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1

Probability Theory

Probability theory has been developed to analyze random events. Historically
it has been motivated by the treatment of games of chance by the italian
Renaissance mathematician Gerolama Cardano (1501-1576), famous for his
contributions to algebra, and, later, by the mathematicians Pierre de Fer-
mat (1601 or 1607/8 - 1665) and Blaise Pascal (1623-1662) in the sevententh
century. The modern formulation of probability theory goes by to the Rus-
sian mathematician A.I. Kolmogorov (1903-1987), who also made fundamental
contributions to classical mechanics and to the theory of fluid turbulence.

Probability theory is intimately related with the theory of stochastic pro-
cesses. The treatment of stochastic processes has been initiated by Bachelier
(1870-1946) (Theorie de la speculation, Dissertation 1900) for economic pro-
cesses and by A. Einstein in his treatment of Brownian motion in the year
1905.

1.1 Random Events

The subject of probability theory are random events. Random events are
the fundamental ingredients of games of chance. A random event can not be
predicted with certainty.

1.1.1 Random Events and Deterministic Chaos

Quite frequently, random events are generated by processes governed by deter-
ministic evolution laws, whose outcomes depend sensitively on choosen initial
conditions of the process. The outcome of coin tossing depends sensitively
on initial position, orientation, initial momentum, and angular momentum,
although the motion of the coin is strictly determined.

A further example is the Galton board.
Sensitivity with respect to initial conditions is a signature of chaotic mo-

tion.
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1.1.2 Random Events and Hidden Processes

An event can appear to be random in the case where there is incomplete
knowledge on the process generating the outcome.

1.1.3 Bernoulli Sequences

A Bernoulli trial ncan be visualized as the flipping of a (fair) coin. A Bernoulli
sequence is a process composed of a collection of independent Bernoulli trials.
It can be generated by the Bernoulli map

zN+1 = 2zN − 2[zN ] (1.1)

1.1.4 Sample space

The sample space of a random event is the set of all possible outcomes of trials.
The sample space can be discrete, i.e. consisting of an enumerable number of
events, or continuous.

Discrete Random Events

As examples of discrete random events we mention coin tossing and throwing
dice. The elementary events of coin tossing are the outcomes 0, 1 and for
throwing dice the events 1,...,6.

Continuous Random Events

As examples of continuous random events we mention the case of a falling
needle and a velocity component of a gas molecule. For continuous random
variables it only makes sense to talk about the outcome as finding the variable
in a certain interval.

For the case of a falling needle one can talk about finding the needle
in a sector of angular width dϕ. In case of the velocity of gas molecule a
measurement yields a velocity in the interval dv close to v.

The distinction between discrete and continuous random variables is im-
portant for the definition of probabilities for random events.

1.2 Discrete Set of Random Variables

The intuitive definition of the probability for the random event ωi is based
on the notion of relative frequency: We perform trials generating a set of
N random outcomes. In Ni cases the event ωi is measured. Provided the
outcomes of the trials are mutually independent it is straightforward to define
the probability as the relative frequency
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pi = limN→∞
Ni

N
(1.2)

The basic assumption here is that for large numbers of trials the probability
approaches a limit.

An immediate consequence of this definition is the normalization of the
probability. Due to the fact that sumiNi = N we obtain the condition

∑

ωi

pi = 1 (1.3)

For a Bernoulli sequence with equal probability we obtain

p(0) =
1

2
, p(1) =

1

2
(1.4)

For a fair dice, one obtains

p(1) = p(2) = p(3) = p(4) = p(5) = p(6) =
1

6
(1.5)

1.2.1 Expectations, Characteristic Functions, Moments and

Cumulants

The probabilities pi of an event ωi of the sample space Ω can be used to
calculate expectations of functions mi = F (ωi) assigned to the random event
ωi via the mean value

〈m〉 = limN→∞
1

N

∑

i

NiF (ωi) =
∑

i

pimi (1.6)

