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Local order controls the onset of oscillations in the nonreciprocal Ising model
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We elucidate the generic bifurcation behavior of local and global order in the nonreciprocal Ising model
evolving under Glauber dynamics. We show that a critical magnitude of nearest-neighbor correlations within the
respective lattices controls the emergence of coherent oscillations of global order as a result of frustration. Local
order is maintained during these oscillations, implying nontrivial spatiotemporal correlations. Long-lived states
emerge in the strong-interaction regime. The residence time in either of these states eventually diverges, giving
rise to ordered nonequilibrium trapped states and a loss of ergodic behavior via a saddle-node-infinite-period
bifurcation. Our work provides a comprehensive microscopic understanding of the nonreciprocal Ising model

beyond the mean-field approximation.
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I. INTRODUCTION

The last decade saw a surge of interest in many-body
lattice systems with nonreciprocal interactions [1-11]. At the
microscopic level, nonreciprocal interactions violate New-
ton’s third law and result in broken detailed balance [12,13],
thereby driving the system out of equilibrium. On the col-
lective level, nonreciprocally interacting systems can resist
coarsening and self-organize into dynamic states with unique
spatiotemporal patterns, including traveling and oscillatory
states [14-22]. Phenomenologically, such systems are typi-
cally described using nonvariational couplings of Allen-Cahn
models (for nonconserved dynamics) or Cahn-Hilliard models
(for conserved dynamics), corresponding to models A and B,
respectively, as outlined in [23].

By introducing two nonreciprocally coupled Ising lat-
tices, various studies have shown under which conditions
nonreciprocity induces temporal oscillations in the magnetiza-
tion [1-7]. These works revealed intriguing phenomena, such
as Hopf instabilities [1,2,6,7], saddle-node bifurcations [7,24],
and hidden collective oscillations [2]. However, so far these
studies have been limited to phenomenological and mean-field
theory, raising the question to what extent these results apply
beyond their respective approximations.

Here, we go beyond mean-field reasoning and ex-
plicitly incorporate nearest-neighbor correlations into a
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thermodynamically consistent description of two nonrecip-
rocally coupled Ising models. We consider both global
and local order, and explain why a critical magnitude of
nearest-neighbor correlations controls the symmetry-breaking
transition in the global order, in turn bounding the onset of co-
herent oscillations. We elucidate how the bifurcation behavior
depends on the interaction strength and highlight stark differ-
ences in the spatiotemporal dynamics of all-to-all (mean-field)
versus short-range-interacting systems; the square and Bethe
lattices display equivalent behavior that is strikingly different
from the all-to-all lattice.

II. MODEL

Consider a pair of lattices denoted by p = a, b, as shown
in Fig. 1(a), each having a coordination number z and periodic
boundary conditions. On each lattice there are N spins that can
assume two states ai” = =+1, with i € {1, ..., N} enumerating
the spin’s location. Each spin interacts with its z nearest neigh-
bors on the same lattice and the spin at the equivalent position
on the opposing lattice. The local interaction energy [25] of
spin i on lattice ; can be written as

El'=—J,0!' > ol — K00, (1)
(il

where (i|j) denotes a sum over nearest neighbors j of spin
i. Throughout, we express energies in units of kg7, where T
is the temperature of the heat bath. The parameter J,, denotes
the coupling within lattice u, and K|, denotes the (directed)
coupling between the spins in u and those of the opposing
lattice, respectively. When K, # K}, equivalent spins on the

opposing lattices interact nonreciprocally.
We consider single spin-flip Glauber dynamics [26]. Let
P(o;1t) be the probability at time ¢ to find the system in state
o = {o}, al”, s ON a,{}}, which is governed by the master
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equation
dP(o;t)
o = 2 wi(— )P0 —wi (o] )P@:n). @)
w,i
where o/, ; = {of, 07, ..., =0/, ..., of, oy} is a state which

differs from state o by one spin flip. The transition rates
w!(c}") to flip a spin o/ — —o/* are uniquely specified
by limiting the interactions to nearest neighbors, imposing
isotropy in position space, and requiring that for K, = K, the
transition rates obey detailed balance. These physical restric-
tions then lead to the general result [1,2]

wi'(0/") = [1 — tanh (AE} /2)] /27, 3)

1

where AE]" = —2E/" is the change in energy on the o = a, b
lattice after spin conversion o/ — —o;/*, and 7 is an intrinsic
timescale to attempt a single spin flip.

A. Global and local order parameters

We are interested in the temporal dynamics of global and
local order parameters averaged over all spins. The magneti-
zation or global order is given by [27]

N

1
v 2l w)er=111, )

i=1
=Y, P(o;1)f(0). The three local order param-

mt (1) =

where (f(t))
eters are [27]

"= ZZ (ool ) el-1,11, (5
i=1 (il))
1 N
") =5 D o o) € [=1,1], (6)

i=1
with correlations
C(t) = q"" (1)

We distinguish between the local order within and between the
lattices. The alignment of spin pairs within lattice y is quanti-
fied by g"#(t), and g (¢) (also known as the overlap [28,29])
measures the alignment of equivalent spins between both lat-
tices. The normalization in Eq. (5) arises because zN is the
number of nearest-neighbor pairs (including double counting)
in a periodic lattice with coordination number z.

— m()m" (¢t). 7)

B. Evolution equations beyond the mean-field approximation

Our first main result is an exact set of coupled differen-
tial equations for the order parameters in the thermodynamic
limit N — oo, which reads (see Appendix A for a detailed

derivation)
dm (t) mh(t) = Z (1) tanh (U ) ®)
q/ut(t) 2
220" 0) = Z;(ZZ — P}, () tanh (US), 9
dqab(t) a ‘
T 424 = ;;(2’1 — DPy,,tanh (U7, (10)

where ), =3 ij:o is a sum over all possible values of
neighboring up spins on the same (I € {0, ..., z}) and oppos-
ing (n € {0, 1}) lattice, and

U, =21 =z, + [2n — 11K, (11)

parametrizes the change in energy upon flipping a spin with
such a local environment. Finally, ln(t) € [0, 1] is the time-
dependent probability of selecting an up or down spin that has
I neighboring up spins on the same lattice and n neighboring
up spins on the opposing lattice. The probability is normalized

as
Y P =1 (12)
l,n

Equations (8)—(10) are not yet closed; evaluating P“ (t) for an
arbitrary lattice is a daunting combinatorial task, as it depends
on microscopic details and, therefore, on an infinite hierarchy
of order parameters. However, we can approximate P; /(1) to
different levels of accuracy, which we do in the next section.

Note that evolution equations for the nonreciprocal Ising
model on the fully connected mean-field lattice have been
constructed in [7], and are reported in Appendix E for
completeness.

C. Bethe-Guggenheim approximation

An accurate closed-form expression for 73“ () can be
obtained with the Bethe-Guggenheim (BG) approx1mat1on
(or pair approximation), where we assume perfect mixing
of nearest-neighbor spin pairs. This approximation is exact
on loopless lattices such as the Bethe lattice [30], or large
random graphs with fixed coordination number [31,32]. As we
show in Sec. V, the spatiotemporal dynamics on these lattices
agree qualitatively with the behavior on the square lattice, in
contrast to that on the mean-field lattice. We split P;f (1) in
“up” and “down” spin contributions

Pl(t) =P/ @)+ P (1), (13)

where, e.g., 731“ : (t) € [0, 1] is the probability of flipping an up
spin with / up neighbors on the same lattice and n up neigh-
bors on the opposing lattice, respectively. These probabilities
are derived in Appendix B and read (omitting the explicit ¢

dependence on the right-hand side)
C]Z(lizma_i_qua)éli (1:|:mu_mb:':qub)l—n

PE(r) = , (14
Z,n( ) (lima)z(l_qaa)fﬁf(1:|:mu+mb:|:qab)fn ( )
where 8 = 1,8, =z—1,and
1 [z
7 —
Cf = ﬁ(l) (15)

The expression for Pff(t) follows from Eq. (14) by inter-
changing m“ <> m” and ¢“* <> ¢"". Inserting Eq. (14) into
Eqgs. (8)—(10) yields a closed system of five coupled nonlinear
differential equations.

