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Abstract We investigate compound drops composed of two immiscible nonvolatile partially wetting liquids
that slide down an inclined homogeneous smooth solid substrate based on a mesoscopic hydrodynamic two-
layer model in full-curvature formulation. First, we briefly investigate the reference case of a liquid drop that
stationarily slides on a liquid layer representing an adaptive substrate. Subsequently, we focus on sliding
compound drops employing a parameter study to identify qualitative transitions between different drop
configurations and time-periodic behavior as well as the underlying bifurcation structure. After analyzing
the dependence of drop velocities and dynamic Young and Neumann angles on driving force, also the
influence of the ratios of drop volumes and viscosities is briefly considered. An accompanying discussion
of the lateral dissipation profile is used to explain the encountered dependence of drop velocity on their
configuration. Finally, we consider the time-periodic fusion-overtaking-splitting behavior found outside the
existence range of the stationary sliding compound drops.

1 Introduction

When a drop of simple nonvolatile partially wetting liq-
uid on a horizontal solid rigid substrate relaxes to ther-
modynamic equilibrium, the drop shape converges to
a spherical cap with equilibrium angles at the three-
phase contact line that are related to the interface
energies by Young’s law [1,2]. It can be obtained as
a horizontal force balance or via a minimization of
the total interfacial free energy [3,4]. However, tilt-
ing the assumed ideally uniform infinitely long sub-
strate, reflexion symmetry along the substrate is bro-
ken implying that driven by the gravitational downhill
force all such drops will slide at some speed. The veloc-
ity depends on drop size, substrate inclination, and the
material parameters related to capillarity and wetta-
bility [2]. At least at small inclination, the drops will
slide as stationary states, i.e., with constant shape and
velocity. At larger velocity they might show oscillations
or develop a cusp and undergo a pearling instability at
their rear [5–10]. As a case of driven or forced wetting
[11] the stationary sliding drops feature dynamic con-
tact angles that at the advancing and receding edge nor-
mally increase and decrease, respectively, with increas-
ing velocity [2,7,12] as in different regimes captured
by the cubic Cox–Voinov law [7,13–16] or a quadratic
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law based on a variational energy-dissipation principle
[17]. Recently, such studies focus on drops of simple
liquids sliding on various types of adaptive substrates
[18], e.g., polymer brushes of different thickness [19,20],
soft solid substrates [21,22], liquid-infused and liquid-
like substrates [23–28], and dielectric substrates where
charges are deposited [29].

Beside the drops of simple liquid on various sub-
strates, there exist also many studies that consider free-
surface films and drops that involve two immiscible
liquids. For instance, Refs. [30–42] consider two-layer
films that may undergo dewetting. However, although
after initial film rupture also the coarsening of small
drops into larger ones and accompanying configura-
tion changes are discussed, the final equilibrium shape
of compound drops, i.e., symmetric and asymmetric
drops that combine the two liquids are only mentioned
in passing [32,33]. Relatively well studied with closely
related models are steady and spreading drops of one
liquid on horizontal substrates consisting of another
(immiscible) liquid [38,43–46] and sliding drops on
inclined liquid substrates [47]. Also the capillary lev-
eling of two-layer films is considered [48].

Compound drops of two (and sometimes more) liq-
uids at equilibrium are studied experimentally and
with various theoretical models [49–57]. In particu-
lar, Refs. [49,50,52,53] discuss different static drop
configurations mainly based on macroscopic quanti-
ties, Ref. [51] uses a phase-field model, Refs. [42,47]
employ piecewise thin-film descriptions for each fluid–
fluid interface that are connected at the Neumann and
Young points. However, then the equilibrium law is
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imposed, e.g., the static Neumann law at the three-
phase contact points for a sliding drop on a liquid
substrate [47]. A comparison to a mesoscopic hydro-
dynamic model and such a piecewise model is given in
[46] for a slow relaxation dynamics.

Note that also more complex systems are considered,
e.g., two-layer films of liquids with surfactants and/or
evaporation [58–60] or involving viscoelastic and elastic
materials [61], two-layer films in nonisothermal situa-
tions [32,55,62–64], films of liquid mixtures that phase-
separate and dewet at the same time [65–68]. Such sys-
tems may show compound drops at late stages [69,70].

Besides the overdamped descriptions of mesoscopic
hydrodynamics valid for interface-dominated dynamics
at small Reynolds numbers discussed up to here, some
influence of inertia can also be captured for such sys-
tems (see, e.g., section VI.B of [71] and [36]). The sim-
plest hydrodynamic model for a one-layer falling film
that includes inertia is the Benney equation [72,73]
that captures an inertia-driven surface wave instabil-
ity. More advanced modes are based on integrated layer
models [36]. Including inertia into descriptions of two-
layer falling films, Refs. [74,75] study nonlinear surface
waves and, in particular, Refs. [76,77] focus on (soli-
tary) rolling waves.

At equilibrium, the isothermal two-liquid system can
in the macroscopic picture be completely characterized
based on the six involved liquid–solid, liquid–liquid, and
liquid–gas interface energies with Laplace laws govern-
ing all fluid–fluid interface curvatures. All three-phase
contact lines where three fluid–fluid interfaces meet are
governed by Neumann’s law that determines the angles
between the interfaces, i.e., determines the absolute
angles up to a solid body rotation (cf. chap. 6.1 and
6.2 of [78]), while all three-phase contacts involving the
solid substrate are governed by a Young law. When
studying the relaxational dynamics of such a system
any dynamic model needs to be able to dynamically
recover the possible equilibrium states as determined
by the macroscopic parameters.

The full dynamic behavior of a two-layer liquid film,
a drop on a liquid substrate, or a compound drop can be
studied with a thin-film (aka long-wave or lubrication)
model that couples dynamic equations for the two inter-
face profiles [32,36,71] as done in many of the above-
given references. Such mesoscopic hydrodynamic mod-
els incorporate wettability via a wetting energy (related
to the disjoining pressures in the films) and, in the case
of partial wetting, allow for the coexistence of large
drops of finite contact angle with thin adsorption lay-
ers, i.e., sharp three-phase contact lines are replaced by
smooth transition regions.

Reference [79] then notes that to cover the full param-
eter space spanned by the six macroscopic interface
energies, the earlier existing formulations for the wet-
ting energies have to be amended. In consequence,
they derive conditions that ensure consistency between
macroscopic and mesoscopic descriptions that allow one
to directly relate macroscopic and mesoscopic parame-

ters (selected interface energies and parameters control-
ling the wetting energies, respectively). Their resulting
mesoscopic hydrodynamic model can be employed in a
long-wave and a full-curvature version (see discussion
in [79] and, more generally, in [80]).

After developing the model, Ref. [79] mainly stud-
ies spreading compound drops and coarsening ensem-
bles of such drops on horizontal substrates. Sliding
compound drops are only briefly considered. Here, we
employ the mesoscopic hydrodynamic model in the
full-curvature variant presented in [79] and focus on
sliding compound drops that consist of two immisci-
ble non-volatile partially wetting liquids on an inclined
homogeneous smooth solid substrate. The particular
aim of the performed parameter study is the identifi-
cation of qualitative transitions where at specific val-
ues of the considered control parameters (driving force,
ratios of drop volumes, and viscosities) discontinuous
transitions between different drop configurations and
time-periodic behavior occur. Besides on the underlying
bifurcation structure, our interest focuses on the quan-
titative changes in the properties of the sliding drops
in the different configurations. Our analysis is based on
a combination of numerical time simulations [81] and
path continuation [82–84] and furthermore includes a
discussion of the different dissipation channels.

The work is structured as follows. Section 2 briefly
introduces the employed full-curvature variant of the
mesoscopic hydrodynamic model; for a full account, we
refer to Ref. [79]. Subsequently, Sect. 3 investigates the
reference case of a drop of liquid on a layer of another
liquid that acts as an adaptive substrate. Section 4 then
analyzes properties of and transitions between station-
ary sliding compound drops in different configurations.
This is followed in Sect. 5 by a brief discussion of
the time-periodic states corresponding to cyclic fusion-
overtaking-splitting dynamics that occur beyond the
parameter range where stable stationary sliding com-
pound drops exist. Finally, we conclude and give an
outlook in Sect. 6.

2 The mesoscopic model

2.1 Governing equations

To model sliding compound drops we employ the meso-
scopic hydrodynamic model of Ref. [79]—a two-layer
thin-film model that amends the description in [32] by
incorporating wetting energies that allow for a complete
mapping of the relevant parameter space of macro-
scopic interface energies, for a discussion see sections II
and III.A of [79]. The dynamic equations are writ-
ten as a gradient dynamics for two conserved order
parameter fields [80], namely, the height profiles of
the interface between liquids 1 and 2 h12(r, t) and of
the interface between liquid 2 and the ambient gas
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(medium 3) h23(r, t) (see sketches in Fig. 1a and b for
the macroscopic and mesoscopic picture, respectively).
The kinetic equations are

∂th12 = −∇ · j12 = ∇ ·
(
Q11∇ δF

δh12
+ Q12∇ δF

δh23

)
,

∂th23 = −∇ · j23 = ∇ ·
(
Q21∇ δF

δh12
+ Q22∇ δF

δh23

)
,

(1)
where F denotes the underlying energy functional, and
the symmetric and positive definite mobility matrix is

Q =
1
η1

⎛
⎝

h3
12
3

h12
2

(
h23 − h12

3

)
h12
2

(
h23 − h12

3

) (h23−h12)
3

3

(
η1
η2

− 1
)

+ h3
23
3

⎞
⎠
(2)

as derived using long-wave approximation from the
Navier–Stokes equations with no-slip boundary condi-
tions at the solid substrate, stress and velocity con-
tinuity at the liquid 1–liquid 2 interface, stress-free
liquid 2–gas interface, and kinematic boundary condi-
tions at liquid 1–liquid 2 and liquid 2–gas interfaces
[32]. Furthermore, η1 and η2 are the dynamic viscosi-
ties of the respective liquids, ∂t is the partial deriva-
tive w.r.t. time t, the nabla operator is ∇ = (∂x, ∂y)T ,
where r = (x, y)T are the coordinates along the two-
dimensional planar rigid solid homogeneous substrate.