Furthermore, we can define the second moment

〈m2〉 =
∑

i

m2
i pi (1.7)

as well as the higher order moments

〈mn〉 =
∑

i

mn
i pi (1.8)

An important expectation value is the variance,

σ2 = 〈m2〉 − 〈m〉2 = 〈(m− 〈m〉)2〉 (1.9)

which is related to the so-called root mean square

σ =
√

〈(m− 〈m〉)2〉 (1.10)

An important expectation value is the so-called characteristic function
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Z(α) =
∑

j

pje
imjα = 〈eimjα〉 (1.11)

which is a function of the variable α. A Taylor expansion of the characteristic
function with respect to α yields

Z(α) =
∑

k=0

(iα)k

k!

∑

j

(mj)
kpj =

∑

k=0

(iα)k

k!
〈m〉k (1.12)

This equation demonstrates that Z(α) is the moment generating function: The
n-th order moment can be obtain by repeated differentiation with respect to
α according to

< mn >= {
(

1

i

d

dα

)n

Z(α)}α=0 (1.13)

A quantity, which is related to the characteristic function, is the so-called
cumulant generating function, W (α), defined as the logarithm of Z(α):

W (α) = lnZ(α) (1.14)

The cumulants are obtained due to

Cn = {
(

1

i

d

dα

)n

W (α)}α=0 (1.15)

One obtains
C1 = 〈m〉 , C2 = 〈m2〉 − 〈m〉2 (1.16)

and similar expressions for higher order terms.

1.2.2 Examples of Discrete Probability Sets

Binomial Distribution

We consider a word of N letters formed by two symbols A, B

AA..BA...BBB...BA (1.17)

The occurence of the letter A is given by the probability p, the letter B occurs
with probability q, respectively:

p+ q = 1 (1.18)

We can ask for the probability to find a word which contains n0 letters A and,
consequently, n1 = N − n0 letters B

PN (n1) =
N !

(N − n1)!n1!
pn1qN−n1 (1.19)
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This probability is normalized since by the binomial formula:

N
∑

n1

PN (ni) =
N
∑

n1=0

N !

(N − n1)!n1!
pn1qN−n1 = (p+ q)N = 1 (1.20)

Let us consider another application of the binomial distribution and con-
sider N radioactive atoms. The probability for the decay of a single atom
within a time interval T is given by, where 1/µ is the radioactive decay time:

p = 1 − e−µT (1.21)

Let us determine the probability that, within a time interval T , k atoms have
decayed. The probability is just

PN (k) =
N !

(N − k)!k!
(1 − e−µT )k

(

e−µT
)N−k

(1.22)

Poisson Distribution

The Poisson distribution is obtained in the limiting case N → ∞ under the
assumption that

p =
a

N
(1.23)

This yields

PN (k) =
N !

(N − k)!k!
(1 − a

N
)N−k

( a

N

)k

=
N !

(N − k)!k!
(1 − a

N
)N (1 − a

N
)−k

( a

N

)k

=
N !

(N − k)!k!
(1 − a

N
)Nak(1 − a

N
)−k

(

1

N

)k

(1.24)

We use the approximations, which become exact in the limit N → ∞

(1 − a

N
)N ≈ e−a

(1 − a

N
)−k ≈ 1

N !

(N − k)!nk
≈ 1 (1.25)

Thus, we obtain the Poisson distribution

P (n) =
an

n!
e−a (1.26)

It is straightforward to see that the probability is normalized
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∑

n=0

P (n) =
∑

n=0

an

n!
e−a = e−a

∑

n=0

an

n!
= 1 (1.27)

The mean value 〈n〉 is calculated according to

〈a〉 =
∑

n=0

n
an

n!
e−a = a

∑

n=1

an−1

(n− 1)!
e−a = a (1.28)

1.3 Continuous Set of Random Events, Probability

Density

We consider now random variables which can take continuous values, denoted
by q.

