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Gradient dynamics model for drops of volatile liquid on a porous substrate
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We present a mesoscopic hydrodynamic model for a spreading drop of volatile partially
wetting liquid on a solid porous layer of small thickness. Thereby, evaporation takes place
under strong confinement, i.e., we consider a drop that spreads on one of two parallel plates
that form a narrow gap. Our gradient dynamics model describes the coupled dynamics of
the vertically averaged vapor density profile, the drop height profile, and the vertically
averaged saturation profile in the porous layer. The underlying free energy incorporates
saturation-dependent wettability, capillarity of the drop and within the porous layer, air
and vapor entropy, and an entropic contribution relevant close to the complete filling of
the porous layer. After developing the model, we discuss the resulting sorption isotherm
and illustrate typical drop spreading and imbibition behavior, including the formation of a
saturation halo within the porous substrate.
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I. INTRODUCTION

The behavior of liquids in and on porous media has been studied for a long time [1–6] due to
the wide spectrum of natural and technical systems where this is relevant. Examples include the
motion of particles with a porous outer layer in a liquid [7], mushy regions occurring during the
solidification of alloys [8], droplets of simple or complex liquids spreading on and within porous
solids [5,6,9–17], reactive drops within a porous medium [18], the dewetting of a liquid film on a
porous medium [19,20], thermocapillary instabilities in systems involving porous layers [8,21,22],
the infiltration of water into soil [23–25], the coating of porous substrates [26,27], drops on polymer
layers and brushes [17], and phase behavior in nanoporous materials without [28] and with light-
switched properties [29].

Particular interest has focused on liquid flow past a porous medium [22,30–38] as well as on
the motion and stability of moving liquid-gas interfaces (imbibition fronts) within a porous medium
[12,23,39–43], including cases where chemical reactions occur [44,45]. Also, the absorption of
vapors into porous materials is of interest [46]. Note finally that the creation of liquid-infused
slippery substrates is often based on porous substrate layers [47–51].

There are various approaches to modeling the dynamics of the imbibition process, i.e., the flow
of liquid into and within porous material. In one approach, the wet and dry regions within the
porous medium are separated by a sharp imbibition front and the flow within the “wet” part is
described via Darcy’s law v = −(κ/η)∇p. It describes the velocity field v, which is driven by the
pressure gradient ∇p between the liquid reservoir and the Laplace pressure inside the pores of the
porous medium [12,13]. Here, κ denotes the permeability of the porous medium, and η the dynamic
viscosity of the liquid.
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A spreading droplet on a permeable membrane (porous medium with only vertical pores) is
modeled by Davis and Hocking [6] using a thin-film equation with a sink term that is driven by
the same pressure as the convective flux (see their Sec. II). In particular, their Eqs. (1a)–(1c) can be
written as a gradient dynamics model [52] for the film height h:

∂t h = ∇ ·
[

Q∇ δF
δh

]
− M

(
δF
δh

− pvap

)
, (1)

with the mobilities Q = h3/3η, M = κ/η, the free energy F = ∫
[σ (∂xh)2/2 + �liqgh2/2]dx, and

pvap = 0. Here, σ is the interface tension, �liq is the mass density of the liquid, and g is the
gravitational acceleration. In this model, no lateral motion within the porous layer is accounted
for.

Davis and Hocking [6] also describe in their Sec. III a model for a droplet on a fully saturated
porous substrate where lateral Darcy flows may occur. Furthermore, a model with an explicit wet-dry
boundary within the porous layer is considered (their Sec. IV). The process of imbibition into the
vertical pores is included in Ref. [9], resulting in the coupled dynamics of height profiles on top and
inside the porous medium, modeled through two coupled thin-film equations. Both height profiles
of the form hi(x, t ) are measured from the porous-liquid interface, i.e., every pore consists of a filled
and an empty section. This approach does not allow for lateral transport within the porous layer and
is also followed by Alleborn and Raszillier [11].

Partially filled pores can be accounted for in phase-field models of infiltration [23–25,53,54].
The governing equation describes the dynamics of a filling ratio within the porous medium and is
mathematically closely related to a thin-film equation. Such models amend Richards equation [1],
which itself extends Darcy’s law to unsaturated porous media. In a related approach, Kap et al.
[55] have recently presented a gradient dynamics model for a volatile droplet on a grafted polymer
substrate, which describes the coupled dynamics of the droplet, the liquid within the substrate and
the vapor, also cf. the review in Ref. [56].