For a horizontal substrate the underlying mesoscopic
energy functional reads

F = Fh =
∫

A

[γs1 + γ12ξ12 + γ23ξ23

+g(h12, h23, ξ23)] d2r,

(3)

where γs1, γ12, and γ23 are the interface energy densities
for the solid–liquid 1, liquid 1-liquid 2, and liquid 2-gas
interface, respectively, while the final term represents
the overall wetting energy. In particular, we use the
combination

g(h12, h23, ξ23) = f1(h12) + ξ23f2(h23 − h12)
+ f3(h23)

(4)

with terms corresponding to the wettability of liquid 1
on the substrate under liquid 2 as surrounding medium,
of liquid 2 on liquid 1, and liquid 2 on the substrate
under the gas phase. The wettability of liquid 1 on the
substrate under the gas phase results from the combina-
tion of the first and third terms. Each of the three terms
includes long-range attracting and short-range repelling
forces, i.e., fi(h) = Ai/(2h2)

[
2/5(h�

i /h)3 − 1
]
, where

h is the respective argument, Ai is the corresponding
Hamaker constant [85], and h�

i are parameters related
to the adsorption layer thicknesses. In the case of par-
tial wetting, the minima f(h�

i ) = −3Ai/10(h�
i )

2 at
h = h�

i define equilibrium adsorption layer thicknesses,
i.e., h�

1 = ha1, h�
2 = ha2, and h�

3 = ha1 + ha2. Note

that combinations of γs1, γ12, γ23, and of the mini-
mal values of the wetting energies give all six occur-
ring macroscopic interface energies via consistency rela-
tions that quantitatively relate the macroscopic and
the mesoscopic descriptions. Explicitly, they read γs2 =
γs1 + γ12 + f1(ha1), γs3 = γs1 + γ12 + γ23 + f1(ha1) +
f2(ha2) + f3(ha1 + ha2), and γ13 = γ12 + γ23 + f2(ha2).
Inserting back the minimal values into these equations
directly relates the macroscopic interface energies to the
three Hamaker constants Ai. For further details see sec-
tions III.A to III.C of [79].

In Eqs. (3) and (4) the functions ξij represent met-
ric factors, either in their long-wave form or, as used
here, in their exact form ξ12 =

√
1 + |∇h12|2 and

ξ23 =
√

1 + |∇h23|2. The latter results in the full-
curvature version of mesoscopic hydrodynamics, for a
discussion see [79,80]. In particular, [79] shows that the
metric factor in Eq. (4) is needed to faithfully recover
Neumann’s law.

Next, we incorporate the potential energy of gravity
FG in addition to the discussed Fh, and model sliding
compound drops on an inclined substrate. For a two-
dimensional substrate inclined in x-direction we have

FG =
∫

V1

ρ1gz′ dz′d2r′ +
∫

V2

ρ2gz′ dz′d2r′, (5)

where g is the gravitational acceleration and ρi and Vi

are the mass density and the volume of liquid i, respec-
tively. In the laboratory frame (with dashes, shown in
blue in Fig. 1), gravity acts in the negative z′−direction.
To include the effect into Eq. (1), a coordinate trans-
formation is carried out into the frame of the tilted
substrate (without dashes, shown in red in Fig. 1). The
corresponding rotation matrix is

R(α) =

(cos(α) 0 − sin(α)
0 1 0

sin(α) 0 cos(α)

)
, (6)

where α is the inclination angle. As a result Eq. (5)
becomes

FG =
∫

A

∫ h12

0

ρ1g(z cos α + x sinα) dz d2r

+
∫

A

∫ h23

h12

ρ2g(z cos α + x sin α) dz d2r

(7)

= g

∫
A

[
1
2
(ρ1 − ρ2)h2

12 cos α +
1
2
ρ2h

2
23 cos α

+(ρ1 − ρ2)h12x sin α + ρ2h23x sin α] d2r.

(8)

Here, we are mainly interested in the sliding behavior of
drops due to the laterally acting forces encoded in the
terms ∼ sin α, but not in the flattening influence of the
hydrostatic forces (terms ∼ cos α) that we neglect in the
following. In other words, we only consider either small
slowly sliding drops or drops on vertical substrates with
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Fig. 1 Sketches of the considered geometry showing as an
example an asymmetric compound drop in 2-1 configuration
(drop of liquid 1 in front of drop of liquid 2) on an inclined
substrate in the a macroscopic and b mesoscopic picture.
The substrate is tilted by an angle α w.r.t. the horizon-
tal x′-direction, yielding a rotation between the laboratory
system (dashed coordinates, blue) and the substrate coor-

dinates (coordinates without dashes, red). Gravity is acting
in the negative z′-direction. The macroscopic description
allows for direct Young and Neumann constructions at the
three-phase contacts. The mesoscopic description features
various adsorption layers and contact angles are determined
at the inflection point of the respective profile (see Fig. 1
in [79])

α = π/2. To capture both cases we introduce an effec-
tive inclination parameter β = ρ2g sin α and the relative
density ρr = ρ1/ρ2−1 and obtain for the overall energy
functional

F = Fh +
∫

A

(ρrh12x + h23x)β d2r, (9)

with the pressure jumps at the two interfaces obtained
as functional derivatives of F as

P1 − P2 =
δF
δh12

= −γ12
∇2h12

ξ312
+ f ′

1 − ξ23f
′
2 + ρrβx,

(10)

P2 − Pg =
δF
δh23

= −(γ23 + f2)
∇2h23

ξ323
+ f ′

3

+
1

ξ23
(1 + (∇h12) · (∇h23)) f ′

2 + βx.

(11)

where in the following we set the pressure in the ambi-
ent gas Pg to zero. Here, f ′

i stands for the derivative
w.r.t. the respective argument. Note that the expres-
sion (∇2hij)/ξ3ij corresponds to the exact curvature.

2.2 Nondimensionalization, parameters, and
numerical methods

We effectively nondimensionalize the dynamic equa-
tions by setting η1 = γ12 = ha1 = 1, see appendix A.
Furthermore, we use γs1 = 0 as only differences of sub-
strate energies are relevant. The remaining free param-
eters are the macroscale interface energies that we fix as
(γ13, γ23, γs2, γs3) = (1.6, 0.8, 0.85, 1.4) resulting in the
Hamaker constants (A1, A2, A3) ≈ (0.5, 0.67, 0.67), and
the macroscopic equilibrium contact angles (ϑ12, ϑ13,
ϑ23) ≈ (31.8◦, 29.0◦, 46.6◦). Using identical mass den-
sities, i.e., ρ1 = ρ2 = ρ gives ρr = 0 (also cf. [19,79])
simplifying the free energy to F = Fh +

∫
A

βh23xd2r.
The remaining free parameters represent our control

parameters in the following sections, i.e., the inclination
parameter β, the viscosity ratio η = η2/η1 and either
the mean thickness of the layer of liquid 1 that acts
as an adaptive substrate for a sliding drop of liquid 2
(Sect. 3) or the volume ratio ν = V2/V1 for sliding com-
pound drops (Sect. 4). We consider a one-dimensional
domain of fixed size L = 1000, if not stated other-
wise, set up symmetrically around x = 0 with periodic
boundary conditions. As a solution measure we use the
L2-norm of the liquid 2-gas interface profile defined as

‖h23‖2 =
√∫ L/2

−L/2
|h23|2 dx.
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The governing equations are solved numerically employ-
ing time integration and pseudo-arclength continua-
tion. For time simulations we use the finite-element
library oomph-lib with its space and time adaptiv-
ity [81], while the bifurcation diagrams are obtained
using the continuation toolbox pde2path [82] and con-
firmed by pyoomph [84] that builds on oomph-lib and
GiNaC [86]. Furthermore, two-parameter continuations
are performed with pyoomph.

3 Drop sliding on liquid substrate

First, we briefly investigate the dynamic behavior of
a drop of liquid 2 that partially wets a layer of liq-
uid 1 that itself ideally wets the solid substrate, i.e.,
it acts as an adaptive substrate for the sliding drop
of liquid 2. The situation is similar to the one studied
in Refs. [44–46] for horizontal substrates, i.e., with a
focus on spreading and equilibrium shapes of drops on
a liquid substrate, and in Ref. [47] for drops on thick
inclined liquid layers.

