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Abstract

When a plate is withdrawn from a liquid bath, either a static meniscus forms in the transition

region between the bath and the substrate or a liquid film of finite thickness (a Landau—Levich

film) is transferred onto the moving substrate. If the substrate is inhomogeneous, e.g. has a

prestructure consisting of stripes of different wettabilities, the meniscus can be deformed

or show a complex dynamic behavior. Here we study the free surface shape and dynamics

of a dragged meniscus occurring for striped prestructures with two orientations, parallel

and perpendicular to the transfer direction. A thin film model is employed that accounts

for capillarity through a Laplace pressure and for the spatially varying wettability through

a Derjaguin (or disjoining) pressure. Numerical continuation is used to obtain steady free

surface profiles and corresponding bifurcation diagrams in the case of substrates with different

homogeneous wettabilities. Direct numerical simulations are employed in the case of the

various striped prestructures.

The final part illustrates the importance of our findings for particular applications that
involve complex liquids by modeling a Langmuir—Blodgett transfer experiment. There, one
transfers a monolayer of an insoluble surfactant that covers the surface of the bath onto the
moving substrate. The resulting pattern formation phenomena can be crucially influenced
by the hydrodynamics of the liquid meniscus that itself depends on the prestructure on the
substrate. In particular, we show how prestructure stripes parallel to the transfer direction lead
to the formation of bent stripes in the surfactant coverage after transfer and present similar
experimental results.

Original content from this work may be used under the terms
Bv of the Creative Commons Attribution 3.0 licence. Any further
distribution of this work must maintain attribution to the author(s) and the title

of the work, journal citation and DOI.
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1. Introduction

Many experimental set-ups as well as industrial applications
involve the transfer of simple and complex liquids onto solid
substrates by withdrawing the substrates from a liquid bath at
a certain velocity [1-4]. Examples are dip-coating processes
with simple liquids, solutions or suspensions (e.g. [5-9]) or
the Langmuir-Blodgett transfer process that is used to transfer
monomolecular layers of amphiphilic molecules from the sur-
face of a liquid bath onto a solid (e.g. [10]). In such set-ups, the
liquid-gas interface forms a meniscus close to the three-phase
contact line. The meniscus may be static when capillary forces
stemming from surface tension, wettability, i.e. solid-liquid
interactions, as well as the viscous drag due to the moving
substrate balance. Among the best known phenomena, how-
ever, is not the formation of a meniscus but the transfer of a
liquid layer of finite thickness onto the substrate that occurs
above a critical transfer velocity (see, e.g. [11, 12]). This was
first analyzed by Landau and Levich [11], and therefore such a
liquid film is widely known as Landau—Levich film. Its thick-
ness scales with the transfer velocity U as U%.

Here, we focus on the morphology of a liquid meniscus
for transfer velocities below the transition to a Landau—Levich
film. Interesting effects can be found already in this regime,
foremost a transition from classical meniscus shapes with a
monotonous change of the free surface slope to profiles that
show foot-like structures, i.e. a liquid layer of finite height and
length protrudes from the meniscus. This has been studied in
detail using different models and approaches [2, 13—16], also
revealing the bifurcation structure of this system. Additional
effects, such as the evaporation of the liquid and deposition
of a solute, were also already discussed in the context of a
dragged meniscus [17].

All the mentioned works only consider homogeneous sub-
strates, i.e. substrates with completely homogeneous physical
and chemical properties. However, in experiments this is not
always the case, either naturally when considering realistic
substrates that have impurities or defects, or when substrates
are artificially structured for different reasons. We focus on
such prestructured substrates that are, e.g. chemically treated
in such a way that properties, such as the wettability, vary
in a regular way across the substrate. Mostly, prestructures
are used to achieve an additional control mechanism for the
experimental processes. Examples are prestructured substrates
used in Langmuir-Blodgett transfer or dip-coating experi-
ments that are used to control the pattern formation processes
occurring in these experiments [9, 18-21]. Here, we will ana-
lyze the influence of such prestructures on the dynamics of a
dragged liquid meniscus.

In particular, we are interested in the geometry sketched
in figure 1, where a substrate is dragged out from a liquid
reservoir at a constant velocity U and under a constant angle

o with respect to the free surface of the liquid reservoir. We
use a thin-film or long-wave model in the form of an evo-
lution equation for the film thickness profile h(x, y, 1) [22, 23]
accounting for wettability, surface tension, hydrostatic pres-
sure and the driving due to the transfer process. This model
is analyzed using a numerical continuation technique [24, 25]
to study two-dimensional (2D) physical situations, i.e. one-
dimensional (1D) steady profiles /4(x) and obtain the bifur-
cation diagrams for the main control parameters: transfer
velocity, inclination angle and substrate wettability. In addi-
tion, we use direct numerical simulations in two and three
physical dimensions, i.e. for 1D [Ah(x, )] and 2D [A(x, y, )]
profiles, respectively. This augments the bifurcation diagrams
of steady 1D profiles with results for prestructured substrates
that, depending on the particular prestructure, can be again
steady profiles or show intrinsically dynamic behaviour.
Comparison of the results obtained with the different tech-
niques shall enable us to base predictions for different types of
prestructures on the bifurcation diagrams obtained for homo-
geneous substrates, without having to explicitly investigate all
possible prestructure shapes.

Finally, we consider the Langmuir—Blodgett transfer of
surfactant monolayers onto prestructured substrates to empha-
size the relevance of our findings for real-world applications
that involve complex liquids. To this end, we present both,
results from experiments and simulation results obtained with
a two-component thin-film model. We show that a good quali-
tative agreement is found and propose an explanation based
on the findings presented before for simple liquids.

This paper is organized as follows: in section 2 we intro-
duce the thin-film model and the numerical approaches we use
to analyze it. In section 3.1 we first recapitulate the findings
from the literature in the case of homogeneous substrates and
re-calculate them for our specific settings. Then we analyze
the bifurcation diagram for varying substrate wettability in
section 3.2. This forms the basis for the following section 4,
where we consider spatially inhomogeneous substrates for
two differently oriented stripe-like prestructures. In each case,
direct numerical simulations are carried out and the results
are connected to the bifurcation diagrams obtained for 1D
homogeneous substrates. In section 5 we expand our focus to
the experimental set-up of Langmuir—Blodgett transfer onto
prestructured substrates and present both, experimental and
theoretical results. Finally, we conclude in section 6.

2. Mathematical modelling and numerical approach

To model the dynamics of the liquid layer forming the dragged
meniscus, we use a non-dimensional thin film model that is
derived from the Navier—Stokes equations and appropriate
boundary conditions under the assumption of small gradients
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Figure 1. Sketch of a meniscus that forms when a solid substrate is
withdraw from a liquid bath under an angle v with the velocity U.
At the bottom left, our frame of reference is shown.

