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ABSTRACT: An axion-like field coupled to an Abelian gauge field provides one of the simplest
inflationary models that is free from the eta problem and possesses an efficient reheating
mechanism. For sufficiently large coupling, this system enters a regime of strong gauge-field
backreaction, exhibiting rich and intricate dynamics. In this work, we employ a semi-analytical
method, the gradient-expansion formalism, to perform a comprehensive parameter scan and
determine the precise conditions under which backreaction sets in. Previous studies have
shown that the Anber-Sorbo solution, in which the potential-gradient force acting on the axion
is balanced by Hubble friction and gauge-field backreaction, is unstable. Here, we broaden the
parameter space and identify a new region in which the Anber-Sorbo solution remains stable
despite strong backreaction. Although our analysis is restricted to a homogeneous axion field
and to perturbations that depend only on time, we expect that this stability property can
be extrapolated to generic time- and space-dependent perturbations. This newly identified
region therefore represents a distinct type of backreaction — stable backreaction — which
may not be accompanied by the rapid growth of perturbations. We further investigate
the nonlinear behavior of solutions in the backreaction regime in a toy model (de Sitter,
constant potential slope, no axion gradients), identifying a supercritical Hopf bifurcation
at the onset of instability, a nontrivial limit cycle in the unstable regime, and burst-like
oscillatory dynamics. Finally, we present a more stringent criterion for the onset of (unstable)
backreaction, based on crossing the instability threshold, and apply this criterion to two
benchmark inflationary models.
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1 Introduction

The inflationary paradigm has proven highly successful in addressing the “fine-tuning” puzzles
of the Hot Big Bang theory, such as the horizon, flatness, and monopole problems [1-6]. In
addition, it naturally generates primordial scalar [7—11] and tensor [12-16] perturbations,
which become imprinted in the cosmic microwave background (CMB) anisotropies and in the
large-scale structure (LSS) of the Universe, and also give rise to a stochastic gravitational-wave
background. Observations of the CMB [17-21] and LSS [22, 23] place stringent constraints
on the parameters of inflationary models, requiring the inflaton field ¢ to evolve in an
extremely flat potential V' (¢); for reviews, see refs. [24-28]. Achieving such flatness, however,
is challenging in a complete quantum theory of inflation, since radiative corrections can easily
spoil the flatness of the tree-level potential. This difficulty is known in the literature as the
eta problem, where eta denotes the second slow-roll (SR) parameter, ny = M3(V"/V), which
becomes large in the presence of these corrections.! Therefore, any viable inflationary model
must include a mechanism that suppresses these corrections, at least during the epoch when
the perturbation modes relevant for observations cross the Hubble horizon. One possible
strategy is to minimize the couplings between the inflaton and other fields. However, this
approach is not ideal, since the inflaton must eventually decay into Standard Model particles
to reheat the Universe after inflation. A more robust alternative is to protect the flatness of the
inflaton potential through an underlying symmetry that prevents large radiative corrections.

In this work, we adopt natural units by setting i = ¢ = 1, so that the reduced Planck mass is given by
Mp = 2.43 x 10'® GeV.



This idea was implemented in the natural inflation model proposed in refs. [29, 30]. In
this framework, the shift symmetry of a pseudoscalar (axion-like) inflaton ¢ protects its
potential from large radiative corrections. Although the original model is now ruled out
by CMB observations [17-19], several nonminimal extensions [31-33] remain viable [34-36].
Moreover, this class of models naturally accommodates a shift-symmetric coupling between
the inflaton and gauge fields of the form ng“”FW, where F* is the gauge-field strength
tensor and wa its dual. Both Abelian and non-Abelian gauge fields can couple in this way,?
allowing the inflaton to interact efficiently with Standard Model fields without introducing
large radiative corrections to its potential.

The axion-vector coupling leads to efficient gauge-field production through the tachyonic
enhancement of vacuum gauge-field modes of a single circular polarization, resulting in field
configurations with nonzero helicity [50, 51]. These fields may be regarded as precursors
of large-scale magnetic fields in the Universe [50, 52-62] or as dark photons [63—65], which
are viable dark-matter candidates. They may also lead to the generation of the baryon
asymmetry via the chiral anomaly [58, 66—70]. During inflation these fields can produce
charged particles through the Schwinger effect [62, 71-81]. The presence of gauge fields
induces large and non-Gaussian scalar perturbations [45, 82-91], with the possible formation
of primordial black holes during the post-inflationary radiation-dominated epoch [88, 92-97].
In addition, tensor perturbations are generated, giving rise to a stochastic gravitational-wave
background [95, 96, 98-106]. Finally, the coupling of an axion-like inflaton to gauge fields
provides an efficient reheating mechanism after inflation [107-112]. This extremely rich
phenomenology of Abelian axion inflation calls for its thorough investigation.

For sufficiently small couplings, gauge-field production can be described perturbatively
by tracking the time evolution of individual gauge-field Fourier modes in momentum space.
By contrast, for larger coupling values, the gauge field begins to affect the background
inflationary dynamics, and the system enters the strong-backreaction regime, in which all
modes are coupled nonlinearly. Originally, it was hoped that the additional friction induced
by the gauge-field backreaction could balance the axion potential gradient and sustain slow
roll even for a steep potential [51]. However, many subsequent studies [73, 94, 99, 113, 114]
demonstrated that an exact balance between the potential gradient force and the gauge-field
friction is not possible. In fact, the gauge-field response is always delayed with respect to
changes in the inflaton velocity [88, 113]. This delay induces rapid oscillations of both the
inflaton velocity and the gauge-field energy density, preventing the system from remaining in
a SR regime. Moreover, refs. [115, 116] showed that even if the system is prepared in a state
where the inflaton potential gradient is exactly compensated by the gauge-field backreaction
term (the so-called Anber-Sorbo state), any small perturbation quickly destroys the initial
force balance and triggers fast oscillations. Consequently, the Anber-Sorbo solution was
argued to be unstable throughout the strong-backreaction regime.

2While in this work we consider only the coupling to an Abelian gauge field, there exists a substantial body
of literature exploring axion-gauge-field dynamics in the non-Abelian case; see, e.g., refs. [37-42]. Another
class of models assumes that the axion-like field does not serve as the inflaton but instead acts as a spectator
field; see refs. [43—46] for models featuring an axion spectator field coupling to an Abelian gauge field and
refs. [47-49] for models featuring an axion spectator field coupling to non-Abelian gauge fields.



A somewhat related observation is that, in the strong-backreaction regime, scalar pertur-
bations induced by the presence of gauge fields become much larger than the usual vacuum
fluctuations. This was first demonstrated in semianalytical studies [82-84] employing pertur-
bative approaches; see also refs. [89, 90, 104] for recent investigations of this topic. Moreover,
several lattice simulations of axion inflation show rapid growth of axion inhomogeneities (i.e.,
axion gradients) in the regime of strong gauge-field backreaction [117-122]. An interesting
question is therefore whether the occurrence of fast oscillations of the axion velocity in
the homogeneous description directly corresponds to the rapid growth of axion gradients
in the fully inhomogeneous picture. A definitive answer requires a comprehensive scan of
parameter space using lattice techniques. However, even with current technology, such a
scan is computationally costly. Therefore, preliminary results from semianalytical approaches
based on a homogeneous approximation can provide valuable insights by addressing the
following questions: (i) where exactly is the boundary in parameter space that delineates
the strong-backreaction regime; (ii) what is the rate of growth of perturbations (depending
only on time, not on spatial coordinates) within the backreaction regime; and (iii) is there
a region in which the perturbations (at least in a homogeneous description) do not grow.
In this paper, we carry out such an analysis using the gradient-expansion formalism (GEF)
and provide answers to the questions listed above.

The remainder of this work is organized as follows. In section 2, we review the basic
features of the model of axion inflation under consideration. Section 3 is devoted to a
simplified setup of constant-roll axion inflation in pure de Sitter space. We first discuss
the stationary solution corresponding to a constant instability variable £ in section 3.1. In
section 3.2, we then analyze its stability with respect to small time-dependent perturbations
using the linearized gradient-expansion formalism (LGEF). Based on the instability of the
stationary solution, we introduce a new criterion for the strong-backreaction regime, which
is more stringent than existing criteria in the literature. In section 3.3, we discuss this
new criterion in greater detail and derive analytical fit functions for the threshold values of
the relevant parameters at the onset of the backreaction regime. Next, in section 3.4, we
examine how the system responds to a gradual increase of the axion-vector coupling for a fixed
potential shape, and show that the variable £ undergoes a supercritical Hopf bifurcation at
the boundary of the instability region. The properties of the system deep inside the instability
region are studied in section 3.5. Finally, in section 4, we use the GEF to study the dynamics
of gauge-field production in a two realistic inflationary models and illustrate how our new
criterion for the strong backreaction operates there. Section 5 contains our conclusions. In
appendix A, we review the main ingredients of the gradient-expansion formalism. Appendix B
compares the parameter region explored in this work to those considered in previous studies.

2 Axion inflation

In the model of axion inflation, a pseudoscalar inflaton field ¢ interacts with a U(1) gauge field
A, through a Chern-Simons-type coupling. The total action describing this system is given by
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where g, is the spacetime metric, g = det g,,, is its determinant, V' (¢) denotes the potential
of the inflaton field, F),, = 0,4, — 0, A, represents the field strength tensor, and Fw =
et B, 5/(2,/—g) is its dual, with e"*® the totally antisymmetric Levi-Civita symbol

normalized as 9123

= 1. The parameter 8 quantifies the dimensionless coupling between
the axion and the gauge field.