Here, we use the model introduced in Sect. 2.1 omit-
ting two of the three terms in the wetting energy, i.e.,
we use f1 = f3 = 0 in Eq. (4), and only keep the part
responsible for the wettability of liquid 2 on liquid 1
(that is, f2). Figure 2a presents the dependence of the
drop velocity U on the mean thickness of the liquid
substrate h̄12 for different inclination parameters β.

Figure 2b gives selected corresponding drop pro-
files together with the global asymmetry measure Ah12

(defined in the caption), with corresponding velocity
fields (shown as streamlines and absolute value of veloc-
ity field). The curves and profiles are obtained by path
continuation and are furthermore confirmed by numeri-
cal time simulations (not shown). In the former method
the drop velocity is determined as nonlinear eigenvalue,
while in the latter it is extracted from the obtained data
by averaging the center-of-mass (CoM) velocity of the
upper liquid over a small time span.

Inspecting Fig. 2a we observe that at first sight U
seems to increase monotonically but nonlinearly with
h̄12 for all three shown β-values. At moderate h̄12 an
asymmetric liquid lens slides down on a thick film
with advancing angles that are larger than the reced-
ing ones (cf. Fig. 2b central column for h̄12 = 24)
and with a velocity that scales approximately linear
with h̄12. Note, however, that the asymmetry measure
Ah12 changes nonmonotonically with increasing β: At
small to moderate β, the value Ah12 increases as the
sliding drop creates a slope of the liquid 1-gas inter-
face on a large scale. However, at larger β the slope of
h12 becomes increasingly localized in front of the drop
resulting in a decrease of Ah12 .

Interestingly, the behavior qualitatively differs at
small and large driving force. At small β the asym-
metry Ah12 of the profile increases with decreasing h̄12,
while it decreases at large β. In consequence, for very
thin liquid substrates (i.e., fixed small h̄12) the asym-
metry decreases with increasing β in the shown β-

range (cf. Fig. 2b left column for h̄12 = 3). Note, for
instance, the relatively pronounced wetting ridges for
β = 1 × 10−5 and β = 2 × 10−5 that are larger at
the advancing edge of the drop than at the receding
edge. However, as for β = 0 the drops are perfectly
symmetric (Ah12 = 0) our observation implies that for
the lower h̄12-values the maximal asymmetry occurs for
β < 1 × 10−5. Furthermore, a close inspection of the
U(h̄12)-dependence for β = 2 × 10−5 reveals that the
velocity changes nonmonotonically (cf. inset of Fig. 2a).

In contrast, for very thick liquid substrates (i.e.,
h̄12 = 34, right column in panel (b)), we observe the
reverse trend for the asymmetry measure. There, Ah12

increases with increasing inclination, and we expect
Ah12 to peak at larger β. Thus, the stationary state
of maximal asymmetry is found for large [moderate,
small] liquid substrate thicknesses h̄12 at large [moder-
ate, small] β.

The behavior can be explained by a qualitative argu-
ment: When the friction forces are small, i.e., at small
driving force and small drop velocity, the liquid sub-
strate is able to adapt more strongly to the capillary
forces exerted by the sliding drop. This results in the
larger wetting ridges at smaller β. In contrast, at larger
β the friction forces due to shear stress are larger than
the capillary forces in the contact line regions result-
ing, e.g., in a much smaller wetting ridge in the top
left panel of Fig. 2b than in the bottom left panel.
However, due to the parabolic velocity profile in the
liquid substrate, the effect of shear stress gets smaller
with increasing substrate thickness. In consequence, for
thick substrates (right column of Fig. 2b) the effect of
the dynamic contact angles dominates.

After considering the behavior of the sliding drop on
a liquid substrate that we will come back to later on, we
next turn to our main focus, a parameter study of slid-
ing compound drops. In contrast to the present section
we return to the full form of the wetting energy given
in Eq. (4). Hence, liquids 1 and 2 both partially wet the
substrate, and liquid 2 also partially wets liquid 1.

4 Stationary sliding compound drops

Next, we investigate the properties of stationary sliding
compound drops that always exist for sufficiently small
substrate inclination β as every steady asymmetric drop
that exists for horizontal substrate [79] spawns a branch
of sliding drops parametrized by substrate inclination or
driving force. At larger β the branch might undergo var-
ious bifurcations, e.g., it may cease to exist at a saddle-
node bifurcation or become more and more unstable in
a sequence of such bifurcations.

Here, we consider the dependence of the proper-
ties of the compound drop on a number of relevant
control parameters, namely, the inclination parame-
ter β (Sect. 4.1) and the volume ratio ν (Sect. 4.2)
at fixed values of the remaining parameters. Addition-
ally, the influence of the viscosity ratio is analyzed in
appendix D. As in Sect. 3, numerical time simulations
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Fig. 2 Behavior of a drop of liquid 2 sliding stationarily
down on a layer of liquid 1. Panel a shows the dependence
of the drop velocity U on the mean thickness of the liquid
substrate (liquid 1) h̄12 for a number of different inclination
parameters β as given in the legend. Panel b gives selected
corresponding drop profiles at the h̄12-values marked in by
a thin vertical lines (with the same left-to-right order),
including streamlines and the color-encoded absolute value
of the velocity field (both in the comoving frame). The ver-

tical order of the profiles in b mirrors the vertical order
of the curves in a, i.e., the top [bottom] row is for the
largest [smallest] β. In each panel the value of an asymme-
try measure is given. It is defined as Ah12 = 1

2V1

∫
xh12dx

(cf. Ref. [87]), i.e., here, based on the profile of the liquid
substrate. The domain size is L = 500, the mean thickness
of the upper layer is h̄23 − h̄12 = 10, and its viscosity is
η2 = 1. All other parameters are as described in Sect. 2.2

and path continuation are employed to obtain the drop
velocity U (here, as the mean of the CoM velocities of
the two individual liquids). Furthermore, we determine
the dynamic angles at all three-phase contacts, i.e., all
dynamic Young and Neumann angles. In particular, we
obtain the angles from the slopes at the inflection points
of the profiles obtained by time simulation. Note that
we use Neumann angles defined as the angles to the
closest horizontal line (see Fig. 1) as this makes it pos-
sible to present all of them in a single figure that focuses
on a relatively small range of angles.

4.1 Influence of the inclination parameter

First, the inclination parameter β is varied at fixed
ν = η = 1, see Fig. 3. The dependence of compound
drop velocity U on the control parameter β is shown in
Fig. 3a. There, solid and dashed lines indicate branches
of stable and unstable sliding drops, respectively, as
obtained by path continuation. In contrast, cross sym-
bols represent data obtained from time simulations.
The corresponding absolute values of Neumann and
Young angles are shown as a function of U in Fig. 3b
and c, respectively.1 A selection of profiles of stable

1 Note that due to the display of the absolute values,
changes in sign of a corresponding angle look like a “kink”

stationary sliding drops is presented in Fig. 3d–g. The
selected β-values are marked by thin horizontal lines in
Fig. 3a.

At the chosen set of energetic parameters, the asym-
metric compound drop is for a horizontal substrate
(β = 0) the stable state of lowest energy. Due to
isotropy of space it exists in two equivalent variants,
i.e., 1-2 and 2-1 configuration (these labels correspond
to the lateral order of the liquid drops, from left to
right), in the following indicated by orange and purple
coloring, respectively. They are related by reflection.
However, for β > 0 the spatial symmetry is broken and
the two variants give rise to the two branches of linearly
stable sliding compound drops shown in Fig. 3a as solid
black lines. Besides these states, that are most relevant
here, at β = 0 also a stable symmetric drop-on-drop
state exists (cf. [79]) that is found as an equilibrium
state in time simulations. However, it is rendered asym-
metric and unstable for any finite β. Here, we do not
further discuss it.

We note that over the entire range where the
asymmetric stationary sliding drops exist, their veloc-
ity monotonically increases with increasing inclination

Footnote 1 continued
at zero angle (see, e.g., orange crosses in Fig. 3b at U ≈
3.5 × 10−3).
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Fig. 3 Characterization of stationary sliding compound
drops in dependence of the inclination parameter β. Panel
a shows the drop velocity U (horizontal axis) as a func-
tion of β (vertical axis), while b and c show the absolute
values of the three Neumann angles and the three Young
angles, respectively (see legends), all as a function of U . In
a, solid [dashed] black lines indicate stable [unstable] states
obtained by continuation. Compound drops in 2-1 and 1-2
configuration obtained by time simulation are marked by
orange and purple cross symbols, respectively. Note that
also drops sliding on a liquid layer exist shown in panel a

as a green line. The unstable part of the branch is only fol-
lowed till the green square symbol. Panels d–e, f–g, and h
give example profiles for 2-1, 1-2, and drop-on-layer config-
urations, respectively. The corresponding values of β and U
are indicated in panels a–c by thin solid vertical and hori-
zontal lines. The dotted, dashed, and dot-dashed horizontal
lines in b and c mark the various equilibrium angles (see
legends). The volume ratio and the viscosity ratio are fixed
to one, ν = η = 1. The remaining parameters are given in
Sect. 2.2

parameter β. This is in line with expectations, as an
increasing β implies a larger potential energy that has
to be dissipated per passed substrate length. In other
words, the monotonic behavior indicates that for a
given drop configuration the dissipation also increases
monotonically with drop velocity. For an analysis of the
spatial distribution of dissipation see below.