[22, 23]. It accounts for wettability through a Derjaguin (or dis-
joining) pressure II(%), capillarity through a Laplace pressure
—Ah, the hydrostatic pressure Gh, the driving induced by the
transfer velocity U = (U, 0) and the gravitational force parallel
to the substrate Ga. Note that the used Derjaguin pressure
allows for a coexistence of a thick liquid layer with a thin
wetting layer, sometimes called a precursor film. The model
describes the evolution of the 2D height-profile h(x, y, 1) (see
figure 1 for a sketch clarifying the coordinate system):

3
dih(x,y, 1) =V - (%V(—Ah — kII(h))

+ X(h))—U‘Vh, )

II(h) = —% + %, 2)
h3

x(h) = ?G(Vh + a). 3)

Here, o« = (o, 0) is the inclination angle of the substrate and
G a dimensionless gravity parameter. We refer to [14, 15] for
a detailed account of the scaling used to obtain the dimension-
less equation. There, the model was already studied in detail in
the 1D case of homogeneous substrates. Special emphasis was
put (i) on the bifurcation diagrams with the substrate velocity
as the main control parameter and (ii) on foot-like solution
profiles where a liquid layer of finite height and finite length
connects the liquid bath and the thin wetting layer. Similar
results have also be obtained with a slip model [2, 13].

An important aspect of the model and the special geometry
considered are the boundary conditions at the downstream
end x = 0 of the domain 2 = [0, L,] x [0, L,] (Ihs in figure 1)
where the free surface approaches the horizontal bath sur-
face. There, the height of the liquid layer above the sub-
strate asymptotically exhibits a linear behavior. Asymptotic
boundary conditions at arbitrary order for finite domains are
derived in [15] through a central manifold approach. Here,
however, we choose the domain sufficiently large to only
use the lowest order terms. Effectively, at the downstream
boundary x = 0 we fix the liquid height at some %y and set
the slope to —a:

Blo_o =ho, Vh_o=(-,0), Vh|,_, =0,
4
VAR, =0, Bl_y=h|_, . @)

For the upstream boundary at x = L, we impose a flat layer
by requesting the first and third derivative of & to vanish.
In the 2D case we impose periodic boundary conditions in
y-direction.

In contrast to [14, 15], we re-introduce a parameter ~ that
controls the wettability of the substrate. Strictly speaking, it
represents the ratio of a particular wetting energy to the typ-
ical wetting energy employed in the scaling. In particular, « is
related to the long-wave equilibrium contact angle by

3K

eeq = ? . (5)
The main objective of the present work is to study the influ-
ence of varying wettability x, first in the case of spatially
homogeneous substrates. Second, the obtained results are
related to the case of prestructured substrates where x(x, y) is
spatially varying about the reference value, i.e. aboutx = 1. In
the latter case we assume prestructures that correspond either

to stripes parallel to the transfer velocity
A

frac[ Y ]0.5
Lpre
— 1] . (7

or perpendicular to the transfer velocity
frac(x - Ut] —-05
pre
In both cases, frac denotes the fractional part of the argument
and the prestructure has a periodicity Ly, a steepness s and
a contrast p, indicating that the wettability varies between
k=1—pandk =1+ p.

To perform direct numerical simulations of the model (1),
we employ a finite-element method, implemented using the
open source framework DUNE-PDELab [26-28]. The 2D
simulation domain 2 = [0, L,] x [0, L,] = [0,400] x [0, 200]
is discretized on an equidistant mesh of N, x N, = 500 x 250
quadratic elements with linear (Q1) ansatz and test functions.
The spatial discretization was tested for convergence so that
further refinement had no influence on the obtained results.
An implicit second order Runge—Kutta scheme [29] is used
for time-integration. A Newton method solves the resulting
nonlinear problem, employing a biconjugate gradient stabi-
lized method (BiCGStab) with a symmetric successive over-
relaxation (SSOR) as preconditioner for the linear problems,
also see [26-28] for details of the framework. To implement
equation (1) using this ansatz, we split the model into two
equations second order in space:

k(y) = 1+ ptanh s[4

k(x) = 1 4 ptanh s[4

3
Oh =V - [%V[w — wII(h)] + X(h)] —-U-Vh, (8)

w = Ah. )
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Figure 2. Left panel: bifurcation diagram of a dragged meniscus for varying substrate velocity at fixed wettability x = 1.0 and inclination
angle av = 2.0. The lower sub-branch corresponds to simple meniscus solutions and ends in a saddle-node bifurcation at an upper threshold
velocity. At this bifurcation the sub-branch of simple meniscus profiles connects to one consisting of profiles that show a foot-like
protrusion. The length of the protrusion increases when following the upper sub-branch. The right panels give examples of solution profiles
at points I-IV marked on the bifurcation curve. The increasing contact line position L is indicated by vertical dashed lines.

In a weak formulation for general test functions ¢, and ¢,, the
equations read

h3
fﬂ Bih¢s, dxdy = fQ = V0 + wTI0)) - Ve dxdy
- j; ) thh;V(w +TI(h)) - ds
- | Gatn) — Uny - Vo, axdy

+ j; &) — Uh) - ds, (10)

0:fgwqﬁw+Vh~ngwdxdy—j(;QqSWVh-ds. an

The boundary integrals with the exterior unit normal element
ds = nds occurring due to the performed partial integrations
vanish along the y-direction due to the used periodic boundary
conditions and are used to implement the boundary conditions
(4) in x-direction.

As initial conditions we use a height profile that linearly
decreases from the imposed boundary height /2y = 100 to the
height of the wetting layer h, = 1 with slope —« and then
stays constant, i.e. defining a sharp, artificial meniscus.

To determine steady profiles in the 1D case for homoge-
neous substrates we employ path-continuation techniques
[24,25]. These allow one to directly follow solutions in parameter
space. They combine prediction steps that advance a known
solution in parameter space, e.g. via a tangent predictor, and
corrector steps that employ Newton-type procedures to conv-
erge to the next solution. In particular, we use the pseudo-
arclength continuation package autoO7p [30, 31]. To obtain
the first meniscus solution for our runs, we start with a homo-
geneous flat film without inclination or transfer velocity and
then subsequently continue in these parameters to the wanted
starting values. Then we vary parameters in their ranges of
interest, e.g. inclination «, transfer velocity U and wetta-
bility x to obtain all wanted solutions and corresponding

bifurcation diagrams. In the bifurcation diagrams, the contact
line position is used as solution measure, which we define as
the position of the local maximum of the second derivative of
the height profile & with respect to x. Also see figure Al in the
appendix for an illustration.