Here, we develop a model of reduced dimensions for drops of volatile liquids on porous
substrates that incorporates the vapor dynamics. Such a thin-film model allows for very effi-
cient calculations and provides a good basis for parametric studies that allow one to investigate
occurring qualitative and quantitative changes in the dynamic behavior. Namely, we adapt the
approach of Ref. [56] by replacing the polymer brush substrate with a porous medium of small
finite thickness, and by furthermore incorporating the driving by capillary pressure as employed
by Cueto-Felgueroso and Juanes [25], Beltrame and Cajot [43]. The resulting model effectively
extends Eq. (1) with additional equations for the vapor dynamics and the dynamics of the liquid
within the pores. It can be applied to studies of spreading drops of volatile liquids on porous
substrates that are initially unsaturated. The pursued gradient dynamics approach to mesoscopic
hydrodynamics is based on the observation that in the Stokes limit, i.e., without inertia, the dynamics
of a hydrodynamic system are simply driven by the minimization of a free energy functional. Such a
thermodynamically consistent approach has for a long time been employed for the description of dif-
fusive processes like the decomposition of binary mixtures via the Cahn-Hilliard equation [57–59]
before it was noted by Mitlin [60] that the long-wave equation [61], that describes the dewetting of
a thin layer of simple nonvolatile liquid, belongs to the same class of models [52]. Subsequently, the
finding was extensively employed in the analysis of such systems and, more importantly, extended
to more complex thin-film systems [56,62–66]. Writing the hydrodynamic thin-film equations in
gradient dynamics form automatically ensures that the derived equations respect the principles
of thermodynamics, i.e., provides a convenient consistency check. This facilitates, in particular,
the incorporation of additional effects via the inclusion of further degrees of freedom and energy
contributions [67].

The mesoscopic hydrodynamic model is presented in Sec. II as a three-field gradient dynamics.
Particular attention rests on the involved transport processes and the underlying energy functional.
The subsequent Sec. III discusses the resulting sorption isotherm of the porous medium, while
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ρtot = ρvap(x, t) + ρair(x, t)vapor

d

z0 ζ(x, t)porous substrate

x

z y

FIG. 1. Sketch of the considered geometry for a volatile liquid drop on a porous substrate within a shallow
chamber of height d . The thin porous substrate allows for slow lateral diffusion of liquid while vertical diffusion
is fast. The drop profile is described by the height h(x, t ), the substrate has a constant thickness z0, and the liquid
contained in the pores is described by an effective height ζ (x, t ). The particle densities of vapor ρvap(x, t ) and
ambient air ρair (x, t ) together account for a constant total density ρtot in the gas phase.

Sec. IV analyzes the coupled spreading, evaporation, and imbibition dynamics of a sessile drop on
a porous substrate. Finally, we conclude in Sec. V with a brief discussion.

II. MESOSCOPIC HYDRODYNAMIC MODEL

A. Three-field gradient dynamics

The gradient dynamics model that we develop in the following includes fields for the local vapor
concentration above the substrate and the local amount of liquid within the porous medium. A sketch
of the considered geometry is shown in Fig. 1. Importantly, we assume that both the gas layer and the
porous substrate are thin as compared to lateral extensions such that the local vapor concentration, as
well as the local filling ratio of the pores, are approximately homogeneous in vertical direction. For
the vapor layer, this is ensured by considering a confined geometry, i.e., the gas phase is limited by
a horizontal solid plate situated at a distance d from the substrate. Such a setup for the description
of the diffuse vapor dynamics was introduced for a volatile drop on a smooth solid substrate by
Hartmann et al. [68] and employed for such a drop on a brush-covered substrate in Ref. [55]. Within
the thin porous substrate, vertical liquid transport is quasi-immediate, such that the filling ratio of
the pores can be assumed to be nearly independent of the vertical coordinate z. This holds for very
thin isotropic substrates as well as for thicker substrates with predominantly vertical pores with few
lateral connections.

Given these assumptions, we use three variables ψi(x, t ) to describe the state of the system
formed by the drop, porous substrate, and vapor layer. The general gradient dynamics framework
reads [67]

∂tψi = ∇ ·
⎡
⎣ 3∑

j=1

Qi j ∇ δF
δψ j

⎤
⎦ −

3∑
j=1

Mi j
δF
δψ j

, (2)

where the subscripts i, j = 1, 2, 3 refer to the three fields and the 3 × 3 mobility matrices with
components Mi j and Qi j represent the conserved and nonconserved dynamics, respectively.

The variable ψ1 describes the number of liquid particles within the drop per substrate area and
relates to its profile height h as

ψ1(x, t ) = ρliqh(x, t ), (3)
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where ρliq is the constant and uniform particle number density of the liquid. Further, ψ3 describes the
number of vapor particles within the gas layer per substrate area and relates to the height-averaged
vapor density ρvap(x, t ) via

ψ3(x, t ) = ρvap(x, t )[d − h(x, t )]. (4)

For simplicity, we consider the system as isothermal and assume that the total particle density ρtot

in the gas layer is constant and uniform. This assumption reflects that the velocity of sound is much
larger than the velocity of all dynamics processes we are interested in.

