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Abstract. We study the dewetting process of a thin liquid film on a chemically patterned solid substrate
(template) by means of a thin-film evolution equation incorporating a space-dependent disjoining pressure.
Dewetting of a thin film on a homogeneous substrate leads to fluid patterns with a typical length scale, that
increases monotonously in time (coarsening). Conditions are identified for the amplitude and periodicity of
the heterogeneity that allow to transfer the template pattern onto the liquid structure (“pinning”) emerging
from the dewetting process. A bifurcation and stability analysis of the possible liquid ridge solutions on a
periodically striped substrate reveal parameter ranges where pinning or coarsening ultimately prevail. We
obtain an extended parameter range of multistability of the pinning and coarsening morphologies. In this
regime, the selected pattern depends sensitively on the initial conditions and potential finite perturbations
(noise) in the system as we illustrate with numerical integrations in time. Finally, we discuss the instability
to transversal modes leading to a decay of the ridges into rows of drops and show that it may diminish the
size of the parameter range where the pinning of the thin film to the template is successful.

PACS. 68.15.+e Liquid thin films – 81.16.Rf Nanoscale pattern formation – 47.20.Ky Nonlinearity (in-
cluding bifurcation theory)

Thin liquid films on solid substrates often occur in
nature and technology and have attracted many re-
searchers [1]. They play important roles, for example, as
liquid lining in mammalian lungs [2], as tear film in the
eye [3], as protective, aesthetic, adhesive or lubricating
coating, as functional layer in heat and mass transfer de-
vices [4], or even in the form of lava or mud flow [5].
These liquid layers are characterised as thin because their
thickness is small compared to typical length scales in the
direction of the flow. This allows a simplification of the
Navier-Stokes equations governing the free surface flow
to a single nonlinear partial differential equation for the
film thickness, a so-called film evolution equation [1]. Sim-
ilar equations are also found for quite different physical
problems. For instance, the dewetting of a thin film un-
der the influence of effective molecular interactions [6–10]
and the rupture of a thin liquid film on a heated horizon-
tal plate [11–13] can be described by film evolution equa-
tions having a similar form as the Cahn-Hilliard equation
known from the decomposition of a binary mixture [14].
The same is true for the respective problems on an in-
clined plane [11,13,15–17] and the driven Cahn-Hilliard
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equation [18]. Although the present work focuses on a spe-
cific system, namely, thin liquid films on inhomogeneous
substrates, the main results will also apply to physically
quite different situations.

Spontaneous dewetting occurs for liquid films with
thicknesses smaller than one hundred nanometers where
substrate-film interactions due to molecular forces become
important. Thicker films may also dewet via heteroge-
neous nucleation. Up to now, most of the studies on dewet-
ting focus on homogeneous substrates. All phases of the
process are investigated: the initial rupture [19,20], the
growth of individual holes [21,22], the evolution of the re-
sulting hole pattern [22,23] and the stability of individual
dewetting fronts [24]. The final goal is to understand how
to keep thin films stable [25] or how to break thin films in
a controlled manner [26].

This work addresses the study of the influence of chem-
ically inhomogeneous substrates (templates) on the dewet-
ting of a thin liquid film. Conditions for the heterogene-
ity that provoke dewetting at pre-determined points (pin-
ning) will be obtained. Several experiments [27–32] in-
volve dewetting processes of thin liquid films on hetero-
geneous substrates to deposit liquids in a regular man-
ner determined by the template. In most experiments
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physically or/and chemically striped substrates are used.
Reference [33] focuses on the phase ordering and dewet-
ting of a binary mixture on hydrophobic and hydrophilic
stripes, whereas in reference [27] the substrates are chemi-
cally striped and physically grooved. Pure dewetting with-
out phase ordering is studied in references [30,31]. The
surface (S) layer of a bacterium membrane can be used to
deposit material in a controlled manner [34]. Beside these
intentional heterogeneities, the substrate may also be het-
erogeneous due to impurities like oxidised patches, dust
particles and scratches.

Previous theoretical results describe different mor-
phological transitions of liquid layers on substrates
with strong stepwise or nearly stepwise wettability con-
trasts [35–43]. The deposited liquid volume, chemical po-
tential or the size of the heterogeneous patches have been
used as control parameters. Earlier approaches involve di-
verging gradients of the chemical potential at the wetta-
bility steps [38,41].

Here, we study heterogeneous dewetting on a smoothly
patterned substrate using the wettability contrast as a
control parameter. Our results suggest, however, that the
actual functional form of the heterogeneity is much less
important than its length scale and its strength.

We employ bifurcation analysis using numerical con-
tinuation techniques [44] and illustrate the findings with
simulations in time. Continuation is a very effective
method to determine stable and unstable stationary so-
lutions and their bifurcations by following them through
parameter space using Newton’s method [45,46]. For thin
films continuation was applied recently in studies of dewet-
ting on a homogeneous substrate [10,47,48], sliding drops
on inclined planes [16,49], transversal front and back in-
stabilities of sliding liquid ridges [50] and rivulet instabil-
ities of a thin-film flow over a localized heater [51].

The transition from coarsening to pinning that occurs
as the wettability contrast is increased was already sub-
ject of a short earlier study [52]. Here, we provide a more
complete account by extending the bifurcation diagram to
large system sizes. Furthermore, the transversal instability
of striped liquid patterns is analysed in great detail and
numerical simulations in interesting regions of the bifur-
cation diagram are carried out also with addition of noise
to account for small random perturbations of the system.

We use an evolution equation for the film thickness [1]
that includes a disjoining pressure to account for the ef-
fective molecular interaction between substrate and film.
This approach can be used over a large range of length
scales for the heterogeneities to investigate not only the
equilibrium configurations but also the dynamics of the
dewetting process on the structured surfaces. In partic-
ular, the dynamics cannot be predicted from the well-
established approach based on variations of the interfacial
free energy [35–37,42,43,53]. However, as a trade-off the
thin-film equation is restricted to relatively small contact
angles due to the use of the lubrication approximation in
its derivation.

Depending on the particular problem treated, the dis-
joining pressure may incorporate long-range van der Waals

and/or various types of short-range interaction terms [54–
56]. These interactions are responsible for the process of
dewetting. Studies of dewetting of a thin liquid film on a
substrate are generally based on models involving a dis-
joining pressure [6–10,47]. A heterogeneous substrate may
be modelled by a spatial variation of the disjoining pres-
sure [38,41]. Recently, Pismen and Pomeau [57] derived
a disjoining pressure that remains finite even for vanish-
ing film thickness by combining the long-wave approxi-
mation for thin films [1] with a description for the diffuse
liquid-gas interface [58]. These authors discuss the result-
ing vertical density profile near a horizontal liquid-gas in-
terface. The density variation close to the solid substrate
due to molecular interactions enters into their calculation
via the boundary condition for the fluid density at the sub-
strate. The obtained density profile is then incorporated
into a fully consistent theory based on the Stokes equa-
tion in the long-wave approximation. The resulting film
thickness equation has the usual form of a thin-film equa-
tion with a disjoining pressure [1]. The disjoining pressure
is purely hydrodynamic in origin and its form is derived
self-consistently rather than modelled. Pattern formation
in this model was studied both for a liquid film on a
homogeneous horizontal substrate [10,48] and for a film
flowing down a slightly inclined plane [16]. Recent three-
dimensional studies of sliding drops and liquid ridges on
an inclined plane [17,49,50] revealed transverse instabili-
ties.

The various results available for this model motivated
us to employ it in the present study. A chemically striped
substrate is modelled by a periodically modulated disjoin-
ing pressure. However, the main results for this model
will not qualitatively differ from results for other disjoin-
ing pressures combining a short-range destabilising and
a long-range stabilising component as, for example, used
in [7,59–61]. This has been shown for homogeneous sub-
strates in references [10,47,48].

