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1. Spontaneous symmetry breaking

If a symmetry is unbroken, then vacuum expectation values 〈0|O|0〉 of observables are
invariant under the symmetry transformations.

Consider QCD with Nf = 2 quark flavours and equal quark masses mu = md. Assume
that the quark condensates 〈0|ūu|0〉 and 〈0|d̄d|0〉 are non-zero.

a) (2 P) Explain why this implies a spontaneous breaking of chiral SU(2)L ⊗SU(2)R

symmetry in the case of vanishing quark masses mu = md = 0.

b) (2 P) Show that 〈0|ūu|0〉 = 〈0|d̄d|0〉, if flavour SU(2) is unbroken.

2. Let β(g) = −β0g3 −β1g5 −β2g7 + . . . be the renormalisation group β-function of QCD
in a particular scheme.

a) (3 P) From
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gR(Q) = β(gR(Q)) (see lecture),

show that
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if the β-function is approximated by its lowest order term.

b) (3 P) Taking into account higher orders, show that

ln(Q2/µ2) = F (gR(Q)) − F (gR(µ)),

where
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ln g + O(g2).

c) (4 P) Let g̃ be a different renormalised coupling, defined in another scheme, such
that

g̃ = g + cg3 + O(g5).

The corresponding β-function, given by
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g̃(Q) = β̃(g̃(Q))

is of the form
β̃(g̃) = −β̃0 g̃3 − β̃1 g̃5 − β̃2 g̃7 + . . .

Show that
β̃0 = β0, β̃1 = β1 ,

and that β̃2 6= β2 in general.