A realization of such a process could be the angle, which is formed by a
needle which falls down and a given direction. This is surely a random variable,
which is defined in the interval 0 ≤ ϕ ≤ 2π. It is clear that the probability to
obtain a specific value of this angle is zero. However, one may talk about the
probability to find the needle in an angular sector of width dϕ.

This example shows that it only makes sense to talk about the probability
to find the continous random variable within a certain interval, denoted by
∆qi, located at the value qi. This suggests the following procedure for the
definition of the probability for a continous set of random events. We divide
the space of the continous variable into a discrete set of intervals, so-called
bins, of width ∆q. For each bin characterized by its location qi and its width
∆qi we operationally determine the probability as the relative frequency

p(qi, ∆qi) = limN→∞
Ni

N
(1.29)

Now, we assume that by a refinement of the bin size the number Ni is pro-
portional to the bin size ∆qi as well as the number of trials N

limN→∞Ni = Nf(qi)∆qi (1.30)

The probability to find a random variable in a bin of size ∆qi is then given
by

p(qi, ∆qi) = limN→∞
Ni

N
= f(qi)∆qi (1.31)

The basic assumption on the statistics of the continuous random variable
q is that this density exists.

The probability to find the random variable in the finite interval q0, q0 +
Dq0 can be calculated by the integral

p(q0, q0 +Dq0) =

∫ q0+Dq0

q0

dqf(q) (1.32)
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1.3.1 Mean Value, Moments

Again, we can define mean values and moments by the limiting procedure

< q >=
1

N

∑

i

Niqi =
∑

i

p(qi)qi =
∑

i

f(qi)qi∆qi (1.33)

The limit leads us to the integral

〈q〉 =

∫

dqf(q)q (1.34)

Similarly, n-the order moments are obtained

〈qn〉 =

∫

dqqnf(q) (1.35)

The variance and the root mean square of the distribution are defined as
follows:

σ2 =< q2 > − < q >2=

∫

dq(q− < q >)2f(q) (1.36)

Expectation values of functions H(q) are defined accordingly:

〈H(q)〉 =

∫

dqH(q)f(q) (1.37)

1.3.2 Characteristic Function

A special case is the so-called characteristic function Z(α):

Z(α) =< eiαq >=

∫

dqeiqαf(q) (1.38)

It is the Fourier transform of the probability density f(q) and, hence, contains
the similar information on the statistics of the random variable q.

The characteristic function is the moment generating function. Expanding
the exponential function we obtain

Z(α) =
∑

k=0

(iα)k

k!
< qn > (1.39)

This respresentation shows that we can determine the n-th moment by
differentiation of the characteristic function

< qn >=

(

1

i

∂

∂α

)n

Z(α) (1.40)
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1.3.3 Cumulant Generating Functions, Cumulants

We can define the so-called cumulant generating function as the logarithm of
the characteristic function

W (α) = lnZ(α) (1.41)

Taylor expansion of this function yields the so-called cumulants

W (α) =
∑

k

(iα)k

k!
Ck (1.42)

Cn = (
1

i

d

dα
)nZ(α)|α=0 (1.43)

The first two cumulants are related to the moments:

C1 = 〈q〉
C2 = 〈q2〉 − 〈q〉2 (1.44)

1.3.4 Example: Gaussian Distribution

The Gaussian distribution is defined as

f(q) =
1√
2πQ

exp[− q2

2Q
] (1.45)

As is well-known, the Fourier transform of a Gaussian is again a Gaussian
function. Hence, the characteristic function of a Gaussian distribution is a
Gaussian function:

Z(α) =

∫

dαeiαqf(q) = exp[−Q
2
α2] (1.46)

The cumulant generating function is a polynomial

W (α) = −Q
2
α2 (1.47)

Moments of a Gaussian:

< q2k+1 >= 0 (1.48)

< q2k > =

∫

dq
1√
2πQ

exp[− q2

2Q
]q2k

= Qk

∫

1√
2π
dξe−

ξ2

2 ξ2k

(1.49)
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Normalization of the Gaussian distribution