Our study is organised as follows. In Section 1, we in-
troduce the evolution equation for the film thickness, dis-
cuss the form of the disjoining pressure used, and nondi-
mensionalise the equations. In Section 2, we determine
stationary solutions and their linear stability properties.
A morphological stability diagram is derived detailing pa-
rameter ranges for success or failure of templating.

In Section 3, these results are illustrated by and com-
pared to (two-dimensional) numerical simulations in the
parameter range of multistability. Section 4 gives the re-
sults for the transverse stability of the liquid ridges in
dependence of the heterogeneity. Conclusions are drawn
in Section 5.

1 Film thickness equation

The film thickness evolution equation for a very thin liq-
uid film on a solid substrate is derived from the Stokes
equations [1] using a long-wave or lubrication approxima-
tion. For a two-dimensional geometry, as sketched in Fig-
ure 1, one finds the evolution equation for the space- and
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Fig. 1. Sketch of the two-dimensional geometry. The differ-
ently shaded regions of the substrate stand for the different
wettability in the heterogeneous case.

time-dependent film thickness h(x, t) on a homogeneous
substrate as [10]

∂th = −∇ {Q(h)∇ [γ∆h− ∂hf(h)]} , (1)

where Q(h) = h3/3η is the mobility factor arising for
Poiseuille flow. The term γ∂xxh represents the Laplace
or curvature pressure and ∂hf(h) is an additional pres-
sure term. γ and η are the surface tension and viscosity of
the liquid. Subscripts t, x and h denote the corresponding
partial derivatives.

The additional pressure comprises the hydrostatic
pressure and the effective molecular interaction between
substrate and thin liquid film, i.e. the disjoining pressure:

∂hf(h) = κM(h, a) + ρgh

=
2κ
a

e−h/l

(
1− 1

a
e−h/l

)
+ ρgh , (2)

where g is the gravitational acceleration and ρ the density
of the liquid. Π(h) = −κM(h, a) is the disjoining pres-
sure arising from diffuse interface theory [57], κ has the
dimension of a spreading coefficient per length, a is a small
dimensionless positive parameter describing the wetting
properties in the regime of partial wetting, l is the length
scale of the diffuse interface and ρgh is the hydrostatic
pressure.

The heterogeneous substrate, we are interested in, is
modelled by a spatial sinusoidal modulation of the overall
strength of the disjoining pressure in equations (1, 2)

κ = κ0ξ(x) = κ0(1 + ε cos 2πx/Phet), (3)

amounting to a smooth spatial variation in the wettability
of the substrate. The heterogeneity is characterised by the
amplitude, ε, and the imposed periodicity, Phet. The more
and less wettable regions of the substrate are thereby cho-
sen to have identical spatial size which provided successful
templating at strong heterogeneities [41]. The maxima and
minima of ξ represent the least and most wettable parts,

respectively. We introduce dimensionless quantities (with
tilde) using new scales:

t =
3ηγ
κ2

0l
t̃ ,

h = l h̃ , (4)

x =
√

lγ

κ0
x̃ ,

y =
√

lγ

κ0
ỹ .

The ratio κ0l/γ is O(a2) [57], i.e. the scale in x-direction
is O(l/a). Equation (1) becomes, after dropping the tildes,

∂th = −∇ {
h3 ∇ [∆h− ξ(x)M(h, a)−Gh]

}
, (5)

where

G =
lρg

κ0
(6)

stands for the ratio of gravitation and molecular inter-
actions. Its value is taken to be always positive. It was
found that even a very small G cannot be dropped be-
cause the qualitative behaviour of the solution changes
setting G = 0 [10,48]. However, because the actual value
of G < 1/4 does not change the qualitative outcome, we
use here a fixed G = 0.1.

The form of M(h, a) allows to transfer the constant
a into the mobility factor Q by introducing the shifted
film thickness h� = h+ ln a. This allows to represent the
stationary solutions independent of a and direct compari-
son with results for homogeneous substrate [10,48]. After
dropping the star we find

M(h) = 2 e−h
(
1− e−h

)
, (7)

while the evolution equation (1) becomes

∂th = −∇ {Q(h, a)∇ [∆h− ∂hf(h, x)]} (8)

with Q(h, a) = (h − ln a)3, ∂hf(h, x) = ξ(x)M(h) + Gh
and ξ(x) = 1 + ε cos 2πx/Phet.

The problem on the horizontal substrate has a varia-
tional structure. In consequence, one can give a Lyapunov
function (free-energy potential) [6,10,11,62]

E(h) =
1
L2

∫ L

0

∫ L

0

[
1
2
∇h · ∇h+ f(h, x)

]
dxdy − f0 (9)

that fulfills dE/dt ≤ 0. The normalising term f0 denotes
the free energy of the flat film of (scaled) thickness h̄ on
a homogeneous substrate (ε = 0). We will call E shortly
“energy” and use it to compare stationary solutions to
determine their absolute stability. During the time evo-
lution of a given initial film thickness profile, this energy
decreases and eventually settles in a minimum when the
system approaches a stationary solution of equation (8).
Since the heterogeneity ξ(x) is uniform in the y-direction,
we analyse stationary solutions h(x) that are uniform in y
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Fig. 2. The ranges for stable, metastable and linearly unstable
flat films on the homogeneous substrate in the parameter plane
(G, h̄). The cross, square and circle indicate parameter values
studied here in detail.

as well. In contrast to the homogeneous case, these solu-
tions are here of direct physical relevance. For strong het-
erogeneity they are the energetically favoured solutions
even for the full three-dimensional problem. At weaker
heterogeneity they may be stable or unstable with re-
spect to three-dimensional disturbances as discussed in
Section 4. However, simulations for striped substrates [41,
63] indicate that even in parameter ranges where the sys-
tem approaches finally a solution depending on both x
and y, the time evolution is first attracted by a stripe-like
solution that subsequently decays into an arrangement of
drops.

One can determine these stripe-like solutions directly
by setting in equation (8) the time derivative and all y-
derivatives to zero and integrating twice, yielding

0 = ∂xxh− ξ(x)M(h)−Gh+ C1 . (10)

The second integration is possible because the constant
of the first integration can be set to zero. This is due to
the fact that in the stationary states there is no mean flow
in the system (corresponding to the variational structure).
This is, for example, not the case for a drop on an inclined
plate because there the structures are only stationary in a
comoved frame [16]. Here we focus on situations with con-
served liquid volume and use C1 as a Lagrange multiplier
to fulfill this volume constraint. Alternatively, C1 corre-
sponds to a chemical potential for situations with enabled
evaporation.

0 50 100 150

P

-0.1

-0.05

0

E

1.5
2.5
3.5

0

1

2

3

4

5

h m
in

,  
h

m
ax

h

a

b

Fig. 3. Stationary periodic solutions on the homogeneous sub-
strate. Shown are (a) the minimal and maximal film thicknesses
and (b) the corresponding energies in dependence on the pe-
riod for different mean film thicknesses as given in the legend
and G = 0.1. Symbols denote solutions that are analyzed in
detail (cf. Figs. 4 and 6, below).

2 Periodic solutions and their stability

2.1 The homogeneous substrate

Before considering the heterogeneous case, we will shortly
review the results for the homogeneous case described by
equation (8) with ε = 0 [10,48]. Flat films are (trivial) sta-
tionary solutions that, depending on mean film thickness
and the parameter G (see Fig. 2), may be unstable with
respect to infinitely small (spinodal dewetting) or finite
(nucleation) disturbances of the film surface. Rupture due
to the spinodal mechanism occurs for disturbances with
periods larger than a critical value Pc = 2π/kc with

k2
c = −∂M

∂h

∣∣∣∣
h̄

− G, (11)

whenever ∂M/∂h < −G. The fastest growing wavelength
is Pm =

√
2Pc.