III. LINEAR ANALYSIS AND THE HOPF BIFURCATION

We focus on the symmetric nonreciprocal setting J, =
Jy =J and K, = —K}, = K, also known as the perfectly non-
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FIG. 1. (a) Schematic of two Ising lattices @ and b with coordination number z = 4 and cross-coupling (K,, K;). For K, # K, the cross-
coupling is nonreciprocal. (b) Eigenvalues A, of the linear stability matrix [Eq. (22)] as a function of the steady-state local order ¢, for
K, = —K, = 0.1. When ¢, > q. [black vertical line; Eq. (20)] the real parts of A, are non-negative, resulting in coherent oscillations. (c)—(f)
Temporal evolution of the magnetization m*(t) [Eq. (4)], local order ¢"”(¢) [Egs. (5) and (6)], and local correlations C*"(¢) [Eq. (7)] for
K, = —K, =K = 0.1 and J, = J, = 0.4. Black dashed lines in (c) and (d) are obtained with Monte Carlo simulations on the Bethe lattice (see

Appendix G for details). In all panels we consider z = 4.

reciprocal setting [33], while keeping z general. We start with
the linear stability analysis of the steady states of Egs. (8)—
(10). The trivial steady state is given by m# = 0, qg‘b =0, and

" = q,(J, K), (16)
which is explicitly given in Appendix C for vari-
ous values of z. To first order, small perturbations

sm(@) = [§me(t), SmP(1)] decouple from perturbations
8q(t) = [6¢"“(1), qub(t), Sq“b(t)], and we obtain the linear
equation

d(Sm(l‘) _ Ml(qs;J, K) _M2(q.v;~], K)
dt (Mz(qs;J, K)  M(gs;J,K) >8m(t). (17)

The linear equation for §q(¢) is given in [34] and does not
play any further role here. The elements of the linear stability
matrix read

T

qs/qcrit — 1

M (q5;J,.K) = 1 +4q

1-2 Zf;r tanh (Uf,) |

lin

Ma(giJ.K) =Y @n—D[P, +P, Jtanh (US,).  (18)

In

where
—t _
P, (g) =Ci(1 F g (1 £¢5) (19)

are the probabilities (14) evaluated at steady-state values, and
we introduced the critical local order
1
-1’
which only depends on the coordination number of the lattice,
and sets a critical value for the steady-state local order. The
solution of the linear stability equation can be written as

sm(t) =Y ATy, Q1)

k==

(20)

qcrit =

where A, are set by the initial conditions, vy = (Fi, 1)T
are the eigenvectors of the linear stability matrix, and the
corresponding eigenvalues are

A+(gs;J, K) = Mi(gs;J, K) £iM>(qs;J, K), (22)

i being the imaginary unit. Since M,(g,;J, K # 0) # 0 (see
proof in Appendix D), the eigenvalues are complex for K # 0

[see dashed lines in Fig. 1(b)], resulting in oscillatory per-
turbations. The Hopf bifurcation [35], also called type-II,
instability [36], occurs when complex conjugate eigenvalues
transit the imaginary axis in the complex plane. Accord-
ing to Eq. (22) this occurs when M,(gs;J, K) = 0 implying
qs(J, K) = q.i¢ as seen from Eq. (18). The Hopf bifurcation
is thus set by the critical value g for local order, and for
qs > {qerit We have Re(Ay) > 0 [solid line in Fig. 1(b)]. In
other words, when spins on the respective lattices are suffi-
ciently aligned, a transition to an oscillatory state occurs as
shown in Figs. 1(c) and 1(d).

The critical value of the local order that determines the
onset of coherent oscillations is our second main result that
generalizes to other approximation schemes beyond the mean-
field approximation (see Appendix F). After sufficient local
order is attained within the lattices, the frustration due to the
nonreciprocal coupling gives rise to coherent oscillations: for
K > 0 a spin of wants to align with o,.b that, in turn, tends
to misalign with o/. This dynamic frustration results in an
oscillatory motion of the order parameters [33]. Notably, for
the one-dimensional lattice (z = 2) we see from Eq. (20) that
qerit = 1, which, in contrast to the mean-field prediction [7]
(see also Appendix E), correctly implies the nonexistence of a
Hopf bifurcation.

IV. NONLINEAR ANALYSIS
AND THE SNIPER BIFURCATION

Going beyond linear stability, we perform a nonlinear anal-
ysis of Egs. (8)—(10) through numerical continuation [37]. The
resulting bifurcation diagrams are shown in Figs. 2(a) and 2(b)
and the complete phase diagram in Fig. 2(d), which we now
explain in detail.

We start with the noninteracting case with K = 0 [see
Fig. 2(a)]. For small values of J, there exists only one (trivial)
stable steady state with m* = 0, as explained in the previous
section. Increasing J to In[z/(z —2)]/2 we find a pitch-
fork bifurcation [red dot in Fig. 2(a)], which coincides with
qs(J, 0) = guit, and beyond which the trivial state becomes
unstable. At the pitchfork bifurcation, four stable branches
[blue lines in Fig. 2(a)] and four unstable branches [red dashed
lines in Fig. 2(a)] of steady states emerge. Unstable branches
have zero magnetization in one of the lattices, while stable
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FIG. 2. (a), (b) Bifurcation diagram of the magnetization (m¢, m’; ) in the absence [(a) K=0] and presence [(b) K=0.01] of nonreciprocal
coupling as a function of J. Inset of (b): Magnification of the bifurcation diagram around the Hopf bifurcation projected onto the (m?, J) plane
(see black box). (¢) Temporal evolution of the magnetization for (J, K) = (0.35991, 0.01) close to the degenerate saddle-node-infinite-period
(SNIPER) bifurcation at Jsnp(K). The magnetization oscillates coherently between four ghost states A—B—C—D (for K <0 the direction
is reversed), which eventually terminate in the four respective stable branches at and beyond the SNIPER bifurcation. The lifetime 7 in
these ghost states diverges upon approaching Jsnp(K) (see Fig. 3). (d) Phase diagram of m!: the gray region depicts the regime of coherent
oscillations, with the black lines indicating isolines with fixed oscillation period, and the blue line indicating the Hopf bifurcations where
qs = qeie [Eq. (20)]; in the light-green region the magnetization is stationary and nonzero. In all panels we consider z = 4.

branches exhibit nonzero equilibrium magnetization because
of spontaneously broken symmetry in both lattices.