We shall evaluate the integral

I =

∫ ∞

−∞
dxe−

x2

2Q (1.50)

To this end we determine I2

I2 =

[
∫ ∞

−∞
dxe−

x2

2Q

]2

=

∫ ∞

−∞
dx

∫ ∞

−∞
dye−

x2+y2

2Q (1.51)

This integral can be calculated in cylindrical coordinates

I2 =

∫ ∞

0

∫

dϕdrre−
r2

2Q = 2πQ (1.52)

As a consequence, we obtain

I =

∫ ∞

−∞
dxe−

x2

2Q =
√

2πQ (1.53)

Moments of the Gaussin Distribution

It is straightforward to calculate the even moments of the Gaussian distribu-
tion. They are defined according to

〈x2k〉 =

∫

dxx2k e
− x2

2Q

√
2πQ

(1.54)

and can be determined via the characteristic function. They read

〈x2k〉 =
(2k)!

k!2k
Qk (1.55)

Cumulants of the Gaussian Distribution

A Gaussian distribution is completely specified by the two cumulants C1 = 〈q〉
and C2 = 〈q2〉 − 〈q〉2.
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Perturbative evaluation of expectation values

We consider the approximative evaluation of expectations of functions G(q)
with respect to a Gaussian distribution, To this end we explicitly have to
evaluate the integral

< G > =

∫

1√
2πQ

exp[− q2

2Q
]G(q)

=

∫

1√
2πQ

exp[− q2

2Q
]
∑

l

gl

l!
ql

(1.56)

The evaluation can be determined using the general expressions for the mo-
ments

< G >=
∑

2k

g2kQ
k 1

k!2k
(1.57)

Usually, convergence of the sum is a problem.

1.3.5 Example: Cauchy distribution

Z(α) = eika−|k|γ (1.58)

1.3.6 Functions of Continuous Random Variables

We can consider functions x(q) of a random variable q and investigate the
probability distribution F (x). The question is, how the distributions F (x)
and f(q) are related. To this end we recall that

F (x)dx = f(q)dq (1.59)

where x and q are related via the transformation x(q), and the infinitesimal
intervals are related by

dx = |dx(q)
dq

|dq (1.60)

Explicitly, this means

f(q) = F (x(q))|dx(q)
dq

| (1.61)

If the function x(q) has a unique inverse, q = Q(x) we obtain the inverse
formula

F (x) = f(Q(x))|dQ(x)

dx
| (1.62)

Formally, we can express the relation between the two distributions by the
relation
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F (x) =

∫

dqδ(x− x(q))f(q) (1.63)

This relationship allows us to calculate the distribution F (x) also in case
where the equation x−x(q) = 0 has several solutions, denoted by Qi(x). The
property

δ(x− x(q)) =
∑

i

δ(q −Qi(x))
1

|dQi(x(q))
dq |q=Qi(x)

(1.64)

yields the general relation

F (x) =
∑

i

f(Qi(x))
1

|dQi(x(q))
dq |q=Qi(x)

(1.65)

1.4 Combinatorics and Probabilities

Example: A person has N different key’s in his pocket. The probability to find
the key for the car is just

p =
1

N
(1.66)

How big is the probability to find the key after at a certain k trial k? We
assume the trials to be independent. Answer: There are (N-1)! possibilities to
arrange N keys in a line with the key of the car at the position k. Thus, the
probability is

pK =
(N − 1)!

N !
=

1

N
(1.67)

Example: We randomly distribute n (different) things into N boxes. We
ask the question, how probable it is to find k thinks in one of the N boxes.

We consider the number of ways, to select k distinct objects, which is given
by

n(n− 1)...(n− k + 1) (1.68)

Since we are interested in the sequence, we have to divide this number by the
number of permutations k!