Stationary solutions also exist as a continuous two-
parameter family of periodic patterns, i.e. sequences of
holes and droplets, parameterised by the mean film thick-
ness h̄ = 1/P

∫ x0+P

x0
h(x)dx and the spatial period P of

the pattern. Starting from small-amplitude sinusoidal so-
lutions these branches are calculated using continuation
techniques [44] as described in [10,16,50]. Details on the
technique can be found in the first section of Appendix A.
Three qualitatively different regimes exist as shown in Fig-
ure 3:

i) The mean film thickness corresponds to a linearly un-
stable flat film. One branch of stationary structured so-
lutions exists whose amplitude (energy) increases (de-
creases) monotonically with increasing period. The en-
ergy (Eq. (9)) is always lower than the energy of the
respective flat film. This case is illustrated by the dot-
dashed curves in Figure 3.
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ii) The mean film thickness also corresponds to a linearly
unstable flat film. Two branches of stationary solutions
exist. Their respective energies decrease monotonically
with increasing period. The branch with lower energy
corresponds to the branch found in i) but has now for
a small range of periods an energy larger than the flat
film. Its amplitude, however, still increases monoton-
ically with increasing period. The other branch has
always higher energy than the flat film, its amplitude
decreases with increasing period and it terminates with
small-amplitude solutions at the critical wavelength of
the flat film Pc. It represents linearly unstable nucle-
ation solutions that have to be overcome to break the
film into small droplets with width smaller than Pc [10,
48]. In Figure 3 the solid curves illustrate this case.

iii) The mean film thickness corresponds to a metastable
flat film. There exist two branches of stationary so-
lutions much as in ii). However, because the flat film
is linearly stable now also the branch of nucleation
solutions continues towards infinite period. The nu-
cleation solution at infinite period represents the in-
dividual critical hole necessary to break an infinitely
extended film at a single site as discussed in [64] for
first-order wetting transitions. The dashed curves in
Figure 3 correspond to this case.

If dewetting proceeds via spinodal rupture of the film
first holes with a typical distance, Pm, are formed as the
solutions of the lower branch are approached. On a slower
time scale the so formed initial drops coalesce, the pattern
coarses and tends to the absolute minimum of the energy
at the largest possible P , i.e. the system size. This often
undesired coarsening may be stopped at an intermediate
stage by evaporation of the solvent or by literally freezing
the system [65,66]. The chemical structuring of the
substrate, studied in the next section, opens a third way.

2.2 The heterogeneous substrate

We study the influence of the heterogeneity equation (3)
by fixing the mean film thickness h̄ and the parameter G
in the linearly unstable film thickness range as indicated
by the cross in Figure 2. Then the strength ε ≥ 0 and
the period Phet of the heterogeneity are varied. The case
ε < 0 is related by symmetry. The system size is chosen
as multiple of Phet, L = nPhet, and periodic boundary
conditions are used. We will subsequently increase n =
1, 2, 4, . . . which allows to systematically construct the set
of solutions and to understand their properties for a given
system size.

Now, suppose a variety of substrates with fixed period
Phet but different strength ε of the heterogeneity are avail-
able and a dewetting pattern with spatial period P = Phet

is desired. One may first choose the mean film thickness h̄
such that the critical wavelength of spinodal dewetting Pc

is of the same order as Phet. Phet =
√
2Pc warrants good

templating for strong heterogeneity [41]. In the simplest
case, the homogeneous system has only two stationary so-
lutions with P = Phet: the linearly unstable flat film and
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Fig. 4. Schematic overview of the two different longitudinal
instability modes. (a) Profiles of stationary solutions to the film
thickness equation (8) with spatial periods P = Phet (heavy
line) and P = 2Phet (thin line) corresponding to the square and
diamond in Figure 3, respectively. The dotted (dashed) arrows
indicate the front movements for coarsening via the volume
(translation) mode. (b) The heterogeneity ξ(x) (Eq. (3)) for
a chemically structured substrate. Minima of ξ correspond to
the most wettable parts of the substrate. (c) Top view of the
pinned solution P = Phet. The liquid (indicated shaded areas)
is collected on top of the more wettable stripes (indicated by
vertical lines). This solution can coarse in two ways: (d) by
mass transfer from the left to the right droplet (mediated by
the dotted mode in (f)) or (e) by translation of both droplets
(corresponding to the dashed mode in (f)). (f) The two linear
eigenmodes of the pinned solution corresponding to the arrows
of identical line styles in (a).
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a periodic large-amplitude solution [10]. In Figure 3 the
square corresponds to this pinned pattern if Phet = 50.
However, all stationary solutions with larger period have
lower energy. The representative of these coarsed solutions
with smallest period, i.e. P = 2Phet, is marked by a dia-
mond in Figure 3. The spatial profiles of the two compet-
ing solutions for a system of size L = 2Phet are shown in
Figure 4 (a).

On the homogeneous substrate the wanted pattern is
always linearly unstable to subsequent coarsening that
transforms adjacent small droplets into a larger drop [10].
The coarsening takes one of two possible routes: i) trans-
lation of the drops towards each other as indicated by the
upper line of arrows in Figure 4 (a), or ii) mass trans-
fer from one drop to the other without translation as in-
dicated by the lower line of arrows. The eigenmodes for
these two routes are shown in Figure 4 (f). They are calcu-
lated via linear stability analysis of the periodic solutions
(see App. A). The different coarsening modes were first
discussed in the context of spinodal decomposition of a
binary mixture [67].

Solutions with longer and longer periods result that
have consecutively lower energies and the final state will
always have a period equal to the system size. However,
this intrinsic tendency towards coarsening enters now in
competition with the heterogeneity (Fig. 4 (b)) that favors
the solution with P = Phet. For L = 2Phet this competi-
tion involves three solutions (Fig. 4 (c-e)) that can be sta-
ble or unstable depending on the parameters ε and Phet.

2.2.1 System of size L = Phet

We start our analysis in the smallest system L = Phet.
Switching on the heterogeneity implies, as a first conse-
quence, that the flat film is no longer a solution of equa-
tion (10). The flat-film solution is replaced by a periodic
solution that can be given analytically in the limit of
weak heterogeneity ε 	 1. One writes the heterogeneity
as ε cos(kx) = ε/2(eikx − c.c.) with k = 2π/Phet, where
c.c. stands for complex conjugate. The volume conserving
ansatz for the film thickness

h(x) = h̄+
δ

2
(eik̃x − c.c.) (12)

is inserted into equation (10) and gives for δ ∼ O(ε) and
neglecting terms of higher order in ε solutions with k̃ = k
and

δ =
M(h̄)
k2
c − k2

ε . (13)

The above-assumed condition δ 	 1 is only fulfilled if
Phet is well separated from Pc. M(h̄) is always positive,
hence for kc > k (Pc < Phet) the solution is modulated
in phase with the heterogeneity, i.e., the film is thicker
on the less wettable parts of the substrate. These small-
amplitude solutions are linearly unstable like the flat film
of the corresponding thickness without heterogeneity.

However, if the critical period is larger than the period
of the heterogeneity (Pc > Phet), this solution has a phase
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Fig. 5. (a) Bifurcation diagram representing maximal (heavy)
and minimal (thin) film thickness of periodic stationary solu-
tions. Line styles correspond to the ones of the profiles in (b).
The small-amplitude result equation (13) is denoted by the
dot-dashed lines. (b) Film thickness profiles of the solutions at
ε = 0.1. Parameters are G = 0.1, h̄ = 2.5, P = Phet = 50 which
yields δ/ε = 0.7033. The least and most wettable parts of the
substrate are at x = 0 and x = 25, respectively.

shift of π with respect to the heterogeneity, i.e., the film is
thinner on the less wettable parts of the substrate. This is
also the case if the flat film of thickness h̄ is linearly stable
because there k2

c < 0. These small-amplitude solutions are
linearly stable.