By varying the action (2.1), we derive the equations of motion for both ¢ and A,:

1 av -
=0 W99 0e) = 4 - &)FF =0, (2.2)
1 -
VI P =0, 29

where we used in (2.3) that the dual field tensor satisfies the Bianchi identity:

1 -

- L —

=0 (V=g F"™) =0. (2.4)
The inflationary background is assumed to be homogeneous and isotropic, described by

the spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. Written in terms

of cosmic time ¢ or conformal time 7, the line element takes the form

ds? = g, dotda” = —dt* + a®(t) dz* = a*(n) {—an + dmﬂ , (2.5)

where a(t) denotes the scale factor; the number of e-foldings, N = Ina, is also often used as
a timelike variable. Correspondingly, we also postulate that the axion field is homogeneous
in space and solely dependent on time, i.e., ¢ = ¢(¢).> In the temporal gauge, A, =(0,A),
the physical electric and magnetic fields in the comoving frame are defined as

10A 1

The field strength tensor and its dual can then be expressed in terms of E and B as follows:

FOZ' = —aEi, Fij = CLQEZ'jkBk, FOZ' = —aBi, Ej = —CLQEZ'jkEk, (27)

where ¢;;, denotes the Levi-Civita symbol in three dimensions.
The energy-momentum tensor derived from (2.1) takes the form

TH = —9"¢d,¢ — FFF,y + o- %(%gb@“d) + V(p) + iFaﬁFo‘ﬁ , (2.8)

3This is a very good approximation during slow-roll inflation, as the typical amplitude of inhomogeneities is
several orders of magnitude smaller than the homogeneous field. However, as demonstrated by semianalytical
approaches [115, 116] and lattice simulations [118-120], in the case of strong gauge-field backreaction, inflaton
inhomogeneities tend to proliferate, and, within a few e-foldings, they may attain a magnitude sufficient to
exert a substantial influence on the overall dynamics of the model. Having in mind these limitations of the
homogeneous approximation, we still adopt it throughout this work and perform a comprehensive parameter
scan of the axion inflation model. In the analysis of our results, we clearly state which of them remain robust
against the impact of inhomogeneities and which may be strongly modified and need to be cross-checked by
lattice simulations.



which, for a homogeneous inflaton field, yields the total energy density
1. 1
p=(T§) = 56 +V(6) + 5(E* + B?), (29)

where an overdot denotes the derivative with respect to cosmic time ¢ and (---) denotes
the quantum expectation value during inflation. The Hubble rate is determined by the
Friedmann equation:

2= (9)2 _ 3]\’}1% : (2.10)

Finally, the equations of motion (2.2)—(2.4) can be expressed in terms of three-vector

quantities:
¢+3Hd+V'(p) = i(E-B% (2.11)
Mp
: 1 8 .

E+2HE — —rot B+ —¢B =0 2.12
+ Jrot B0 : (2.12)

: 1
B +2HB + - 10t E =0, (2.13)

a
divE =0, div B = 0. (2.14)

Together, eqs. (2.10)—(2.14) form a self-consistent system describing the coupled evolution of
the homogeneous inflaton, the scale factor, and the gauge field during axion inflation. The
only remaining missing ingredient is a prescription for computing the vacuum expectation
values that enter the Friedmann and Klein-Gordon equations. To establish this, we must
consider the quantized vector field.

Let us now switch to momentum space and write the gauge-field operator as

A P’k ~ ik-x * ~ * —ik-x
A(t, z) :/(%)3/2 S [ R)araAr(t k)e*® + e (k)ag AL (t e *7]  (2.15)
A=+

where A, (t, k) is the mode function, €*(k) is the polarization vector, and dg (&L )) are
the annihilation (creation) operators for gauge-field modes with momentum k and circular
polarization A = £, and k = |k|. The polarization vectors have the following properties:

k-e\k)=0, e(k)=e k), [ikxe\k)=Me\k), (k) (k)= (2.16)
The creation and annihilation operators obey the canonical commutation relations
[, s ] = oax 0@ (k= k). (2.17)
Finally, the mode functions obey the Wronskian normalization condition

An(h R)AL(E k) — A% (E k) An(t, k) = 2 , (2.18)

which ensures the canonical Bohr-Heisenberg commutation relations between the field A(t, x)
and its conjugate momentum.



For the electric and magnetic fields expressed as in eq. (2.6), the Maxwell equations (2.13)—
(2.14) are identically satisfied, while eq. (2.12) leads to an equation of motion for the mode

functions,

k2

— —2X
a2

A)\(ta k) + HA)\(tv k) +

b Hg] At k) =0, (2.19)

a
where we introduced the quantity & as usual:

ez P9
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It evolves slowly during slow-roll inflation, since the time variation of both the Hubble rate
H and the inflaton velocity ¢ are suppressed by the slow-roll parameters. It is therefore
instructive to assume, for the moment, that this quantity is constant. Since the two terms
in square brackets in eq. (2.19) scale differently with the scale factor, one can distinguish
two regimes in the evolution of the solutions of this equation. For any fixed k, at sufficiently
early times when k/a > 2H |£|, the first term dominates over the second, and the equation of
motion reduces to its form in the absence of interactions. Rewriting the equation in conformal
time, n, which is particularly convenient for studying the evolution of conformally invariant
fields such as a free massless Abelian gauge field, the equation takes an oscillator-like form:

0> Ax(n, k)

o +E*Ax(n,k) ~0  for  k/aH > 2||. (2.21)

Its positive-frequency solution, normalized according to eq. (2.18), reads
Ax(n, k) ~ ——e for k/aH > 2|£]. (2.22)

We will use this expression to impose the boundary condition for the gauge-field mode
function at early times, or, in other words, deep inside the horizon,* the so-called Bunch-
Davies boundary condition [123].

On the other hand, if k/a < 2H|¢|, the second term in square brackets in eq. (2.19)
dominates. In contrast to the term k2 /a2, which is always positive and therefore only leads to
oscillatory solutions, this term has opposite signs for modes with different circular polarizations.
For A\ = sign&, the term is negative and gives rise to a tachyonic instability, resulting in
a strong amplification of the corresponding mode function. Conversely, for the mode with
A = —signé, the term is positive and no tachyonic instability occurs. We thus conclude
that superhorizon modes of one circular polarization undergo tachyonic enhancement when
their momentum satisfies

k< ke (t) = 2a(t) H (1) |E(2)] (2.23)

“For a free massless Abelian gauge field, eq. (2.21) implies that there is no relevant energy scale at which
the evolution changes qualitatively: the field always oscillates in conformal time with a constant frequency.
However, the presence of an axial coupling introduces such a scale, 2H ||, which defines a physically relevant
threshold, or “effective horizon”. If the physical momentum of the mode is much larger than this scale, i.e.,
if the reduced physical wavelength Aphys/(27) is much smaller than the effective horizon size (2H|¢|)™!, the
mode oscillates as in the free case. In the opposite regime, Apnys/(27) > (2H|€]) ™!, the evolution of the mode
is dominated by the interaction.



at the moment of consideration. The instability is thus controlled by the variable &, which
we refer to as the instability variable.” This mechanism underlies the production of helical
gauge fields during axion inflation.

Finally, we are now able to compute the vacuum expectation values of the gauge-field
bilinear quantities egs. (2.9) and (2.11). Using the definition of the electric and magnetic
fields in eq. (2.6) and substituting the explicit form of the quantized vector potential (2.15),
one can straightforwardly derive for the Klein-Gordon equation

Fn (1)
. : B ) )
3H V(p)=—(E-B) = ————— /dkz M= | Ay (¢, k 2.24
and for the Friedmann equation
1 71, 1
H? — 19 Z(E? 4 B2
iz 2% TV + (B + BY)
1 1 kn(t)
= ~¢? — 44,7 22142}. 2.2
3Mg[2¢ FVO)+ o O/dk:gi(k] AP+ 224, ) (2.25)

Here, the momentum scale ky,(t) in egs. (2.24) and (2.25) serves as a finite upper integration
limit. This cutoff is introduced to separate the physically relevant modes, which are enhanced
due to the axial coupling to the inflaton, from vacuum-like oscillatory modes. We define ky(t)
as the maximum, over all times ¢’ < ¢, of the threshold momentum ki, [see eq. (2.23)] that

triggers the tachyonic instability in one of the polarization modes, namely
kn(t) = max kyn, (t') = max [2a(t')H (t')E()] - (2.26)

1<t <t

Therefore, egs. (2.24) and (2.25), together with the mode equation (2.19) supplemented
by the boundary condition (2.22), constitute the complete set of equations describing the
dynamics of axion inflation with a homogeneous axion field in a mixed position-momentum
representation. In particular, egs. (2.24) and (2.25) are integro-differential equations, with
integrals taken over a continuous range of Fourier modes. To numerically obtain their
solution, one must discretize momentum space and simultaneously solve a large number of
mode equations (2.19) on a momentum lattice. At each time step, the contributions of all
relevant modes are then summed in order to evolve the axion field and the scale factor through
egs. (2.24) and (2.25). Throughout this work, we refer to this procedure as the mode-by-mode
(MbM) approach. It has been employed extensively in the literature to study the dynamics
of axion inflation [94, 113, 114] as well as various phenomenological applications [100, 104,
124, 125]. Note that in the simplified case where the background evolution of the scale factor
and the axion field is known, the mode equations for different momenta decouple and can be
solved independently, making the MbM approach straightforward to implement. This feature
has also enabled the use of iterative MbM techniques to study the backreaction regime [88].

