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1. (6 P) Let q(x) = (qα,i,f (x)) be the quark field, where α ∈ {1, . . . , 4} is the Dirac index,
i ∈ {1, 2, 3} the colour index, and f ∈ {1, . . . , Nf } the flavour index. Write the following
expressions explicitly in the index notation, including all indices:

a) Uq(x), where U is an element of colour SU(3),

b) Ωq(x), where Ω is an element of flavour SU(Nf ),

c) γµ∂µq(x),

d) q̄(x)q(x),

e) q̄(x)γµq(x),

f) q̄(x)γµTaq(x), where Ta is a generator of flavour SU(Nf ).

2. Calculate the Noether currents associated with the following transformations of the quark
field in QCD:

a) (2 P) flavour transformations q′ = Ωq, Ω ∈ SU(Nf ),

b) (1 P) phase transformation q′ = e−iαq.

c) (4 P) Calculate the divergences ∂µj
µ
a of the flavour currents

jµ
a (x) =

∑

f,f ′

q̄f (x)γµ(Ta)ff ′qf ′(x),

for free quarks with quark masses mf , using the field equations.
Hint: if all quark masses are equal, the expression should be zero.

3. Let PL = 1

2
(1 − γ5) and PR = 1

2
(1 + γ5).

a) (2 P) Show that PL and PR are complementary projectors, i. e. P+

L = PL, P+

R = PR,
P 2

L = PL, P 2
R = PR, PL + PR = 1, PLPR = PRPL = 0.

b) (3 P) For a Dirac field ψ(x) define ψL(x) = PLψ(x) and ψR(x) = PRψ(x). Calculate
ψL and ψR. Express ψ̄ψ and ψ̄γ5ψ in terms of ψL and ψR.

c) (3 P) Show that

e−iαγ5 = cos (α)1 − i sin (α)γ5 = e−iαPR + eiαPL.

d) (2 P) Show that for the quark field q(x)

exp (−iωaTaγ5) q(x) = e−iωaTaqR(x) + eiωaTaqL(x),

where Ta are flavour symmetry generators.

e) (2 P) Let q′(x) = exp (−iωaTaγ5) q(x) as in (d). Does q̄ ′(x)q′(x) = q̄(x)q(x) hold?

f) (2 P) Calculate the Noether current associated with the transformation in (e).