Restricting ourselves again to linearly unstable mean
film thicknesses we use the weakly modulated solution
equations (12) and (13) as starting solution for the con-
tinuation procedure [44] (see App. A). As an example,
we choose G = 0.1 and h̄ = 2.5 resulting in Pc = 33,
and use Phet = 50. Then the stationary solutions with
period P = Phet are computed as ε is increased. The flat-
film and periodic solutions at ε = 0 give rise to one and
two solution branches, respectively. Figure 5 shows the
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Fig. 6. Energy of stationary solutions to equation (8) with (a) P = Phet and (b) additional P = 2Phet versus ε. Square and
diamond denote the solutions in the homogeneous case (Fig. 3). (c) Eigenvalues β with largest real part of the pinned pattern
with P = Phet (lowest branch in (a)). Solid curves correspond to L = Phet and broken curves to L = 2Phet. Triangles correspond
to period doubling bifurcations in (d). Eigenvalues for L = 10Phet are denoted by gray lines. (d) Close-up of (b) using identical
line styles. Solutions with P = 2Phet bifurcate from the branch with P = Phet. Stable (unstable) solutions are marked by “−”
(“+” for each unstable eigenmode). Parameters are h̄ = 2.5, Phet = 50, G = 0.1 and a = 0.1.

corresponding bifurcation diagram and profiles of the so-
lutions. The branch emerging from the flat-film solution
is for small ε well approximated by the analytical result
equation (13). The solutions on this branch are indeed in
phase with the heterogeneity whereas the branch of low-
est energy that corresponds to large-amplitude solutions
possesses a phase shift, as one would expect from physical
considerations: the drops concentrate on the more wet-
table patches. The middle branch is in phase with the
heterogeneity and terminates in a saddle-node bifurcation
with the small-amplitude branch.

In Figure 6(a) the relative energies of the solutions
shown in Figure 5(a) are compared. For the chosen values
of the parameters the solutions in phase have a larger
energy than those out of phase. When increasing ε the
energy of the lower branch decreases further whereas the
energies of the other branches increase.

In a system that has the size of one period of the het-
erogeneity, i.e. L = Phet, the entire lower branch in Fig-
ure 6(a) is linearly stable indicated by a “−” whereas the
other two branches are linearly unstable indicated by “+”
or “++” corresponding to the number of unstable eigen-
values. For ε = 0 all solutions possess two zero eigenvalues
(neutral modes) that correspond to the symmetries with
respect to translation and change of mass. As ε departs
from zero, the translational symmetry is broken and one

of the two zero eigenvalues acquires a negative real part,
shown for the stable branch as a thin solid line in Fig-
ure 6(c)). The second symmetry corresponds to a shift
along the family of solutions with different h̄ that are all
solutions to the same equation (8). Since the heterogene-
ity does not destroy the possibility of this shift the sec-
ond eigenvalue remains equal to zero (thick solid line in
Fig. 6(c)).

New solutions appear as we increase the system size
to L = nPhet. Beside the already discussed solutions with
period P = Phet there also solutions with period P =
iPhet exist, where i and n/i are integers. For instance, in
a system of size L = 8Phet beside the pinned solution with
period P = Phet there appear solutions with P = 2Phet,
4Phet and 8Phet.

2.2.2 System of size L = 2Phet

Next we consider the doubled system size L = 2Phet. For
this system solutions exist with two periods: i) P = Phet

and ii) P = 2Phet as shown in Figure 6 (b). At ε = 0
they are denoted by a square i) and a diamond ii) cor-
responding to the solutions in Figure 3. For increasing
ε the solutions with P = Phet are the same as discussed
above for the smaller system (L = Phet). However, now the
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Fig. 7. Profiles for a system of size L = 2Phet. The dotted
and dashed lines denote solutions with P = 2Phet situated
on the branches with corresponding line styles in Figure 6 (b).
The solid lines show the pinned solution corresponding to the
solid line of lowest energy in Figure 6 (b). Solutions drawn
with broken lines in (a) and (b) can be obtained from the
pinned solution by mass transfer and translation, respectively.
Thereby, the solutions shown as thin lines take the role of a
saddle between the respective other two solutions. Parameters
are h̄ = 2.5, Phet = 50, ε = 0.1 and G = 0.1. The panel (c)
shows the heterogeneity ξ(x) with minima corresponding to
the most wettable parts of the substrate.

stability analysis shows the appearance of two new eigen-
values (Fig. 6(c)) that correspond to asymmetric combi-
nations of the neutral modes. They correspond to the two
different modes of coarsening introduced above. i) The
dashed line in Figure 6(c) belongs to a combination of op-
posite translational modes leading to droplet translation.
ii) The dotted line belongs to a combination of opposite
volume modes leading to mass transfer.

For the present choice of parameters, Figure 6(c) shows
that the shift mode becomes stable at smaller ε values than
the mass transfer mode. So the mass transfer is the dom-
inant coarsening process. As ε increases, both eigenvalues
become negative, implying the linear stability of the so-
lution with P = Phet for larger ε. At the crossing points,
two period doubling bifurcations (triangles) occur where
stationary solutions of period P = 2Phet emerge (com-
pare Fig. 6(c,d)). The two bifurcations are both subcrit-
ical, hence the emerging solutions inherit the respective
instability of the unstable solutions at smaller ε [68].

Therefore, the four branches of solutions with P =
2Phet shown in Figure 6 (b) have the following linear
stability. The upper dotted branch (see also profile in
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Fig. 8. Morphological phase diagram of templating shows pa-
rameter (ε, Phet/Pc) regions with different behaviour of the thin
film on a heterogeneous substrate. The shaded band separates
the parameter region of coarsening from the one of pinning. In-
side the shaded band multistability is present with the pinned
pattern having the minimal energy inside the dark shaded area.
The pinned solution is unstable to longitudinal perturbations
(k = 0) below the dot-dashed curve and unstable to transver-
sal perturbations (k �= 0) below the shaded band (solid curve).
Parameters are h̄ = 2.5 and G = 0.1.

Fig. 7 (a)) carries two positive eigenvalues and is itself a
saddle in function space that divides evolutions by mass
transfer towards the lower dotted branch and the P = Phet

branch. The lower dotted branch (profile in Fig. 7 (a))
still has one positive eigenvalue that leads to a shift of
the pattern towards solutions of the lower dashed branch.
The upper dashed branch (profile in Fig. 7 (b)) has one
positive eigenvalue and is a saddle that divides evolutions
by translation of two droplets towards the lower dashed
branch and the P = Phet branch. The entire lower dashed
branch (profile in Fig. 7 (b)) is linearly stable in L = 2Phet

and represents the coarse solution competing with the de-
sired pattern.

Comparing Figure 6 (b) and (d) we note that the
numbers of unstable eigenvalues for the two bifurcating
branches differ near and far from the period doubling bi-
furcations. This is due to two additional pitchfork bifur-
cations occurring at ε = 0.0022 (diamond symbol, dashed
branch) and ε = 0.04 (dotted branch). The short dot-
dashed branch stands actually for two branches of iden-
tical energy and consists of solutions with broken mir-
ror symmetry. They connect the pitchfork bifurcations
and transfer an unstable eigenvalue to the mass transfer
branch (dotted). Although the additional solutions are all
linearly unstable they may influence the coarsening dy-
namics in this ε range.

Summarising the results on the stability of the solu-
tions in a system of size L = 2Phet at the given parameter
values, one can state that for ε < 0.002 solutions with
P = 2Phet are the only stable ones and have lowest en-
ergy. For ε > 0.002 multistability between solutions with
P = Phet and P = 2Phet occurs and the initial condition
becomes important for the dewetting of a thin film on a
heterogeneous substrate. At ε = 0.157 the energies of both
solutions are equal. At larger ε the desired pattern has
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lowest energy. If suitable initial conditions can be chosen,
then the pinned solution can already be obtained at much
smaller ε. However, as illustrated by simulations in time
in Section 3, coarsening will still occur at much larger ε if
disadvantageous initial conditions are chosen. The pinned
solution is the only possible for ε > 0.5, where the linearly
stable P = 2Phet branch ceases to exist.