At small β the slopes of the 1-2 and 2-1 branches
in Fig. 3a are identical as can be concluded from the
symmetry (1-2 state, β, U) → (2-1 state, −β, −U).
However, with increasing β the branches separate from
each other—at identical β the drop in 2-1 configura-
tion moves by up to about a factor two faster than the
one in 1-2 configuration. For drops in the 2-1 configura-
tion the Young angles behave as expected: The advanc-
ing angle (ϑ13) increases with increasing velocity, while

both receding ones (ϑ12 and ϑ23) decrease (Fig. 3c).
The change in Neumann angles at small and moderate
β results from a solid body-like rotation of the entire
Neumann region.2 At larger β the angles change indi-
vidually and the residuals strongly increase. Overall,
the behavior of the drop in the 1-2 configuration is sim-
ilar: Now, ϑ23 and ϑ12 are advancing angles, but only
the latter clearly increases, while ϑ23 slightly decreases.
The receding angle ϑ13 decreases with increasing U .

2 While all absolute Neumann angles change by several
degrees, the residues of the Neumann law remain on a small
finite constant level. Macroscopically these residues would
be zero, but in the mesoscopic description they remain finite
due to the way the angles are measured. Further details are
discussed in Ref. [88].
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Overall, the most notable feature of the bifurcation
diagram in Fig. 3a is that both configurations cease
to exist at respective critical values of β (and in con-
sequence of U). In particular, when increasing β from
zero, first the drop in 2-1 configuration (that moves
faster than the one in 1-2 configuration) ceases to exist
at a saddle-node bifurcation occurring at a critical
βc21 ≈ 2.15 × 10−5 (corresponding to a critical veloc-
ity Uc21 ≈ 5.02 × 10−3). There, the branch folds back
toward smaller β implying that the states on the dashed
part are unstable.

When starting with a 2-1 drop and increasing β above
βc21, the trailing drop of liquid 2 slides over the drop
of liquid 1 and a stationary 1-2 drop results (also see
movie 1 in the Supplemental Material). The dynamic
configuration change is indicated in Fig. 3a by a red
arrow. Interestingly, during the overtaking process the
compound drop nearly halves its velocity, i.e., decreases
its dissipation per time. Figure 3b shows that the Neu-
mann angles strongly change when βc21 is approached,
while the Young angles are less affected and show a lin-
ear trend (see Fig. 3c). The height profiles in Fig. 3d
and e suggest the Neumann region strongly rotates.

Further increasing β beyond βc21, the 1-2 drop con-
tinues to increase its velocity until also this state ceases
to exist at a saddle-node bifurcation that occurs at a
second critical inclination βc12 ≈ 2.63 × 10−5 (corre-
sponding to Uc12 ≈ 2.77 × 10−3). At the bifurcation
the Neumann region approaches the substrate, see pro-
files in Fig. 3f and g. This is consistent with the obser-
vation that beyond the bifurcation a compound drop
splits into two distinct drops that move with individ-
ual velocities. In a setting with periodic boundaries or
with a periodic array of drops, a regular time-periodic
process emerges that is further discussed in Sect. 5 (see
movie 2 in the Supplemental Material). The Neumann
angles also show a strongly nonlinear behavior when
this second dynamic transition is approached (Fig. 3b),
while the change in the Young angles remains approxi-
mately linear (Fig. 3c).

Depending on initial conditions, at large driving force
one finds two stable states: the already mentioned time-
periodic splitting-fusion cycle and, alternatively, a drop
stationarily sliding on a liquid layer, similar to the
states in Sect. 3. The latter states form a branch in
the bifurcation diagram represented by the green line
in Fig. 3a.3 An exemplary profile is shown in Fig. 3h.
Note that in contrast to Sect. 3, here, these states are
computed including all terms of the wetting energy (4),
i.e., the sliding drop dynamically stabilizes the dewet-
ting instability of the liquid substrate layer. In situa-
tions where an initially uniform two-layer film under-
goes dewetting on the inclined substrate, these states
naturally emerge if the bottom layer dewets sufficiently
slower than the upper layer (see movie 3 in the Sup-
plemental Material). Interestingly, when following the

3 The stable part of the branch extends monotonically
toward larger inclinations (and velocities). The unstable
part of the branch is only followed till the green square sym-
bol.

green branch in Fig. 3a with decreasing velocity (and
inclination), it is first destabilized at a Hopf bifurca-
tion at (βH, UH) ≈ (1.236 × 10−5, 3.7 × 10−3) (marked
by a diamond symbol)4 before turning back toward
larger β at a saddle-node bifurcation at (βc, Uc) ≈
(1.225 × 10−5, 3.3 × 10−3).

To obtain a better physical understanding of the dif-
ferent velocities of the compound drops in different con-
figurations at identical β, we next analyze the corre-
sponding dissipation profiles. Figure 3a indicates that
at the given parameters a 2-1 drop always moves faster
than a 1-2 drop. Appendix B shows that at identical
inclination, volume and viscosity an individual drop of
liquid 1 moves (with, e.g., U ≈ 1.3×10−3 at β = 10−5)
by about a factor 6 slower than one of liquid 2. The
velocities of both compound drops at this β (Fig. 3a)
are relatively close to the lower value. This indicates
that the slow drop dominates the behavior of the com-
pound drop in both configurations, i.e., the system
behavior is determined by its slowest element.

To discuss this more quantitatively, Fig. 4 compares
the dissipation of the two configurations on the one
hand at equal inclination parameter β = 10−5 (left and
center column) and on the other hand at equal total
dissipation D ≈ 3.1 × 10−4 (center and right column).
For details on the calculation of the dissipation pro-
files within the two liquids, see appendix C. As in the
comoving frame the stationary sliding compound drop
is of fixed shape, the contributions to the total energy
F of capillary and wetting energy do not change in
time, i.e., dFh/dt = 0 (cf. Eq. (3)). Therefore, the only
changing contribution is the potential energy in Eq. (9).
In consequence, it determines the total dissipation.5 In
the nondimensionalized form (Sect. 2.2) we obtain an
expression for the total dissipation of stationary slid-
ing compound drops D = −dFG/dt = −βUV , where
V = V1 +V2 is the total volume of the compound drop.
In other words, at fixed volume, D is proportional to
βU , where U itself depends on β, see Fig. 3a. Therefore,
we are able to match the total dissipation of compound
drops in the two configurations by simply adjusting β.

In particular, the first row of Fig. 4 (panels (a)–
(c)) shows the height-integrated spatially resolved dis-
sipation for each liquid (dashed colored lines) as well
as their sum (solid black lines), while the second row
(Fig. 4d–f) gives the corresponding interface height pro-
files together with the streamlines and the color-coded
magnitude of the velocity fields in the comoving frame.
One clearly notices that in all cases the dissipation is

4 For completeness we mention that the Hopf bifurcation
is supercritical and in its close vicinity (slightly decreasing
β) time simulations show a stable oscillatory state where
the minimal thickness of the bottom layer oscillates in time,
i.e., the interaction of the sliding drop with the dewetting
mode results in a stable surface wave of the liquid substrate.
If one moves further beyond the bifurcation the dewetting
mode dominates and the system again converges to a sliding
compound drop.
5 Note that even the hydrostatic contribution—if it were
considered—would not contribute.
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Fig. 4 a–c Vertically integrated dissipation d–f velocity
fields of the stationary sliding compound drops in (left and
right) 2-1 configuration and (middle) 1-2 configuration. Pan-
els a–c give the laterally spatially resolved dissipation for
the two liquids individually and the total value along with
the integrated dissipation D. Panels d–f give the height pro-
files together with the streamlines and the color-coded mag-

nitude of the velocity fields (both in the comoving frame).
Note that the velocity U of the compound drop (and thus
the comoving frame) differs for each column. Results in the
two leftmost and the two rightmost columns are obtained
at the same inclination parameter β = 10−5 and at the
same integrated dissipation D ≈ 3.1 × 10−4, respectively
(see labels). Remaining parameters are as in Sect. 2.2

mostly located in the three contact line regions at the
substrate where pronounced peaks are visible. However,
also the Neumann region strongly influences the flow
field and the spatial distribution of dissipation. The
occurrence of peaks in dissipation in the Young regions
is in line with expectations from similar analyses for
sliding drops of a single liquid, see Refs. [8,89] and the
one-drop limiting cases considered in appendix B.

Note that although the sum of the dissipation in the
two liquids is positive at any position along the sub-
strate (solid black line in Fig. 4a–c), it can locally be
positive in one liquid and negative in the other one. This
occurs to a small extent when one liquid coexists with
an adsorption layer of the other one. More importantly,
it also occurs in the region between the three-phase con-
tacts of the two liquids with the substrate and with the
ambient medium. This indicates that potential energy
’set free’ in the liquid that shows the negative dissi-
pation is transferred into the other liquid where it is
dissipated. Also this transfer is strongest in the Young
regions.