Upon setting K # 0, the pitchfork bifurcation turns into
a Hopf bifurcation [blue dot in Fig. 2(b)], whose J value
depends on K through the relation g;(J, K) = ¢t [blue line
in Fig. 2(d); see Appendix C for explicit results]. Increasing J
beyond the Hopf bifurcation, there is a regime with coherent
oscillations [gray area in Figs. 2(b) and 2(d)]. In Fig. 2(d) we
identify the isolines of fixed-period oscillations (black lines).
Upon further increasing J at fixed K, we observe a nonlin-
ear transition from coherent oscillations to a nonzero steady
magnetization [light-green region in Fig. 2(d)], which is set
by a degenerate saddle-node-infinite-period (SNIPER) bifur-
cation [green dots in Fig. 2(b)]. Approaching the SNIPER
bifurcation from below, the magnetization in both lattices
starts to oscillate between four long-lived ghost states [see
Fig. 2(c)]. These four long-lived states correspond to the
virtual configuration, in which the respective lattices exert a
quasistatic magnetic field on each other, and are characterized
by a critical slowing down of the dynamics in the vicinity of
the impending SNIPER bifurcation. The residence time within
these ghost states diverges algebraically as (see Fig. 3)

T o [Usnp(K) — J]7'/2, (23)

where Jsnp(K) is the J value of the SNIPER bifurcation at a
given K [green line in Fig. 2(d)]. At the SNIPER bifurcation,
four pairs of one stable branch [blue lines in Fig. 2(b)] and one
unstable branch [red dashed lines in Fig. 2(b)] emerge. Note
that these stable states with nonzero stationary magnetization
also exist on the finite square lattice system (see proof in [34]).

The bifurcation diagram obtained with the mean-field ap-
proximation has similar qualitative features as in Figs. 2(a)
and 2(b) (i.e., a Hopf and SNIPER bifurcation); however, the
phase diagram displays a constant Hopf line at a fixed J,

independent of K (see [7] and Fig. 5). In Fig. 2(d) we see
that the Hopf line with the BG approximation is K-dependent,
closely resembling the empirical phase diagram on the cubic
lattice (see [7]).

V. SPATIOTEMPORAL DYNAMICS

The results in Figs. 1(d)—1(f) reveal a high degree of local
order in the coherent oscillatory regime. To systematically
analyze spatiotemporal patterns in states with coherent oscil-
lations, we perform discrete-time Monte Carlo simulations of
the nonreciprocal Ising system with 2 x N ~ 3 x 10? spins
on the all-to-all (z=N), the z=4 Bethe, and the square lattice

x103

3 x10~°
10
1 O

2t T\ 6 6{511»‘?\\

= T
B I — 4 /1900\\

) N

1 L
0.35 0.37 039] 0.41 0.43 Jsxp

0.35 0.37 0.39J' 041 043 Jsxp

FIG. 3. Algebraic divergence of the residence time 7 within
a ghost state close to the degenerate saddle-node-infinite-period
(SNIPER) bifurcation. Approaching the SNIPER bifurcation from
below, the residence time diverges algebraically according to
Eq. (23). Here, we have K = 0.1 and z = 4, for which the SNIPER
bifurcation occurs at Jonp & 0.4477. Results are obtained with the
continuation package MATCONT [37].
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FIG. 4. (a)-(c) Spectral density (|\fl,f (w)|) of modes of coherent oscillations [Eq. (24)] on the (a) mean-field, (b) Bethe, and (c) square
lattice (see [34] for animations of the dynamics on the lattices). Note that the nonzero eigenvalues of the mean-field lattice are degenerate,
which explains the white region in (a). The values for J are chosen in the respective oscillatory regimes (see Appendix G for details), and
K = 0.3 for all three lattices. (|\i/,‘j(a))|> is averaged over 500 independent trajectories, and wy = argmax(|li!i‘ (w)|) is the natural oscillation
frequency. Resonances are visible at multiples of 2wy, since we ignore the sign of projections. Insets: Temporal development of the projected
microscopic states onto the eigenvectors of the Laplacian matrix of respective lattices. Colors denote three selected eigenvalues (and thus

spatial scales) indicated by the dots in the main plot.

with periodic boundary conditions. The respective systems are
described in detail in Appendix G. For a consistent notion
of “spatial scale” on all lattices, we perform a graph-spectral
analysis [38].

Let L be the N xN symmetric Laplacian matrix of one of
the above graphs with elements L;=z, L;j= — 1 when spins
i and j are connected, and L;;=0 otherwise. The Laplacian
has N orthonormal eigenvectors Ly, =¥, k € {1, ..., N}
with corresponding eigenvalues /; ordered as /1< - - - <Iy. The
lowest eigenvalue, corresponding to 1/}1:N’1/2(1, DT
vanishes, i.e., [;=0 [39]. For the mean-field lattice, all remain-
ing N—1 eigenvalues are degenerate, [,=. .. =I[y=N [40], but
not for the square and Bethe lattices (see Fig. 6).

We express the microscopic state of the lattice p in
time step n € {0, ..., nmax} as a column vector o(n) =
[0 (n), ..., o} (n)]" and project it onto the respective eigen-
vectors, \If,f (n) = 1//Za"(n). These spatial modes are shown
as insets in Figs. 4(a)—4(c), where we see that for the Bethe
and square lattice oscillations are pronounced on large scales
(small k) and suppressed on small scales (large k). In the
mean-field system the spatial modes are equal on all scales
due to the degenerate eigenvalues.

To unravel the spatiotemporal structure, we compute the
spectral density via the discrete Fourier transform,

I3l = ) e

where (-) indicates averaging over independent trajectories
and the absolute value takes into account that the sign of the
projection is immaterial. The results are shown in Figs. 4(a)—
4(c) for coherent oscillations on the a lattice (those for the
b lattice are equivalent), with resonances at even multiples
of the respective natural frequency wy = argmax(|lflf(a))|),
which is the most dominant frequency in the spectrum and
scales as wp o« 1/7T close to the SNIPER bifurcation. The
spatiotemporal dynamics on the Bethe and square lattices is
qualitatively the same, with small-scale and high-frequency
modes suppressed. Thus, coherent oscillations are carried by
large-scale low-frequency modes, which agrees with the large
local correlations C*#(t) shown in Fig. 1(e).

Tmax

Z ‘ \IJII: (I’l) ‘ e—i27ra)n/nmax

n=0

VI. CONCLUDING REMARKS

We have explained the collective dynamics of the nonre-
ciprocal Ising system on the level of both local and global
order beyond the mean-field approximation. A critical thresh-
old magnitude of local order within the respective lattices
was found to control the emergence of coherent oscillations
of the global order parameter. Upon increasing interactions,
ghost states emerge and the residence time in either of them
eventually diverges, giving rise to a dynamically trapped ter-
minal state via a saddle-node-infinite-period bifurcation. The
terminal state depends on the initial condition; the dynamics
in this regime is thus nonergodic.

Strikingly, during coherent oscillations of global order,
a high degree of local order is preserved [see Fig. 1(d)].
This implies nontrivial spatiotemporal correlations between
spins, confirmed by a spectral-density maximum at large-scale
low-frequency modes. In stark contrast, on the mean-field
(all-to-all) lattice there is no distinction between different spa-
tial modes, annihilating any notion of spatial structure. Thus,
accounting for nearest-neighbor correlations is essential for a
correct understanding of the dynamics of nonreciprocal matter
with a short, or more generally, finite range of interactions.