Up to now, we discussed the ε ranges for coarsening,
multistability and pinning for a single choice of Phet. We
repeated the above analysis for the full range of Phet keep-
ing G = 0.1 and h̄ = 2.5 fixed. The results are presented
in the “morphological phase diagram”, Figure 8. At low
values of εPhet coarsening prevails while for large values
the pattern is pinned to the heterogeneity. At intermedi-
ate values (shaded band) the initial condition selects the
asymptotic state due to multistability. In particular, it
is not possible to pin a pattern to a heterogeneity that
is much smaller than the critical wavelength Pc for the
surface instability of the corresponding flat film on the
homogeneous substrate.

2.2.3 Large system size

In systems of larger size L, new combinations of the neu-
tral modes lead to an increasing number of unstable eigen-
modes for the pinned pattern. All new positive eigenval-
ues lie between those of L = 2Phet, decrease with in-
creasing ε and eventually become negative as shown in
Figure 6 (c) for L = 10Phet. Hence the coarsening insta-
bility is most dominant for nearest-neighbour interaction
and is already covered by the analysis of the short system
L = 2Phet [52]. So the pinned pattern in an arbitrarily
large system is linearly stable against coarsening for het-
erogeneities ε > 0.002. This critical ε is determined by the
parameters h̄, G and the specific form of Π(h). However,
since the two symmetries connected with the coarsening
modes are present for arbitrary choices of Π(h) the result
does not qualitatively depend on this choice.

Each zero crossing of one of these new eigenvalues
corresponds to a bifurcation of a branch of coarsed solu-
tions. This explains the massive proliferation of solutions
in larger systems. To illustrate this, Figure 9 shows so-
lutions with P = 4Phet in the bifurcation diagram for
systems of size L = 4Phet. Solutions with P = 2Phet

and P = Phet have to be added according to Figure 6(b)
and possess an internal discrete translational symmetry
in L = 4Phet. All solid branches in Figure 9 emerge at
two period quadrupling bifurcations of the pinned solution
P = Phet. Both occur at ε ≈ 0.002 (E ≈ 0.0338). Follow-
ing the solutions along these branches (also through the
saddle node bifurcations), smaller droplets continuously
merge into larger ones as is illustrated in the inset for two
solutions corresponding to the symbols in the main panel.
At ε = 0(E ≈ 0.068) the branches connect and the so-
lutions approach the single droplet of system size known
from the homogeneous system. At finite ε, the coarse so-
lutions possess small satellite drops beside the large drop.
The latter may cover many stripes, but the small satellite
drops prevail even at the end of a complete coarsening
process.
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Fig. 9. Bifurcation diagram for L = 4Phet, solutions with
P = 2Phet and P = Phet are excluded. Thin (heavy) solid lines
denote unstable (stable) solutions for P = 4Phet that emerge
from the single droplet at ε = 0, E = −0.068. Dashed curves
are examples of branches that bifurcate from symmetrical so-
lutions with P = 2Phet and P = Phet at small ε ≈ 0.001. The
two lower branches exist up to ε = 1.17, E = −0.295. The inset
shows profiles corresponding to the diamonds with correspond-
ing line styles for ε = 0.3 and the dot-dashed line for ε = 0.1.
Parameters are h̄ = 2.5, Phet = 50, G = 0.1 and a = 0.1.

We find 5-branch segments of linearly stable solutions
and denote them by heavy lines. Four out of these 5 be-
long to the branches described above and can be easily
computed when starting from the solution with a single
large drop at ε = 0. This procedure is robust and can be
generalised to arbitrary system size. Practically, computer
resources become demanding as the number of modes in
the continuation procedure increases linearly with the sys-
tem size. One out of the 5 stable segments belongs to a
set of independent branches (denoted by dashed curves)
that interconnect bifurcations of branches with P > Phet.
Most emerge and terminate at small but always finite ε.
Note, especially, the two lines terminating in a saddle node
at ε ≈ 0 and E ≈ 0.045. They come close to but do not
reach the solution with P = 4Phet/3 that exists in the
homogeneous system.

2.2.4 Changing the film thickness

We repeated the above analysis for systems of size L =
2Phet for different choices of the film thickness and concen-
trate here on the qualitative changes compared to h̄ = 2.5
studied above. In Figure 10 the bifurcation diagrams are
shown for (a) the lower part of the linearly unstable range
at h̄ = 1.5 choosing Phet ≈ √

2Pc(h̄), and (b) in the
metastable range at h̄ = 3.5, where Phet = 130 was cho-
sen. In the metastable range there exist three solutions
with P = Phet in the homogeneous system. This results
for ε �= 0 in one additional pair of solutions as compared
to the linearly unstable thickness range. Solutions with
P = 2Phet are similar to the case with h̄ = 2.5. The stable
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Fig. 10. Energy of stationary solutions P = Phet (solid curves) and P = 2Phet (broken curves) versus ε for (a) small film
thickness h̄ = 1.5 (square in Fig. 2) and (b) large h̄ = 3.5 in the metastable range (circle in Fig. 2). Stable (unstable)
solutions are marked by “−” (“+” for each unstable eigenmode). Triangles denote period doubling bifurcations where solutions
with P = 2Phet emerge due to the translation mode (dashed branch, open triangle) and transfer mode (dotted branch, filled
triangle), compare Figure 6. In (b) another pair of broken curves (P = 2Phet) is omitted. This pair connects two period doubling
bifurcations on the P = Phet branch maked with a single “+” and intersects the ε = 0 axis at E = 0.0017. Parameters are
G = 0.1 and (a) Phet = 25, (b) Phet = 130.

branch of coarse solutions also corresponds to the transla-
tion of droplets. Hence, for thick films h̄ > ln 4, the stable
coarse drop is always centered on a least wettable position
and overlaps the adjacent more wettable areas.

For small film thickness h̄ = 1.5 (Fig. 10 (a)) the so-
lutions with P = Phet are similar as for h̄ = 2.5, since
there are also only two solutions in the homogeneous limit.
However, although the sequence of the two bifurcations
that stabilise the pinned solution is as for h̄ = 2.5, the
branches with P = 2Phet exchange their role, i.e. the
stable coarse solution is now generated by the transfer
mode. The reason is that at small h̄ < ln 4 the coarse drop
P = 2Phet contains an amount of material small enough
to benefit from completely covering a more wettable area
and avoiding overlap with the less wettable areas. There-
fore, the additional pitchfork bifurcations that are needed
for larger thicknesses to transfer an eigenvalue between
the two coarse branches are no longer present. Moreover,
the stabilisation of the pinned solution with respect to
coarsening due to volume transfer occurs at much larger
ε ≈ 0.21 yielding only a narrow range of multistability.
In summary, we find that the morphological phase dia-
gram Figure 8 is qualitatively similar as for film thickness
h̄ > ln 4, but only shows a narrow band of multistability.

3 Time evolution

We have studied the stationary solutions and their bifur-
cation structure using the strength of the heterogeneity

as control parameter. From this analysis we predict pa-
rameter ranges for pinning, coarsening and multistability
(Fig. 8). In order to test these predictions and to illustrate
the occurring processes we study here the evolution in
time for some selected parameter values by numerically in-
tegrating equation (8) for different initial conditions. The
details of the used numerical procedure are explained in
Appendix A.