Now we come back to the question why the 2-1 drop
slides at identical β faster than the 1-2 drop (Fig. 3):
Comparing the spatial structure of the dissipation for
the 2-1 drop (Fig. 4a and c) and the 1-2 drop (Fig. 4b),
we note that in both cases the dissipation is maxi-
mal in the Young region where substrate, liquid 1, and
gas meet. This is independent of its location, be it
at the front (2-1 drop), or at the back (1-2 drop) of
the compound drop. The second largest peak occurs

within liquid 1 in the liquid–liquid–substrate contact
region. The main difference between the two config-
urations at identical β (Fig. 4a and b) is the much
larger dissipation in the leading Young region in the
2-1 drop than in the trailing Young region in the 1-2
drop. This is consistent with the larger sliding velocity
of the former. However, to ensure this is not just an
effect of the total dissipation we also compare the dissi-
pation profiles at approximately identical total dissipa-
tion (Fig. 4b and c). Although the differences in peak
heights are smaller, the overall features of the peaks still
hold, and the 1-2 drop is still slower than the 2-1 drop
although the latter slides down the smaller inclination.

These observations can be consistently explained con-
sidering the behavior of the (dynamic) Young angles:
As liquid 1 has the smaller equilibrium contact angle
at the employed ν = η = 1 it dominates the dissipa-
tion and roughly determines the velocity of the com-
pound drop. The difference between 2-1 and 1-2 con-
figuration then results from the different behavior of
advancing and receding dynamic contact angle, namely,
that the former increases with increasing velocity while
the latter decreases. This provides a physical explana-
tion of the different behavior: In the 1-2 configuration
the dynamic Young angle ϑ13 is a decreasing receding
angle thereby prolonging drop 1, while in the 2-1 con-
figuration ϑ13 is an increasing advancing angle thereby
shortening drop 1. This then ultimately results in the
lower velocity of the drop in Fig. 4e as compared to the
one in Fig. 4f.
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Finally, we briefly discuss the spatial structure of the
velocity fields in Fig. 4d and e. The pattern of con-
vection rolls is structured by all three-phase contacts.
In both configurations, liquid 2 features two lateral
counter-rotating convection rolls, whereas in liquid 1
three convection rolls are visible—two of them are ver-
tically staggered. This is consistent with the one-drop
reference case in appendix B where liquid 1 shows two
vertically staggered convection rolls and liquid 2 shows
only one. In comparison, the picture for the compound
drop involves two additional lateral convection rolls
related to the continuity of the liquid velocity across
the liquid–liquid interface.

To summarize, we have found that at identical drop
volumes and viscosities the velocity of the sliding com-
pound drop is mainly determined by the liquid with the
lower equilibrium contact angle as determined by the
interface energies. The difference in velocities between
the two configurations then ultimately results from the
opposite behavior of the dynamic contact angles at the
leading and trailing edge. Next, we briefly investigate
how the overall picture changes when the volume ratio
is varied.

4.2 Influence of the volume ratio

The analysis in Sect. 4.1 has focused on the influence of
driving force represented by the inclination β at fixed
volume ratio ν = 1. However, beside the inclination also
the volume ratio is an experimental parameter that can
be well controlled. Therefore, we next investigate how
the drop behavior depends on ν (at fixed η = 1 and
β = 10−5). Note that while changing ν we fix the total
volume Vtot = V1 + V2 = 2 × 104. This ensures that
changes in the velocity U do reflect changes in the drop
configuration and are not dominated by changes in the
total mass.

Again combining results obtained from numerical
path continuation (solid and dashed lines) and time
simulations (cross symbols), Fig. 5a provides the depen-
dence of drop velocity U on ν in log-log representation.
Also here, the 2-1 drop slides faster than the 1-2 drop by
up to approximately a factor two, while both velocities
increase monotonically with increasing ν. At small and
large ν the properties of the drops converge to the ones
of single liquid drops of liquid 1 and liquid 2, respec-
tively (appendix B). The limiting values of the contact
angles are marked in Fig. 5c by thin horizontal colored
lines (red and blue for a drop of liquid 1 and liquid 2,
respectively).

It is notable that for ν → 0 both configurations
approach the same velocity, while for ν → ∞ only
the 2-1 drop approaches the proper limit (see Fig. 5a).
In contrast, the branch of stable 1-2 drops ceases to
exist at a saddle-node bifurcation at (νc12, Uc12) ≈
(121.6, 3.5×10−3) where it annihilates with a branch of
unstable drop states. They correspond to a more com-
plex compound drop in 1-2-1 configuration, i.e., a drop
of liquid 1 is sandwiched by two drops of liquid 2 (see
Fig. 5f).

Fig. 5 Dependence of the properties of stationary sliding
compound drops on the volume ratio ν at fixed η = 1 and
β = 10−5. Panel a shows the drop velocity U (horizontal
axis) as a function of ν (vertical axis) in a log-log represen-
tation, while panels b and c give the absolute values of the
three Neumann angles and the three Young angles, respec-
tively (see legends). Compound drops in 2-1 and 1-2 config-
uration are indicated by orange and purple coloring. Panels
d–g and h present stable, and unstable states, respectively,
at selected ν as indicated by thin solid horizontal lines in
a. The corresponding U -values are marked by vertical lines
in a–c. The left and right edges of panels a–c correspond
to the one-drop velocities of liquid 1 (ν → 0) and liquid 2
(ν → ∞), respectively (see Appendix B). Advancing and
receding contact angles from the one-drop limiting cases are
given in panel c as thin colored dashed and solid horizon-
tal lines, respectively. Remaining parameters, line styles etc.
are as in Fig. 3

To investigate the behavior beyond νc12, we use an
equilibrated 1-2 drop with ν > νc12 on a horizontal
substrate (β = 0) to initiate a time simulation at the
considered inclination β = 10−5. This shows that the
already small trailing drop of liquid 1 ’dissolves’ into the
absorption layer. Due to the periodic boundary condi-
tions it gets later collected at the front of drop 2 where
it forms a wetting ridge, i.e., the resulting configuration
is a 2-1 drop. The Young and Neumann angles (Fig. 5b
and c) show a linear trend as νc12 is approached. Note
that a stationary sliding 2-1 drop is stable for all inves-
tigated ν.

Changes in the Neumann angles (Fig. 5b) originate
from the rotation of the Neumann region as ν is changed
(see drop profiles in Fig. 5d–g). In particular, all angles
except of ψ12 in the 1-2 configuration change their
sign once. Especially, when approaching the limiting
cases, the angles change nonlinearly because mesoscopic
effects dominate when one of the drops becomes very
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small.6 Similar observations can be made for the Young
angles (Fig. 5c): Over the course of the investigated ν-
range, only the receding angle ϑ13 and advancing angle
ϑ23 change with increasing velocity as one would naively
expect, i.e., decreases and increases with increasing
velocity, respectively. The other angles change non-
monotonically with velocity, especially for small ν. As
in the case of the Neumann angles, the reason lies in
stronger mesoscopic effects and in the redistribution of
mass and thereby dissipation between the two liquids
that results from changing the volume ratio at fixed
total volume.

In summary, when varying the inclination param-
eter, the volume ratio, and the viscosity ratio (see
appendix D), the velocities of stable stationary com-
pound drops decrease or increase monotonically. Inter-
estingly, the velocities of compound drops in the 2-
1 configuration are for the investigated parameter
ranges always larger than for drops in 1-2 configura-
tion. Considering the dissipation, we have shown that
this can be explained as an effect resulting from inter-
face energies that define the smallest Young angle.
A remarkable observation for all studied parameter
dependencies is that there are finite existence ranges
for the two mainly considered configurations. Their
existence range is limited by critical parameter val-
ues defined by saddle-node bifurcations. Beyond these
critical points, either a configuration change toward
another stationary sliding drop or a time-periodic drop
splitting-fusion cycle emerges. The next section briefly
analyzes the latter.

5 Transients and configuration changes

At large inclination parameter β no stationary sliding
compound drop exists beyond the second saddle-node
bifurcation (Fig. 3). Instead, due to the used periodic
boundary conditions interesting time-periodic dynam-
ics emerge: The compound drop undergoes a periodic
sequence of splitting, separated sliding, fusing, and
overtaking of the two individual drops of the two liq-
uids. In an experiment on a long incline this would cor-
respond to interacting arrays of periodically deposited
drops of liquid 1 and liquid 2 similar to Ref. [5] for
sliding drops of a single liquid.

A typical example is presented in Fig. 6, for a corre-
sponding video see movie 2 in the Supplemental Mate-
rial. Figure 6b shows a space-time plot of several peri-
ods T after initial transients have passed. Starting
at t = 0 the compound drop first travels in slowly
deforming 1-2 configuration till it splits into two sepa-

6 As above we emphasize, that the Neumann residues
remain on a small finite constant level, while all individual
Neumann angles change. However, when approaching the
two limiting cases these residues strongly increase. There,
the measure becomes less trustworthy because the Neumann
angles are not well defined anymore (see rightmost orange
data points in Fig. 5b).