We employ the continuation technique on the one hand to
compare the corresponding results with the ones obtained by
direct numerical simulations. This provides a good benchmark
for both numerical methods as they are rather distinct (finite
differences versus finite elements, adaptive mesh versus fixed
mesh, stationary problem versus dynamic problem). On the
other hand, the approach allows us to predict the dynamics of a
meniscus on prestructured substrates using the bifurcation dia-
gram for varying, but homogeneous wettability. In this way we
can effectively reduce the complexity resulting from the large
variety of possible prestructures and show that our results can
be generalized beyond the specific geometries discussed here.

3. Steady profiles on homogeneous substrates

3.1. Bifurcation diagrams for varying velocity and inclination
angle

We first discuss the dependence of the contact line position L
on the transfer velocity U. As one would expect, L increases
with increasing U, because the viscous drag gets stronger and
moves liquid further along with the substrate, see the corre-
sponding solution panels I and II in figure 2. The solutions all
correspond to a simple meniscus shape until this sub-branch
ends in a saddle-node bifurcation at U ~ 0.07 (figure 2). For
larger velocities, instead, a Landau—Levich film of finite thick-
ness much larger than the one of the wetting layer is transferred
(not shown here). However, following the second sub-branch
that ends in the saddle-node bifurcation for decreasing veloci-
ties, we find solution profiles with a foot-like protrusion at the
meniscus (see solution panel III of figure 2). The foot becomes
longer when moving upwards along the snaking bifurcation
curve (panel IV, figure 2) and will eventually span the whole
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inclination angle o = 2.0 and velocity U = 0.05. The overall shape is similar (but horizontally flipped) to the curve for varying velocity at
fixed wettability, see figure 2. Here, a decreasing value of k, i.e. a decreasing contact angle or increasing wettability, takes the role of the

increasing velocity in figure 2.

domain, effectively also covering the substrate with a liquid
film of finite thickness.

This behavior has already been discussed in detail in
[14, 15]. We briefly recapitulate these findings here, as we
employ slightly different boundary conditions and want to
emphasize that this has no influence on the general structure
of the bifurcation diagram and solution profiles.

The main characteristics of the bifurcation curve also per-
sist for different inclination angles. In particular, there exists
always a lower sub-branch corresponding to the meniscus
solutions ending at a certain limiting velocity, and the snaking
sub-branch of foot-like solutions. With other words, one can
expect quantitatively different solutions for different incli-
nation angles, but the qualitative overall structure does not
change. Hence, without loss of generality, we fix U = 0.05
and o = 2.0 for the following considerations of substrates
with different wettability. In figure A2 in the appendix, fur-
ther bifurcation curves are shown over the parameter plane
spanned by the velocity U and the inclination .

3.2. Bifurcation diagram for varying wettability

We now study the bifurcation diagram for varying, homoge-
neous wettability « keeping all other parameters fixed. As can
be seen in figure 3, the overall solution structure looks very
similar to the case of varying velocity and fixed wettability
(see figure 2) with the major difference that the curve is seem-
ingly horizontally flipped. This indicates that a decreasing k,
i.e. a decreasing equilibrium contact angle or increasing wet-
tability, has qualitatively the same influence as an increasing
transfer velocity.

As before, there exists a lower sub-branch of meniscus
solutions that ends in a saddle-node bifurcation at a limiting
lower value of xk ~ 0.64, below which a Landau—Levich film
would be transferred. Increasing « from the bifurcation, again
a snaking sub-branch of foot-like solutions is present. We do
not show exemplary solution profiles here, as they closely
resemble the ones shown in figure 2. This finding could be
expected as a higher wettability means that the contact line
region shows less resistance to viscous drag, i.e. can be more
easily deformed. However, this has remarkable practical con-
sequences, as it implies that all transitions between different

profiles that can be induced by changing the transfer velocity
can similarly be induced by changing the substrate wettability.
This is particularly interesting, as the wettability of substrates
can be tuned by, e.g. chemical processes or by coatings. Both
can be applied to produce spatial wettability patterns on the
substrates. This in turn implies that when dragging such a
heterogeneous substrate from a liquid bath, one can tune the
properties of the meniscus in a spatially varying way as well.

4. Solutions on heterogeneous substrates

We will now discuss the influence of a spatially varying wetta-
bility, i.e. of a chemically prestructured substrate, on the form
and dynamics of the liquid meniscus that forms when such a
substrate is dragged out from a liquid bath. We discuss two
possible cases: (i) a stripe-like prestructure where the stripes
are parallel to the transfer velocity, see equation (6), and (ii)
stripes that are perpendicular to the transfer velocity, see
equation (7). We denote them as (i) ‘vertical prestructure’ and
(i1) ‘horizontal prestructure’, respectively.

4.1. Vertical prestructure—steady profiles

We start with the case of a vertical prestructure, i.e. stripes
parallel to the transfer velocity described by equation (6) with
a prepattern steepness s = 100 and wavelength L. = 200.
Namely, we consider one more-wettable stripe of width 100
at the center of a domain of size L, = 200. Figure 4 shows
the resulting steady meniscus profiles for different wettability
contrasts p = 0.0, 0.1, 0.2, 0.3.

Compared to a homogeneous substrate with p = 0, the
meniscus gets deformed when the prestructure is introduced.
As one would expect, the liquid is dragged further up the sub-
strate in regions where the substrate is more wettable (at the
center of the domain shown in figure 4). In the less-wettable
region, the position of the contact line is lower than in the
unpatterned reference case with k = 1. The transition between
the two regions is smooth, owing to the surface tension of the
liquid. When the wettability contrast is increased, the contact
line becomes more strongly deformed with the protrusion in
the more-wettable region reaching further up. For sufficiently
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Figure 5. Left panel: position of the contact line extracted from the 2D direct numerical simulations shown in figure 4 for various p and
fixed inclination angle av = 2.0 and velocity U = 0.05. Right panel: enlargement of the bifurcation diagram in figure 3 showing the lower
sub-branch corresponding to the 1D simple meniscus solutions. The dotted colored lines are guides to the eye and indicate the contact
line positions that one should expect from the 1D calculations on homogeneous substrates with corresponding wettability. The absolute
differences between the 1D prediction and the numerical 2D results are all smaller than AL = 0.4 with the relative errors being smaller

than 0.6%.

large wettability contrasts (not shown here), the protrusion
can finally span the whole x-extent of the substrate, effectively
corresponding to a stripe-like transfer of a Landau-Levich
film onto the more-wettable substrate region.

To also quantitatively study the influence of the wettability
contrast p, we again employ the contact line position L as a
measure, which now varies along the y-direction,

La(y) = argmax(uch(x, y)). (12)

This contact line position is shown in the left panel of figure 5
for the same parameters as used in figure 4.