Our work provides a comprehensive microscopic under-
standing of dynamic collective phenomena in nonreciprocal
matter without conservation laws based on the nonreciprocal
Ising model. What remains elusive are multiple (>2) coupled
lattices, spatially heterogeneous/extended systems [41], as
well as the thermodynamic cost of dynamical states and bifur-
cations [42-45]. Moreover, considering the relevance of con-
servation laws [13,16,46,47], it will be essential to develop a
theoretical framework for the nonreciprocal Ising model with
Kawasaki dynamics. These will be addressed in future work.
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APPENDIX A: DERIVATION OF EQS. (8)-(10)

From the master equation (2), we directly obtain dynamical equations for the first two moments of single-spin values [see

also Egs. (28) and (29) in [26]]:

w
O o) = for 1y (8 12), "
dlot (1)o}
. dlo 0o ) +2{of ()0 (1)) = (o} ()0} (1)[ tanh (AE}*/2) + tanh (AE} /2)]), (A2)

dr
where (f (1))

=), P(o;t)f(0). Equations (A1) and (A2) are exact (but not yet closed) equations for the first two moments

evolving under Glauber dynamics, and will serve as our starting point to derive equations for the global and local order
parameters, which we derive in two steps: First, we sum Eqs. (A1) and (A2) over all spins and spin pairs. Upon doing this,

the left-hand sides of Eqs. (A1) and (A2) transform into

I dlet®) _dmt@)
ﬁ;(TT"‘(O’i (t)> —TT —|—m”’(l‘), (A3)
R (Vo (1 m
v Z 2 ( M +2(of (1)a} <t)>> - ’dth O L2, (A4)
i=1 {ilj)

y , ab
1 Z( (Z)U (l)) 2<Gia(f)0ih(t)>> = ‘[% +

2¢(1). (AS)

Second, we need to evaluate the right-hand sides of Egs. (A1) and (A2) after summation over all spins and spin pairs. To do this,

we note that AE/* can take on a discrete (enumerable) set of values. Consider a spin with / € {0, 1, ...,

z} neighboring up spins

on the same lattice and n € {0, 1} neighboring up spins on the opposing lattice. We want to compute the change in energy upon
flipping this spin. Based on Eq. (1) we can parametrize this change in energy upon flipping the spin as

1 =20/"U/"

(A6)

L,n’

where U/fn is given by Eq. (11). Using this parametrization, we evaluate the right-hand sides of Eqgs. (A1) and (A2)

N

N
1%] Z(a[“ tanh (AE!/2)) =

i=1 i=1

! tanh (AE}"/2))

ZZG

i=1 (ilj) i=1 (i)

N

1
—Z ofo! tanh ( (AE?/2)) Z o/ tanh ( s
i=1

For the first equality in Eqs (A7)—(A9) we used
tanh (AE//2) = tanh (a“U“ ) = o} tanh (U/"), together
with (¢ )> = 1. For the second equality, we note that terms
such as (tanh (U] ut ,)) represent a weighted sum over all
possible comblnatlons of the p0551b1e values that tanh (U/"))
can attain. The weights are given by the time- dependent
probability P;’ (t) to find an up or down spin with a
specific local ’environment By definition, this probability
is normalized Zln ,(t) = 1. Combining Egs. (A3)—(A5)
and (A7)—-(A9) we obtam Egs. (8)—(10).

%}Z(tanh U“
ZZ o " tanh U”

B Y

=0 n=0

(t)tanh (U}"). (A7)

ZZ(zz —2)P}" (1) tanh (U}",), (A8)

'IOn()

z 1
(2n — P} (1) tanh (UF,). (A9)
[=0 n=0

[
APPENDIX B: DERIVATION OF EQ. (14)

Here, we derive Eq. (14) based on the BG approxima-
tion. We focus on the probability of picking a spin on the
a lattice with a given specific local environment. The same
reasoning will also apply for picking a spin on the b lattice.
Recall that P“i (¢) is the probability at time ¢ to find an up
(+) or down ( ) spin with / neighboring up spins on the a
lattice and n neighboring up spins on the b lattice. On the BG
level, we assume ideal mixing of nearest-neighbor spin pairs,
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resulting in the following expressions:

aa aa aa aa ab ab ab ab
= v <[(F)ERCT AR/
7 —— l Z— ) n 1—n 1

probability
for up spin
on the a lattice

probability for
[ neighboring up
spins on the a lattice

probability for
n neighboring up
spins on the b lattice

e e ()
’ — [ z—1 n 1—n 1

probability
for down spin
on the a lattice

probability for
[ neighboring up
spins on the a lattice

where, for example, Nf_b_ is the total number of nearest-
neighbor spin pairs with an up spin on the « lattice and a
down spin on the b lattice. To relate Nfi and the other spin
pair numbers to the global and local order, we make use of the
following exact relations for periodic lattices:

AN + NI = zNE, (B3)
N, + N = Ng, (B4)

in combination with
N =N £m*)/2. (B5)

Furthermore, we use the definition of local order given by
Eqgs. (5) and (6) to write

g = 2N + N — N JZN

=1—4N"/zN, (B6)
b b ab ab ab

q” = (N +N2 —N{” —N*)/N
=1-2N% /N —2N* /N
=1+m*—m—4N® /N, (B7)

where in the last line we used the relation

m” —m® = 2(N*_— N )/N. (B8)

Using the relations (B3)—(B7) we obtain the following expres-
sion for the spin pairs within the same lattice:

N = (z/8)N(1 £ 2m" + g'*), (BY)

J

probability for
n neighboring up
spins on the b lattice

NEE = (z/HN(1 = ¢""), (B10)

and for the spin pairs between the two opposing lattices

NS = (1/4)N(1 + m® £ m” + ¢®), (B11)
N = 1/HNA £m* Fm’ — g*). (B12)

Inserting Eqgs. (B9)—(B12) into Egs. (B1) and (B2) and tak-
ing the thermodynamic limit N — oo while keeping m"(¢),
g"*(t), and g®(¢) fixed, we obtain Eq. (14).

APPENDIX C: STEADY-STATE LOCAL ORDER

The trivial steady state is given by the disordered state with
m* = 0 and ¢*° = 0. To solve for the steady state of the local
order, denoted as ¢,(J, K), we need to solve

1 z 1 . -
q;(J,K) = Z Z 2(21 — Z)(Pl + Pl ) tanh (Uﬁn)a (CD)
=0 n=0
where 7_7,i(qx) are the probabilities (14) evaluated at steady-

state values given by Eq. (19). Equation (C1) can be solved for
specific integer values of z. For example, for z = 2 we obtain

2 \/4 — [, tanh 27 4 nK)]’
Yy tanh (2J + 1K)

For z = 4, the solution can be written as

qS(Jy K)lz:Z =

4s(J, K)|oes = S, K) — (1/2)y/—4S(J, K + 2H(J,K) + Q(J, K)/S(J, K),

where we have introduced the auxiliary functions

(C2)
h (4 h (4 h (2
HU.K) = 3.coi (4J)[cosh ( J)—i—cc.)s 2( K)]’ (3)
sinh” (2J)[cosh (4J) — 2 sinh” (K)]

-1

QW,K) = 16<Z[tanh (4J 4+ nK) — 2tanh (2J + nK)]) , (C4)
n=+

SULK) = (1/2){/2/3yHU. K) + [QU, K)/6I[AU. K) + Ao(J, K) /AU, K)], (C5)

1/3
AU, Ky =271 (AI(J, K)+ \/A%(J, K) — 4A3(J, K)) , (C6)
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Ao(J, K) = —(3/4) ) [tanh (2J+nK) + tanh (4/+nK)]

n==+

A (J,K)

APPENDIX D: OSCILLATORY INSTABILITY

Here, we prove that M;(q,;J, K # 0) # 0. To see this, we
explicitly write out the first sum over n in Eq. (18):

= >"(P/ +P))ltanh (121 —z)J+K)
1=0

— tanh ([2]—z}J—K)].