’ since, in the absence of

5In much of the literature, it is often referred to as the “instability parameter,’
gauge-field backreaction, it effectively acts as an external parameter controlling the intensity of gauge-field
production. In the present work, however, this quantity is treated as one of the dynamical variables of the

system. For this reason, we adopt the term “instability variable” throughout our paper.



As an alternative to the momentum-space treatment of gauge-field modes, one may work
entirely in position space. In this approach, the vacuum expectation values (E?), (B?),
and (E - B) are treated as independent dynamical quantities. Their equations of motion
can be derived directly from the Maxwell equations (2.12)—(2.13). However, a difficulty
immediately arises: these equations involve new bilinear gauge-field quantities containing
spatial derivatives in the form of curls, such as (E -rot E) and (B -rot B). Deriving equations
of motion for these quantities, in turn, generates additional terms involving higher powers
of curls. As a result, the gauge field is described by a (in principle, infinite) hierarchy of
scalar functions, given by vacuum expectation values of products of gauge fields with an
increasing number of curls acting on them. For practical applications, however, one can
truncate this hierarchy at a finite order while keeping the accuracy of the results under
control. This approach is known in the literature as the gradient-expansion formalism (GEF).
It was introduced in refs. [62, 73, 126] and has since been widely employed to study various
phenomenological aspects of axion inflation and other models with inflationary gauge-field
production [65, 74, 80, 102, 103, 116, 127-129]. Recently, a new Python package, the GEF
Factory, which provides a framework for implementing and using the GEF, was released
by one of the authors of the present study [130]. Part of the results presented in this work
have been obtained using this package.

In particular, we employ the GEF to investigate the dynamics of axion inflation across
different evolutionary regimes. Since the GEF has already been discussed extensively in
the literature and is used here in its existing form as a tool for numerical computations, we
summarize the main equations underlying this formalism in appendix A and now directly
proceed to applications.

3 Toy model: de Sitter, constant potential slope, no axion gradients

3.1 Stationary solution and perturbations

Let us begin our analysis from a simple case of an axion rolling with a constant velocity
along the slope of its potential in pure de Sitter space. Physically, this can be realized in a
potential with a constant slope, V(¢) = Vo — k(¢ — ¢p) with k = const and kKA¢ < Vj, where
A¢ in the last inequality is the typical inflaton excursion relevant for studying gauge-field
production. Although this Ansatz is taken for simplicity, it is a reasonable approximation
for most of the flat inflaton potentials during a few e-foldings deep in the SR regime. In the
absence of the gauge field, this potential admits a solution with constant inflaton velocity,
V/

K
wo GF | 3H 3H O™ (3.1)

We will see below that, also in the presence of the gauge field, the solution with a constant

rolling velocity is an exact solution of the equations of motion, within our toy model. Therefore,
we are now interested in finding solutions with £ = const.
For this, we take the mode equation (2.19) and use £ = £ = const. Switching to conformal

time, which is n = —1/(aH) for de Sitter space, we obtain the following equation of motion:
0%Ax\(n, k 2\kE
5752) + <k2 - ng)AA(n, k)=0, (3.2)



which has the form of the Whittaker equation [131]. Its solution satisfying the Bunch-Davies
boundary condition deep inside the horizon is expressed in terms of the Whittaker W function.
After reverting back to physical time ¢, it has the form

e)\ﬂ'E/Q ok

Further, we use this solution to compute the correlator on the right-hand side of the Klein-
Gordon equation (2.24):

(E-B) = —H"g,(¢) (3.4)
with©
s )
NGRS / dr 37 ?E Re [We 3 (200)W, e 1 (~2i)] (3.5)
0 A==

Since we consider pure de Sitter space, the Friedmann equation (2.25) is excluded from the
analysis. Expressing ¢ = 2H Mp&/f3, we obtain from the Klein-Gordon equation (2.24)

, 6H?Mp — 5 -
—0=— V' - Z_HYG , 3.6
b eV - ST H G(©) (36)
or, in a simpler form,
6&—bv+b2gy(€) =0, (3.7)

where b = SH/Mp is the axion-vector coupling in Hubble units and

B L’ 32y 3
H3® H/Mp 27yPr
is a parameter characterizing the inflaton potential, namely the potential gradient expressed

in Hubble units. Here, ey = (M3/2)(V'/V)? is the first slow-roll parameter and Pr =
H?/ (87‘(’26ng) is the amplitude of the primordial scalar power spectrum generated during

(3.8)

slow-roll inflation in the given potential. Thus, eq. (3.7) implicitly determines the stationary
solution of the equations of motion for a given inflaton potential (in terms of v) and axion-
vector coupling in Hubble units, b. The contour plot of the function £ = £(b,v) is shown
in figure 1 by black solid lines.

Further, we consider small perturbations on top of this stationary solution. Since we
are working within the approximation of a homogeneous axion field, the perturbations we
consider are only functions of time ¢ or the number of e-foldings N = lna = Ht, which
is another convenient dimensionless timelike variable during inflation. For the instability
variable, we use an Ansatz

§(N) =&+ 05(N). (3.9)

SHere, the integration variable is z = k/(aH), and we used the expression for the derivative of the Whittaker
function dWs . (y)/dIny = (y/2 — 0)We,u(y) — Wito,u(y); see, e.g., eq. (13.4.33) in ref. [131].




As for the gauge-field bilinear quantities, such as (E - B), which enters the Klein-Gordon
equation, one cannot express them as functions of H and £ as done in the case of the
stationary solution; cf. eq. (3.4). In general, they are functionals of ¢ that take into account
the effects of the retarded response of the gauge field to changes in £. Therefore, we must treat
perturbations of the gauge-field configuration on the same footing as axion perturbations.

There are different approaches to this issue. First, one could work with the gauge-field
mode functions in Fourier space and introduce the corresponding perturbation 6 Ay as the
deviation of the full mode function from its expression (3.3) in the case of constant £. One
can then derive a closed system of equations for 6§ and d Ay within linear perturbation theory.
This approach was realized in ref. [115], where the stability of the stationary solutions in the
strong-backreaction regime was studied for the first time. However, to obtain the growth
rate of the perturbations, one has to solve a complicated transcendental equation, which is
computationally very costly. Alternatively, one can continue working with the gauge-field
bilinear functions in position space and study the properties of their small perturbations.
For this purpose, in ref. [116], some of us developed a fast and efficient tool— the linearized
gradient-expansion formalism (LGEF)—which is a version of the more general GEF approach
linearized with respect to small perturbations around a stationary solution. Below, we briefly
review the details of this approach.

First, we define a set of bilinear gauge-field correlators

1 n kh nt4 n
1 n ky \nt4
9a(N) = —————(E 10" B) = (aT{) Fo, (3.11)
_ 1 nopy _ ()

where n is a non-negative integer and F )(? ) are the bilinear functions of the full GEF given

in appendix A.
For the stationary solution with & = £ = const, these bilinear functions can be expressed
as functions of £ only, by using the exact mode solutions in eq. (3.3):

2(¢|
_ 1 non 7€ = ) . INE
e0(®) = g / di 37 N @ - NW iy (<20) — W, e 2 (<2i)| L (3.13)
3 A=+
! 2(¢| ~
7,(8) = = / dx /\zi AL A2 ATE Re [WME’%(2im)Wl_Mg7%(—2ix)} , (3.14)
0 =
) 2/¢| ~ )
bn(€) = yes / dz H_ Ara e Wﬂ./\g’%(—%m)‘ (3.15)
0 A=+
Then, the linear perturbations are introduced as follows:
Sen(N) = en(N) —en(€) (3.16)
6gn(N) = gn(N) - gn(g) ) (3'17)
5bn(N> - bn(N) - Bn(g) : (3'18>



Together with §¢, they constitute the full set of perturbations in our problem. To obtain
the equations of motion for these perturbations in the linear approximation, we use the
Klein-Gordon equation (2.24) together with the GEF equations from appendix A. The final
result reads

dég b?
N + 36€ = ——690, (3.19)
dj ]f,” + (n 4 4)den — 4€ 5gn — 47,,() 6€ + 20gn41 = S, (3.20)
djifn + (n 4 4)8g, — 2E6b,, — 2b,(€) 66 + bpy1 — depp1 = 659, (3.21)
djf\’; (n 4 4)6by, — 20gn41 = 0S5V | (3.22)
where the sources have the form
\n+4 s =
s — (2O ol BAE) se o &) dEX(E) ‘
Sn A2 A;: { £ {(n+4)€ dN}+ i 5}, (3.23)
c\n+4 g e
550 — QO™ i [GAD) s 1 B0 | dGA(©) 5 |
S yw )2: { 7 [( +4)§+dN}+ i 5}, (3.24)
n+4
55 = 25 Z )\”{ (©) { +4)5¢ + Zfﬂ .98 2(5)55} (3.25)

and the functions E), G, and B, are defined in eqgs. (A.3) in appendix A. This system is
infinite in principle and, in order to use it in practice, one has to truncate it at some order
Neus- Lhe simplest way to do this is to assume that, for all orders larger than ncy,, the bilinear
functions exactly coincide with the background values of the stationary solution,

dep, = dgn, = 6by, =0 for n > Neut- (3.26)

One has to choose ncyt in such a way that further increasing it does not change the numerical
solutions within the desired accuracy. In the next subsection, we apply the LGEF approach
to compute the spectrum of Lyapunov exponents of our system over a wide range of model
parameters.