Here, the tendency described above can be seen more
clearly. In addition, it is visible that the contact line position
reaches plateaus in the middle of the prestructure stripes at
¥y~ 100 and at the domain boundaries. This indicates that
the meniscus profile exhibits only small variations in the
y-direction inside the regions of homogeneous wettability.
Accordingly, the transition between the two plateaus is
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localized at the boundaries of the prestructure. However, for
larger prestructure contrast, because of surface tension, this
transition regions become wider and the plateaus become
smaller.

In addition, the right panel of figure 5 shows a zoom into
the bifurcation diagram in figure 3, employing the same con-
tact line position axis as the left panel. In this way, the 1D
results obtained for homogeneous substrates with the con-
tinuation technique can be readily compared to the inho-
mogeneous 2D case. The dotted colored lines indicate the
predictions for the wettabilities ~ that occur in the direct
numerical simulations. For instance, the green dotted lines
in the right panel at the wettabilities x = 0.8 and Kk = 1.2
correspond to the dashed black profile in the left panel for
p = 0.2. Apparently, the bifurcation diagram for 1D solutions
predicts very nicely the position of the plateaus in the contact
line position on the prestructured substrate. The contact line
position in the direct numerical simulation is always system-
atically slightly above the values suggested by the bifurca-
tion diagram (deviation AL < 0.4). This can also be seen for
the case of a homogeneous substrate in the direct numerical
simulations (see gray line in left panel of figure 5, corre-
sponding to k = 1.0), possibly owing to the different numer-
ical approaches. However, from this comparison one can see
that the results for a particular prestructured substrate can
to a large extent be predicted by considering the results for
homogeneous substrates of corresponding wettabilities. This
is in particular relevant as the latter are inherently 1D and
therefore achievable with less effort. In addition, the results
suggest that they can be readily extended to other cases, e.g.
to prestructures with larger wavelength L. Then, the plateau
region will be broader, but their position and the transition
regions between them will remain unchanged. Therefore, it is
not necessary to calculate various differently shaped vertical
stripe prestructures as the results can be easily deduced from
the 1D bifurcation diagram.

4.2. Horizontal prestructure—time-periodic solutions

Next, we investigate the case of a horizontal prestructure, i.e.
stripes perpendicular to the transfer velocity described by equa-
tion (7). In contrast to the previous case where the prestructure
was invariant in the direction of the transfer velocity, the pre-
structure now moves with the transfer velocity U. Therefore,
now the resulting solutions are no longer steady but periodi-
cally vary in time. As now the prestructures are invariant in
y-direction, we use 1D simulations to determine the expected
time-periodic 1D solution profiles. Figure 6 shows four snap-
shots from such a simulation, where also the prestructure is
sketched (red lines at the bottom of the panels). As soon as
a more wettable stripe passes below the contact line position
(marked by vertical dashed lines), the contact line gets dragged
further along with the substrate (starting at r = 4400). After a
short time, an almost steady profile is reached (see panels at
t = 4800 and ¢ = 5200) that persists as long as the more wet-
table stripe is positioned below the contact line region.

As before, we focus our analysis on the contact line position
L (¢), which is now a function of time. The resulting time-
series for different prestructure contrasts p are shown in the left
panel of figure 7. On first sight, the results look similar to the
case of a vertical prestructure in figure 5 with the contact line
position smoothly varying between two plateau values, that
depend on the prestructure contrast p. However, we emphasize
that figure 7 shows a time series of positions while figure 5
presents the static contact line positions in their dependence
on the y-coordinate. Inspecting figure 7 more closely, one
can identify a left-right asymmetry in the time-series, i.e. the
behavior when entering a more-wettable region is different
from the behavior when leaving it (as the symmetry t - —¢
does not hold, while in section 4.1 the symmetry y— —y
holds). In particular, all transitions between upper and lower
plateaus exhibit stronger slopes at the beginning when leaving
a plateau value than when approaching the next plateau values.
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Figure 7. Left panel: time-series of the contact line position L () extracted from direct numerical simulations for a horizontal prestructure
with varying contrast p and fixed inclination angle ov = 2.0 and velocity U = 0.05. Right panel: enlargement of the bifurcation diagram in
figure 3 showing the lower branch corresponding to the simple meniscus solutions. The dotted colored lines shall guide the eye to see which
contact line positions are to be expected from the 1D, stationary solutions on accordingly wettable homogeneous substrates. The absolute
differences between the prediction and the numerical results are all smaller than ALy = 0.4 with the relative errors being smaller than

0.6%.

The right panel of figure 7 again shows the prediction
resulting from the bifurcation diagram in figure 3 for homoge-
neous substrates. The dotted colored lines indicate the values
for the contact line position at the relevant wettabilities. One
notes that the plateau values found in the numerical simula-
tions are again well predicted by the bifurcation diagram.
Also, the contact line position in the direct numerical simula-
tions is only slightly larger than the one predicted from the
bifurcation diagram (deviation ALy < 0.4).

In summary, the results suggest that also in the case of a
horizontal prestructure quantitative predictions concerning
the time-periodic dynamics of the dragged meniscus can be
achieved by consulting the bifurcation diagram for steady
solutions on homogeneous substrates.

Yet, this becomes more difficult when considering situa-
tions where the wettability difference leads to the transfer of
a Landau—Levich film in one of the phases of the dynamics.
This is the case, when parts of the substrate have a wettability
k lower than the location of the lower fold in the bifurcation
diagram (see left fold at x = 0.64 in figure 3). In the case
of a horizontal prestructure, this leads to a temporal altera-
tion of the profile between a simple meniscus and a finite
height liquid layer, effectively transferring liquid ridges onto
the substrate. One example for this case is shown in figure 8.
Interestingly, the resulting liquid ridge pattern does not nec-
essarily reproduce the spacing of the prestructure perfectly.
In the case shown here, the prestructure gradients are too
weak to pin the ridges. Instead they are still mobile and can
slide downwards with respect to the substrate. Therefore, the
distance between the ridges can be smaller than the wave-
length of the prestructure. After the ridges detach from the
meniscus, they basically represent 1D drops sliding down an
heterogeneous substrate. Hence, results about the (de)pinning

of ridges can be readily borrowed from the corresponding lit-
erature (e.g. [32]).