Fig. 6 Dynamics of sliding compound drops at large incli-
nation β = 2.65 × 10−5. The space-time plot in panel b
provides an overview of the time-periodic process of fus-
ing, overtaking, and splitting of the two drops of different
liquids. The plot gives a top view of the distribution of the
two liquids, while only thicknesses above the threshold value
of 1.2 contribute. The rows of snapshots show phases of a
the overtaking and d the splitting dynamics. The selected
time spans are marked with boxes in panel b. Panel c shows
the L2-norm ‖h23‖2 over one period T with vertical dashed
lines corresponding to the times of the snapshots in a. The
domain size is L = 2000 and the remaining parameters
are the same as in Fig. 3. Also consider the corresponding
movie 2 in the Supplemental Material.

rate droplets, see the three snapshots for this phase in
Fig. 6d. The splitting results from the faster velocity of
the center of mass (CoM) of liquid 2 as compared to the
CoM of liquid 1 (see Appendix B). During the splitting
process, the Neumann region approaches the substrate
until, in passing, a four-phase contact region forms (sec-
ond image of Fig. 6d). Afterward, the drops slide indi-
vidually with different velocities, i.e., the leading drop 2
moves increasingly ahead of the trailing drop 1. Due to
the periodic boundary conditions, drop 2 closes in on
drop 1 until they fuse again. Then, they temporarily
form a compound drop in 2-1 configuration. However,
the trailing drop passes over the leading one such that
a change occurs from a 2-1 to a 1-2 configuration, see
the four snapshots in Fig. 6a.

The entire process repeats periodically, for β = 2.65×
10−5 with a period of T = 2.66 × 105. A compact
overview of the phases of a cycle is provided in Fig. 6c
that shows the L2-norm ‖h23‖2 defined in Sect. 2.2 over
one period. Starting from the left, the individual phases
(approximately separated by the vertical dashed lines
that indicate the times of the snapshots in Fig. 6a) cor-
respond to (i) sliding of separate drops where the norm
remains nearly constant as the two drops move indi-
vidually with different velocities but without chang-
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ing their individual shapes (ii) fusion into compound
drop in 2-1 configuration visible as a a brief decrease in
the norm (iii, iv) overtaking accompanied by a strong
increase in the norm which peaks when drop 2 is on top
of drop 1, (v) sliding as slowly separating compound
drop in 1-2 configuration that then splits again into
two separate drops. The increase of the norm reflects
the details of the separation process.

Note that the time-periodic behavior remains qual-
itatively similar to the shown example when further
increasing β. However, the period T monotonically
decreases as the mean drop velocities increase. For
the investigated parameter range, the behavior of the
compound drops during one splitting-fusing-overtaking
cycle is always truly time-periodic, i.e., we have not
observed differences between individual periods that
would indicate a period-doubling bifurcation. Such
effects are observed for sliding drops of a single liquid on
a two-dimensional substrate [8], related to experimen-
tally visible changes in the sequence of satellite drops
[5].

Note, however, that for extreme parameter values
one can obtain irregular dynamics (not shown), namely,
when due to large inclination the compound drop is
stretched such that its length approaches the domain
size. Then, a “dynamic wetting transition” occurs, and
a two-layer film with large-amplitude interface waves
emerges. At even larger β one may then approxi-
mately describe the system by two coupled Kuramoto-
Sivashinsky equations, similar to the system studied in
Ref. [75]. This is not further pursued here.

Another interesting question is how the time-periodic
behavior ceases when decreasing β, i.e., when moving
toward the saddle-node bifurcation that limits the sta-
tionary sliding drops at βc12 (Fig. 3a). Time simula-
tions for β < βc12 (not shown) show that after a possi-
bly long transient the system converges to the station-
ary 1-2 drop, i.e., there is no multistability. Approach-
ing βc12 from above, the time period gets larger as
the slowly deforming 1-2 configuration during the cycle
takes longer till the splitting occurs. Measuring the
mean velocities of the two individual liquids over one
period T one finds that both slowly tend to the one of
the 1-2 drop at βc12. This allows us to formulate the
hypothesis that the time-periodic states emerge in a
global bifurcation, namely, a saddle-node infinite-period
(SNIPER) bifurcation [90] as also observed in other
hydrodynamic systems [91–95].

6 Conclusion

We have investigated sliding compound drops consist-
ing of two immiscible nonvolatile partially wetting liq-
uids on an inclined homogeneous smooth solid sub-
strate. In particular, we have considered the mesoscopic
hydrodynamic model for sessile compound drops pre-
sented in [79] and focused on the case of an inclined
substrate taking the potential energy related to the
downhill direction into account. Note that the model

in [79] itself amends, extends, and unifies a num-
ber of previous mesoscale models for two-layer films,
compound drops, and drops on liquid substrates [30–
34,36,38,42,54] by incorporating an improved wetting
energy that can cover the full spectrum of macroscopic
parameters. These are related to the mesoscopic param-
eters via consistency relations such that the mesoscopic
hydrodynamic model (that exists in long-wave and full-
curvature variants) correctly reflects the macroscopic
Laplace, Neumann, and Young laws through meso-
scopic counterparts [79]. This implies that for sliding
drops on an incline one can now properly investigate
dynamic Neumann, and Young angles.

Employing periodic boundary conditions for a one-
dimensional substrate the potential energy contribution
keeps the system permanently out of equilibrium, even
though the model can be written as a gradient dynam-
ics on an energy functional that is, however, not a Lya-
punov functional as it is not bounded from below. Using
the full-curvature variant of the model we have then
investigated the dynamic behavior (i) of a drop of liquid
on a layer of another liquid that acts as an adaptive sub-
strate, and (ii) of sliding compound drops that occur in
different configurations. Thereby, the particular aim of
the performed parameter study has been the identifica-
tion of qualitative transitions where at specific values of
the considered control parameters discontinuous tran-
sitions between different drop configurations and time-
periodic behavior occur. Our interest has focused on the
underlying bifurcation structure and on the quantita-
tive changes in the properties of the sliding drops in the
different configurations. Basing our analysis on a com-
bination of numerical time simulations and path contin-
uation has allowed us to study both stable and unstable
stationary compound drops and emerging time-periodic
behavior.

For the drops sliding on the adaptive substrate we
have found that the asymmetry of the sliding state
depends nonmonotonically on substrate inclination.
This results from competing influences of capillary
forces that themselves depend on the dynamic Neu-
mann angles that differ at the front and back of the
droplet, and friction forces due to shear stress that due
to the parabolic velocity profiles strongly depend on
the thickness of the liquid substrate. The nonmonotonic
dependence of velocity on the thickness of the liquid
substrate should in the future be investigated in more
detail. It occurs at very small substrate thicknesses
and parallels experimental observations from drops slid-
ing on polymer brush layers of nanometric thickness
[20]. There, the velocity first increases before decreas-
ing again, reflecting the behavior in the inset of Fig. 2a
(for h̄12 from 3 to 6).

In a more extensive parameter study, we have then
considered the dependence of configuration and veloc-
ity of stationary sliding compound drops on mainly two
control parameters, i.e., the inclination parameter and
the ratio of drop volumes (the dependence on the viscos-
ity ratio is considered in appendix D). A general result
is that stable stationary compound drops occur in two
possible configurations, referred to as 1-2 drop and 2-
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1 drop. Interestingly, for the studied parameter ranges
the 2-1 drop is always faster than the 1-2 drop. This has
been explained analyzing the spatial distribution of dis-
sipation along the substrate (noting that only potential
energy is ’freed’ in proportion to sliding speed and incli-
nation, and fully determines dissipation). As a result,
we have found that dissipation is stronger in the drop
of smaller equilibrium contact angle, i.e., the steeper
and faster drop is ’slaved’ to the shallower slower one
(at volume and viscosity ratios of unity).

Analyzing the dependence of the dynamic Young and
Neumann angles on velocity we have found that the
advancing and receding Young angles do not always
show the naively expected behavior, i.e., that they
increase and decrease, respectively, with increasing
velocity. This results from the coupled influence of the
three adapting fluid–fluid interfaces and friction forces
whose direction depends on the details of the internal
convection roll structure. We have further found that in
large parts of the considered parameter ranges the Neu-
mann angles might strongly change, but the Neumann
residues (that show how well the Neumann laws are
fulfilled) remain at a constant small level. This implies
that the Neumann region merely rotates in agreement
with results for contact lines on soft and adaptive sub-
strates [96,97].

In general, the two configurations of stationary com-
pound drops have finite existence ranges that are lim-
ited by saddle-node bifurcations occurring at some criti-
cal parameter value. Bringing a compound drop beyond
such a critical value, different configuration changes
take place either between 1-2 drop and 2-1 drop or
between a stationary sliding drop and a cyclic splitting-
fusion behavior. Figure 7 summarizes these findings
in the plane spanned by the inclination parameter β
and the viscosity ratio η. There, we indicate the three
regions with qualitatively different behavior, namely,
where (i) the 2-1 drop and the 1-2 drop are stable,
(ii) only the 1-2 drop is stable, and (iii) splitting-fusion
cycles represent the stable dynamics. The orange and
the magenta line separating the regions correspond to
the loci of the saddle-node bifurcation of the branches of
2-1 drop and 1-2 drop, respectively. They are obtained
by a two-parameter continuation.