3.2 Lyapunov exponents

The set of equations of motion for perturbations in the LGEF approach derived in the
previous subsection forms a linear, homogeneous system of first-order ordinary differential
equations with constant coefficients,

d .
where
3
p=| [0 (3.28)
Ogn
oby,
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is a (3ncut + 4)-dimensional vector of perturbations. The curly brackets {...} denote a set
of variables labeled by n € [0, ncyt]. The system matrix A is uniquely determined by the
linearized equations (3.19)—(3.22).

To solve this system, we make the standard Ansatz

Z(N) = e, (3.29)

where Z( is a constant vector and ( is, in general, a complex number. Substituting this
Ansatz into eq. (3.27), the problem reduces to the linear eigenvalue problem

(A— ()i =0. (3.30)

The eigenvalues ¢ are the Lyapunov exponents of the linearized system and fully determine the
stability properties of the stationary solution ¢ = € = const. Importantly, their computation
is a purely algebraic task—it does not require solving differential equations.

For each point in the two-dimensional parameter space (v, b), we first determine the
corresponding stationary value £, construct the matrix A, and compute its eigenvalues. These
eigenvalues are ordered according to their real part. The eigenvalue” with the largest real
part, denoted (3, controls the (in)stability of the stationary solution.

The real part of (; is shown in figure 1 as a function of the axion-vector coupling b
and the gradient parameter v. Negative values of Re(; (shaded in blue) correspond to a
stationary solution that is stable against small perturbations, while positive values (shaded
in yellow) indicate instability. The red contour marks the boundary Re (; = 0, separating
these two regimes.

The black contour lines indicate surfaces of constant &, ranging from 107> to 7. In the
lower-left corner of the plot, corresponding to £ < 0.1, gauge-field production is negligible
and inflation proceeds in the standard SR regime. In this limit, the last term in eq. (3.19)
can be neglected, yielding the Lyapunov exponent (; = —3, which is clearly visible in the
plot. Perturbations are simply redshifted away and not further sourced by the interaction
with the gauge field.

An interesting feature of figure 1 is that, for fixed v > 102 (to the right from the red dot
in figure 1), increasing the axion-vector coupling first drives the system into the unstable
region (crossing the solid red line), but at sufficiently large coupling the system re-enters a
stable regime (crossing the dashed red line). This second stable region does not correspond to
slow-roll inflation; instead, the produced gauge field becomes strong and its effective friction
term plays a dominant role in the Klein-Gordon equation (2.11).

To quantify the importance of the gauge-field friction in the Klein-Gordon equation (2.11),
we define the backreaction parameter [67]

1=(E - B)

3119 (3.31)

oKa =

Figure 2 shows, in less detail, the same parameter space as in figure 1. In addition, the blue
solid line corresponds to dxg = 1 and above this curve dxg > 1. One can clearly identify

"Complex eigenvalues always appear in conjugate pairs as A is a real matrix. For definiteness, we count
only one eigenvalue from each pair, choosing the one with positive imaginary part.
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Figure 1. Stability diagram in the LGEF approach with n..; = 70. The background color shows the
largest real part among all Lyapunov exponents, Re (7, as a function of the axion-vector coupling in
Hubble units, b = 3H/Mp, and the potential gradient in Hubble units, v = —V’/H3. The solid and
dashed parts of the red line correspond to Re (; = 0 and mark the boundary of the unstable region
when approached from the ordinary SR regime and from the stable backreaction regime, respectively.
The red dot at the merger of the solid and dashed red curves denotes the codimension-2 bifurcation
point (see the discussion in section 3.4). The solid black lines show contours of constant &. The
solid green segment denotes the crossing of the instability band for which the bifurcation diagram is
constructed in section 3.4 (cf. figure 4). The purple stars indicate the parameter points studied in the
strong-backreaction regime in section 3.5 (cf. figure 5).

the white region where the system possesses a stable solution (which reduces to the pure
slow-roll attractor far below from the blue line).

Furthermore, in figure 2, there is another region (shaded in green) where the stationary
solution £(b,v) is stable and, at the same time, where the gauge field strongly backreacts
onto the inflaton dynamics (since dxg > 1 there). In this region, purely time-dependent
and spatially homogeneous perturbations remain bounded even though backreaction is
strong. Within our semi-analytical framework, we cannot rigorously demonstrate that spatial
inhomogeneities are also suppressed. Nevertheless, we argue that this is likely the case. A
purely time-dependent perturbation corresponds to the £ = 0 limit of a general spacetime-
dependent perturbation. On general grounds, this behavior should extend to superhorizon
modes k/(aH) < 1, which are observationally indistinguishable from k& = 0 modes for
subhorizon observers. Moreover, for H = const and £ = const, the induced scalar power
spectrum (sourced by the gauge field) is flat on superhorizon scales [82-84, 89], Piid = const.
If this spectrum is small for the longest wavelengths, it should also remain small for modes
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Figure 2. Parameter-space regions corresponding to negligible backreaction (white), unstable
backreaction (yellow shaded), and stable backreaction (green shaded). The blue solid line indicates
the conventional backreaction criterion dxg = 1. The vertical dashed black line marks the value of
v fixed by the CMB normalization. The gray region corresponds to excessively large vacuum scalar
perturbations, Pr > 1072, where the approximation of a homogeneous inflaton field breaks down
even in the absence of gauge fields. The rest of the notation is the same as in figure 1.

crossing the horizon later during inflation. In other words, if Pi4(k = 0) experiences no
instability, we expect that the same is true for Pj,‘zld(k < aH) and hence, ultimately, for
P%d(k > aH). We therefore expect the homogeneous inflationary solution to act as a
stable attractor in this region.

Another argument in support of this conclusion is that, throughout the entire stable-
backreaction (SB) region, the instability variable satisfies £ < 3.14, which lies below the
non-perturbativity bound &,., ~ 4.6 reported in refs. [45, 87]. Therefore, within this newly
identified stable region, scalar perturbations (particularly axion inhomogeneities) are expected
to remain under perturbative control. The arguments presented in the last two paragraphs are
heuristic rather than rigorous, and a complete treatment of perturbations in this parameter
range is deferred to future work.

To the best of our knowledge, this stable-backreaction region has not been reported
previously in the literature. Indeed, previous semi-analytical studies of the strong-backreaction
regime in Abelian axion inflation [73, 88, 94, 102, 113, 115, 116] have shown that the
solution exhibits oscillatory behavior and deviates substantially from the smooth Anber-
Sorbo trajectory. Lattice simulations [117-122] further demonstrated that axion spatial
inhomogeneities are strongly enhanced in this regime. However, all such studies focused
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on parameter values lying within the yellow shaded region of figure 2, which we identify as
the unstable-backreaction (UB) region. For a detailed comparison of the parameter space
regions studied in the literature, see appendix B. Notably, the SB regime can be realized
only for a sufficiently strong axion-vector coupling expressed in Hubble units, b > O(1). To
our knowledge, none of the previous studies have explored this region of parameter space;
see figure 6 in the appendix.

Finally, we note the existence of parameter values for which dxg < 1, yet the stationary
solution is already unstable, as seen in the yellow-shaded band below the blue dxq = 1 line
in figure 2. In this regime, the gauge-field-induced friction term can be as small as ~ 5% of
the Hubble friction, and the background still follows a slow-roll trajectory. Nevertheless, the
feedback from gauge-field production is sufficient to destabilize the slow-roll attractor.

This observation motivates us to introduce a new backreaction criterion for v > 102:

Re(; > 0, (3.32)

which is more restrictive than the conventional condition dxg > 1. Moreover, eq. (3.32)
provides a different interpretation of gauge-field backreaction. The widely used criterion
dkg > 1 indicates that the gauge field has become sufficiently strong for its contribution to
the inflationary dynamics to be comparable to that of the inflaton potential gradient. By
contrast, the new criterion implies that the presence of the gauge field, although possibly
negligible at the moment when the criterion is satisfied for the first time, will eventually
have a significant impact on the dynamics. In the next subsection, we present a detailed
analysis of this new criterion and derive simple fit functions for the corresponding threshold
values of the parameters. In section 4, we then apply this dynamical criterion to two realistic
inflationary models and show that the slow-roll trajectory is not disrupted immediately, but
rather within O(1) e-foldings after the condition (3.32) is met.

3.3 Backreaction criterion

Let us now examine the backreaction criteria introduced above in greater detail. In what
follows, we analyze separately the old criterion based on the parameter kg (corresponding to
the blue solid line in figure 2) and the new criterion based on the Lyapunov exponents of the
linearized system (represented by the solid and dashed red lines in figure 2). For each of these
three curves, we determine the threshold values of the instability variable, &y, and of the
potential-gradient parameter, vy, as functions of the axion-vector coupling b. This analysis
is performed numerically, and we additionally derive analytic fit functions that accurately
reproduce the numerical results and are straightforward to implement in practical applications.
The exact numerical curves together with their corresponding fits are shown in figure 3.