5. Langmuir-Blodgett transfer onto prestructured
substrates

We now turn to the Langmuir-Blodgett (LB) transfer of
surfactant layers, an experimental system in which the
dynamics of a liquid meniscus plays an important role in the
pattern formation process [33]. For LB transfer, one prepares
a monolayer of amphiphilic molecules adsorbed at the free
surface of a water reservoir, from which a solid substrate
is then withdrawn at a specific transfer velocity. Depending
on the transfer conditions, such as the transfer velocity and
the surface pressure, either a homogeneous or a patterned
deposit of the amphiphilic molecules onto the substrate can
be achieved. The resulting patterns consist of two phases
of different densities, the so-called liquid-condensed and
liquid-expanded phases. The pattern formation in this system
has been analyzed to a large extent, both experimentally
[10, 33, 34] and theoretically [35-37], leading to a good
understanding of the process. Also the use of prestructured
substrates as a way to control the pattern formation has
already been analyzed [20, 21, 38]. However, in these cases
prestructures were used or considered which only introduce
small wettability changes and thus only have a small influ-
ence on the liquid meniscus. In contrast, the prestructures
discussed there control the pattern formation process mainly
via an influence on the so-called substrate-mediated conden-
sation (SMC) [33], a short-range interaction between the
substrate and the amphiphilic monolayer that is responsible
for the pattern formation in the monolayer.
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Figure 8. Snapshots from a 1D simulation for p = 0.2, & = 2.0 and velocity U = 0.07, where the horizontal prestructure has a contrast that
is large enough to partly induce a Landau-Levich film transfer. This leads to the formation of liquid ridges. Note that the employed velocity
is higher than in the previous parts. The consecutive snapshots are shifted along the /-axis for better visibility with the most advanced state

being at the bottom. Note that the distance between the transferred ridges is smaller than the prestructure wavelength L. = 200, because

the ridges are not pinned to the prestructure (indicated as the red line).
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Figure 9. AFM phase images of prestructured substrates after LB transfer of DPPC. The horizontal line pattern exhibits an upwards
bending towards the gold stripes of a vertically aligned prestructure (left panel: 3 ym spacing; right panel: 5 pm spacing). The upper halves
of both panels show regions of the substrate without prestructure, while the prestructure is visible in the lower half as vertical pinkish lines.
The transfer direction is from bottom to top and indicated by the white arrows.

We now discuss the case where the prestructure also sig-
nificantly affects the wettability of the substrate and hence the
dynamics of the liquid meniscus. In particular, we consider
the transfer of L-a-dipalmitoyl-phosphatidylcholine (DPPC)
onto a silicon (100) substrate with native oxide layer. A
50nm thick gold prestructure consisting of 500 nm wide ver-
tically aligned stripes is produced by electron beam lithog-
raphy and subsequent vacuum deposition of a 3nm chrome
adhesion layer and the final gold layer. The substrate is then
withdrawn from the bath with a velocity of 32mm min~' at a
liquid temperature of 25 °C and a surface pressure of 3.5 mN
m~'. For more experimental details we refer to [21] where
the same experimental method is used. Figure 9 shows AFM
phase images of the resulting patterns for two differently
spaced prestructures. On a homogeneous substrate, the pat-
tern consists of horizontal lines perpendicular to the transfer
direction (see the upper regions of figure 9). These horizontal
line patterns become interrupted by the vertically oriented
prestructure stripes, but persist in the channels between them.

However, the lines are no longer straight and horizontal,
but exhibit a curvature such that the end of the lines is bent
upwards at the sides of the channels between the prestruc-
ture stripes. As the formation of the LB patterns takes place
at the meniscus, where the distance between the monolayer
and the substrate becomes small enough for the SMC to play
an important role, this deformation of the lines is a strong
indicator that also the contact line position is affected by the
prestructure.

To describe this experiment, we employ a long-wave
model describing the dynamics of the liquid layer forming
the meniscus as used before, which is now coupled to the
advection-diffusion dynamics of the monolayer floating on
top of the liquid layer. Such a model was previously devel-
oped and already proved its capacity to describe the physico-
chemical pattern formation processes during LB transfer [35,
38]. It consists of two coupled nonlinear partial differential
equations for the height /(x,y,t) of the liquid layer and the area
density I'(x, y, #) of the surfactant molecules:
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The first term in both equations corresponds to a generalized
pressure gradient, which comprises the typical Laplace pres-
sure term proportional to Ah corresponding to surface ten-
sion, as well as the Derjaguin (or disjoining) pressure II(h),
which reflects the interaction of the free surface of the liquid
layer and the substrate. Here, we employ a disjoining pres-

sure of the form II(h) = (% — exp(— Xoh)), which accounts
for the polarity of water [39], but the overall dynamics is

comparable to the one used in the previous sections. The pre-
structure on the substrate enters the model through a periodic
modulation of x, see equation (6). The second term in both
equations represents Marangoni forces, i.e. local variations of
the surfactant layer density leading to surface tension gradi-
ents affecting the overall dynamics. Here, Ppon(I') is the sur-
face pressure of the monolayer in the vicinity of the liquid
condensed—liquid expanded phase transition, where we
assume a Cahn—Hilliard-like double well form. This term,
in particular, couples the thermodynamics of the surfactant
layer to the dynamics of the liquid layer. The third term in the
equations is an advection term again describing the drag of the
moving plate. Evaporation of the liquid layer is incorporated
via the final term Q. in the equation for 4. We refer to [35, 38]
for detailed derivations and descriptions of the model. For a
discussion in the context of general gradient dynamics models
for thin films with insoluble surfactants and dip-coating proce-
dures see [40] and [41], respectively.

We now conduct a 2D direct numerical simulation of this
model (13) and (14) using finite differences discretization in
space and an adaptive Runge—Kutta 4/5 time-stepping scheme.
We employ simple boundary conditions that were also used in
[35, 38], namely, a fixed low liquid height &y = 3.0 and fixed
monolayer density [y = 0.9 and vanishing second derivatives
at the downstream boundary. In contrast to the boundary condi-
tions in the previous sections, these conditions are only appro-
priate in the very vicinity of the meniscus. Corresponding to
the experimental setting in figure 9, we consider a simulation
domain that spans the distance of two prestructure stripes in
horizontal direction, with the prestructure stripes at the right
and left hand side and the chanel of bare substrate at the center
(see bottom panel of figure 10). The surfactant layer density
depicted in the top panel of figure 10 shows that the central
horizontal lines exhibit an upward bend towards the edges of
the prestructure, i.e. in the direction of the transfer velocity
just as in the experiments shown in figure 9. The pattern on the
prestructure stripes at the edges of the domain is more irreg-
ular. However, this cannot be compared to the experimental
results, as there the prestructure stripes are rather rough and
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Figure 10. Snapshot of a direct numerical simulation of the
hydrodynamic model (13) and (14) describing LB transfer of
surfactants onto a vertically prestructured substrate. The occurring
LB surfactant density I'(x, y) exhibits lines which are bent upwards
in the vicinity of the prestructure stripes at the left and right
boundary. Further parameters are: U = 1.3, x, = 1.04, p = 0.1.
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Figure A1. Example for a 1D stationary solution of model (1). The
solid black line represents the height profile 4(x), while the dotted
line indicates the second derivative of the height profile, Oy,(x).
The maximum of O,,h(x) is used to define the contact line position
L) (dashed gray line). At the left boundary x = 0, the profile has the
fixed height /o and slope —a.

do not allow one to identify the phase of the monolayer. As
there is a strong coupling between the surfactant layer and
the liquid film, the curved line pattern can also be seen in the
liquid height profile i(x,y) (see middle panel of figure 10). In
addition, one can observe that the contact line position is dif-
ferent on and in-between the prestructure. This is similar to the
case of the meniscus of simple liquid shown above in figure 4.
Here, however, this has a profound influence on the pattern
formation in the monolayer. The patterns are formed where
the SMC starts to act, which is at the meniscus, as there the
distance between the substrate and the monolayer becomes
very small. Hence, the following mechanism can be assumed:
a change in wettability of the substrate leads to a change of
the contact line position, which in turn leads to a shift of the
positions where the patterns are formed, effectively bending
the patterns in the capillary transition regions where the wet-
tability changes.