As a first example, Figure 11 shows the long-time evo-
lution for a homogeneous system in comparison with a
heterogeneous system where coarsening can still occur,
i.e. with a very small heterogeneity. We show these evolu-
tions under the influence of a very small additive noise to
take into account the small perturbations of the systems
that can nearly not be excluded on the long timescale of
the coarsening process. However, we do not intent here to
study systematically the influence of noise and will only
note its effects in passing. Details with respect to the used
noise are given in the last section of Appendix A. In Fig-
ure 12 the energy equation (9) is plotted in dependence of
time for different realizations of the noise. The solid and
dashed lines indicate the respective evolution without and
with heterogeneity. The thin lines indicate the evolution
without noise.

We note that the coarsening starts much earlier for
the homogeneous system than in the heterogeneous case,
corresponding to the result of the linear stability anal-
ysis (Fig. 6 (a)). However, the actual coarsening seems
to advance faster for the slightly heterogeneous system.
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Fig. 11. Space-time plots showing the profiles for (a) homoge-
neous substrate (ε = 0.0) and (b) slightly heterogeneous sub-
strate (ε = 0.001). The remaining parameters are h̄ = 2.5,
Phet = 50, G = 0.1 and a = 0.1. The initial condition is a flat
film with a small dent in the center. A small noise of amplitude
η = 0.001 is added. The coordinate x is plotted in units of Phet.
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Fig. 12. Energy for the long-time evolution for the homoge-
neous substrate (solid lines) and a slightly heterogeneous sub-
strate (dashed lines, ε = 0.001). The thin lines represent the
respective evolutions without noise. The different heavy lines
stand for evolutions with different realizations of noise with
η = 0.001. The remaining parameters are as in Figure 11.
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Fig. 13. Energy for the long-time evolution under the influence
of noise of different strength (as given in the legends) for (a) a
heterogeneous substrate with ε = 0.01 and (b) a homogeneous
substrate. The remaining parameters are h̄ = 2.5, Phet = 50,
G = 0.1 and a = 0.1.

Furthermore, for the heterogeneous system the small noise
makes no difference when compared to the evolution with-
out noise, whereas for the homogeneous system the evolu-
tion seems to be slightly slower without noise. This may
indicate that the coarsening with heterogeneity is deter-
mined by the heterogeneity itself. In Figure 11 it can be
clearly seen that the individual coarsening processes are
initiated by mass transfer between the individual drops as
was indicated by the linear stability analysis (Fig. 6 (c)).
However, it is interesting to note that the local processes
may involve two drops (the two local processes on the
right side of Figure 11 (a)) or three drops (the three local
processes on the left side of Fig. 11 (a)).

For a larger heterogeneity the pinned solution is lin-
early stable. Therefore, no coarsening occurs without the
presence of additional influences. However, the system is in
the multistable range, i.e. there exist also coarse solutions
that are linearly stable and for a modest heterogeneity
even have a lower energy than the pinned solution. Here
we use two methods to illustrate the multistability. One
way is to add noise to the system as already done above.
Figure 13 (a) shows the energy in the course of the long-
time evolution of a system with a heterogeneity already
deep in the linearly stable range for the pinned solution
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Fig. 14. Space-time plots illustrating the long-time evolution
for different heterogeneity and noise strengths corresponding
to selected curves of Figure 13. (a) ε = 0.0, η = 0.01, (b) ε =
0.0, η = 0.2, (c) ε = 0.01, η = 0.1, and (d) ε = 0.01, η = 0.2.
The coordinate x is plotted in units of Phet.

(ε = 0.01). One can see that a noise of a certain strength
can bring the system from the local energy minimum of
the pinned solution to the global minimum, or at least
a lower minimum of some coarse solution. However, the
process depends strongly on the noise. For comparison,
we show in Figure 13 (b) the evolution of the homoge-
neous system for different noise strengths. There the noise
slightly accelerates the coarsening, but the strength of the
noise has little influence. Space-time plots are shown for
both cases in Figure 14. Note that in the homogeneous
case with very strong noise (Fig. 14 (b)) the local pro-
cesses have now a clearly visible contribution from the
translational mode. Another noteworthy effect occurs in
the heterogeneous case with strong noise (Fig. 14 (d)). The
coarsening does not proceed through local processes but
rather through a global mode, i.e. material is transfered
from one half of the system to the other. An indication for
this process gives already the bifurcation analysis for the
system of size L = 4Phet (Fig. 9), where it was shown that
for ε not too large the solution with P = L has a lower
energy than the solution of period P = 2Phet.

By adding noise we studied the consequence of the mul-
tistability for the long-time evolution. Multistability also
affects the short-time evolution as can be seen using dif-
ferent initial conditions. Specifically, we start in a system
of size P = 4Phet from a flat film with a sinusoidal modu-
lation of amplitude d× h̄ and period 2Phet to give a bias
towards the coarse solution that spans two heterogeneity
periods. In the homogeneous system even the very small
d = 0.005 induces a skipping of the solution with period
P = Phet in the time evolution: the system goes directly
to the P = 2Phet solution as can be seen in Figure 15 (a),
where the evolution of the energy is plotted for different
amplitudes d. However, in the further course of the time
evolution the system will take another coarsening step to
the P = 4Phet solution.

In the heterogeneous system a stronger bias is neces-
sary to favour the coarse solution. So in the multistable
sub-range where the coarse solution has the lower energy
(ε < 0.2 for the used parameters) at ε = 0.01 an ampli-
tude d ≈ 0.05 is sufficient whereas at ε = 0.1 (Fig. 15 (b))
already d ≈ 0.17 is needed to go directly to the coarse
solution. In the multistable sub-range where the pinned
solution has lower energy (ε > 0.2 for the used parame-
ters) it is still possible to obtain the coarse solution in the
short-time evolution. However, a relatively strong bias is
needed as shown in Figure 15 (c) for ε = 0.3, where the
necessary bias is d ≈ 0.37, i.e. nearly 40% of the mean film
thickness. For ε > 0.5, the coarse solution does not exist
any more (cf. Fig. 6 (b)) and therefore even a very strong
bias does not impose the P = 2Phet solution. In a small
intermediate range of d, the short-time evolution is at-
tracted towards an unstable three-drop solution with the
period P = 4Phet, as indicated by the thick dotted lines
in Figure 15 (b) and (c). On a slightly longer timescale
(t ≈ 20), the evolving profile is repelled from the unstable
solution and approaches a linearly stable solution (corre-
sponding to the second lowest horizontal line in Fig. 15 (c)
and to the lowest branch in Fig. 9 at ε = 0.3).
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Fig. 15. Energy for the short-time evolution of a system of
size L = 4Phet for (a) homogeneous substrate and heteroge-
neous substrates with (b) ε = 0.1 and (c) ε = 0.3. The initial
condition is a flat film with a sinusoidal modulation of period
2Phet and amplitude d × h̄ (as given in the legends). The re-
maining parameters are h̄ = 2.5, Phet = 50, G = 0.1 and
a = 0.1. In panels (b) and (c) solid lines approach the pinned
solution (P = Phet) and dashed lines the coarse solution with
P = 2Phet, i.e. only two drops remain in the system. The dot-
ted lines approach unstable solutions with three drops. These
solutions represent saddles in function space that first attract
and subsequently repel the evolution. This implies that evolv-
ing solutions can come arbitrarily close to them during a tran-
sient time but will finally approach linearly stable solutions.
Horizontal dotted (dashed) lines indicate the energy values of
unstable (stable) periodic solutions as obtained from the bi-
furcation analysis in Section 2.2 corresponding to Figure 6 and
Figure 9.

We found that in general the unstable solutions, i.e.,
the saddle points in function space, may play a crucial role
in the time evolution. If an evolving profile is attracted
by one of these solutions it may remain a relatively long
time close to it. Furthermore, the unstable solutions act
as nucleation solutions between linearly stable solutions,
i.e., they define the energy barrier between them. So
represent the uppermost horizontal lines in Figure 15 (b)
and (c) the respective barriers between the pinned and
the coarsed solutions and their special role can clearly
be seen. Screening the initial conditions with a finer
grid reveals more sub-ranges where (different) unstable
solutions become important.