(
n

k
) =

n(n− 1)...(n− k + 1)

k!
(1.69)

The remaining (n-k) objects can be distributed into (N-1) boxes. The proba-
bility distribution is given by

p(k, n,N) = (
n

k
)(N − 1)n−k 1

Nn
= (

n

k
)

1

Nk
(1 − 1

N
)n−k (1.70)

1.5 Joint Probabilities

Joint probabilities arise naturally by considering two sets of random events,
Ω1, Ω2. The joint set of events is formed by the direct product of the set of
events Ω = Ω1 ×Ω2
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1.5.1 Discrete Events

Again, we can define probability distributions for each event, which, for the
case of discrete random events, are characterized by two numbers m1, m2.
Operationally, they are defined by the limit

p(m1,m2) = limN→∞
Nm1,m2

N
(1.71)

where N is the number of trials and Nm1,m2 is the number of trials with
outcomes m1 for the first random event and m2 for the second random event.
Evidently, the treatment can be extended to a number n of random events
characterized by the numbers m = [m1, ..,m2]. The probability distribution
p1(m1) of the single random event characterized by m1 is obtined accordint
to

p1(m1) =
∑

m2

p(m1,m2) (1.72)

Similarly, we obtain the distribution p̃1(m2) for the variable m2.
The joint probability distributions are normalized

∑

m1,m2

p(m1,m2) = 1 (1.73)

1.5.2 Continuous Random Variables

Furthermore, we can consider joint probability densities of joint continuous
random events, which we characterize by the continuous variables q1, q2. De-
noting the probabilities for finding the first variable in the interval q1, q1 +dq1
and the second variable in the interval q2, q2 + dq2 we can defined the proba-
bility distribution

p(q1, dq1; q2, dq2) (1.74)

and the joint probability density Verteilungsfunktion

p(q1, dq1; q2, dq2) = f(q1, q2)dq1dq2 (1.75)

The probability density f1(q1) of the single random event is given by

f1(q1) =

∫

dq2f(q1, q2) (1.76)

The generalization to a vector of random continous variables is straight-
forward. The joint probability density is denoted by

f(q) (1.77)

The definition of the joint probability density via the limiting procedure
shows that the probability densities are normalized
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∫

f(q)dnq = 1 (1.78)

The case of a distribution of a random vector x which is obtained by the
coordinate transformation

x = X(q) (1.79)

is obtained via the relationship

F (x)dnx = f(q)dnq (1.80)

This relation leads us to

F (x) = f(Q(x)J , J = Det

[

∂Qi

∂xj

]

(1.81)

1.5.3 Statistical Independency

Discrete random variables:

p(m1,m2) = p1(m1)p2(m2) (1.82)

Continuous random variables:

f(q1, q2) = f1(q1)f2(q2) (1.83)

1.5.4 Conditional Probabilities, Bayes Theorem

Conditional probabilities are introduced to characterize joint events, where
the outcome of one event is fixed. The conditional probability of the event m1

with sure outcomes for the variable m2 is defined according to

p(m1|m2) =
p(m1,m2)

p2(m2)
(1.84)

Here, p2(m2) denotes the probability of the event m2. It is possible to consider
the conditional probability

p(m2|m1) =
p(m1,m2)

p1(m1)
(1.85)

As a result, we obtain Bayes theorem

P (m2|m1) = p(m1|m2)
p1(m1)

p2(m2)
(1.86)

It is clear that we can define conditional probability densities for the case
of continuous random variables.
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1.5.5 Example: Maxwell-Distribution

As an example we consider the distribution of velocities of particles in an ideal
gas. They are given by the Maxwell distribution

f(vx, vy, vz) = e−
m

2kT
(v2

x+v2
y+v2

z = f(vx)f(vy)f(vz) (1.87)

Let us now determine the probability density of the modulus of the velocity,
defined by

v =
√

v2
x + v2

y + v2
z (1.88)

1.5.6 Example: Multivariate Gaussian distribution

f(q) =
1

√

(2π)ndetσ
exp[−1

2
q · σ(−1) · q] (1.89)

The expression in the exponent is defined according to

q · σ(−1) · q =
∑

i,j

qi[σ
(−1)]ijqj (1.90)

