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1. Consider the Lagrangian density for the Maxwell field Aµ(x):

L = −
1

4
FµνF µν −

1

2ξ
(∂µAµ)2.

a) (2 P) Show by using partial integration in the action that it can be written equivalently in
the form L = 1

2
AµMµνAν . Write down the expression for Mµν .

b) (3 P) Calculate the photon propagator in momentum space D̃F,µν(k) =
(

M̃−1
)

µν
(k).

2. Consider the Lagrangian

L = ∂µφ+∂µφ − φ+Mφ −
g

4
(φ+φ)2

for a two-component complex scalar field φ(x) =

(

φ1(x)
φ2(x)

)

with mass matrix M =

(

m2
1 0

0 m2
2

)

.

a) (2 P) Write down the field equation for φ.

b) (4 P) Find the global symmetry group for the case m1 = m2. Find a basis of its generators
Ta that contains the SU(2) generators as a subset, and which fulfils Tr (TaTb) = 1

2
δab. Find

the conserved Noether currents.

c) (2 P) Find the global symmetry group for the case m1 6= m2. Find a basis of its generators
Ta as a subset of those found in (b).

d) (3 P) Calculate the divergences ∂µjµ of the Noether currents found in (b), but for the case
m1 6= m2.
Remember: Use the field equations.

e) (2 P) Consider the case m1 6= m2. Modify the Lagrangian such that it is invariant under
local transformations corresponding to the symmetry group found in (c) by coupling to a
number of different “Maxwell fields”. Write the covariant derivative with the help of the
generators Ta.

3. (2 P) Prove the identity
[Dµ, Dν ] = −igT aF a

µν ,

where Dµ is the covariant derivative for a non-Abelian gauge theory , g the coupling constant and
F a

µν = ∂µAa
ν − ∂νAa

µ + gfabcA
b
µAc

ν is the field strength tensor.

4. Consider the Lagrangian for an N -component complex scalar field interacting with non-Abelian
gauge fields:

L = (Dµφ)+Dµφ − m2φ+φ − λ(φ+φ)2 −
1

4
F a

µνF a,µν .

a) (2 P) Derive the field equations for the scalar field φ(x).

b) (3 P) Derive the field equations for the gauge fields and show that they can be written as
∂µF µν − ig[Aµ, F µν ] = jν . Write down the expression for the current jν = ja,νTa, formed
out of the scalar fields and the gauge field.