4 Transversal instability

So far we investigated two-dimensional drops, i.e. film
thickness profiles that depend on only one spatial dimen-

sion. This is equivalent to a study of the longitudinal dy-
namics (in x-direction) of liquid ridges that are transla-
tionally invariant in the transversal direction y. Now we
shall address the open question whether these ridges are
stable with respect to perturbations in the transversal di-
rection. Using linear stability analysis we compute the
spectrum of eigenvalues (growth rates) βi of small pertur-
bations δhi(x) exp(βit)(exp(iky) + c.c.) for a large set of
transversal wave numbers k. The focus lies on two aspects:
i) how is the transversal instability influenced by the het-
erogeneity and ii) what is the resulting three-dimensional
morphology.

First, we consider the homogeneous substrate. There
an individual liquid ridge is always transversally unstable
with respect to a varicose mode that emerges from the
zero-eigenvalue at k = 0 representing mass conservation.
It is reminiscent of the Rayleigh instability known from
liquid jets [69]. Figure 16 shows the cross-section of such
a ridge in (a), the dispersion relations in (b), and the rele-
vant eigenmodes hi(x) in (c). The second important eigen-
mode is a zigzag mode emerging from the zero-eigenvalue
at k = 0 representing longitudinal translational invariance
of the ridge. It is stable on the horizontal substrate, but
becomes important for inclined substrates. For details on
the homogeneous system see [50], where the transition to-
wards an inclined substrate is discussed.

Having in mind the sinusoidal form of the heterogene-
ity one cannot decouple individual ridges because their
width is of the order of their distance. The interaction of
the ridges influences also the transversal stability of an
array of ridges. Figure 17 shows the part of the eigenvalue
spectrum with largest real part (black solid and dashed
lines) for the transversal instabilities of a system of two
neighbouring ridges. The corresponding eigenmodes and
instability morphologies are depicted in Figure 18 with
corresponding line styles. The varicose instability (solid
lines) can take two forms: the instabilities of the two neigh-
bour ridges may be transversally in-phase or anti-phase
(Fig. 18 (a) and (b), respectively). The in-phase combina-
tion is a periodic continuation of the varicose instability
of an individual ridge and has the same dispersion rela-
tion. The growth rate goes to zero as the wave number
approaches zero and the eigenmode at k = 0 corresponds
to the volume neutral mode. However, this is not the case
for the anti-phase mode. For k = 0, it corresponds to the
longitudinal coarsening mode by mass transfer between
the two ridges as discussed in Section 2.2. Therefore for
k → 0 the growth rate does not approach zero but its max-
imal value (Fig. 17). For the zigzag mode (dashed lines,
Figure 18 (c) and (d)), one finds that the in-phase mode is
stable as for an individual ridge, but the anti-phase mode
has a small band of unstable wave numbers around k = 0.
It approaches for k → 0 its largest growth rate correspond-
ing to the one of the coarsening mode by translation. For
the shown parameters the longitudinal coarsening by mass
transfer is the dominant mode. Combinations of varicose
and zigzag modes correspond to linear combinations of the
already discussed modes. Studying larger arrays of more
than two ridges allows for new combinations of in-phase
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Fig. 16. Transverse stability of a ridge on a homogeneous substrate: (a) Ridge profile h0(x). (b) Dispersion relation β(k) for
the two transverse modes: the unstable varicose mode (solid) and the stable zigzag mode (dashed). The resulting structures are
sketched in the inset. (c) The eigenmodes hi(x) corresponding to (b). The neutral modes obtained at k = 0 are very similar to
the modes for the other k in (b). The parameters are h̄ = 1.0, ε = 0, L = P = 100, G = 0.1, and a = 0.1.
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Fig. 17. Transversal instability of a ridge on a homogeneous
substrate for a system of size L = 2Phet in x-direction. The four
black lines show the growth rates for the transversal modes
obtained from the four unique combinations of the two longi-
tudinal eigenmodes. The linestyles correspond to the modes as
represented in Figure 18. Grey lines show the growth rates for
the additional modes in a system of size L = 10Phet. Parame-
ters are h̄ = 2.5, ε = 0, Phet = 50, G = 0.1, and a = 0.1.

and anti-phase neighbours. As discussed in Section 2.2 for
longitudinal coarsening, the corresponding growth rates
lie within the range given by the two-ridge system as in-
dicated by the grey lines in Figure 17.

On heterogeneous substrates all growth rates decrease
monotonously with increasing strength of the heterogene-
ity. This leads first to a shrinkage of the band of unstable
wave numbers k and then to the complete stabilisation
of the transversal instabilities. The unstable zigzag mode
stabilises at smaller ε than the varicose modes. In general,
we find the unstable eigenmode with largest wave num-
ber k to be the in-phase varicose mode. Figure 19 shows
the growth rates for this mode at selected ε. Already at
small ε the length scale of the transversal instability is
much larger than the longitudinal period. For ε = 0.001,
for instance, the fastest growing mode has a wavelength of
≈ 1000 corresponding to twenty times Phet. The critical
heterogeneity where the band of unstable varicose modes
vanishes is only slightly larger than the value where the
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Fig. 18. Overview of the transversal instability modes. The
translational and mass transfer neutral modes may be com-
bined in four different ways to give the relevant transversal
modes for a system containing two heterogeneous patches. The
combinations are (a) two mass transfer modes of equal sign
resulting in an in-phase varicose mode; (b) two mass trans-
fer modes of opposite sign resulting in an anti-phase varicose
mode; (c) two translational modes of equal sign resulting in an
in-phase zigzag mode; and (d) two translational modes of op-
posite sign resulting in an anti-phase zigzag mode. The panels
(a) to (d) show the respective eigenmodes hi and a top view
of the resulting morphology. Linestyles correspond to the ones
of the dispersion relations in Figure 17.

longitudinal coarsening mode is stabilised. This is so for all
ε (Fig. 8). Therefore, the exact boundary of linearly stable
pinned ridges on a striped substrate is given by the criti-
cal heterogeneity for the transversal instability. However,
for practical purposes it may be sufficient to calculate the
critical ε for longitudinal coarsening.
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Fig. 19. The largest eigenvalues β versus wave number k of
transversal perturbations for longitudinal system size L = Phet.
With increasing heterogeneity strength ε as given in the leg-
end the range of unstable wave numbers becomes smaller and
finally vanishes.

5 Conclusion

In the present work we have studied the pinning of a
dewetting pattern by a substrate heterogeneity. Using
a sinusoidally striped substrate, we have analysed the
transition from coarsening via multistability of pinned
and coarse morphologies to definite pinning with increas-
ing strength of the heterogeneity. This characterises the
pinning-coarsening transition as a first-order phase tran-
sition. By an extension towards transversal instabilities of
liquid ridges we could show that these instabilities only
slightly increase the strength of the heterogeneity neces-
sary to image the substrate pattern.

The use of numerical bifurcation analysis yields not
only the stationary periodic solutions but also the bifur-
cations between different types of such solutions. This pro-
vides a powerful tool to calculate morphological phase di-
agrams like Figure 8 without the need to probe the pa-
rameter space by full-scale numerical simulations in time.
Here such simulations have rather been used to illustrate
the behaviour predicted from the bifurcation analysis, es-
pecially in the range of multistability.

Furthermore, it was shown that upon increase of the
system size, one finds an overproportional growth of the
number of stationary solutions. Although most of these
solutions are linearly unstable they nevertheless do influ-
ence the time evolution. This is due to the fact that they
are saddle points in functional space, i.e. they attract the
time evolution and then redirect it towards other saddles
or stable solutions (as seen, for example, for L = 4Phet

in Fig. 15). We predict that for intermediate heterogene-
ity the multitude of unstable solutions in large systems
causes a strong sensitivity of the time evolution on the
initial conditions. This is related to scenarios discussed
for the transition to turbulence in Couette flow [70] and
more recently for thin liquid films on a slightly inclined
heated plane [13]. We conjecture that with an additional
driving force, i.e., for example, by inclining the substrate,
these unstable solutions will cause a transition towards
chaotic behaviour.

