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Topics covered: Klein-Gordon and Dirac equation.

1. (2 P) Show that
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satisfies the continuity equation when φ is a solution to the Klein-Gordon equation in an
external electromagnetic potential Aµ and q is the charge of the particle.

2. The free Klein-Gordon equation is a second-order differential equation for a single function
ψ(~r, t).

a) (2 P) Show that it is equivalent to two coupled differential equations that are of first
order in time t and can be written as
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and write down H (set ~ = c = 1).

b) (2 P) Find the two formal eigenvalues h1 and h2 of the 2 × 2 matrix H and write the
differential equations in the decoupled form

i ~
∂

∂t
ψ̂a = haψ̂a (a = 1, 2). (2)

3. (3 P) Calculate the following determinant:

det (γµpµ −mc1) . (3)

4. (3 P) Prove the following identities without using any particular representation of the
gamma matrices:

a) /p
2 = p2,

b) γµγ
µ = 4,

c) γµγ
νγµ = −2γν,

d) γµγ
αγβγµ = 4gαβ,

e) γµγ
αγβγηγµ = −2γηγβγα,

f) σµνσ
µν = 12.

Here the definitions /p
.
= γµpµ and σµν

.
= (i/2)[γµ, γν ] are used.