M>(gs;J, K)

(D1)

Note that 7_3,i(qs) >0 for g€ (—1,1), which follows
straightforwardly from Eq. (19). Furthermore, since
tanh (x) is an increasing function of x, we have
tanh ([2] — z]JJ + K) —tanh ([2] — z]JJ — K) > 0 for K >0
and tanh ([2] —z]J + K) —tanh ([2/ — z]JJ — K) <0 for
K < 0. Hence, M>(gy;J, K) is given by a sum over strictly
positive (for K > 0) or negative (for K < 0) terms, rendering
M>(qs;J, K # 0) # 0. This results in complex eigenvalues
for A+ (gy;J, K) as shown in Fig. 1(b).

APPENDIX E: MEAN-FIELD APPROXIMATION

A less accurate technique to obtain approximate evolution
equations is the mean-field (MF) approximation (originally
developed in [48]), where one makes the rudimentary (uncon-

trolled) assumption
(tanh (AE!"/2)) ~ tanh (AE}" /2), (E1)

yielding the evolution equations

dm(t) a a b
T + m“(t) = tanh [2J,m“(¢) + K,m"(t)],
b
! d"ﬁf” +mP(t) = tanh [2J,m"(t) + Kym®(1)],  (E2)

which are exact on the fully connected mean-field lattice,
where the local order is trivial (i.e., there is no sense of
“local”), ¢"¥(t) = m*(t)m"(t), and therefore C*'(t) = 0. A
linear stability analysis around the trivial steady state m{ =0
for J, = J, = J and K, = —Kj, = K leads to a linear stability
equation where the eigenvalues of the linear stability matrix
are given by

MU, K) = (2 — 1) LK. (E3)

Hence, the Hopf bifurcation occurs at J = 1/z and K # 0,
such that Re(AMF) = 0 and Im(AMF) # 0. This corresponds to
a straight vertical line in the (J, K) plane, as shown in Fig. 5(a)
and also found in [7]. Notably, in the MF approximation we
do not observe a critical value for local order, which is present
in the more accurate BG approximation.

APPENDIX F: MONOMER APPROXIMATION

Another approximation technique we developed in this
work is what we call the “monomer approximation.” It is

=216 cosh (2J)cosh (2K )sech(4J—K )sech(4J+K) sinh? 2J) sinh? (K)[cosh (4J)+ cosh (2K)]’2.

[tanh (2/4+nK) — tanh (4/4+nK)],
n==+

(C7)

(C8)

(

more accurate than the MF but less accurate than the BG
approximation.

The conceptual difference between the MF on the one
hand, and the monomer and BG approximations on the other
hand, lies in the treatment of the average (tanh (AE!/2)).
Whereas the MF approximation simply moves the average to
the argument as shown in Eq. (E1), the monomer and BG
approximations use the fact that the value of AE/*/2 lies in
an enumerable set given by U, ” =2l -z, + [2n — 11K,

with [ € {0, .., z} and n € {0, 1} This allows for an explicit
summation
z 1
(tanh (AE['/2)) =" Pl (t)tanh (U], (F1)

=0 n=0

where only the probability 7?“ () has to be approximated.

Similar to the BG approx1mat10n the resulting evolution
equations in the monomer approximation are governed by
Egs. (8)—(10), but the time-dependent probabilities are differ-
ent and read (the derivation is given in [34])

201+ m* O [1 + mb ()]
[1—maO]=[1 — mb(@)]*="

and 771 ,(t) is obtained by replacing m“(t) with mP(t) in
Eq. (F2). Since P/, (¢) is independent of the local order
g™’ (t), this implies that g™’ (t) is slaved by m*(t); however,

gV (t) # m*(t)m" (). Performing a linear stability analysis
around the trivial steady state m! =0 for J, =J, = J and
K, = —K, = K, we obtain a linear stability equation where
the eigenvalues of the linear stability matrix can neatly be
written as

Pl = (F2)

Ai(gsyJ, K) = [2q,(J, K) — 11 £ iM>(J, K), (F3)

@) () R
mean-field approximation 5 _tmonomer approximation

L5 L :
—— const. period
< =17z 'S [—— SNIPER
1 o @pitchfork bifurcation
—— Hopf —— Hopf
0.5 — SNIPER/| 0.5}@pitchfork
bifurcation
0 —— const. period 0 gs=1/z
0 0

04 06 08 1 0 02 04 06 08 1
J J

FIG. 5. Phase diagram for global order m! obtained with the
mean-field (MF) approximation (a) and the monomer approxima-
tion (b) for the perfect nonreciprocal setting with J, = J, = J and
K, = —K}, = K. In the MF approximation the Hopf bifurcation (blue
line) is set by J = 1/z. In the monomer approximation, the Hopf bi-
furcations (blue line) are set by a critical local order ¢, = 1/z, which
is more similar to the Bethe-Guggenheim approximation where

=1/(z — 1) [see Fig. 2(d)].
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TABLE I. Overview of approximation techniques and their dy-
namical equations.

Approx.
technique mH(t) q*’(t) Hopf
MF (E2) = m"(t)m"(t) J=1/z
Monomer (8)+(F2) (9)-(10)+(F2); q,=1/z
slaved by m*(t)
BG ®)+(14) O-(10)+14);  ¢g,=1/(z—1)
not slaved

where g,(J, K) is the steady-state value of the local order in
the monomer approximation, and

1

M>(J,K)=2 Z Z(Zn — 1)Cj tanh (Uf,).

=0 n=0

(F4)

From this follows that the Hopf bifurcation occurs at g, = 1/z
and K # 0, such that Re(ii) = 0and Im(ii) # 0. Hence, as
within the BG approximation, we also find the existence of a
critical local order in the monomer approximation. Contrary
to the MF approximation, the Hopf line is not a straight
vertical line in the (J, K) plane, as shown in Fig. 5(b).

To provide a concise overview of the various approxi-
mation techniques, we summarize in Table I the respective
evolution and conditions for the Hopf bifurcation.

APPENDIX G: KINETIC MONTE CARLO SIMULATIONS

For the results shown in Figs. 1(c), 1(d) (black dashed
lines), and 4 we performed kinetic Monte Carlo (MC) simula-
tions on three different types of lattices: (i) the fully connected
MF lattice, (ii) the Bethe lattice, and (iii) the square lat-
tice with periodic boundary conditions. Simulations on the
Bethe lattice were performed using the random graph algo-
rithm [31,32], which works as follows: Consider a Bethe
lattice with coordination number z. First, we create a Cayley
tree of i = {1, ..., N} spins with coordination number z. The
spins on the outer layer are connected to one spin on the inner
layer. To create the remaining z — 1 connections, we randomly
pair spins on the outer layer to other spins on the outer layer.
The final result is a Cayley tree with random connections on
the outer layer. Note that for both lattices a and b we create

TABLE II. Simulation parameters for results shown in Fig. 4.

Lattice size (N) MCsteps No.traj. J (kgT) K (kgT)
Mean field 1500 N x 10° 500 1.5/N 0.3
Bethe 1457 N x 103 500 0.5 0.3
square 40x40 N x10° 500 0.6 0.3

new random connections. For large NV, it has been shown that
the Ising model on an ensemble of such random graphs is
equivalent to the Ising model on a Bethe lattice [31]. Indeed,
for large N we find perfect agreement between the simulations
and our theory, as shown in Figs. 1(c) and 1(d). For the MF
lattice, we connect all spins with each other, resulting in a
fully connected graph.

1. Simulation setup

In Table II we summarize the size of the system, the
number of trajectories, and the parameter settings that were
used to obtain the spectral density shown in Fig. 4. As initial
conditions, we selected a randomly mixed configuration of up
and down spins for fixed magnetization.

For the results shown in Figs. 1(c) and 1(d) we used a Bethe
lattice with system size N = 118097. Such a large system
size was not feasible for the setup of Fig. 4 since the spectral
density (|‘il,g (w)|) must be averaged over many independent
trajectories, resulting in memory issues for too large N.