The linear stability analysis with respect to transver-
sal instabilities showed the existence of four basic modes,

namely in-phase and anti-phase varicose and zigzag
modes. For the studied parameter values the in-phase vari-
cose mode is the most important one for transversal mod-
ulation of the ridges, i.e. with the maximal growth rate
for k �= 0. However, it is overtaken by the coarsening mode
that has its maximal growth rate for k = 0. For other pa-
rameter values this will be different as can already be seen
from the results of Section 4. Recent three-dimensional
computer simulations [41,63] seem to show both, in-phase
and anti-phase morphologies depending on parameter val-
ues. A more comprehensive study of the transversal modes
could be a worthwhile future undertaking.

Our investigations confirm for small heterogeneity the
importance of the ratio between period of the heterogene-
ity and spinodal length scale of the corresponding homo-
geneous system. If the former is much smaller than the lat-
ter, patterns cannot be pinned to the heterogeneities. On
the other hand, the smaller the spinodal length scale is the
weaker the heterogeneity needs to be to pin the pattern.
This observation offers the possibility to control templat-
ing by choosing an initial mass of fluid which yields a small
spinodal length, i.e. the film thickness where the deriva-
tive of the disjoining pressure, ∂M/∂h is maximal. This
observation confirms the results of direct numerical inte-
grations of the film evolution equation for a substrate with
strong stepwise heterogeneity with a qualitatively similar
disjoining pressure [39]. Such piecewise homogeneous sub-
strates may also be treated with the bifurcation analysis
presented in this paper.

The comparison of the here presented results with re-
sults of the variational approach for striped substrates [35–
37,43] yields two conclusions. i) Independently of the
details of the model and the constraints, all the solution
types found with the variational approach for the transver-
sally invariant situation are represented in our model. On
the one hand, this includes the “repelled” and “attracted”
solutions of [36,37]. They correspond, respectively, to
the upper and lower lines in Figure 6 (a). However, here
the repelled solution is unstable. On the other hand, the
homogeneous droplet pattern, inhomogeneous droplet pat-
tern and the flat film denoted, respectively, (A), (B) and
(C) in reference [35] correspond to some of the stable solu-
tions of Figure 6 (b) and Figure 9. Furthermore, we found
other linearly stable solutions beside these and so verify
the conjecture of the existence of intermediate patterns,
called (A2) and (A3) in reference [35] (corresponding to
different coarse solutions). However, they do only exist in
sub-ranges of the parameter space. ii) All results obtained
here that refer to the actual evolution in time like growth
rates and instability modes allow to obtain deeper insight
in the ongoing processes. This is especially true for the
transversal instability of a liquid ridge, where the spatial
period of the fastest growing mode is generally not equal
to the system size. The variational approach predicts
the final stable state to consist of a ridge with a single
bulge [43]. However, this final state may, for very small
ridges, practically not be reached. There the transversal
instability occurs with a finite wavelength (as calculated
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here) followed by a very slow transversal coarsening (as
can be seen in the simulations of references [38,41]).

The results derived here for dewetting on striped sub-
strates carry over to the decomposition of binary mixtures
in a narrow parallel slit between chemically striped plates
or in a periodically modulated temperature field.

Moreover, we want to point out a similarity between
the system studied here and the problem of fingering of a
liquid front driven by gravity or a thermal gradient on ho-
mogeneous substrates [5,15] and heterogeneous substrates
with stripes in the direction of the flow [71,72]. There,
an initially straight liquid front develops into an array of
advancing fingers. Far away from the liquid bulk, these
fingers represent a system of parallel liquid ridges. Their
profile orthogonal to the flow is independent of the co-
ordinate in the direction of the flow. If the coordinate
orthogonal to the flow is called x, these profiles are also
solutions of equation (10) studied here. This applies to
the homogeneous and the heterogeneous substrate. How-
ever, the important difference is the flow within the ridges
that allows for different instability modes than the ones
discussed here. This may lead to the observed selection
of ridge distances on the homogeneous substrate. In the
heterogeneous system, the transition between pinned fin-
gers and coarse fingers, i.e. fingers over more than one
stripe or not on each stripe, is also found on the inclined
substrate [71,72]. However, the thresholds will be different
due to the differing instability modes.

Altogether, the use of numerical bifurcation analysis
proved an efficient tool and a useful supplement to direct
numerical simulations of the film equations. It allows a
fast determination of periodic film profiles possible on a
striped substrate geometry for a wide range of param-
eters like heterogeneity length scale and strength. The
described bifurcations and the related stability analysis
provide a mathematically precise picture of the transition
from coarsening to successful templating (pinning).

Appendix A. Numerical methods

Appendix A.1. Continuation

Finite-amplitude periodic solutions of equation (8) are cal-
culated by numerical continuation techniques [44] after
rewriting equation (10) as two ordinary differential equa-
tions of first order. Thereby the small-amplitude solutions
equation (12) are used as starting solutions that are con-
tinued through the parameter space. One can vary the
period of the heterogeneity, Phet, the mean film thickness,
h̄, the amplitude of the heterogeneity, ε, or the interaction
parameters, G and a. At each of many subsequent steps
in a single parameter, Newton’s method is applied to the
two ordinary differential equations discretized in space by
typically 200 modes.

We fix, for example, Phet, h̄, G and a, use periodic
boundary conditions for h and ∂xh and look for solutions
with different ε. Here the translational symmetry is al-
ready broken by the inhomogeneity and the extra bound-
ary condition that is needed in the homogeneous case to

select a unique solution [10] is not necessary. The result-
ing three boundary conditions and the integral condition
that fixes the mean film thickness allow to determine the
missing parameter C1 for every ε.

Appendix A.2. Stability analysis

The longitudinal and transversal linear stability of the cal-
culated stationary solutions h0(x) is obtained using the
ansatz h(x, y) = h0(x) + δhi(x) exp(βit)(exp(iky) + c.c.)
with δ 	 1 in equation (8). Linearisation in δ yields a
eigenvalue problem for βi and hi(x) with the transversal
wave number k as an additional parameter. It is solved by
discretisation of space by 128 Fourier modes. For the lon-
gitudinal stability k is set to zero. All eigenvalues βi are
real due to the variational structure of the problem. Posi-
tive (negative) values correspond to small perturbations of
the form hi(x) that will exponentially grow (decay). The
investigated solution is linearly stable if no βi is positive.
Instabilities and bifurcation points manifest themselves by
zero crossings of the βi.

Appendix A.3. Integration in time

Numerical integration of the time-dependent equation (8)
for two-dimensional geometry, i.e. h = h(x), is used to
confirm the interpretation of the stationary solutions. We
used a semi-implicit pseudo-spectral code and integrated
equation (8) on a grid of 1024 mesh points. To avoid nu-
merical instabilities for large amplitudes, we had to choose
a small timestep of dt = 0.01. The code was implemented
on a Alpha Workstation XP1000. The simulation took a
couple of minutes of CPU time to reach the pinned state.
Coarsening can take several days depending on the details
of the used noise. To get an impression of the influence
of noise, we used additive white noise of amplitude η in
equation (8). To avoid an enforcement of the numerical
instability lurking at the length scale of the discretisation
and to insure material conservation on the shortest length
scale we use a “coarse” correlated noise, i.e. n neighbour-
ing points are changed by an amount ∆ and the next n
points are changed by −∆. The choice n = 3 was used
normally, but qualitatively identical results were obtained
for n = 4 or n = 5.
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