Here, ρtot is the sum of the vapor particles and of the remaining particles of the atmosphere
constituents, simply labeled as “air.” Therefore,

ρtot = ρvap(x, t ) + ρair (x, t ). (5)

Finally, the variable ψ2(x, t ) is the number of liquid particles within the porous layer per
substrate area. It is proportional to the local pore-filling ratio �(x, t ), i.e.,

ψ2(x, t ) = ρliqz0b�(x, t ) = ρliqζ (x, t ), (6)

where b is the uniform and constant porosity (void fraction) and z0 is the thickness of the porous
layer. We have also introduced ζ (x, t ) = z0b�(x, t ) as the effective height of the substrate-
contained liquid.

B. Transport processes

The conserved mobilities Q account for three processes: (i) viscous motion within the drop, (ii)
Darcy-type diffusive transport of liquid particles within the substrate, and (iii) diffusive transport
of vapor particles within the gas phase. This automatically neglects any dynamic coupling between
the phases. In particular, there is no direct dynamic coupling between the liquid in the drop and
the liquid in the porous layer, i.e., Q12 = Q21 = 0. This should be a good approximation at small
porosity, but could in principle be improved along the lines of Thiele et al. [36], i.e., by considering
Darcy-Brinkman dynamics in the porous layer. The resulting mobility matrix is diagonal, namely,

Q =

⎛
⎜⎜⎝

1
ρliq

ψ3
1

3η
0 0

0 D̂porψ2 0

0 0 1
kBT Dvapψ3

⎞
⎟⎟⎠, (7)

with the vapor diffusion coefficient Dvap. The mobility of the liquid within the porous substrate,
D̂por, needs to be determined, e.g., from Darcy’s equation [4] and will depend on the permeability κ

of and the effective viscosity ηeff = η/b in the porous layer. Following the phase-field approach of
Cueto-Felgueroso and Juanes [25], we obtain

D̂por = z0κkr (�)/ηeff , (8)

where kr (�) is a relative permeability, i.e., an increasing convex function of the liquid saturation
�. For an example of such a function, see Fig. 2 of Ref. [25]. Darcy’s law is recovered for kr (�) =
const.

The nonconserved mobilities M account for all three transfer processes, namely, (i) evaporation
(or condensation) between the film and the gas phase, (ii) evaporation (or condensation) directly
between the substrate and the gas phase, and (iii) liquid transfer between the porous substrate and
the drop. We assume that these processes are solely driven by the partial pressures of the phases and
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assign corresponding Onsager coefficients. The resulting matrix reads

M =

⎛
⎜⎜⎝

Mim + Mev −Mim −Mev

−Mim Mim + M ′
ev −M ′

ev

−Mev −M ′
ev Mev + M ′

ev

⎞
⎟⎟⎠. (9)

where Mev and M ′
ev are the Onsager coefficient of phase change for the drop and the substrate,

respectively, and Mim is an imbibition rate coefficient. The particular form of the matrix ensures that
ψ1 + ψ2 + ψ3 is conserved, i.e., ∂t (ψ1 + ψ2 + ψ3) = −∇ · jψ1+ψ2+ψ3

.
As the porous medium exposes only a fraction of the contained liquid to the surface via the pores,

we ensure that the evaporation rate from the substrate surface scales with the porosity employing
the simple assumption

M ′
ev = bMev. (10)

Keeping the overall structure of the matrix, in principle, more complicated dependencies may be
incorporated into the M ′s.

C. Free energy functional

Next, we discuss the underlying free energy functional F[ψ1, ψ2, ψ3]. We employ the long-
wave approximation [61,69] and, for convenience, use the fields h, ρvap, �, and ζ as abbreviations
for the relations containing only ψi. We have

F =
∫

�

[
γlg

2
(∇h)2︸ ︷︷ ︸

liquid-gas interface energy

+ γsl(�)︸ ︷︷ ︸
liquid-substrate interface energy

+ fwet(h, �)︸ ︷︷ ︸
wetting energy

+ (h + ζ ) fliq(ρliq )︸ ︷︷ ︸
liquid bulk energy

+ (d − h) fvap(ρvap)︸ ︷︷ ︸
vapor energy

+ (d − h) fair(ρair )︸ ︷︷ ︸
air energy

+ z0
�

2
(∇�)2 + z0�(�)︸ ︷︷ ︸

substrate energy

]
dxdy, (11)

where fliq, fvap, and fair are bulk liquid, vapor, and air energies per volume, γlg is the constant liquid-
gas interface energy, γsl is the (adaptive) filling ratio-dependent liquid-substrate interface energy,
and fwet(h, �) is the (per area) wetting energy. Note that the liquid-substrate interface energy is not
easily accessed experimentally. We emphasize, however, that it can be related to the contact angle
of an equilibrated droplet via a Young relation.