2. Eigenvalues of Laplacian matrix

In Fig. 4 we plot the spectral density (|\U}'(»)]) as a func-
tion of the eigenvalues /;, of the Laplacian matrix L. To obtain
the eigenvalues, we numerically diagonalized the Laplacian L
in Python, and the resulting eigenvalues are shown in Fig. 6.
Note that for the mean-field lattices, all eigenvalues except the
first are degenerate and equaltol, = --- = Iy = N.

3. Animations

To visualize the dynamics of the nonreciprocal Ising model
on the mean-field lattice, Bethe lattice, and square lattice, we
have provided animations in [34]. In each animation, we show
three independent simulations on the aforementioned lattices,
with the coupling strengths (J, K) reported in Table II. More
information about the animations is given below:

(a)1500 (b) (c) 8
6 Bethe lattice 6 square lattice
1000
. mean-field lattice < d < g
500 ) )
01 e 01 0
0 500 1000 1500 0 500 1000 1500 0 500 1000 1500

FIG. 6. Eigenvalues /; of the Laplacian matrix L for the mean-field lattice (a), Bethe lattice (b), and square lattice (c). For the mean-field
lattice, all eigenvalues except for the first are degenerate with value [, = ... = [y = N, where N is the system size given in Table II. The Bethe

lattice has a spectral gap between the lowest eigenvalue /; = 0 and /.
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(1) “MF_lattice.gif” shows simulations on the mean-field
lattice for N = 2000 spins, where each spin is connected to
every other spin. For illustrative purposes, the edges between
spins are not shown.

(2) “Bethe_lattice.gif” shows simulations on the Bethe
lattice for N = 13121 spins, corresponding to a Bethe lattice

with eight layers and a coordination number of z = 4. For
illustrative purposes, only the first six layers of the Bethe
lattice are shown.

(3) “Square_lattice.gif”” shows simulations on the square
lattice for N = 122 x 122 spins.
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In this Supplementary Material, we provide derivations and further details about the results shown in the main
paper. Furthermore, in Sec. S3 we prove that static global order in the square-lattice Ising model persists at least
under small perturbations in the nonreciprocal coupling 0 < |K| < O(1/N) for any finite but arbitrarily large system
size N € [m, 00) for some sufficiently large m.
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S1. THE “MONOMER” APPROXIMATION

Here we introduce the monomer approximation to obtain an approximate expression for the probability 77” ().
The final results are also shown in Appendix F of the main paper. Suppose we want to know the probability of ﬁndlng
an up- or down-spin on the a lattice that has [ up nearest neighbors on the a lattice and n nearest up neighbors on
the b lattice. On the monomer level we assume perfect mixing between the up and down spins, resulting in

YO .

probability for probability for
! neighboring up n neighboring up
spins on the a lattice spins on the b lattice

where N/ is the total number of up spins on the y lattice, and similarly N* the total number of down spins. The
same reasoning applies to the probability Plbm. Note that N is generally time dependent, but for simplicity we omit
the explicit time dependence. To relate N to the global order we use the following relations

mi = (Nt — N")/N, (82)
N = Ni + N*, (S3)

from which follows that
NE = N(1+m")/2. (S4)

Inserting this back into Eq. (S1) and taking the thermodynamic limit, i.e. the scaling limit N — oo while keeping
m(t) = (m?(t), m"(t)) fixed, we can make use of the following result for the binomial coefficients

lim ; 0 , forl eN (S5)

N—o0

m# =const. (N(l :I:m“)/2> N W

where ~ stands for asymptotic equality. Inserting Eq. (S5) into Eq. (S1), and restoring the explicit time-dependence,
we finally obtain (note that the N dependence cancels out)

where

¢ = 5o (‘;) (s8)

Hence, in the monomer approximation, we find that the probability ’Pﬁ ,,(t) only explicitly depends on the global order
m(t), and not on the local order q(t) = (¢%*(t), ¢**(t), ¢?*(t)).

S1.1. Difference with respect to mean-field approximation

Finally, let us point out the crucial difference between the mean-field approximation on the one hand and the
monomer and BG approximation on the other hand, which lies in the treatment of the averaging of the term
(tanh (AE!/2)). Whereas the mean-field approximation (uncontrollably) moves the average to the argument, i.e.
(tanh (AE!/2)) ~ tanh ((AE!/2)), the monomer and BG approximations use the fact that the value of AE! /2 lies
in an enumerable set given by U/, = [2l — 2]J, + [2n — 1]K), with | € {0,..,2} and n € {0,1}. This allows for an
explicit summation

(tanh (AE"/2)) ZZ t) tanh (U}",), (S9)

=0 n=0

where only the probability P/ (t) is approximated according to Eq. (S6)-(S7) in the monomer approximation.



S2. LINEAR STABILITY ANALYSIS

Here, we investigate the stability of steady-states of Egs. (8)-(10) in the main manuscript, in combination with
monomer and Bethe-Guggenheim (BG) approximation, using linear stability analysis. This allows us to identify
the region in parameter space where we have a so-called Hopf bifurcation, which marks the transition from a (non-
oscillatory) steady-state to coherent oscillations.

S2.1. The “monomer” approximation

Since in the monomer approximation the local order is slaved by the global order, it suffices to consider the linear
stability analysis for the global order. Let us consider a small perturbation of the global order around the steady-state
value myg, i.e., m(t) = mg + 0m(¢). The most interesting steady-state value to consider is given by the disordered
state mg = 0, in which case the probability (S6)-(S7) can be expanded as

P (t) =207 (14 (2 — 2)dm*(t) + (2n — 1)dm(t)) + O(6m*(2)), (S10)
PP (t) =207 (14 (21 — 2)dm°(t) + (2n — 1)dm*(t)) + O(6m*(¢)). (S11)

Inserting this linearized expression back into Eq. (8) of the main manuscript, we eventually obtain

dam(t) Maa Mab 2
12
T i (Mba Mbb dm(t) + O(dm=(t)), (S12)
—_———
M(J,K)
where the entries of the matrix M read
z 1
My (Jp K) =23 ) (21— 2)Cf tanh (Uf) — 1, (S13)
=0 n=0
R z 1
Map(Juy Ko) =2 Y (20— 1)Cf tanh (UF,,), (S14)
=0 n=0
z 1
Mya(Jy, Kp) =2 > (20— 1)Cf tanh (U7,,). (S15)
=0 n=0

Note that M up can be written in terms of the steady-state solution for the local order, i.e., M up = 2qi* — 1, which
we will make use of in the remaining calculation. Furthermore, the off-diagonals are related to the steady—state of
the local order between the lattices, i.e. Mab + Mba = 2q? @b Hence, a perturbation of the global order couples to the
steady-state value of the local order The solution of Eq. (812) can be written in terms of an eigenmode expansion

om(t) = 3 A Dy, (S16)
k=+

where Ay are set by the initial conditions, S\i are the eigenvalues of the linear stability matrix

Ay = (tr(M) + \/tr(M)2 - 4det(M)> /2, (S17)

with
tr(M) = 2 (¢2* + ¢%*) - 2, (S18)
det(M) = (2¢%* — 1)(2¢"* — 1) — Moy My, (S19)

and the eigenvectors ¥4 read

= ([S‘:I: + 2(1 - Zqzs)b)]/Mban 1)T (820)



4

Since all matrix entries in (S12) are real, the characteristic polynomial also has real coefficients. Therefore, if the
eigenvalues are complex, they come in complex-conjugate pairs. The perturbation dm(t) grows in time when Re(j\i) >
0, and shrinks in time when Re(A+) < 0. The imaginary part of the eigenvalues tells us whether the perturbation
develops oscillations in time Im(A+) # 0, or is monotonic in time Im(A+) = 0. The Hopf bifurcation, also known
as an oscillatory instability or type-II, instability in the Cross-Hohenberg classification [1], occurs when the complex
conjugate eigenvalues cross the imaginary axis in the complex plane. Based on Eq. (S17), this occurs when

tr(M) = 0 — ¢%* 4 ¢** = 2/2, (S21)
det(M) > 0 — (2¢% —1)(2¢2* — 1) — Mup My, > 0. (S22)

For fixed z, both equations can be solved explicitly to obtain expressions for the critical values of the parameters J,,
and K, on the line of Hopf bifurcations. Note that Eq. (S21) sets a direct constraint on the steady-state local order
values.