Old criterion: dxg =1
Given the definition of the parameter dk¢ in eq. (3.31), the old backreaction criterion dxg = 1,

together with the stationary Klein-Gordon equation (3.7), implies

6¢ 12€ ——

b= NG V= = 2¢/6€690(8) (3.33)
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Figure 3. Panel (a): threshold value of the instability variable, £, at which the system enters
the strong-backreaction regime, shown as a function of the axion-vector coupling b = SH/Mp. The
blue and red curves have the same meaning as in figure 2. The blue solid line corresponds to the old
backreaction criterion, dxg = 1, defined by the relative magnitude of the gauge-field contribution in
the Klein-Gordon equation. The red solid line represents the new criterion, Re (; = 0, based on the
stability analysis of linear perturbations. The red dashed curve also corresponds to Re(; = 0, but
occurring within the strong-backreaction regime; it therefore marks the boundary between the SB
and UB regimes. The yellow dashed-dotted line shows the approximate expression given in eq. (3.36).
The black dashed-dotted line corresponds to the fit function in eq. (3.44), while the black dotted line
represents the fit in eq. (3.46). Panel (b): threshold value of the potential-gradient parameter, viy,, as
a function of b. The blue curve and the solid and dashed red curves have the same interpretation
as in panel (a). The yellow dashed-dotted line shows the approximate relation given in eq. (3.37),
the black dashed-dotted line corresponds to the fit function in eq. (3.45), and the black dotted line

represents the fit in eq. (3.47).

which define the blue solid curves in figures 2 and 3 in parametric form. The curve in figure 2
has a simple and instructive interpretation: it consists of the points in the (v,b) plane at
which £ attains its maximal value as a function of b for fixed v. Indeed, differentiating eq. (3.7)
with respect to b at fixed v and imposing d¢/db = 0, we immediately obtain v = 2bg,(£).
Combining this relation with eq. (3.7), one recovers eq. (3.33) above.

In principle, eq. (3.33) already contains all the information required for practical applica-
tions, since the function gy(€) is given in integral form in eq. (3.14). However, for convenience,
we derive simpler fit expressions that avoid the explicit evaluation of integrals. To this end,

we consider the large-£ limit and use the asymptotic form [62, 67]

Go(€) ~C —, (3.34)

where C' = 9/(112073) ~ 2.59 x 10~%. Substituting this expression into the first relation
in eq. (3.33), we obtain

b \/g 2 & 1528 %6 mE (3.35)
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Solving this equation for ¢ yields the following expression for the threshold value of the
instability parameter as a function of the axion-vector coupling b:

0 5 o [ b \*/°
En(b) ~ 5 V-1 [—; (152> ] , (3.36)

where W_1(z) denotes the negative branch of the Lambert W function, defined by We"V = x
for x € [—e71,0).

Using the second relation in eq. (3.33), we further obtain the approximate expression
for the threshold value of the potential-gradient parameter v:

—old 2/5
12 &4, 30 2r (b
,Ut?lllcl‘l(b) = 72}1 ©) ~ —%Wfl [—5 (152> ] : (3.37)

Equations (3.36) and (3.37) provide an excellent approximation to the blue curves in figure 3(a)
and 3(b), respectively, for b < 1. In the figure, these approximations are shown by the yellow
dashed-dotted lines in the corresponding panels. For b 2 1, the accuracy of the fit deteriorates,
since its derivation relies on the large-§ approximation given in eq. (3.34).

New criterion: Re{; = 0 at the SR-UB boundary

We now turn to the red solid line in figures 1 and 2. For small b < 1, figure 1 shows that
this contour passes through a region where the behavior of £(b) changes qualitatively: an
initially rapid growth with b transitions to a much slower increase and eventually to a mild
decrease. This observation suggests that an analytic approximation to the red curve can be
obtained by studying the logarithmic derivative dIn/dInb and comparing the respective
contributions from the slow-roll inflaton dynamics and the gauge-field backreaction. When
these two contributions become comparable, one expects the onset of backreaction according
to our new criterion.

We again employ eq. (3.7) and solve it for b:
12¢

b= .
v+ /v —24£70(€)

(3.38)

For b < 1, the red solid line in figure 2 lies well below the blue one, implying that along
this curve the gauge-field contribution to the Klein-Gordon equation remains subdominant
compared to the slow-roll terms. We therefore expand eq. (3.38) to first nontrivial order
in g,(£). Taking the logarithm yields

Inb ~ ln<6€> —€50(8). (3.39)

The first term represents the slow-roll inflaton contribution, while the second term is the
correction induced by the gauge field. Taking the logarithmic derivative with respect to & gives

o= 1+ alEn®+ Eae)] (3.40
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Using eq. (3.7) once more and neglecting the gauge-field contribution, we approximate
v ~ 6£/b, which leads to
dlnb b2

_~1
dme 6

gﬁ9+%@ﬂ. (3.41)

According to our argument, the new backreaction criterion is realized when the slow-roll

term (the unity) becomes comparable to the gauge-field correction, which implies

_ = -1/2
b~m%F¥9+%@ﬂ , (3.42)

where ¢ = O(1) is a proportionality constant to be determined by fitting to the numerical
results. To further simplify the expression, we use the large-¢ approximation for g,(¢) from

eq. (3.34), which yields
3 =2 .7
b~ — L 4
o —&e (3.43)

Here, we have neglected corrections of order O(1/(27€)), which are small for £ > 4 in the
regime of interest. Fitting eq. (3.43) to the exact numerical result in the region & > 4
gives ¢ ~ 1.43, confirming that it is indeed of order unity. The total numerical prefactor
in eq. (3.43) is therefore q\/3/mC ~ 86.8.

Inverting eq. (3.43), we obtain the threshold value of £ as a function of b:

—new 2 b
S (0) = ——Wos (—;\/ 868) : (3.44)

Finally, using the Klein-Gordon equation (3.7), we obtain the corresponding expression for
the threshold value of the gradient:

new 6gne;N (b) _ [ghew 6 | —new q2 12 ™ b
Uthr (b) = %_'_bg() [éthr (b)] = g [Sthr (b> + % ~ % _W—l _5 % +0.51

(3.45)
where, in the second approximate equality, we used the asymptotic form of g,(€) in eq. (3.34)

)

and also eq. (3.43). Equations (3.44) and (3.45) provide an accurate fit to the red solid curves
in figure 3(a) and 3(b), respectively, in the regime b < 1. In the figure, these approximations
are shown by the black dashed-dotted lines.

The threshold value of the instability parameter, &, depends only logarithmically on b
for both the old and the new criteria. Indeed, egs. (3.36) and (3.44) share the same leading
behavior, &, ~ —m~!Inb + const. As a consequence, the corresponding threshold value of
the potential-gradient parameter scales approximately as v (b) o< 1/b. More specifically,

—new

eq. (3.37) gives v2d(b) = 12 fol‘i/b, whereas eq. (3.45) yields vy (b) = 6 &y, /b. Therefore,
in the regime b < 1, the functions v34(b) and 1% (b) differ approximately by a factor of
two. This accounts for the vertical separation between the blue and red solid curves in
figures 2 and 3(b). As b increases, however, the two curves gradually approach each other
and eventually coincide at the point indicated by the thick red dot in figures 1, 2, and 3.

This point corresponds to the codimension-2 bifurcation discussed in the next subsection.
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New criterion: Re{; = 0 at the SB-UB boundary

We finally turn to the dashed red line in figures 1 and 2, which marks the separation between
the SB and UB regimes. For large b > 1, this curve corresponds to an approximately
constant value of £. This behavior is evident in figure 1, where the red dashed line runs
nearly parallel to the contours of constant £. Although we do not currently have an analytical
explanation for this feature, we adopt it as an empirical observation and proceed to construct
suitable fit functions.

As discussed above, the threshold value of the instability parameter can be accurately
approximated by a constant,®

—SB
Con = oo A2 3.14. (3.46)

Using the Klein-Gordon equation (3.7) and neglecting the first term (since along the red
dashed curve dgg > 1, i.e., it lies well above the blue solid line), we obtain

0SB = bgo(Es) ~ 12200 (3.47)

The fitting functions given in egs. (3.46) and (3.47) are shown by the black dotted lines in
panels (a) and (b) of figure 3, respectively.

3.4 Bifurcation diagram

While the real parts of the Lyapunov exponents identify the onset of instability, they do not
describe the qualitative nature of the resulting dynamics. In this subsection, we study the
evolution beyond the stability boundary. For this, we fix the gradient parameter at v = 200
and vary the axion-vector coupling 3, moving along the green segment in the stability diagram
shown in figure 1. This yields the bifurcation diagram shown in figure 4(a). For each value
of the coupling, the system is initialized slightly away from the stationary solution £(b,v)
and evolved for a sufficiently long time so that transient effects decay and the trajectory
reaches the asymptotic invariant manifold in phase space (either a fixed point or a limit
cycle). The extrema of (V) on this manifold are then recorded, allowing us to characterize
the long-term dynamical behavior. The approaches to the fixed point and to the limit cycle
are illustrated in the phase-space plots in figures 4(b) and 4(c), respectively. For visualization
purposes, we employ a three-dimensional phase space spanned by &, its derivative d§/dN,
and an additional independent dynamical variable (corresponding to dey/€p): the electric
energy density pp = <E2>/ 2, normalized to its initial value in the simulation. This choice is
not unique; any other variable linearly independent of the first two could be used equally
well. Embedding the dynamics in a three-dimensional phase space is necessary to ensure
that the system’s trajectory does not seem to self-intersect. This will be especially important
for the more complex trajectories displayed in figure 5 below.

At small coupling, all trajectories converge toward a unique stationary value &, shown by
the solid green curve in figure 4(a); see also figure 4(b) for the typical phase-space trajectory
in this case. This corresponds to the stable constant-roll solution discussed earlier.