The remaining terms (last two) represent the energetic description of the porous substrate layer
that we base on the work of Cueto-Felgueroso and Juanes [25]. Namely, the substrate energy
contains the capillary potential �(�) and a nonlocal term that encodes the apparent interface
energy � of imbibition fronts. The factor z0 transforms the per-volume contributions into a per-area
contribution in our height-averaged setting. It also relates the filling ratio � to the effective height of
liquid in the pores, ζ = z0b�, see Eq. (6). The capillary potential is related to the capillary pressure
function J (�) ∼ −∂��. Analytical expressions for J and the relative permeability kr (�) are given,
e.g., by the van Genuchten-Mualem model (vGM) [25,70], where

kr =
√

�[1 − (1 − �1/m)m]2, (12)

J = pc (�−1/m − 1)1/n. (13)

Here, pc is the scale of the capillary pressure, n > 1 is a measure of pore size distribution, and
m = 1 − 1/n. The capillary pressure constant pc results from the Laplace pressure inside the pores
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FIG. 2. Capillary pressure ∂�� and corresponding potential � as functions of the pore filling ratio �

according to Eq. (16) in units of f0 = ρliqkBT . We consider a low porosity b = 0.01, all other parameters
are as in Table I, i.e., the dimensionless capillary pressure constant is pc/ f0 ≈ 0.1. Shown are the cases with
(solid line) and without (dashed line) the entropic correction fentropic, which ensures that the capillary pressure
diverges when the pores are completely filled, � → 1. Note that pressure and potential have identical units as
� is dimensionless.

and relates to the capillary rise hcap via Jurin’s law [25,71], i.e.,

pc = 2γlg cos θeq

r0
= �liq ghcap, (14)

with the typical pore radius r0 ≈ √
κ/b, the liquid mass density �liq, and the equilibrium contact

angle θeq of the liquid on the pure (nonporous) substrate material.
Note that the capillary pressure ∂�� is always negative for 0 < � < 1, zero for � = 1, and

undefined for � > 1. In other words, the energetic minimum of the capillary potential is at full
saturation � = 1. The case � > 1 corresponds to the (unphysical) oversaturation of the porous
medium with liquid, i.e., the volume of the contained liquid would be larger than the space available
in the pores. To prevent such unphysical behavior in our dynamic model [72], we additionally
incorporate an entropic contribution arising for the two-phase system formed by the liquid and
the gas within the pores [73]. For the nearly saturated liquid of interest, this gives the entropic
contribution to the local free energy

fentropic(�) = bρliq kBT (1 − �) log(1 − �). (15)

The complementary entropic contribution of the gas in the pores is negligible against the capillary
potential that is part of the employed vGM model (13). We combine the entropic contribution (15)
with the previously employed vGM expression (13) into the capillary potential �. Here, we use this
to directly define the pressure

∂�� = −J + ∂� fentropic. (16)

At low porosity b, the entropic part only corresponds to a small correction to the capillary pressure
(and resulting potential), as can be assessed in Fig. 2. There, both the capillary pressure ∂�� and
potential � are illustrated. Nevertheless, including the entropy is crucial as it ensures that the
capillary pressure diverges when approaching complete filling, � → 1, i.e., the minimum of the
capillary potential is always at � < 1.

To account for the adaptive wettability of the porous substrate, we follow an approach similar
to Kap et al. [55]. Namely, we assume a power law dependence of the Hamaker constant on the
volume fraction c of the substrate material in the porous layer:

fwet(h, �) = A0 ca

(
h3

p

5h5
− 1

2h2

)
, (17)
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where A0 is the Hamaker constant of a poreless substrate and a � 0 is some constant exponent. The
substrate volume fraction is c = 1 − b�, i.e., the complement to the liquid concentration.

Furthermore, we assume that the interface energy between the drop and the porous layer adapts
with the same power law as used in the wetting potential. This ensures consistency with the adaption
of a macroscopic substrate-gas interface energy, similar to the case of a polymer-brush substrate
discussed in Ref. [74]. Hence, we write for the substrate-liquid interfacial energy

γsl(�) = γsl, dry ca, (18)

with some positive exponent a. This implies that the interface energy decreases when the substrate
fills with liquid. Note that the power law assumption is employed purely for the sake of simplicity.
While we acknowledge that a more intricate choice is possible, the present ansatz is suggested as
one of the most basic models for adaptive wettability. Later on, we reduce the ansatz even further to
a linear interpolation between the known limiting cases by setting a = 1.

Vapor and air are considered to correspond to ideal gases, cf. Ref. [68]. As a consequence, their
respective free energy densities are purely entropic

fvap = kBT ρvap[log(�3ρvap) − 1] and fair = kBT ρair[log(�3ρair ) − 1], (19)

with the mean free path length �. This completes the discussion of all modeling elements.