S2.1.1.  Perfectly nonreciprocal setting

Focusing on the perfect nonreciprocal setting with J, = J, = J and K, = —K;, = K, we have ¢%* = ng = g¢s(J, K)

and My, = —Mp,. Under these conditions, Eqs. (S21)-(S22) transform into,
tr(M) =0 — ¢, = 1/2, (S23)
det(M) > 0 — My, # 0, (S24)

where the latter equation is directly satisfied for K # 0. Hence, also in the “monomer” expression we find a critical
value for the local order, which is given by geris = 1/ 2.

S2.2. The Bethe-Guggenheim “pair” approximation

In the BG approximation, we can no longer neglect the local order for the linear stability analysis. Hence, we
consider a small perturbation of the global and local order around their respective steady-state values

m(t) = mg + om(t), (S25
q(t) = qs +dq(t). (S26
For the sake of simplicity, we directly focus on the perfectly nonreciprocal setting with J, = J, = J and K, = — K} =

K. Upon inserting the steady-state values, the probability can be expanded up to first order in dm(¢) and oq(t),
which reduces Egs. (8)-(10) in the main paper to the following linear set of equations

d (6m(t) M 0) [dm(¢)

i (o) = (0 @) () (527
where M(qs; J, K) is a 2 x 2 matrix and Q(gs;J, K) a 3 x 3 matrix. Due to the diagonal block structure of the
linearized equations, we can handle the perturbations for dm(t) and dq(t) separately. The linear stability of dm(t) is

already discussed in the main paper, and here we proceed with dq(t). The elements of the 3 x 3 matrix Q are given
by

Qu =0Q»=-2- 12zq8 2/22 > z% (20— 2) — P, ) tanh (U}",), (528)
%o
Q12 = Q21 =0, (529)
Q13 = —Q23 = % z 21: 21— z)(2n — 1)(7) -Pr ) tanh (Uf7,,), (S30)
=0 n= )
Qs1 = ~Qs2 = 7— qf gnzo (2n—D)[@ - 2) (P, = P;) — 205(P, + P, )] tanh (U},), (S31)

Qsz=—2+Y Z Z ) tanh (U}",). (S32)

p =0 n=0



The solution of the linearized equation for dq(t) reads

Z AT (S33)

where the A; are determined by the initial conditions, and the eigenvalues of Q, denoted as S\i, are given by

A= Q11 (S34)
A2 = % (Qn + Q33 + v/8Q13Q31 + (Q11 — Q33)2) , (S35)
A3 = % (Qu + Q33 — V/8Q13Q31 + (Q11 — Q33)2) ) (S36)

and finally, the eigenvectors of Q, denoted as ©;, read

= (171v0) (S37)
7y = (—Qus/(A2 — Qs3), Q13/ (A2 — Qs3), 1), (S38)
U3 = (—Q13/(As — Qs3), Q13/(As — Qs3),1)". (S39)

Note that A; is always real, and therefore cannot give rise to a Hopf bifurcation. The second and third eigenvalues
can become complex, in which case their real part is given by Re(A23) = (Q11 + Qs3)/2. However, we now prove that

Q11 <0 and @33 <0, and therefore also 5\273 cannot give rise to a Hopf bifurcation.

To prove that Q11 < 0 we proceed with the following chain of inequalities

2, 2 z 1
Qi1 = —2— 1 _q;2 + 7z ZZ (20— z) — P, ) tanh (U,,)
S S =0 n=
22q> -
<-2-— 1 o+ ‘ Z ZZ 2l — 2)? — P, ) tanh (U},)
— 4 s =0 n=0 ’
Qqu A B a
< -2- - q? > 2 -7, ) tanh (U}%,,)]
22¢> z
§—2—1_;2 |(20 — 2)? — P, )||tanh ([21 — 2]J + K) + tanh ([2] — 2]J — K)|
22¢?
§_2_17q3 > (21 —2) |’Pl P, |
22¢? -
< - _1—q2 2221—2 Pl+7)l)_ 5 (840)
S S =0

where the last inequality follows from the triangle inequality \ﬁ?_ -P,| < |fl+| + |P, | together with ﬁli > 0 and



== —=* . . .. .
therefore |P; | = P; . Next, we proceed with Q33 in a similar fashion

Q33 = —2+ZZZ tanh (U“ )

,ulOnO

:72+2Z P, — P, ) [tanh ([2 — 2]J + K) + tanh ([21 — 2] — K]

< 24 ‘2 Z(ﬁf — P, ) [tanh ([2 — 2)J + K) + tanh (20 — 2).J — K)]‘
=0

< 24 22‘@* — P, ) [tanh ([21 — 2]J + K) + tanh ([2l — 2].J — K)]‘
=0

<-2+4) [P - P,
=0

<2443 (P +P)=-2+2=0, (541)
=0

where for the last inequality we again used the triangle inequality. This establishes that ()11 < 0 and @33 < 0, and
therefore when Ag 3 become complex, their real part obeys the bound Re(Aa3) = (Q11 + Q33)/2 < 0. Hence, up to
first order, any perturbatlon 0q(t) decays over time. The coherent oscillations in q(t) observed in Fig. lc,d in the
main paper are therefore an inherently nonlinear effect related to the coupling between m(t) and q(t).

S3. PROOF OF EXISTENCE OF STATIC GLOBAL ORDER ON THE FINITE SQUARE LATTICE

Here, we show that for any finite system size (N < oo) there is at least a regime with 0 < |K| < O(1/N) where the
static global order in the two-dimensional square-lattice is not destroyed. Moreover, in the thermodynamic scaling
limit N — oo and |K|N = constant > 0 we show that there exists a regime for a nonzero magnetic field » > 0 and
for any coupling strength J > Jy where the static global order must be preserved.

S3.1. Recap of the global order

For completeness, we recall some statements about the global order. We define the global order in lattice a and b
as (here we explicitly write out the averaging (-))

N
=N"1Y "N ol P(ot), (S42)
{o} i=1

where {o} denotes the set of all possible spin configurations o. From the master equation (see Eq. (2) in the main
paper) we can obtain the time-evolution equation for the magnetization [2]

dm”(t) ——2N‘1Z§: k(o) P(o; t) (S43)
T {}12101-11)1- o o;t).

In the steady-state we have dm#(t)/dt = 0, and therefore
N
DY otwl(ef)Pu(a) =0, (S44)
{o} i=1

where P,(0) = limy_, o, P(0;t) denotes the steady-state probability.