8This value is close to 7, but not exactly equal to it. A more accurate numerical estimate is oo ~ 3.1374.
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Figure 4. Panel (a): bifurcation diagram illustrating the transformation of a stable solution & = £(b,v)
into an unstable one, followed by the emergence of a new stable solution, as the axion-vector coupling
b= BH/Mp is gradually increased for a fixed gradient parameter v = 200 (the parameters vary along
the green segment shown in figures 1 and 2). The solid green line shows the dependence &(b,v = 200)
when it corresponds to a stable solution, while the dashed green line indicates the same branch when
it is unstable. The solid red curves show the maximum (upper) and minimum (lower) values of ¢
attained along the limit cycle within the unstable region. Red dots denote values extracted directly
from numerical solutions of the full GEF system with truncation order ng, = 99, while the red straight
segments between them are obtained by interpolation. The figure demonstrates two supercritical Hopf
bifurcations facing each other on opposite sides of the instability region. The two vertical solid lines
mark b= 0.11 and b = 0.17, for which the phase-space trajectories are shown in panels (b) and (c),
respectively.

Panels (b) and (c): phase-space trajectories in the three-dimensional space spanned by
(&, d§/dN, pg/pEo— 1), starting from initial conditions slightly displaced from the stationary solution
£(b,v). As time increases, the trajectories are followed in a clockwise direction (color changing from
red via green to purple). Panel (b) shows convergence toward a stable fixed point, whereas panel (c)
shows convergence toward a limit cycle after the trajectory escapes the unstable fixed point.
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As the coupling is increased, the stationary fixed point loses stability at a threshold value
of the coupling when a complex conjugate pair of eigenvalues crosses the imaginary axis
(Re¢y =0), i.e., a Hopf bifurcation occurs. Beyond this point, £(N) becomes time-dependent
and oscillates between a minimum &, and a maximum &pax. The width of the region
between &nin and &nax grows continuously as the coupling increases, indicating a supercritical
Hopf bifurcation [132]. The phase-space trajectory corresponding to the maximal excursion
in ¢ attainable for v = 200 is shown in figure 4(c). The limit cycle, shown in purple, still
has a relatively simple shape; cf. the more intricate limit cycles that arise for larger values
of v = O(107) discussed in section 3.5.

Upon increasing the coupling strength further, the oscillation amplitude decreases again
until the system reenters the stable region at another Hopf bifurcation. Qualitatively, the
same behavior as before is observed, but in reverse order. The dynamical range of £ gradually
decreases and, at the edge of the stability region, when Re (; = 0, it reduces to a point lying
on the curve & = £(b, v = 200) corresponding to the stationary solution. Thus, we observe
two supercritical Hopf bifurcations facing each other in the diagram.

Note that as the value of v decreases, the width of the instability region in figure 1
gradually shrinks. At the critical value v = v, = 102, the two bifurcations annihilate each
other. This point corresponds to a codimension-2 Hopf bifurcation [133], denoted by the
red dot in figures 1 and 2. Remarkably, this point lies exactly on the blue solid curve in
figure 2; that is, at this point (and only at this point) both the old and the new backreaction
criteria are simultaneously satisfied. This statement follows from two observations. First, as
discussed in section 3.3, the blue curve consists of the points where £ as a function of b along
vertical slices at fixed v attains its maximum in figure 2, £, .. (v) = maxy £(v,b) = £(v, bax)-
Second, our numerical LGEF analysis shows that the two bifurcation points always occur at
b values located on opposite sides of byax. As one approaches the codimension-2 bifurcation
point, the two bifurcations move toward each other and eventually merge precisely at byax.

Sufficiently far from the codimension-2 bifurcation point, the Hopf bifurcations may in
principle become subcritical. In that case, the red curves in figure 4(a), corresponding to the
limit cycle, would extend into the range of the parameter b where the fixed point remains
stable (such that, for some values of b, the red lines would coexist with the solid green line),
while the limit cycle itself would be unstable. At the bifurcation point, the stability would
then flip: the fixed point (green curve) would lose its stability, and the limit cycle— already of
finite amplitude — would become stable. However, in the present study, the Hopf bifurcations
remain supercritical at least up to values of v ~ 107.

3.5 Bursting dynamics

Deeper within the unstable regime (for larger values of the gradient parameter v), the
oscillatory solutions identified in the bifurcation diagram become strongly nonlinear. Instead
of smooth, nearly sinusoidal motion [see figure 4(c)], the system may even develop an
intermittent bursting structure characterized by the coexistence of multiple time scales.
This transition is illustrated in figure 5. Column (a) shows the evolution of the instability
variable £(N), column (b) displays the corresponding phase-space trajectories, and column
(c) presents the Fourier spectra. The four rows correspond to increasing values of the
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axion-vector coupling. Specifically, the potential parameter is fixed to v = 3.6 x 107, while
the coupling takes the values b = 1.4 x 107, 1.9 x 1076, 3.3 x 1075, and 2.4 x 107°. The
corresponding parameter points are indicated by purple stars in figures 1 and 2.

At late times, the system settles onto a periodic attractor. One period of the evolution
of £ is shown in column (a), where the color gradient indicates the progression of the time
variable N. The same color coding is used in column (b) to trace the corresponding trajectory
in the three-dimensional phase space spanned by &, its derivative d§/dN, and the electric
energy density pg, normalized to its initial value in the Anber-Sorbo solution.

The origin of this periodic behavior can be traced to the delayed response of gauge-field
production to changes in the inflaton velocity, as previously discussed in refs. [88, 113].
Whenever the instability variable £ becomes sufficiently large, the tachyonic instability of
the gauge field is strongly enhanced, leading to rapid particle production. The expectation
value (E - B) then grows rapidly and induces a substantial effective friction term in the
axion equation of motion, eq. (2.11). This abruptly suppresses qﬁ and terminates gauge-field
production. As the produced gauge fields redshift away, the axion resumes its motion until
the next cycle begins.

As the coupling increases further, the periodic evolution becomes progressively more
complex. Multiple fast oscillations develop within each period of the large-scale motion, and
the structure of the attractor in phase space correspondingly changes. At smaller coupling,
the limiting manifold is close to a weakly deformed ellipse. With increasing b, the trajectory
winds several times before completing a single period. After a sequence of fast oscillations, the
system undergoes a rapid, burst-like excursion and enters the next cycle. Importantly, this
bursting regime is entirely deterministic and persists indefinitely. It arises from the nonlinear
feedback between the axion velocity and the history-dependent amplification of gauge fields,
rather than from stochastic effects or quantum fluctuations. At the same time, we remind
the reader that our discussion pertains to our toy model in de Sitter space and neglects any
spatial inhomogeneities in the axion field. Both deviations from pure de Sitter [116] and
axion gradients [117-119] will modify the picture in figure 5 in realistic scenarios.

The emergence of an additional, shorter time scale is also evident in the Fourier spectra
shown in column (c) of figure 5. To quantify this structure, we expand {(IV) in a discrete
Fourier series. For a periodic solution with period 7', we define the frequencies w,, = 27n/T
(n € Z4) and the corresponding Fourier coefficients,

2 T
Ay=2 /0 dN £(N) cos(wnN) | (3.48)

2 (T .
By == /0 dN £(N) sin(wnN) (3.49)

D, = /A2 + B2. (3.50)

In all cases, the dominant peak occurs at the fundamental frequency wy, corresponding to the
large-scale periodic modulation. In all four panels, the value of w; is slightly larger than unity,
which corresponds to a trajectory period of T' ~ 5—6 e-folds. This well-known result was first
noticed in ref. [113], explained in ref. [88], and subsequently investigated in refs. [115, 116],
where these large-scale oscillations were attributed to the delayed response of the gauge field
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Figure 5. Column (a): time evolution of the instability variable £ during one period of motion on
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figures 1 and 2, for v = 3.6 x 107 and b € {1.4, 1.9, 3.3, 24} x 107, respectively.

— 923 —



to variations in the inflaton velocity. Notably, the frequencies of the large-scale oscillations in
the late-time nonlinear regime, wy, are in good agreement with the imaginary parts of the
corresponding Lyapunov exponents in the linear perturbation regime, Im (1, which take the
values 0.95, 1.18, 1.34, and 1.49 for panels (c1)—(c4) of figure 5, respectively. Thus, the linear
perturbation analysis accurately predicts the oscillation frequency in the nonlinear regime.

As the coupling increases, an additional peak emerges and shifts toward higher frequencies,
signaling the presence of the shorter time scale associated with the burst-like dynamics. It
may get shorter and shorter with increasing coupling b, possibly even going to zero. At
present, the physical origin of this short time scale and its behavior for larger b remains
unclear and deserves further investigation.

Note that, taking the decreasing characteristic short time scale as the unit of time, the
evolution of the system from row 1 to row 4 in figure 5 exhibits the following qualitative
features: (i) the length of the phase-space trajectory rapidly increases; (ii) the period (in
the rescaled time units) grows quickly. Both would diverge if the original characteristic
short time approached zero. Such a behavior would correspond to the so-called blue-sky
catastrophe [133, 134], in which, at a finite value of a control parameter, both the period
and the length of a limit cycle diverge. Beyond this critical point the periodic orbit would
cease to exist. However, for the considered value of the gradient parameter v = 3.6 x 107,
both the trajectory length in phase space and the rescaled period remain finite and increase
approximately linearly in the accessible range of the coupling b. Although we are not able
to explore values of b beyond the one in the fourth row of figure 5 (since the computations
become increasingly demanding), the occurrence of a blue-sky catastrophe appears unlikely
for this value of v. Nevertheless, it cannot be ruled out for larger values of v, farther away
from the codimension-2 bifurcation point.