Thereby, the matrix elements of the matrix σ(−1) are denoted by

[σ(−1)]ij (1.91)

In general

[σ(−1)]ij 6= 1

σij
(1.92)

Diagonalization

Since σ(−1) is a symmetric matrix, we can find a unitary transformation U

w = Uq (1.93)

such that the matrix Σ(−1)

U (−1)σ(−1)U = Σ(−1) (1.94)

is a diagonal matrix. Due to

detU = 1 = Det

[

∂wi

∂qj

]

(1.95)

We simply opbtain.
We can find the normalization factor
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N−1 =

∫

dqe−
1
2q·σ−1·q

=

∫

dwe−
1
2w·Σ−1·w

=

∫

Πidwie
− 1

2

∑

i

w2
i

Σi =
√

(2π)nΣ1..Σn (1.96)

However, since we have the identity

DetU−1Σ−1U = DetΣ−1 = Detσ−1 (1.97)

we simply obtain:

N =
1

√

(2π)nDetσ
(1.98)

Moments:

< q1q2 >=< U−1
1j wjU

−1
2k wk >= U−1

1j U
−1
2k δjk = σ12 (1.99)

< q1q1 >=< U−1
1j wjU

−1
1k wk >= U−1

1j U
−1
1k δjk = σ11 (1.100)

< q1q2q3q4 >= σ12σ34 + σ13σ24 + σ14σ23 (1.101)

Characteristic Function, Cumulant Generating Function

The characteristic function reads

Z(α) = e−
1
2ασα (1.102)

and the cumulant generating function takes the form

W (α) = −1

2
ασα (1.103)

1.6 Central limit theorem

The central limit theorem explains why the normal distribution, i.e. the Gaus-
sian distribution is frequently encountered in nature.

The central limit theorem makes a statement about the statistics of a
variable X , which is additively obtained from the following superposition of
random variables qi:

X =
1

N

∑

i

qi (1.104)

The random variables qi, thereby, have to have the following properties:
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• The variables qi are mutually statistically independent.
• The variables qi are identically distributed.
• They have vanishing mean < qi >.
• The second moment exists σ =< q2i >= Q.

Let us now formulate these conditions in mathematical terms. Due to the
assumption of statistical independency the joint probability distribution of
the variables q1, ..qN is given by the product of the distribution F (qi) of the
single variable qi. All variables possess the same distribution F (q)

f(q1, ..., qN ) = F (q1)F (q2)...F (qN ) (1.105)

The probability distribution g(X) of the random variable X is obtained
from the evaluation of the integral

g(X) =

∫

dq1..

∫

dqNδ(X − 1√
N

∑

i

qi)f(q1, ..., qN ) (1.106)

The central limit theorem states that in the limit N → ∞ the distribution
g(X) tends to a Gaussian with the variance

Q = σ (1.107)

The proof of the central limt theorem is as follows. We insert the representa-
tion of the δ-function

δ(X − 1√
N

∑

i

qi) =
1

2π

∫

dαe
iα(X− 1√

N

∑

i
qi) (1.108)

into the basic relation (1.106):

g(X) =

∫

dq1..dqN
1

2π

∫

dαeiαXF (q1)...F (qN )e
−i α√

N

∑

N

i=1
qi

=
1

2π

∫

dαeiαX{
∫

dqF (q)e
−i α√

N
q}N (1.109)

The integral with respect to q can be expressed by the characteristic function
of the distribution F (q),

Z(α) =

∫

dqF (q)eiαq (1.110)

Furthermore, we introduce the representation of the characteristic function in
terms of the cumulant generating function W (α):

Z(α) = eW (α) = e
∑

k=2

Ck
k! (iα)k

(1.111)
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Due to the assumption, that the mean value of the distribution F (q) vanishes
the Taylor expansion of the cumulant generating function W (α) starts with
the term α2.

We are now in the position to perform the limit N → ∞.
Therefore, we have to consider the quantity

{Z(− α√
N

)}N = e
N W ( −α√

N
)
= e

N
∑

l=2

Cl
l!