In summary, this example of Langmuir—Blodgett transfer
elucidates how the effects of a prestructure on a meniscus of
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Figure A2. Bifurcation curves for the 1D dragged meniscus problem in terms of the contact line position are shown over the parameter
plane spanned by the velocity U and the inclination angle «. The curves are shown as ‘slices’ at various fixed a = [0.2,0.3, --- 2.2]. For
decreasing inclination angles, the contact line position becomes larger and the location of the saddle-node bifurcation, beyond which a

Landau—Levich film is transferred, is shifted towards smaller velocities.

simple liquid discussed in the previous section can have a sig-
nificant influence in related problems where complex fluids
are deposited on a prestructure. Very similar effects may also
occur in other comparable experimental set-ups, such as in the
dip-coating of solutions or suspensions [9].

6. Summary and discussion

We have analyzed dragged meniscus problems for different
homogeneous and spatially-varying substrate wettabilities
in the framework of a thin-film (or long-wave) model for the
cases of a simple liquid and for a liquid covered with an insol-
uble surfactant as an example of a complex liquid. Using 1D
continuation techniques we have studied the possible steady
film profiles for different homogeneous substrate wettabilities
as well as the corresponding bifurcation diagram. The latter
closely resembles a similar diagram for fixed wettability but
varying transfer velocity. This is an important finding, as it
means that various bifurcation scenarios and possible trans-
itions that can be triggered via changes of the transfer velocity
may also be induced by changes of the substrate wettability.
Further, we have investigated the dynamics of the meniscus on
heterogeneous substrates with stripe-like prestructures of two
different orientations. The obtained results have been related
to the bifurcation diagram obtained for homogeneous sub-
strates. The established connection provides extensive possi-
bilities for prediction of the dynamical behavior of meniscii

1

dragged along by 2D heterogeneous substrates by using the
information provided by the bifurcation diagram for the 1D
homogeneous case. This shows, in particular, that the obtained
results are not limited to the specific prestructure geometries
discussed here, but may be readily extended to others. This
emphasizes the power of our chosen approach of combining
continuation techniques to obtain bifurcation diagrams and
direct numerical simulations to complete the picture with
dynamical information.

Finally, we discussed the influence of a prestructured sub-
strate on the liquid meniscus and pattern formation occurring
in LB transfer of a surfactant layer from a bath to a moving
plate by discussing both, experimental and theoretical results.
We have shown that the results for meniscus dynamics dis-
cussed before in the case of a simple liquid also remain valid
in more complex situations like the LB transfer. In addition,
the hydrodynamics of the meniscus can here in turn also affect
the pattern formation process of the surfactant layer, resulting
in interesting bent line patterns.

We note that the investigations conducted here are not
exhaustive. There exist more experimentally relevant con-
trol parameters that still need to be systematically analyzed,
such as the steepness of the prestructure as compared to the
capillary length scale, as their ratio should influence, e.g. the
transition regions in the vicinity of the prestructure bounda-
ries. The future use of continuation techniques for the full 2D
problem could facilitate this.
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Another aspect that has only been briefly discussed here
but is worth to be further examined is the formation of line
deposits of a simple liquid (see figure 8). Remaining questions
are, for instance, how one can control the wavelength of the
patterns, how can one achieve pinning of the patterns on the
prestructure, which secondary instabilities can occur in the 2D
case or whether such deposits of ridges of simple liquid can
be achieved even without prestructures. All these questions go
beyond the scope of the present contribution and should be
answered elsewhere.

Finally, we believe that the employed methods and partly
also the obtained results should lend themselves to a transfer
to related problems and experimental systems. Especially,
coating methods such as slot-die and doctor-blade coating
techniques [42] deal with very similar phenomena as in both
cases layers of complex liquids of determined height are trans-
ferred from a reservoir onto a moving substrate. Therefore,
they present ideal candidates for future studies with similar
approaches.
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Appendix

An exemplary 1D steady solution profile is shown in
figure Al. The position of maximal curvature in x-direction
is used as the definition of the contact line position, i.e.
L = arg max(Oy,h(x)).

Figure A2 shows the bifurcation curves as functions of
both the velocity U and the inclination angle «. Obviously,
the main characteristics of the bifurcation curve are similar
for different inclination angles. Independent of the inclina-
tion, the bifurcation curves always comprise a lower sub-
branch corresponding to the meniscus solutions ending at a
certain limiting velocity, as well as the snaking sub-branch
of foot-like solutions. One can identify a general tendency
of decreasing contact line positions and increasing limiting
velocity with increasing inclination angles. Note that in the
present work we exclude the range of small a below o~ 0.1
as there the meniscus solution continuously transforms into a
foot-like solution without any saddle-node bifurcation. This
transition is analyzed in detail in [13, 14].

References

[1] Weinstein S J and Ruschak K J 2004 Coating flows Annu. Rev.
Fluid Mech. 36 29-53

[2] Snoeijer J H, Andreotti B, Delon G and Fermigier M 2007
Relaxation of a dewetting contact line. Part 1. A full-scale
hydrodynamic calculation J. Fluid Mech. 579 63-83