4 Application to realistic inflationary models

In this section, we consider the full time-dependent inflationary background in two realistic
inflationary models and demonstrate how the new criterion for strong backreaction, introduced
in section 3.2, can be applied in practice.

As a first example, we consider chaotic inflation with a quadratic potential,

_ m2¢2
= 5

Vi(9) (4.1)
where, for definiteness, the inflaton mass is fixed to m = 6 x 1079 Mp. Although this model
is excluded by current CMB observations [17] due to its prediction of a large tensor-to-scalar
ratio, it remains useful as a benchmark. In particular, (i) it accurately describes the shape
of many inflationary potentials near the end of inflation, and (ii) it has been widely used
in previous studies of gauge-field production in axion inflation, both semi-analytical and
lattice simulations.

As a second example, we consider the T-model of a-attractors with the potential [135]

Va(o) = Vo tanh2< (4.2)

i)
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with & = 0.1 and V) = 10~ 1! Mf%. It belongs to the class of plateau models, which are
favored by the CMB observations [28].

We now turn to a representation that enables us to follow the time evolution in realistic
inflationary models. In principle, one could continue working in the (v, b) parameter space.
For practical applications, however, it is more convenient to consider the three-dimensional
space spanned by the Hubble parameter H and the slow-roll parameter ey = (M3/2)(V'/V)?,
which characterize the inflationary background, together with the axion-vector coupling
B governing the interaction with the gauge field. In the model-independent analysis of
section 3, it was sufficient to work with the two effective combinations v and b, which fully
determined the system’s dynamics. Within that framework, two models sharing the same
values of (v,b) —even if corresponding to different triples (H,ey, ) — were dynamically
indistinguishable. In realistic scenarios, however, both H and €y evolve during inflation
according to the specific form of the inflaton potential. It is therefore natural to lift this
degeneracy and enlarge the parameter space accordingly.

As discussed above, the system continuously moves through parameter space during its
evolution. Nevertheless, over intervals of a few e-foldings the background spacetime is well
approximated by quasi-de Sitter expansion. This justifies applying the stability diagram shown
in figure 1, derived under the assumption of constant H and ey, locally along the inflationary
trajectory. Our goal is to follow this trajectory until gauge-field backreaction becomes relevant,
that is, until the condition Re (3 > 0 is satisfied for the first time for a given value of .

To determine this point, we use the expression for the threshold value of v from eq. (3.45),
together with the definition of v in eq. (3.8). Solving the latter for ey, we obtain contours
in the (H,ey) plane corresponding to the onset of backreaction for fixed value of the axion-
vector coupling f:

2
H? BH\1? 8 7 |BH/Mp
thr new
- 2L ~ o w2 D 2P s 4.
"' (H,5) 18M2 {vthr (Mpﬂ o |V 2@ "o -

Equivalently, for any given point (H,e€y) one may determine the threshold coupling Sy, at
which Re(; = 0 by solving eq. (4.3) with respect to 8. The color shading in figure 6(a)
represents the resulting function Sy, (H, €y), while the white contour lines indicate constant
values of Bi, ranging from 10 to 100. Note that the approximate expression given in the
second equality of eq. (4.3) reproduces the exact numerical result very accurately, with a
relative error not exceeding 3.5 % over the entire parameter range shown in figure 6(a).
The expression for e%}“ in eq. (4.3) represents one of our main results in this paper. It
notably provides a convenient framework for analyzing realistic inflationary models. One
simply overlays the slow-roll trajectory in the (H,ey) plane and identifies its intersection
with the contour corresponding to the chosen value of 5. By the slow-roll trajectory we

mean the parametric curve ey (H) determined by

Vi)
3MZ’

M3 {V'w)r_

H(e) = 2 V(o)

ev(e) = (4.4)

For a specified inflaton potential V' (¢), the slow-roll trajectory can thus be obtained directly,
without solving any differential equations.
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Figure 6. Panel (a): threshold value of the axion-vector coupling, B¢, at which the system enters
the UB regime (corresponding to the solid red line in figure 1), shown as a function of the slow-roll
parameter ey and the Hubble parameter H. The white curves denote contours of constant Sin,. The
yellow solid and dotted curves represent the slow-roll trajectory of chaotic inflation with the quadratic
potential (4.1) and m = 6 x 107¢ Mp, while the cyan solid and dotted curves correspond to the
a-attractor T-model (4.2) with o = 0.1 and Vp = 107 M3, The yellow and cyan stars mark the
intersections of the corresponding slow-roll trajectories with the contours B, = 20 and Sy = 60,
respectively, where the backreaction threshold in eq. (4.3) is first satisfied for the respective models.
In both cases, the trajectory is shown as a solid line prior to satisfying the backreaction criterion
and continues as a dotted line afterwards. Circle markers at the ends of the trajectories indicate the
termination of the SR regime at ey = 1. Panel (b): instability variable £ as a function of the number of
e-foldings AN for the chaotic inflation model with 5 = 20 (yellow curves) and the a-attractor T-model
with 8 = 60 (cyan curves). Solid curves show the solution of the full system including gauge-field
backreaction, obtained using the GEF approach. Dashed curves correspond to the evolution with
the gauge-field backreaction artificially switched off. For each model, the solid and dashed curves
are horizontally shifted so that, at AN = 0, the inflaton value coincides with that of the slow-roll
trajectory at the starred point in panel (a). Yellow and cyan diamonds mark the points along the
solid curves where the condition dxg = 1 is satisfied for the first time. The filled circle indicates the
end of inflation on the dashed trajectory. Panel (c): relative deviation between the solid and dashed
curves in panel (b), defined as ¢ = [(noBR/EcEF) — 1] X 100%, plotted as a function of AN. The
stars, diamonds, and color coding follow the conventions of panel (b).

As an illustration, figure 6(a) displays representative slow-roll trajectories for the two
inflationary potentials introduced above. The chaotic inflation model is shown by the yellow
curve, while the T-model trajectory is shown in cyan. The intersections of the slow-roll
trajectories with the contours corresponding to the chosen values of 5 are marked by stars
of the respective colors. Segments of the trajectories prior to these intersection points are
shown as solid lines, whereas the segments beyond them are dotted, emphasizing that the
system departs from the slow-roll trajectory once backreaction becomes important.

To make this departure explicit, we examine the time evolution of the instability variable &
for each model. We consider the exact dynamics in two cases: (i) the gauge-field backreaction is
artificially switched off in the Friedmann and Klein-Gordon equations, and (ii) the backreaction
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is consistently included using the GEF approach. Figure 6(b) shows the evolution of £ as
dashed curves in case (i) and as solid curves in case (ii), with the color coding matching that
of panel (a).? The number of e-foldings is normalized such that, at AN = 0, the inflaton
value reached by the system in both cases coincides with its value on the slow-roll trajectory
at the starred point in panel (a). These reference points are therefore also indicated by stars
in panel (b). In the full GEF solution, shown by the solid curves in figure 6(b), one can
explicitly determine when the old backreaction condition dxc = 1 is satisfied for the first
time. For the two models under consideration, these points are indicated by diamonds of
the corresponding colors along the solid curves.

Figure 6(c) presents the relative deviation between the dashed and solid curves in panel (b)
as a function of the number of e-foldings. The plot shows that the deviation induced by the
gauge-field backreaction does not occur instantaneously when the new backreaction criterion
is satisfied, but rather develops over a short interval of order O(1) e-folding. Remarkably,
for some models, the relative deviation at the onset of backreaction can be extremely small
(for instance, ~ 10~* in the T-model case). This demonstrates that the new criterion is
capable of identifying the onset of backreaction dynamics even when the effect is initially
still “invisible to the naked eye.” In contrast, the condition dxg = 1 signals a stage where
backreaction is already strong and relative deviations of O(1) are present, as indicated by
the diamond markers.

These examples demonstrate that the new backreaction criterion based on the largest
real part of the Lyapunov exponent, evaluated for fixed H and ey, performs well across
qualitatively different classes of inflationary models, including both large-field and plateau
models. The yellow and cyan stars in figure 6 notably mark “points of no return”, beyond
which the system enters the UB regime. At the same time, we emphasize that our GEF
results do not become immediately unreliable (because of the absence of axion gradients) as
soon as these points are crossed. Earlier comparisons with numerical lattice simulations have
shown that the GEF results can often still be trusted for a small number of e-foldings, i.e.,
until shortly before the first local minimum in the evolution of ¢ is reached [118-120] (see
also ref. [128]). For our purposes, the full GEF results figure 6(b) thus represent a sufficient
proxy of the exact lattice results. Our new criterion hence provides a practical and efficient
diagnostic for identifying regions of parameter space free from unstable backreaction, without
the need to solve the full set of background equations.

5 Conclusions

In this work, we performed a comprehensive investigation of the nonlinear dynamics of axion
inflation coupled to an Abelian gauge field, with particular emphasis on the regime of strong

9Note that, even in case (i), the system does not exactly follow the dotted slow-roll curve in figure 6(a),
since the latter is obtained from eq. (4.4) under the slow-roll approximation applied along the entire trajectory.
The exact solution without gauge-field backreaction can be expanded in a perturbative series of Hubble flow
parameters, while eq. (4.4) is only valid at leading order in this perturbative series. Therefore, the dashed
curves in panel (b) always have a small deviation from the ideal slow-roll path. To avoid confusing this
intrinsic deviation from the leading-order slow-roll result with the effect of gauge-field backreaction, we plot in
figure 6(b) the exact trajectory without backreaction rather than the approximate slow-roll one.
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gauge-field backreaction. Using the gradient-expansion formalism (GEF) and its linearized
counterpart (LGEF), we carried out a systematic exploration of parameter space and clarified
the precise conditions under which backreaction becomes dynamically important.

