomial py(z), the Carlitz N polynomial.
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[ Function Fields

Let N € A, and py :={¢ € C : [N] *( = pn(¢) = 0}, the
Carlitz N-torsion A-submodule of Cy,. py is isomorphic to
A/NA as A-modules. The Carlitz N-cyclotomic polynomial
over k is the monic polynomial &y (z) whose zeroes are
precisely the primitive Carlitz N-torsions, i.e.,

ey@):= ][  @-0.

CEpN: primitive
Oy (z) € Alz], is irreducible over A, with degree p(N),

where ¢ is the Euler function for A. Moreover,

" pv(z) = I] ®o(@). (2)
% DIN (Q

“D | N means; D runs over all monic divigors of N”.
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THEOREM 3.1 (“CARLITZ-LEBESQUE” THEOREM)
Let s€ Zy, and N € Ay. Then ®1(0) =0 and

1, N#P°,
N (0) =
P, N = P-.
Let m € Zy, Ay = {Pn(0) : N € A1, 1 < deg(N) < mj}.

The symbols [i] and L; for i € Z, shall denote t¢° — ¢ and

[i][¢ — 1] - - - [1] respectively. For i = 0, we set Ly = [0] = 1.

THEOREM 3.2 (00-ADIC TOPOLOGY)

V"%
7’{:% The geometric mean of A,, tends to [1]% as m — oo. ‘ q
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PROOF.

Let E,, be the geometric mean of A,,. So

q—1
qm+1_q q

qu:llfq
En = I[I o~ = II -

NeA,y, 1<deg(P*%)<m
1<deg(N)<m

The product [, deg(Ps)<m I 15 the least common multiple
of polynomials in A of degree m. This is precisely L,,. It is

=i
now clear that F,, = (Lm)qmq“—q. Set
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PROOF CONTINUED ...
: mt1_
Since deg(L,,) = +——1

1, it follows that v (&y) = 0 for all
m € Zy, hence lim,,, ;oo &, =& € koo =: K. So

q—1
q"M=1\ gmFi_, 1
1]t \* ! 1|«
lim E,, = lim H—q —Hq
m—00 m—00 gm

where 8 = lim,,_,00 ({m)q(qq’;il). As m — oo, % — 0 in
the oo-adic topology, hence f =1 and E,, - E = [1]4.

O

v
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PROOF OF CONVERGENCE IN THE p-ADIC TOPOLOGY.

Let e, = qqur;ll_q. As m — oo, we have |¢™ ], — 0. So

lim em = =4 hence lim E,=E= [1]551_% O
m—0o0 “m q ) mM—r 00 m .

THEOREM 3.3 (p-ADIC TOPOLOGY)

The geometric mean of A,, tends to E as m — oo, where

m—1 g
Lq_1 e /]
E [1]Q§ a, (J,ndé'—nll_lgo j:1 (1—m>

REMARK 3.4
The limit E above is transcendental over k because

w4 (1 — ﬁ)q_lEq_1 =0, where T is the Carlitz period. S
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