12

[3] Delon G, Fermigier M, Snoeijer J H and Andreotti B 2008
Relaxation of a dewetting contact line. Part 2. Experiments
J. Fluid Mech. 604 55-75
[4] Wilson S D R 1982 The drag-out problem in film coating
theory J. Eng. Math. 16 209-21
[5] Li L, Gao P, Schuermann K C, Ostendorp S, Wang W, Du C,
Lei Y, Fuchs H, De Cola L, Miillen K and Chi L 2010
Controllable growth and field-effect property of monolayer
to multilayer microstripes of an organic semiconductor J.
Am. Chem. Soc. 132 8807-9
[6] LiL, Gao P, Wang W, Miillen K, Fuchs H and Chi L 2013
Growth of ultrathin organic semiconductor microstripes
with thickness control in the monolayer precision Angew.
Chem. Int. Ed. 52 12530-5
[7] Doumenc F and Guerrier B 2013 Numerical simulation of
an evaporative meniscus on a moving substrate Eur. Phys.
J—Spec. Top. 219 25-31
[8] Corrales T P er al 2014 Spontaneous formation of
nanopatterns in velocity-dependent dip-coated
organic films: from dragonflies to stripes ACS Nano
8 9954-63
[9] Wang B, Zhu T, Huang L, Tam T L D, Cui Z, Ding J and
Chi L F 2015 Addressable growth of oriented organic
semiconductor ultra-thin films on hydrophobic surface by
direct dip-coating Org. Electron. 24 170-5
[10] Gleiche M, Chi L F and Fuchs H 2000 Nanoscopic channel
lattices with controlled anisotropic wetting Nature
403 173-5
[11] Landau L and Levich B 1942 Dragging of a liquid by a
moving plane Acta Physicochim. U.R.S.S. 17 42
[12] Maleki M, Reyssat E, Quere D and Golestanian R 2007 On the
Landau-Levich transition Langmuir 23 10116-22
[13] Ziegler J, Snoeijer J H and Eggers J 2009 Film transitions of
receding contact lines Eur. Phys. J—Spec. Top. 166 177-80
[14] Galvagno M, Tseluiko D, Lopez H and Thiele U 2014
Continuous and discontinuous dynamic unbinding
transitions in drawn film flow Phys. Rev. Lett. 112 137803
[15] Tseluiko D, Galvagno M and Thiele U 2014 Collapsed
heteroclinic snaking near a heteroclinic chain in dragged
meniscus problems Eur. Phys. J. E 37 1-17
[16] Gao P, Li L, Feng J J, Ding H and Lu X-Y 2016 Film
deposition and transition on a partially wetting plate in dip
coating J. Fluid Mech. 791 358-83
[17] Dey M, Doumenc F and Guerrier B 2016 Numerical
simulation of dip-coating in the evaporative regime Eur.
Phys. J. E39 1-9
[18] Darhuber A A, Troian S M, Davis J] M, Miller S M and
Wagner S 2000 Selective dip-coating of chemically
micropatterned surfaces J. Appl. Phys. 88 5119-26
[19] Kondic L and Diez J 2004 Instabilities in the flow of thin films
on heterogeneous surfaces Phys. Fluids 16 3341-60
[20] Wilczek M and Gurevich S V 2014 Locking of periodic
patterns in Cahn—Hilliard models for Langmuir-Blodgett
transfer Phys. Rev. E 90 042926
[21] Zhu J, Wilczek M, Hirtz M, Hao J, Wang W, Fuchs H,
Gurevich S V and Chi L F 2016 Branch suppression and
orientation control of Langmuir-Blodgett patterning on pre-
structured surfaces Adv. Mater. Interfaces 3 1600478
[22] Oron A, Davis S H and Bankoff S G 1997 Long-scale
evolution of thin liquid films Rev. Mod. Phys. 69 931-80
[23] Thiele U 2007 Structure formation in thin liquid films Thin
Films of Soft Matter ed S Kalliadasis and U Thiele (Wien:
Springer) pp 25-93
[24] Kuznetsov Y A 2010 Elements of Applied Bifurcation
Theory 3rd edn (New York: Springer) (doi:
10.1007/978-1-4757-3978-7)
[25] Dijkstra H A et al 2014 Numerical bifurcation methods
and their application to fluid dynamics: analysis beyond
simulation Commun. Comput. Phys. 15 1-45


http://dx.doi.org/10.1146/annurev.fluid.36.050802.122049
http://dx.doi.org/10.1146/annurev.fluid.36.050802.122049
http://dx.doi.org/10.1146/annurev.fluid.36.050802.122049
http://dx.doi.org/10.1017/S0022112007005216
http://dx.doi.org/10.1017/S0022112007005216
http://dx.doi.org/10.1017/S0022112007005216
http://dx.doi.org/10.1017/S0022112008000979
http://dx.doi.org/10.1017/S0022112008000979
http://dx.doi.org/10.1017/S0022112008000979
http://dx.doi.org/10.1007/BF00042717
http://dx.doi.org/10.1007/BF00042717
http://dx.doi.org/10.1007/BF00042717
http://dx.doi.org/10.1021/ja1017267
http://dx.doi.org/10.1021/ja1017267
http://dx.doi.org/10.1021/ja1017267
http://dx.doi.org/10.1002/anie.201306953
http://dx.doi.org/10.1002/anie.201306953
http://dx.doi.org/10.1002/anie.201306953
http://dx.doi.org/10.1140/epjst/e2013-01777-3
http://dx.doi.org/10.1140/epjst/e2013-01777-3
http://dx.doi.org/10.1140/epjst/e2013-01777-3
http://dx.doi.org/10.1021/nn5014534
http://dx.doi.org/10.1021/nn5014534
http://dx.doi.org/10.1021/nn5014534
http://dx.doi.org/10.1016/j.orgel.2015.05.038
http://dx.doi.org/10.1016/j.orgel.2015.05.038
http://dx.doi.org/10.1016/j.orgel.2015.05.038
http://dx.doi.org/10.1038/35003149
http://dx.doi.org/10.1038/35003149
http://dx.doi.org/10.1038/35003149
http://dx.doi.org/10.1021/la700822y
http://dx.doi.org/10.1021/la700822y
http://dx.doi.org/10.1021/la700822y
http://dx.doi.org/10.1140/epjst/e2009-00902-3
http://dx.doi.org/10.1140/epjst/e2009-00902-3
http://dx.doi.org/10.1140/epjst/e2009-00902-3
http://dx.doi.org/10.1103/PhysRevLett.112.137803
http://dx.doi.org/10.1103/PhysRevLett.112.137803
http://dx.doi.org/10.1140/epje/i2014-14001-x
http://dx.doi.org/10.1140/epje/i2014-14001-x
http://dx.doi.org/10.1140/epje/i2014-14001-x
http://dx.doi.org/10.1017/jfm.2016.64
http://dx.doi.org/10.1017/jfm.2016.64
http://dx.doi.org/10.1017/jfm.2016.64
http://dx.doi.org/10.1140/epje/i2016-16001-2
http://dx.doi.org/10.1140/epje/i2016-16001-2
http://dx.doi.org/10.1140/epje/i2016-16001-2
http://dx.doi.org/10.1063/1.1317238
http://dx.doi.org/10.1063/1.1317238
http://dx.doi.org/10.1063/1.1317238
http://dx.doi.org/10.1063/1.1772732
http://dx.doi.org/10.1063/1.1772732
http://dx.doi.org/10.1063/1.1772732
http://dx.doi.org/10.1103/PhysRevE.90.042926
http://dx.doi.org/10.1103/PhysRevE.90.042926
http://dx.doi.org/10.1002/admi.201600478
http://dx.doi.org/10.1002/admi.201600478
http://dx.doi.org/10.1103/RevModPhys.69.931
http://dx.doi.org/10.1103/RevModPhys.69.931
http://dx.doi.org/10.1103/RevModPhys.69.931
http://dx.doi.org/10.1007/978-3-211-69808-2
http://dx.doi.org/10.1007/978-3-211-69808-2
http://dx.doi.org/10.1007/978-1-4757-3978-7
http://dx.doi.org/10.4208/cicp.240912.180613a
http://dx.doi.org/10.4208/cicp.240912.180613a
http://dx.doi.org/10.4208/cicp.240912.180613a