In our analysis, we revisited the long-standing question of the stability of the Anber-
Sorbo solution, in which the axion potential gradient is balanced by Hubble friction and
gauge-field-induced friction. While previous studies established that this solution is unstable
in large parts of the strong-backreaction regime, we demonstrated that this conclusion is
not universal. By computing the full spectrum of Lyapunov exponents for homogeneous,
time-dependent perturbations, we identified a qualitatively new parameter region in which the
Anber-Sorbo solution remains dynamically stable despite strong backreaction. This regime,
which we dubbed stable backreaction, was not reported previously in the literature.

A central result of this work is the construction of an instability map based on the
maximal real part of the Lyapunov exponents (,. This map reveals that the onset of
instability generally precedes the point at which the conventional backreaction criterion,
based on the magnitude of the (F - B) term in the Klein-Gordon equation for the inflaton, is
satisfied. As a consequence, we proposed a new and more stringent criterion for the onset of
(unstable) backreaction, formulated as the condition max (Re(,) > 0.

Beyond the linear stability analysis, we also investigated the nonlinear dynamics inside
the unstable regime. By varying the axion-vector coupling at fixed potential shape, we
identified a pair of supercritical Hopf bifurcations at the boundaries of the instability region.
Between these bifurcations, the system evolves toward nontrivial limit manifolds in phase
space. Deep inside the unstable regime, the dynamics becomes strongly nonlinear and exhibits
deterministic bursting behavior, characterized by intermittent episodes of intense gauge-field
production separated by comparatively quiescent phases. The presence of multiple intrinsic
time scales in this regime has been confirmed by Fourier analysis.

We further applied our new backreaction criterion to realistic inflationary models with
time-dependent background quantities. For large-field (chaotic) inflation and plateau-type
a-attractor models, we showed that, when the inflationary trajectories cross the instability
boundary during their evolution, the deviations from the slow-roll trajectory occur on a
short time scale, typically within ~ 1 e-folding after crossing the threshold. These results
demonstrate that the Lyapunov-based backreaction criterion is robust across qualitatively
different classes of inflationary potentials and can be used as a practical diagnostic without
solving the full evolution equations —see eq. (4.3) for a ready-to-use fit formula.

Our analysis is restricted to a homogeneous axion field and to perturbations depending
only on time. While this limitation precludes definitive statements about the growth of spatial
inhomogeneities, we argue that the stability properties identified here are likely relevant
for superhorizon modes of axion perturbations. In particular, the existence of a stable-
backreaction (SB) regime suggests that strong gauge-field production does not necessarily
imply rapid growth of axion inhomogeneities or a breakdown of the homogeneous description.
However, the answer to this important question can only be obtained by a detailed study
of perturbations in the SB regime, which we postpone to future work.
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A  Gradient-expansion formalism

The background dynamics of homogeneous axion inflation can be analyzed using the gradient-
expansion formalism (GEF). This approach reformulates the dynamical evolution of the
axion-gauge-field system in terms of bilinear expectation values of the electric and magnetic
field operators.

4 kh(t)dk 2kn+3
n a n a n| A
h 5 TRy N
4 kh(t)dk kn+4
n a n a n A *
h rd TRy N
kn(t)
. at . dk ks .
h 4 TRy N

where ky, (t) is given by eq. (2.26), and the mode functions Ay(t, k) are the solutions to the
mode equation (2.19). The evolution of the bilinear functions defined above is governed by
an infinite chain of ordinary differential equations:

o dinks o kb —(n o1 dink .
B4 () ) 2 F O —aleR ) = TR 3 (),
A=x1
(A.2a)
i dinkn ) kn (o . w1 dlnk .
& () =) - 2 (FY - FY) —oHER) = ST S A G (),
A=t1
(A.2b)
- (n dlnkh n kh n+1 1 dlnk:h n
W+ (4+n) 7 fé)—Qg((; ):m 7 > A"By(9),
A=t1
(A.2¢)
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where ¢ is the instability variable defined in eq. (2.20), ky is the UV cutoff momentum given
in eq. (2.26), and the functions F), G, and B) are given by

A€
BX(E) = gz |(2le] = INOW iy 1 (~4ile]) + Wnes(4eD] . (A3a)
A€
BAE) = g Re {Wi_ing 1 (~41€DWipe  (4il€D | (A.3b)
By(€) = Wy (i) (A.30)

The infinite system of coupled differential equations (A.2) can be approximately closed at
an order ng ~ O(100) by using the truncation condition [128]

Fer0 =S (B A, xepen
I=1
where L > 1 is an integer. Previously [73, 74, 127], the value L = 1 was used in numerical
computations; however, larger values L ~ 5 — 10 may lead to a more stable numerical result.
These equations must be solved alongside the Klein-Gordon equation, eq. (2.24), and (in
the realistic inflation case) the first Friedmann equation, eq. (2.25), to obtain the evolution
of all background quantities.
The gradient-expansion formalism is implemented in a new Python package: the GEF
Factory (GEFF) [130], available at github.com/richard-von-eckardstein/GEFF. The numeri-
cal results in section 4 were obtained using this package.

B Comparison to previous studies

The stability of the Anber-Sorbo solution has been studied previously in refs. [115, 116]. While
ref. [115] derived general analytical results under a set of simplifying assumptions, ref. [116]
performed a numerical parameter scan to determine the survival time of the Anber-Sorbo
solution as a function of model parameters.

To reduce the dimensionality of parameter space, the authors of ref. [116] fixed the Hubble
rate during inflation to be a specific function of 5 and &,

]\ij —2x1077 (120)1/2 exp[—2.85 = 7)} . (B.1)

This choice ensures that the backreaction term in the Klein-Gordon equation is already
strong, dxg > 1, while the energy density of the gauge field remains negligible in the
Friedmann equation.

For their numerical scan, the authors considered the parameter ranges § € [101%, 103]
and £ € [5, 9]. The corresponding region, translated into the (v, b) parameter space used
in the present work, is shown by the green-shaded rectangle in the stability diagram in
figure 7. The green star marks the benchmark point 8 = 10%?, € = 7, which served as the
primary reference point in ref. [116].

Several studies [73, 88, 94, 102, 113, 117-122] have investigated gauge-field production
in realistic realizations of axion inflation using a variety of methods, including the mode-
by-mode treatment in momentum space [88, 94, 113], the GEF approach [73, 102], and
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Figure 7. The same stability diagram as in figure 1. Colored-shaded regions and markers indicate
the parameter ranges and benchmark points studied in the works listed in the legend. In particular,
the green-shaded band corresponds to the region of parameter space explored in ref. [116] within a
setup similar to the present study. The green star marks the central benchmark point, v = 3.6 x 107,
B =1025, and £ = 7, for which most of the results of ref. [116] were obtained. Models considered in
other references are summarized in table 1.

lattice simulations [117-122]. The inflaton potentials and parameter ranges explored in these
works are summarized in table 1, and the corresponding regions in the (v,b) parameter
space are shown in figure 7.

Importantly, all parameter regions considered in previous studies fall within the conven-
tional slow-roll or unstable-backreaction regimes. In this work, we identify a new regime —the
stable backreaction —that has not been explored before and exhibits qualitatively different
behavior; see section 3.2. Within the assumptions of ref. [116], the conclusion that the
Anber-Sorbo solution is generically unstable was therefore correct. Our results demonstrate,
however, that this conclusion does not hold universally once a broader region of parameter
space is explored.

Data Availability Statement. This article has associated data in a data repository. The
code is available at https://doi.org/10.5281/zenodo.20372735.

Code Availability Statement. This article has associated code in a code repository. The
source code used for the numerical solutions in section 4, the Gradient Expansion Formalism
Factory (GEFF), is freely available at https://github.com/richard-von-eckardste
in/GEFF.
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m = 6.16 x 10~ 5Mp
[120] 8 € [10,35]
[122] m = 6.16 x 105 Mp
B € [14.25,17.1]
m € [6.6,500] x 10~5Mp
B € [64,1024]
m =10"2Mp, f =102
[113] Vo= T 10 MbM
v =1[0.125, 5] Mp
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v = \/877TMP
B €[14.9,17.9)
w="6x10"*Mp
Monodromy | u3(1/¢? + ¢2 — ¢.) ¢ = 0.1Mp
B € [18.9,22.7]
4o Vo=57x10"1 M3
Hilltop Vo [1 — (f) } v =8Mp
(122] B € [20.8,25]
A =716 x 1073Mp
AL tanh? £ M = 8.79Mp Lattice
B € [15.2,18.2]
A =8.47 x 1073 Mp
A tanh £ M = 8.22Mp
a-attractors Vo 5266'[211.61’01,51.;]]\413
ay, = 3/10
e 2 B € [17.8,21.4]
Vo (1~ o) Vo = 1.08 x 10~ 11 M/p
[121] a, = +/20/3
B € 665, 770]

Table 1. Summary of axion-inflation models with gauge-field production considered in the literature,
including the associated potentials, parameter ranges, and numerical methods employed. The
corresponding regions in the (v, b) parameter space are displayed in figure 7.
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