The present study may be extended in a number
of different directions: First, we emphasize that here
all macroscopic interface energies, i.e., Hamaker con-
stants and interface energies on the mesoscale, have
been kept fixed. A more extensive parameter study
might discover other drop configurations, bifurcation
structures, and more intricate dynamics. Second, an
extension to two-dimensional substrates [8,35,79] will
allow one to assess whether there exist further configu-
rations of compounds drops and other types of dynamic
transitions. Preliminary investigations indicate that a
central overtaking exists (not shown). It will be par-
ticularly interesting whether the additional degree of
freedom allows for more complex dynamics including
long-time irregular behavior as observed in [8] for drops
of a single liquid. Furthermore, one may incorporate
additional external influences, e.g., one may investigate

2 3 4 5

β ×10−5

10−1

100η

multistability
2-1&1-2 drop

1-2 drop

splitting-fusion
cycle

Fig. 7 Shown are the regions with qualitatively different
behavior in the plane spanned by the inclination param-
eter β and the viscosity ratio η. The borders between the
regions where (i) the 2-1 drop and the 1-2 drop are both sta-
ble, (ii) only the 1-2 drop is stable, and (iii) splitting-fusion
cycles occur are obtained via a two-parameter continuation
of the saddle-node bifurcations of the branches of the 2-1
drop (orange) and of the 1-2 drop (magenta)

the influence of the hydrostatic part of the potential
energy, assume the liquids are dielectric and incorporate
an external electrical field [98–100], study the influence
of inertia at large inclinations [75,77], consider a non-
isothermal setting [32,62,64], and study complex liq-
uids, e.g., with surfactants [101,102].
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A Nondimensional equations

This appendix provides details of the nondimensionalization
employed in Sect. 2.2 and discusses the physical meaning of
the nondimensional parameters. We start with the dimen-
sional model 1 and rescale the lateral and vertical coordi-
nates via r = Lr̃ and hij = Lh̃ij , respectively, where a tilde
indicates a nondimensional quantity and the characteristic
length scale is L = ha1. To scale time we choose the sur-
face tension scaling (cf. Ref. [103]) t = τ t̃ with τ = Lη1/γ12

implying a velocity scaling of U = U0Ũ with U0 = γ12/η1.
Based on this scaling the nondimensional form of Eq. (1) is

∂t̃h̃12 = ∇r̃ ·
(

Q̃11∇r̃
δF
δh̃12

+ Q̃12∇r̃
δF
δh̃23

)

,

∂t̃h̃23 = ∇r̃ ·
(

Q̃21∇r̃
δF
δh̃12

+ Q̃22∇r̃
δF
δh̃23

)

,

(12)

with the nondimensional pressures

δF
δh̃12

= −∇2
r̃h̃12

ξ̃3
12

+ c1f̃
′
1 − ξ̃23c2f̃

′
2 + ρrβ̃x̃, (13)

δF
δh̃23

= −
(

γ23

γ12
+ c2f̃2

) ∇2
r̃h̃23

ξ̃3
23

+ c3f̃
′
3 + β̃x̃

+
1

ξ̃23

(
1 + (∇r̃h̃12) · (∇r̃h̃23)

)
c2f̃

′
2.

(14)

Here, the ci = Ai/(γ12L
2) are dimensionless Hamaker con-

stants and β̃ = βL2/γ12 = ρ2gL2 sin α/γ12 is the nondi-
mensional inclination parameter that can be identified as a
Bond number (cf. Ref. [71]). Note that the mobility matrix

as introduced in Eq. (2) becomes Q = L3/η1Q̃ and the vis-
cosity ratio η = η2/η1 remains its only free parameter. Over-
all, setting γ12 = η1 = ha1 = 1 as done in Sec. 2.2 provides
the same nondimensional evolution equations.

B Limiting cases of single droplets

Here, we briefly discuss two relevant limiting cases, namely,
drops of a single liquid (either liquid 1 or liquid 2) that
slide in the presence of only an adsorption layer of the other
liquid (for fixed (η, β, Vi) = (1, 10−5, 2 × 104)), see Fig. 8c
and d. Receding and advancing dynamic contact angles as
well as the sliding velocity U are determined as described
in Sect. 4.
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Fig. 8 For stationary sliding single drops of liquid 1 (left)
and liquid 2 (right) panels a–b give the laterally spatially
resolved dissipation in the two liquids and their sum as
well as the total dissipation D, and c–d the height profiles
together with the streamlines and the color-coded magni-
tude of the velocity fields in the frame moving with velocity
U (that is indicated in the panels) at β = 10−5, η = 1 and
V = 2 × 104. The remaining parameters are as given in
Sect. 2.2

Table 1 provides an overview of equilibrium and dynamic
contact angles. For equilibrium Young angles the macro-
scopic values obtained from the macroscopic interface ener-
gies are compared to the mesoscopic values obtained for
finite-size drops as slopes at the corresponding inflection
points. The differences of about 8% are a finite size effect
and decrease when larger drops are considered with the
mesoscopic model. As expected, the receding [advancing]
angle is in both cases smaller [larger] than the numerically
obtained equilibrium angle. Note that the drop of liquid 1
slides by about a factor of six slower than the drop of liq-
uid 2 (cf. Fig. 8c and d). Also this trend is expected as the
drop of liquid 1 has a smaller equilibrium contact angle than
the drop of liquid 2 (ϑ13 < ϑ23), i.e., the latter is taller and
due to the strongly nonlinear mobility function ∼ h3 will
slide much faster.

For further insights, Fig. 8a and b presents the spatially
resolved dissipation (integrands of the Eq. (15)). The liq-
uid in the drop dominates the dissipation, while the liquid
in the adsorption layer gives a small negative contribution
related to energy transfer between the liquids (see discussion
in Sect. 4.1). In both cases, the dissipation is concentrated in
the three-phase contact regions, in accordance with expec-

Table 1 Equilibrium and advancing and receding dynamic
contact angles of the reference cases. Parameters and num-
bering of columns correspond to Fig. 8

Reference case in Fig. 8
Contact angle (c) |ϑ13| (d) |ϑ23|
Equilibrium
analytically (β = 0)

29.0◦ 46.6◦

Equilibrium
numerically (β = 0)

26.7◦ 43.6◦

Receding (β = 10−5) 24.5◦ 41.1◦

Advancing (β = 10−5) 28.5◦ 45.7◦
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tations [8]. The dissipation peak at the receding contact line
is higher than at the advancing one which is also expected
as the former contact angle is smaller than the latter. As
the drop of liquid 2 slides faster, more potential energy has
to be dissipated per time, i.e., the total dissipation in the
sliding drop of liquid 2 has to be larger. Here, it is almost
one order of magnitude larger than the dissipation in the
drop of liquid 1.

Figure 8c and d also gives the streamlines as well as the
color-coded magnitude of the velocity field (both in the
comoving frame). The drop of liquid 2 displayed in panel
(d) features one convection roll with clockwise flux. In con-
trast, the drop of liquid 1 displayed in panel (c) shows two
vertically staggered convection rolls. The lower one rotates
clockwise and the upper one counterclockwise. The upper
roll is a feature of the mesoscopic model and does not occur
if the drop size is increased.

C Determination of dissipation

The mesoscopic hydrodynamic (or thin-film) model corre-
sponds to a gradient dynamics on an underlying energy
functional that monotonically decreases in time [79,80].
The negative of the change in total energy directly corre-
sponds to the total dissipation. However, the spatial dis-
tribution of dissipation may also be determined. Here, we
consider the per liquid vertically integrated but laterally
spatially resolved dissipation profiles. In particular D1(x, t)
and D2(x, t) correspond to two dissipation channels, namely,
in liquid 1 and 2, respectively. For a one-dimensional domain
Ω one has

D = −dF
dt

= −
∫

Ω

2∑

α=1

δF
δhα

∂thα dx

=

∫

Ω

2∑

α=1

δF
δhα

(∂xjα) dx

=

∫

Ω

(

∂x
δF
δh1

)
⎡

⎣
2∑

β=1

Q1β∂x
δF
δhβ

⎤

⎦ dx

︸ ︷︷ ︸
D1

+

∫

Ω

(

∂x
δF
δh2

)
⎡

⎣
2∑

β=1

Q2β∂x
δF
δhβ

⎤

⎦ dx

︸ ︷︷ ︸
D2

.

(15)

where we use Eq. (1) in an alternative representation that
uses layer thickness profiles h1 and h2 (and corresponding
fluxes) instead of interface height profiles. The transforma-
tion between the different forms is discussed in some detail
in [79]. The obtained expressions are time-independent for
stationary sliding drops and provide the presented dissipa-
tion profiles.

D Influence of the viscosity ratio

Here, we briefly investigate the influence of the viscosity
ratio η at fixed ν = 1 and β = 2.5 × 10−5. The results are

Fig. 9 Dependence of the properties of stationary sliding
compound drops on the viscosity ratio η at fixed ν = 1 and
β = 2.5 × 10−5. Panel a shows the drop velocity U (hori-
zontal axis) as a function of η (vertical axis), while panels b
and c give the absolute values of the three Neumann angles
and the three Young angles, respectively (see legends). At
selected η, panels d–e, and f–g present stable and unstable
states, respectively. Remaining parameters, line styles etc.
are as in Fig. 3

displayed in Fig. 9, where panel (a) shows the dependence
of the compound drop velocity U on the viscosity ratio η
with line styles and symbols as introduced in Sect. 4.1.

Inspecting Fig. 9a one notes that for stable compound
drops in both configurations U decreases with increasing
η. Again, the 2-1 drop slides nearly twice as fast as the 1-
2 drop. This is in line with expectations, as for the given
interface energies (and ν) a single drop of liquid 2 indeed
slides faster than an isolated drop of liquid 1, but we expect
that the velocity difference becomes smaller with increasing
viscosity ratio.