S3.2. Steady-state for K =0

Let us first recall the steady-state global order for K = 0, where we have two independent Ising systems on lattice
a and b, respectively. Let Pys(o) = tlim P(o;t)| k=0 be the steady-state probability for K = 0 and an arbitrary
— 0

magnetic field h (which we need later), and

wh (of) = (1/27) {1 — o' tanh (J ZW) ot + h)] (S45)

the transition rate when K = 0 in the presence of a magnetic field h. The steady-state global order for K = 0,
denoted as my ,, reads [3]

N
mh,= lim N! Z Z o' Pys(o), (546)

) +
h—0 (o} i=1
which is nonzero for J > In (1 ++/2)/2 when N > 1 (for N — oo the sign > changes to >). Note that the limit

h — 0% of the magnetic field weakly breaks the Zy-symmetry, such that the steady-state magnetization does not
correspond to the unstable value with mf ; = 0.

S3.3. Perturbation expansion in K

We consider a perturbation of the steady-state under a small change in K such that | K| < 1. For small perturbations
we can expand the transition rates as follows,

wy (o) = wp ;(0}) + Kdwj' (0}) + O(K?), (547)
where it follows from a Taylor expansion of Eq. (3) in the main paper that
Swh (ot) = (1/27)[1 — 26, )0l 0? sech® <J ZW) ol + h), (S48)

with 0,5 = 1 when y = band d,,, = 0 when ¢ = a. A small perturbation in the transition rates induces a perturbation
in the steady-state probability

Pi(o) = Py (o) + K§Ps(a) + O(K?), (S49)

which in turn results in a perturbation of the magnetization, m¥# = mg, + Kém# + O(K?), where it follows from
Eq. (S46) that

N
P = lim N1 HsP, (o).
mt i, {za; ; o 0P(o) (S50)

Our aim is to provide an upper and lower bound for dm#.

S3.4. Bound on perturbations of global order

We start with an upper bound for dm¥, which goes as follows:

N
Iz i -1 g
omt < hllfl&i |N g E ol 0Py(o)|

{o} i=1
N
. -1 H
< lim N7 D loltoR (o)
{o} i=1
N
_ -1 I
= lim N ZZI%IIWS(G)\
{o} i=1
= i 5P,(a)). S51
Jim, > |6P.(o)] (S51)

{o}



In exactly the same way, we can also provide a lower bound

N
I im —|N"1! p
omt > hgrgi |N E E ol 0Py(o)]

{o} i=1
N
: -1 I
> lim N1 Y oloR (o)
{o} i=1
N
= lim —N"! K !
i ~NUST S o 5P (o)
{o} i=1
= 1. —
Jim, = 0P, (o) (852)
{o}
Hence, combining the upper and lower bound, we obtain
u .
[m] < lim, > |6P(o)]. (S53)

o

This is our first main result. We are left with determining an upper bound for limj, o+ >, [Fs(o)]|, for which we
use the following theorem shown in [4] (Theorem 2.1):
Theorem 1 Let the Markov chain X (t) with infinitesimal generator A, i.e., dp(t)/dt = p(t)A, be exponentially

weakly ergodic; that is, for any normalized initial conditions p(t = 0), and p'(t = 0), and any t > 0, there erists a
b >0 and c > 2 such that

Ip(t) —p' ()] < ce™™, t >0, (S54)
where ||p|| = >, [pi| denotes the ly-norm for vectors. Then, for perturbations to the infinitesimal generator, A + A,
the following bound takes place for the perturbed stationary probabilities Ps:
R 1+1n(c/2), 2
Ips = Bs|| < ————lIAll (S55)
where ||A| = max; > |Ay;| is the subordinate norm for the perturbation matriz.

Since it is known that the finite volume Glauber dynamics on Z% is exponentially weakly ergodic (see Theorem
3.3 on page 117 in [5] together with proposition 3.9 on page 124 or simply use Eq. (3.15) in [5]), we can directly use
Theorem 1. To translate the results from Theorem 1 into a bound for [§m#|, we first want to bound the subordinate
norm for the perturbed infinitesimal generator. To do so, note that the perturbation to the transition rates obeys the
following bound,

|Kwk (o) = |(K/27)[1 — 20, p]0fa? sech® (J Z('\ ) of +h)| < |K|/2T, (S56)
il

where we used that |sech®(z)| < 1 for z € R. These perturbations enter the off-diagonal terms of A, so we have
established that A;; < |K|/27 for i # j. Since we consider single spin-flip dynamics, each row/column in A has 2N
nonzero entries excluding the diagonal entry, which is equal to Ay = — > y /Al” Therefore, the diagonal term can

also be bounded by |A;;| < 2N x |K|/27. Combining these results, we obtain the following bound for the subordinate
norm of the perturbed infinitesimal generator,

|A| <2 x (2N) x |K|/2T = 2N|K|/7. (S57)

Finally, we note that |[ps — Ps|| in Theorem 1 translates into limy_,o+ K|}, [Fs(o)| in our work. Combining all
together, we obtain that there exists b > 0 and ¢ > 2 such that for K # 0

tim S0Py (@) < w (S58)

and therefore the perturbation is bounded by a finite number (when N < co and 7 # 0) independent of K up to first
order
2N(1+1n(c/2))

om| < T < oo (S59)



S3.5. Connecting the dots

We have shown that up to first order the static global order can be written as mf = mg  + Kéml' + O(K 2) under a

small perturbation in K, where mf, # 0 for J 2 In (1 + V/2)/2 as shown in Eq. (S46). Furthermore, the perturbation
dm# is bounded by a finite number independent of K, as shown in Eq. (S59). This means that for arbitrarily small
nonzero K, the perturbed global order gets arbitrary close to the unperturbed value, i.e.

2N(1+1 2
i = | < || (BROT L2 (s60)
’ bt
To be more precise, if we set
0 < |K| <O(1/N), (S61)

the perturbed steady-state magnetization must come arbitrarily close to the unperturbed steady-state magnetization
by merely changing the proportionality factor. If the static global order vanished for any arbitrary nonzero K on the
square lattice, it would indicate that m# is a discontinuous and non-differentiable function of K for J > In (1 4 1/2)/2,
as it would suddenly jump from mg  # 0 to m{ = 0 in the limit K — 0%. This cannot be true, since we have
established that m% gets arbitrarily close to m&s up to first order in K. Hence, the static global order is not destroyed
for finite system sizes (N < oo) in the perfectly nonreciprocal Ising model at least when 0 < K < O(1/N).

Note that our proof does not state anything about the regime with coherent steady-state oscillations on the square
lattice. Similar to the results in [6], we also observe that spiral defects can destroy coherent steady-state oscillations
on the square lattice. This, however, does not have any implication for the regime with static order, which is our
main focus in this Section.

S3.6. What happens in the thermodynamic limit?

What happens to the static global order when we take N — oo? It is known that the infinite volume Glauber
dynamics is not ergodic as the Gibbs measure is not unique [5]. Therefore, one cannot use Theorem 1. However, in the
presence of a magnetic field with A > 0 there exists a region J > Jy (this includes the infinite J — oo limit) such that
the infinite volume Glauber dynamics has exponential convergence, i.e., is weakly ergodic, as shown in Theorem 5.1b
in [7] (page 479). Hence, in this regime we can use Theorem 1 to obtain a bound for |K'| >, [6Fs(o)|, which would
also be given by Eq. (S58) (albeit that b and ¢ might change due to the presence of h > 0). Looking at Eq. (S60) we
can then take a scaling limit N — oo and |K|N = constant, such that the perturbed steady-state long-range order can
get arbitrarily close to the unperturbed value by simply changing the proportionality constant. Hence, we conclude
that there exists a regime for |K|N = constant where the static order is preserved when

| K| N=const.

h>0, J>Jo (862)
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