D. The kinetic model

The dynamic equations (2) involve the variations of the free energy functional, which compute
as

δF
δh

= ρliq
δF
δψ1

= −γlg�h + ∂h fwet(h, �) + fliq

δF
δζ

= ρliq
δF
δψ2

= ∂ζ [γsl(�) + fwet(h, �) + z0�(�)] + fliq − �

z0b
��

δF
δψ3

= kBT log

(
ρvap

ρtot − ρvap

)
, (20)

where in the final equation we have used that the vapor particle density is much smaller than the
total gas particle density, which itself is much smaller than the liquid density ρvap � ρtot � ρliq, as
discussed in more detail by Hartmann et al. [68].

Inserting the energy variations as well as the mobility matrices [Eqs. (7) and (9)] into the three-
field gradient dynamics Eq. (2) gives the resulting dynamic equations

∂tψ1/ρliq = ∇ ·
[

ψ3
3

3η ρ2
liq

∇ δF
δψ1

]
− jev − jim,

∂tψ2/ρliq = ∇ ·
[

Dpor

ρliq
ψ2 ∇ δF

δψ2

]
− j′ev + jim,

∂tψ3/ρliq = ∇ · [Dvap(d − h)∇ρvap]/ρliq + jev + j′ev. (21)

The transfer fluxes are

jev = Mev

ρliq

(
δF
δψ1

− δF
δψ3

)
, (22)

j′ev = M ′
ev

ρliq

(
δF
δψ2

− δF
δψ3

)
, (23)

jim = Mim

ρliq

(
δF
δψ1

− δF
δψ2

)
, (24)
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namely, the film evaporation/condensation flux, the evaporation/condensation flux of the liquid
contained in the porous layer, and the imbibition flux, respectively.

Finally, for an efficient numerical treatment, we reformulate the governing equation in terms of
the dimensionless relative vapor concentration (or relative humidity) φ(x, t ) = kBT ρvap(x, t )/psat

and the dimensionless filling ratio of the substrate �(x, t ) = ζ/(z0b)

∂t h = ∇ ·
[

h3

3η
∇ δF

δh

]
− jev − jim

∂t� = ∇ ·
[
κkr (�)

η
∇ δF

δζ

]
+ 1

z0b
( jim − j′ev)

∂t [(d − h)φ] = ∇ · [Dvap(d − h)∇φ] + ρliqkBT

psat
( jev + j′ev). (25)

One could proceed to fully write the model in dimensionless terms. This is usually done by intro-
ducing characteristic scales, namely, a height scale h0, a lateral length scale x0, and a time scale t0.
While such an approach is common in fluid dynamics and often useful, it results in a rather tedious
formulation of the presented model where important experimental parameters appear in several
scales and nondimensional parameters. Hence, we have concluded that the dimensional formulation
of the model above is more meaningful for further analysis. However, we highlight some interesting
dimensionless parameters. A set of dimensionless parameters is found in the energetic part of the
modeling if an energy density (or pressure) scale f0 = ρliqkBT is introduced. One of them is the
dimensionless capillary pressure constant pc/ f0 mentioned in the description of Fig. 2, which
can be used to rewrite the capillary potential � in dimensionless terms. Similarly, it unveils the
dimensionless free energy of the liquid fliq/ f0, the dimensionless saturation pressure psat/ f0, and
the dimensionless interface energies γ{lg,sl,sg}/( f0h0). The porosity b as well as the coefficients a, m,
and n are already dimensionless. Furthermore, the parameters governing the dynamic equations can
be compared to derive meaningful dimensionless quantities. A simple approach is to consider the
ratios of Onsager coefficients, e.g., Mev/M ′

ev, to compare the rates of evaporation from the bulk
droplet and from within the pores. In the same way, one may compare the diffusion coefficient of
liquid particles within the pores to the vapor diffusion coefficient via kBT D̂por/Dvap. Note, however,
that D̂por depends on the substrate filling ratio.

The model is now employed to discuss in the next section the resulting sorption isotherm of
the porous medium. The subsequent Sec. IV analyzes the coupled spreading, evaporation, and
imbibition dynamics of a sessile drop on a porous substrate.

III. SORPTION ISOTHERM OF A POROUS MEDIUM

Before we employ numerical tools to study the behavior of the coupled three-phase model, we
consider spatially homogeneous equilibrium states, where h(x, t ) = const, �(x, t ) = const, and
φ(x, t ) = const. These states can be assessed analytically, as the governing equations strongly
simplify when all spatial and temporal derivatives are set to zero. In addition, we assume that the
liquid film is either very thick or that it corresponds to a thin precursor layer, i.e., h � hp or h = hp,
respectively. In both cases, the disjoining pressure that stems from the wetting potential is negligible,
i.e., ∂h fwet (hp, �) ≈ 0 and ∂h fwet (h, �) ≈ 0.