J. Phys.: Condens. Matter 29 (2017) 014002

M Wilczek et al

[26] Bastian P, Heimann F and Marnach S 2010 Generic
implementation of finite element methods in the distributed
and unified numerics environment (DUNE) Kybernetika
46 294-315

[27] Bastian P, Blatt M, Dedner A, Engwer C, Klofkorn R,
Ohlberger M and Sander O 2008 A generic grid interface
for parallel and adaptive scientific computing. Part I:
Abstract framework Computing 82 103—19

[28] Bastian P, Blatt M, Dedner A, Engwer C, Klofkorn R,

Kornhuber R, Ohlberger M and Sander O 2008 A generic grid
interface for parallel and adaptive scientific computing. Part II:
Implementation and tests in DUNE Computing 82 121-38

[29] Alexander R 1977 Diagonally implicit Runge—Kutta methods
for stiff ODE’s SIAM J. Numer. Anal. 14 1006-21

[30] Doedel E, Keller H B and Kernevez J P 1991 Numerical
analysis and control of bifurcation problems (I) Bifurcation
in finite dimensions Int. J. Bifurcation Chaos 1 493-520

[31] Doedel E, Keller H B and Kernevez J P 1991 Numerical
analysis and control of bifurcation problems (II) Bifurcation
in infinite dimensions Int. J. Bifurcation Chaos 1 745-72

[32] Thiele U and Knobloch E 2006 On the depinning of a driven
drop on a heterogeneous substrate New J. Phys. 8 313

[33] Riegler H and Spratte K 1992 Structural-changes in lipid
monolayers during the Langmuir-Blodgett transfer due to
substrate monolayer interactions Thin Solid Films 210 9-12

[34] Li L Q, Kopf M H, Gurevich SV, Friedrich R and Chi L F
2012 Structure formation by dynamic self-assembly Small
8 488-503

13

[35] Kopf M H, Gurevich SV, Friedrich R and Chi L F 2010
Pattern formation in monolayer transfer systems
with substrate-mediated condensation Langmuir
26 104447

[36] Kopf M H, Gurevich SV, Friedrich R and Thiele U 2012
Substrate-mediated pattern formation in monolayer transfer:
a reduced model New J. Phys. 14 023016

[37] Kopf M H and Thiele U 2014 Emergence of the bifurcation
structure of a Langmuir-Blodgett transfer model
Nonlinearity 27 2711-34

[38] Kopf M H, Gurevich S V and Friedrich R 2011 Controlled
nanochannel lattice formation utilizing prepatterned
substrates Phys. Rev. E 83 016212

[39] Sharma A 1993 Relationship of thin film stability and
morphology to macroscopic parameters of wetting in the
apolar and polar systems Langmuir 9 861-9

[40] Thiele U, Archer A J and Plapp M 2012 Thermodynamically
consistent description of the hydrodynamics of free surfaces
covered by insoluble surfactants of high concentration
Phys. Fluids 24 102107

[41] Wilczek M, Tewes W B H, Gurevich S V, Kopf M H,
Chi L and Thiele U 2015 Modelling pattern formation
in dip-coating experiments Math. Model. Nat. Phenom.
10 44-60

[42] Diao Y, Shaw L, Bao Z and Mannsfeld S C B 2014
Morphology control strategies for solution-processed
organic semiconductor thin films Energy Environ. Sci.
7 2145-59


http://dx.doi.org/10.1007/s00607-008-0003-x
http://dx.doi.org/10.1007/s00607-008-0003-x
http://dx.doi.org/10.1007/s00607-008-0003-x
http://dx.doi.org/10.1007/s00607-008-0004-9
http://dx.doi.org/10.1007/s00607-008-0004-9
http://dx.doi.org/10.1007/s00607-008-0004-9
http://dx.doi.org/10.1137/0714068
http://dx.doi.org/10.1137/0714068
http://dx.doi.org/10.1137/0714068
http://dx.doi.org/10.1142/S0218127491000397
http://dx.doi.org/10.1142/S0218127491000397
http://dx.doi.org/10.1142/S0218127491000397
http://dx.doi.org/10.1142/S0218127491000555
http://dx.doi.org/10.1142/S0218127491000555
http://dx.doi.org/10.1142/S0218127491000555
http://dx.doi.org/10.1088/1367-2630/8/12/313
http://dx.doi.org/10.1088/1367-2630/8/12/313
http://dx.doi.org/10.1016/0040-6090(92)90153-3
http://dx.doi.org/10.1016/0040-6090(92)90153-3
http://dx.doi.org/10.1016/0040-6090(92)90153-3
http://dx.doi.org/10.1002/smll.201101930
http://dx.doi.org/10.1002/smll.201101930
http://dx.doi.org/10.1002/smll.201101930
http://dx.doi.org/10.1021/la101900z
http://dx.doi.org/10.1021/la101900z
http://dx.doi.org/10.1021/la101900z
http://dx.doi.org/10.1088/1367-2630/14/2/023016
http://dx.doi.org/10.1088/1367-2630/14/2/023016
http://dx.doi.org/10.1088/0951-7715/27/11/2711
http://dx.doi.org/10.1088/0951-7715/27/11/2711
http://dx.doi.org/10.1088/0951-7715/27/11/2711
http://dx.doi.org/10.1103/PhysRevE.83.016212
http://dx.doi.org/10.1103/PhysRevE.83.016212
http://dx.doi.org/10.1021/la00027a042
http://dx.doi.org/10.1021/la00027a042
http://dx.doi.org/10.1021/la00027a042
http://dx.doi.org/10.1063/1.4758476
http://dx.doi.org/10.1063/1.4758476
http://dx.doi.org/10.1051/mmnp/201510402
http://dx.doi.org/10.1051/mmnp/201510402
http://dx.doi.org/10.1051/mmnp/201510402
http://dx.doi.org/10.1039/C4EE00688G
http://dx.doi.org/10.1039/C4EE00688G
http://dx.doi.org/10.1039/C4EE00688G

