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Topics covered: Canonical quantisation of a scalar field.

1. Consider the theory of a quantised complex scalar field.

a) (2 P) The annihilation operator a(k) is given by

a(k) =

∫

d3x eikx
(

ωkφ(x) + i φ̇(x)
)

|k0=ωk
.

Verify that a(k) is time-independent if φ satisfies the Klein-Gordon equation.

b) (1 P) Show that [a(k), b(k′)] = 0.

c) (3 P) Show the following equations:

[

H, a†(k)
]

= ωk a†(k)

[H, a(k)] = −ωk a(k)
[

H, b†(k)
]

= ωk b†(k)
[

P j , a†(k)
]

= kj a†(k)
[

P j , b†(k)
]

= kj b†(k)
[

Q, a†(k)
]

= a†(k)
[

Q, b†(k)
]

= −b†(k)

d) (2 P) Calculate

Ha†(k1)a†(k2)|0〉

Ha†(k1)b†(k2)|0〉

Qa†(k1)a†(k2)b†(k3)|0〉

e) (1 P) Calculate the inner product between the two states a†(k1)a†(k2)|0〉 and a†(k′
1
)a†(k′

2
)|0〉.

2. (3 P) The momentum operator in the theory of a quantised real scalar field φ is given by

~P = −

∫

d3x (∂0φ)∇φ.

Calculate the normal-ordered : ~P : in terms of creation and annihilation operators.