Evaluating the partial pressures [Eq. (20)] for a homogeneous equilibrium state yields
δF
δψ1

= 1

ρliq
fliq

δF
δψ2

= 1

ρliq
{∂ζ [γsl(�) + fwet(h,�) + z0�(�)] + fliq}

δF
δψ3

= kBT log

(
ρvap

ρtot − ρvap

)
. (26)
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In thermodynamic equilibrium, the system is at rest. This implies that the transfer fluxes jev, j′ev,
and jim are zero as the partial pressures balance. In contrast, a larger pressure in the film than
in the substrate causes an absorption of liquid into the substrate until the pressures equilibrate.
By considering the limiting cases of pure liquid-vapor coexistence, liquid-porous coexistence, and
vapor-porous coexistence, it is possible to derive phase coexistence conditions, as shown in the
remainder of this section.

When a thick homogeneous film is in equilibrium with an ambient vapor phase, the air is
considered saturated with vapor. Hence, comparing the film and vapor partial pressures defines
the saturation vapor density, i.e.,

δF
δψ1

= δF
δψ3

∣∣∣∣
ρvap=ρsat

(27)

⇔ fliq

ρliq
= kBT log

(
ρsat

ρtot − ρsat

)
. (28)

Below, this result is used to relate the liquid free energy fliq to the vapor saturation pressure. Note
that it is independent of the substrate state.

Similarly, equating the film and substrate pressures, δF/δψ1 = δF/δψ2, allows one to define
the equilibrium filling ratio for a substrate that is covered with a thick film

∂ζ [γsl(�) + z0�(�)] = 0. (29)

Next, equating the substrate and vapor pressures, δF/δψ2 = δF/δψ3, gives the equilibrium sub-
strate filling ratio as a function of the ambient vapor density

∂ζ [γsl(�) + fwet(hp, �) + z0�(�)] + fliq = ρliqkBT log

(
ρvap

ρtot − ρvap

)
. (30)

Using Eq. (28) to express the liquid bulk free energy through the saturation pressure, the equa-
tion can be written as

φ(�) = exp

{
∂ζ [γsl(�) + fwet(hp, �) + z0�(�)]

ρliqkBT

}
. (31)

The result implicitly defines the sorption isotherm �(φ), i.e., the substrate state as a function of
the vapor concentration. If the porosity is sufficiently low, the term related to the (bulk) capillary
potential dominates the interface terms. This is implied by their scaling behavior with respect to
the substrate thickness z0 or the porosity b. Thus, we simplify the definition of the isotherm by
neglecting the interface terms and write

φ(�) = exp

{
∂��(�)

bρliqkBT

}
. (32)

This result is known as the Kelvin equation and is used widely across soil science [75–78], where
our capillary pressure is often referred to as the matrix potential. Note that the above simplification
is not only valid for a low porosity but in particular also for thick substrates. While a thick substrate
is beyond the scope of our dynamic modeling (due to the lack of vertical spatial resolution), this
point elegantly shows that our static modeling of the free energies recovers the mean-field isotherm
for a porous material in contact with liquid or vapor.

Figure 3 shows sorption isotherms �(φ) of a porous substrate at fixed dimensionless capillary
pressure constant pc/(ρliqkBT ) = 0.1 for various values of the porosity b and the exponent n. A
direct comparison of the sorption isotherms computed here to literature results is not trivial, as the
shape of our curve strongly depends on parameter values. There are numerous examples of sorption
isotherms for porous materials, that are similar to the curves shown in Fig. 3, see e.g., Refs. [79–82].
There is generally a broad variety of sorption isotherms reported in the literature [75], specifically
due to the wide range of additional effects that are not covered here, e.g., an initial adsorption
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FIG. 3. Sorption isotherms �(φ) of a porous medium in vapor according to Eq. (32) for various parameter
configurations and fixed dimensionless capillary pressure constant pc/(ρliqkBT ) = 0.1. In panel (a) we linearly
vary the porosity b at fixed n = 5 and panel (b) shows the linear variation of the exponent n at fixed porosity
b = 0.2. Note that due to entropic influences, some air remains in the pores even for a saturated gas phase,
�(φ = 100%) < 1. The limits of the chosen parameter ranges reflect that (a) the porosity is constrained to
0 � b < 1 (values close to one are unphysical) and (b) for large n the isotherm converges to a shape close to
the one shown for n = 10.

of liquid monolayers on the pore walls [83]. In consequence, the sorption isotherm predicted by
our model at equilibrium should be used for its initial calibration to a specific experiment before
employing the model for dynamic modeling of experimental results.