For both configurations, we observe changes in the Neu-
mann angles (Fig. 9b) that again result from a rotation
of the Neumann region. Considering the Young angles in
Fig. 9c we note that besides the receding angle ϑ12 only the
advancing angles ϑ13 and ϑ12 change with increasing veloc-
ity as one would naively expect. All other Young angles fall
short of this expectation for the same reasons as discussed
in Sect. 4.2.

Decreasing η, the 2-1 drop ceases to exist at a critical
value of ηc21 ≈ 3.68, corresponding to Uc21 ≈ 4.18 × 10−3.
Figure 9d shows the last stable 2-1 drop. Decreasing η below
ηc21 the liquid in drop 2 is moving through the adsorption
layer over drop 1 dynamically forming a stable stationary
sliding 1-2 drop that moves at much lower velocity (see
movie 4 in the Supplemental Material). Thus, this configu-
ration change (indicated by an arrow in Fig. 9a) differs from
the overtaking process discussed in Sect. 4.1 for β > βc21.
We note that the Young and Neumann angles both show a
linear trend toward ηc21 (see Fig. 9b and c).

123



72 Page 16 of 19 Eur. Phys. J. E (2026) 49 :72

Decreasing the viscosity ratio even further, the 1-2 drop
also ceases to exist in another saddle-node bifurcation at
ηc12 ≈ 0.791 (Uc12 ≈ 2.76 × 10−3). Figure 9e shows the
last stable 1-2 drop. Below ηc12 the compound drop splits
into two distinct drops as described in Sect. 5. Following
the unstable branch (that turns into the stable one at the
saddle-node bifurcation) back to larger η one finds unsta-
ble drops that first look similar to the one in Fig. 9e and
later correspond to two individual drops connected by a
thin adsorption layer. They correspond to threshold states
that have to be overcome to split a stable compound drop
via a finite size perturbation (not shown). In the vicinity
of this bifurcation, the Neumann angles ψ13 and ψ12 show
nonlinear behavior, while ψ23 and the Young angles remain
approximately linear (Fig. 9b and c). The unstable part of
the branch is not followed further than the black square
symbol in Fig. 9a.

Interestingly, the branch of stable 1-2 drops is as well lim-
ited toward large η (Fig. 9a). Namely, there exists another
saddle-node bifurcation at ηc12b ≈ 5.2 (Uc12b ≈ 2.5 × 10−3)
where the 1-2 drop ceases to exist. The corresponding
branch of unstable states again corresponds to drops in 1-2-
1 configuration (9f and g). The unstable branch is nonmono-
tonic in η; there exists a range where four different states
exist at identical η.

If a stable 1-2 drop is brought to a η > ηc12b, time simula-
tions indicate that liquid 1 then creeps through the adsorp-
tion layer underneath liquid 2 toward the leading edge of
the compound drop. If η is sufficiently far away from the
saddle-node bifurcation, finally, a stable 2-1 drop is formed
(see movie 5 in the Supplemental Material). However, close
but above ηc12b more involved time-periodic behavior can
be found, namely, the compound drop can oscillate between
both configurations. This forms an interesting starting point
for a possible future detailed investigation of the bifurcation
behavior.
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Berlin, 2006), pp. 19–49. https://doi.org/10.1007/
3-540-34596-5_2

82. H. Uecker, D. Wetzel, J.D.M. Rademacher, pde2path—
a Matlab package for continuation and bifurcation
in 2D elliptic systems. Numer. Math. Theory Meth-
ods Appl. 7, 58–106 (2014). https://doi.org/10.4208/
nmtma.2014.1231nm

83. S. Engelnkemper, S.V. Gurevich, H. Uecker, D. Wetzel,
U. Thiele, Continuation for thin film hydrodynamics
and related scalar problems, in Computational Model-
ing of Bifurcations and Instabilities in Fluid Mechan-
ics. Computational Methods in Applied Sciences, vol.

123

https://doi.org/10.1007/s00332-024-10108-5
https://doi.org/10.1007/s00332-024-10108-5
https://doi.org/10.1016/j.cocis.2020.101398
https://doi.org/10.1016/j.cocis.2020.101398
https://doi.org/10.1017/jfm.2021.314
https://doi.org/10.1017/jfm.2021.314
https://doi.org/10.1039/c9sm00638a
https://doi.org/10.1016/s0009-2509(98)00098-0
https://doi.org/10.1016/s0009-2509(98)00098-0
https://doi.org/10.1016/s0009-2509(98)00099-2
https://doi.org/10.1016/S0009-2509(98)00100-6
https://doi.org/10.1039/c5sm01724f
https://doi.org/10.1039/c5sm01724f
https://doi.org/10.1103/PhysRevLett.102.164501
https://doi.org/10.1063/1.5001729
https://doi.org/10.1103/PhysRevFluids.6.034001
https://doi.org/10.1103/PhysRevFluids.6.034001
https://doi.org/10.1016/S0079-6700(02)00080-1
https://doi.org/10.1016/S0079-6700(02)00080-1
https://doi.org/10.1016/j.physleta.2005.11.088
https://doi.org/10.1016/j.physleta.2005.11.088
https://doi.org/10.1088/0951-7715/23/7/003
https://doi.org/10.1088/0951-7715/23/7/003
https://doi.org/10.1103/PhysRevLett.111.117801
https://doi.org/10.1103/PhysRevLett.111.117801
https://doi.org/10.1021/acs.langmuir.0c02964
https://doi.org/10.1103/PhysRevE.109.024801
https://doi.org/10.1103/PhysRevE.109.024801
https://doi.org/10.1103/RevModPhys.69.931
https://doi.org/10.1002/sapm1966451150
https://doi.org/10.1002/sapm1966451150
https://doi.org/10.1017/S0022112004003179
https://doi.org/10.1017/S0022112004003179
https://doi.org/10.1016/j.ijnonlinmec.2014.11.020
https://doi.org/10.1017/S0022112099005297
https://doi.org/10.1017/S0022112099005297
https://doi.org/10.1016/j.wavemoti.2025.103634
https://doi.org/10.1016/j.wavemoti.2025.103634
https://doi.org/10.1103/PhysRevFluids.8.064801
https://doi.org/10.1103/PhysRevFluids.8.064801
https://doi.org/10.1103/PhysRevFluids.10.024002
https://doi.org/10.1103/PhysRevFluids.10.024002
https://doi.org/10.1016/j.colsurfa.2018.05.049
https://doi.org/10.1016/j.colsurfa.2018.05.049
https://doi.org/10.1007/3-540-34596-5_2
https://doi.org/10.1007/3-540-34596-5_2
https://doi.org/10.4208/nmtma.2014.1231nm
https://doi.org/10.4208/nmtma.2014.1231nm


Eur. Phys. J. E (2026) 49 :72 Page 19 of 19 72

50, ed. A. Gelfgat (Springer, Cham, 2019), pp. 459–
501. https://doi.org/10.1007/978-3-319-91494-7_13

84. C. Diddens, D. Rocha, Bifurcation tracking on moving
meshes and with consideration of azimuthal symmetry
breaking instabilities. J. Comput. Phys. 518, 113306
(2024). https://doi.org/10.1016/j.jcp.2024.113306

85. J.N. Israelachvili, Intermolecular and Surface Forces,
3rd edn. (Academic Press, San Diego, 2011)

86. C. Bauer, A. Frink, R. Kreckel, Introduction to the
GiNaC framework for symbolic computation within the
C++ programming language. J. Symb. Comput. 33, 1–
12 (2002). https://doi.org/10.1006/jsco.2001.0494

87. C. Henkel, J.H. Snoeijer, U. Thiele, Gradient-dynamics
model for liquid drops on elastic substrates. Soft Mat-
ter 17, 10359–10375 (2021). https://doi.org/10.1039/
D1SM01032H

88. D. Thy, Modeling of interface-dominated sliding com-
pound drops. Bachelor’s thesis, University of Münster
(2024)

89. N. Moradi, F. Varnik, I. Steinbach, Contact angle
dependence of the velocity of sliding cylindrical drop
on flat substrates. Europhys. Lett. 95, 44003 (2011).
https://doi.org/10.1209/0295-5075/95/44003

90. S.H. Strogatz, Nonlinear Dynamics and Chaos, 2nd
edn. (CRC Press, Boca Raton, 2015)

91. L.S. Tuckerman, D. Barkley, Global bifurcation to trav-
eling waves in axisymmetric convection. Phys. Rev.
Lett. 61, 408–411 (1988). https://doi.org/10.1103/
PhysRevLett.61.408

92. U. Thiele, E. Knobloch, On the depinning of a driven
drop on a heterogeneous substrate. New J. Phys. 8, 313
(2006). https://doi.org/10.1088/1367-2630/8/12/313

93. F. Marques, A. Meseguer, J.M. Lopez, J.R. Pacheco,
J.M. Lopez, Bifurcations with imperfect SO(2) sym-
metry and pinning of rotating waves. Proc. R. Soc. A
Math. Phys. Eng. Sci. 469, 20120348 (2013). https://
doi.org/10.1098/rspa.2012.0348
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