IV. SPREADING DYNAMICS: HALO FORMATION

Next, we consider an example of the coupled spreading, evaporation, and imbibition dynamics
of a sessile drop on a porous substrate. Figure 4 shows four corresponding snapshots of a sim-
ulation of the developed three-field porous substrate model, Eq. (25), in a radial geometry. The
boundary conditions are chosen such that the vapor particles are allowed to freely escape from the
radial domain at the outer boundary (at r = 20 mm), where the laboratory humidity φlab = 10 %
is enforced. The full set of employed parameters is given in Table I. The parameters represent
realistic values for commonly employed materials under standard ambient conditions, however, our
choice is not geared toward any particular experiment. The parameters of the liquid, specifically the
viscosity η, the liquid-gas interface energy γlg, the density ρliq, the equilibrium contact angle θeq,
and the saturation pressure psat, were chosen to resemble those of water under normal conditions.
The simulation is performed employing the finite element method implemented in the package
oomph-lib [84]. Details regarding the model transformed into radial geometry can be found in
Ref. [85]. All numerical simulations of the dynamic model make use of adaptive spatial meshing
and adaptive time-steps and have fully converged.

At each of the four chosen times, Fig. 4 contains three panels. The top panel shows the
three transfer fluxes between the phases, namely, liquid-to-vapor evaporation/condensation flux
jev, substrate-to-vapor evaporation/condensation flux j′ev, and liquid-to-substrate imbibition flux
jim. The central panel visualizes the state of the system with the drop given in dark blue, the
ambient vapor concentration presented as a light blue shading, and the porous substrate state as
a red-to-yellow shading below the droplet. The latter represents the local filling ratio, where darker
colors correspond to a larger liquid content of the substrate. The bottom panel gives the humidity
and filling ratio profiles of the gas layer and porous substrate layer, respectively.

Inspection of Fig. 4 indicates that in the initial second, fast imbibition of liquid occurs underneath
the drop [green line in bottom panels of Figs. 4(a) and 4(b)]. In parallel, evaporation results in a
saturation of the vapor phase directly above the droplet [blue line in bottom panels of Figs. 4(a) and
4(b)]. Interestingly, there is some absorption of liquid from the vapor into the porous layer outside
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FIG. 4. Snapshots at four selected times from a numerical simulation of the coupled spreading, evaporation,
and imbibition dynamics of a sessile drop on a porous substrate at parameters given in Table I. At each point in
time (a)–(d) three subpanels are given: (top) local transfer rates jev, j ′ev, and jim on a symmetric log-scale with
a linear scale between ±10−5 µm/s (volume per area per time); (center) simulation domain with the drop in
dark blue, the vapor concentration φ as blue shading, and the porous substrate filling state � as red-to-yellow
shading; (bottom) relative vapor and substrate humidities, φ and �. For chosen times and various line styles,
see legends. The thin dashed vertical line indicates the initial position of the contact line at t = 0, to illustrate
the subtle retraction of the contact line visible in panel (d).

the drop [green line in top panels of Figs. 4(a) and 4(b)]. Over the next minutes [Figs. 4(c) and
4(d)], lateral diffusion becomes the dominating process. On the one hand, vapor diffusion represents
the limiting process for the evaporation of the drop as we are in the diffusion-limited regime, see
Ref. [68] for an extensive discussion of the different regimes. On the other hand, the substrate filling
is also extended far beyond the contact line of the drop. This occurs not only due to diffusion within
the substrate but also because there is a significant condensation of liquid from the vapor phase into
the substrate. We emphasize that the strength of this effect depends on the ratio between the various
rates for the competing diffusive processes. For instance, if the substrate had a larger permeability,
transport within the substrate could be faster than transport in the gas phase, implying that one could
in the first minutes observe the evaporation of liquid from the substrate outside the drop into the gas
phase.
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TABLE I. Model parameters used for the numerical simulation of the coupled spreading, evaporation and
imbibition dynamics in Fig. 4. The parameters for the liquid are chosen similar to water under normal ambient
conditions.

Parameter name Symbol Value

viscosity η 0.89 mPa s
contact angle parameter (dry substrate) θeq tan 30◦

precursor layer height hp 10 µm

liquid particle density ρliq
997 kg/m3

18 g/mol NA

vapor saturation pressure psat 2643 Pa
temperature T 22 ◦

initial drop volume V0 23 µl
initial vapor concentration φlab 10%
liquid-gas interface energy γlg 72.8 mN/m
substrate-liquid interface energy (dry substrate) γbl,0 3 mN/m
imbibition front interface energy � 0.3 mN/m
substrate porosity b 0.2
substrate thickness z0 10 µm
pore size distribution coefficient n 5
adaption exponent (power law) a 1
permeability κ 2 × 10−17 m2

vapor diffusion coefficient Dvap 2.82 × 10−5 m2/s
imbibition rate coefficient Mim 10−13 m/Pa s
bulk liquid evaporation rate coefficient Mev 10−13 m/Pa s
substrate evaporation rate coefficient M ′

ev 10−13 m/Pa s
simulation domain height d 3 mm
simulation domain width L 20 mm

Here, the condensation continues for about a minute [between Figs. 4(c) and 4(d)]. Then, the
process reverses and the liquid evaporates from the porous layer into the gas phase. This results
in the emergence of a quasistationary macroscopic “halo” in the substrate-filling ratio. The system
establishes a continuous flow of liquid from the drop radially outward through the porous substrate.
As it then evaporates thereby accelerating the transport through the gas phase, the halo develops.
The resulting halo persists for the full time until the droplet has completely evaporated. Similar
results have been obtained for the case of a liquid drop evaporating on a polymer-brush-covered
substrate [55]. However, there the brush does not only adapt its “filling ratio” but also its surface
topography.

Note, finally, that Fig. 4 entirely focuses on the first several minutes of physical time t until the
quasistationary halo has formed and the drop gradually shrinks as it evaporates. On a much larger
time scale of several hours, the contact line retracts and the drop shrinks in a quasistationary manner
and finally disappears. Evaporation is more rapid if it is not strongly limited by diffusion.

V. CONCLUSION

We have presented a mesoscopic hydrodynamic model in gradient dynamics formulation for a
sessile drop of volatile partially wetting liquid on a thin solid porous layer that is able to describe
situations where several dynamic processes compete that are all driven by the same underlying
energy functional. The latter incorporates saturation-dependent wettability, capillarity of the drop
and within the porous layer, air and vapor entropy, and an entropic contribution relevant close to
the complete filling of the porous layer that avoids unphysical behavior. The modeled transport
and transfer processes are the spreading of the droplet, the evaporation of liquid from the drop
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into the ambient gas or condensation of vapor from the ambient gas, vapor diffusion in the gas
phase, the vertical absorption of liquid from the drop or the vapor into the porous substrate, and the
lateral imbibition dynamics of the liquid within the porous substrate layer. Vertical imbibition is not
accounted for as it is expected to occur on comparably fast time scales. These coupled processes
are captured by spatially two-dimensional partial differential equations for the particle densities per
substrate area in the three regions: liquid drop, porous layer, and gas phase. These particle densities
are closely related to the drop height profile, the vertically averaged saturation profile in the porous
layer, and the vertically averaged vapor density profile, respectively. The approach assumes strong
confinement, i.e., we have (i) considered a sessile drop on one of two parallel plates that form a
narrow gap, and (ii) a thin porous substrate layer. This has generalized the approach of Ref. [68] for
drops of volatile liquids within a gap between two smooth solid plates, and partially parallels such
models for drops on polymer brushes [56]. In contrast, here, the imbibition process is incorporated
by adapting and extending models for the dynamics of the saturation profile in a porous medium
that represent diffuse-interface generalizations of Darcy’s law and Richards’ equation used, e.g., to
study gravity-driven saturation fronts within porous media [24,25,43].

The incorporation of drop and vapor dynamics now allows for the adaptation of the extended
model to a number of practical problems. An example important in the context of rhizospheric
soil in the presence of plant root-produced exopolysaccharides is the water transfer between a drop
and an amphiphilic porous medium, studied for nonvolatile liquids in [86,87]. There, one could
introduce the interplay between ambient humidity and saturation dynamics. Other examples that
one could now investigate with consideration of both, imbibition and vapor dynamics, include inkjet
printing on layers of paper [88] and on microporous membranes [89], and sliding drops on porous
substrates [90]. Furthermore, the approach could be expanded to cover various suspensions and
solutions on porous substrates [91,92] by combining the gradient dynamics approach presented
here with elements of Refs. [64,65].

In the present work, we have given the mesoscopic hydrodynamic model in long-wave approx-
imation [61]. However, as discussed in Ref. [67] in the spirit of the Cahn-Hilliard equation for
phase separation one may also use a hybrid model where the mobilities are kept in long-wave
approximation but the energy functional is made more precise by using a full-curvature formulation.
It has been shown that this often results in more exact models, e.g., Refs. [56,93–95]. Here, the
full-curvature formulation is obtained by replacing the long-wave metric factor 1

2 (∇h)2 in Eq. (11)

with the full expression
√

1 + (∇h)2. Note that the basic gradient dynamics can, in principle, also
be adapted to situations like substrates with chemical or topographic heterogeneities [96,97]. The
employed gradient dynamics approach also provides a relatively simple, but by definition thermo-
dynamically consistent approach to more complex situations [56,65–67,98]. In this way, our present
approach could in the future be further expanded to cover situations where the underlying governing
equations are not yet completely known. Examples include systems where imbibition results in the
swelling of the porous medium as for thin deformable porous media [99], liquid-infused slippery
substrates that are often based on porous substrate layers [48–51], imbibition into loose material as
a powder bed [100], spreading and imbibition of drops of liquid mixtures, and photocatalytically
active lubricant-impregnated surfaces [101].
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