(

− α√
N

i
)l

= e−
C2
2 (α)2 (1.112)

We have to identify the cumulant C2 with the second moment, C2 = Q.
The distribution g(X) now takes the following form:

g(X) =
1

2π

∫

dαeiαXe−
C2
2 α2

(1.113)

This is the Fourier representation of the Gaussian distribution with variance
C2 = Q.

1.6.1 Example

It is instructive to perform the calculations leading to the central limit theorem
for a specific example. To this end we consider variables qi which are equally
distributed in the range −1 ≤ q ≤ 1. The characteristic function reads

Z(α) =

∫

dqf(q)eiαq =
1

2

∫ 1

−1

dqeiαq =
1

α
sinα (1.114)

The cumulant generating function is

W (α) = ln
sinα

α
(1.115)

We have to consider the limit N → ∞

N [W

(

− α√
N

)

] = Nln
sin −α√

N
−α√

N

(1.116)

1.7 Stable Distributions

1.7.1 The Definition of Stable Distributions

The Gaussian distribution belongs to the class of stable distributions. In order
to define the class of stable distributions we generalize the treatment of the
preceding section leading to the central limit theorem in several respects.
Again we assume that the variables qi i = 1, .., N are independent identically
distributed variables. However, we do not require the existence of the second
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moment. We consider the quantity X , which is obtained additively from the
qi with the coefficients CN and γN , which are specified later:

X =
1

cN
[

N
∑

i=1

qi − γN ] (1.117)

We determine the distribution of X , g(X) according to

g(X) =

∫

dq1..dqNδ(X − 1

cN
[

N
∑

i=1

qi − γN ])f(q1)...f(qN ) (1.118)

Like in the derivation of the central limit theorem we introduce the repre-
sentation of the δ-function

δ(X − 1

cN
[

N
∑

i=1

qi − γN ]) =
1

2π

∫

dΩe
iΩ(X− 1

cN
[
∑

N

i=1
qi−γN ])

(1.119)

and obtain the following representation of the distribution g(X):

g(X) =
1

2π

∫

dΩ

(

Z(− Ω

cN
)

)N

eiΩXeiΩγN /cN (1.120)

We introduce the characteristic function Zg(α) of the distribution g(X). We
can express this function in terms of the characteristic function of f(q):

Zg(Ω) = Z(− Ω

cN
)NeiΩγN (1.121)

Furthermore, we obtain for the corresponding cumulant generating func-
tions

Wg(Ω) = NW (− Ω

cN
) + iΩ

γN

cN
(1.122)

Definition: A stable distribution is a distribution which fulfills the equation

W (Ω) = NW (− Ω

cN
) + iΩ

γN

cN
(1.123)

with suitably chosen variables cN and γN .
As we shall show this equation has nontrivial solutions. A solution is the

Gaussian distribution with

W (Ω) = −Q
2
Ω2 (1.124)

where we have to chose cN = 1/
√
N . We will see that there are further

solutions, which define probability distributions.
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1.7.2 Stable Distributions

To be completed
The defining equation (1.124) allows one to separate the linear terms in ω:

W (Ω) = iΩ < X > +W̃ (Ω) (1.125)

This yields a first equation for the mean values:

〈X〉 = − N

cN
< X > +

γN

cN
(1.126)

For each value of cN we can find a value γN such that this relation can be
fulfilled:

γN = (cN +N) < X > (1.127)

As a consequence, we can now restrict our attention to solutions of the
functional equation

W (Ω) = NW (− Ω

cN
) (1.128)

W (Ω) = lnZ(Ω) = iγΩ − c|Ω|α{1 + iβ
Ω

|Ω|h(Ω,α)} (1.129)

α, β, γ, c sind Konstanten, sodass

0 < α ≤ 2

−1 < β < 1

c > 0

h(Ω,α) = tan
πα

2
α 6= 1

h(Ω,α) =
2

π
ln|Ω| α = 1 (1.130)

c: Skalierung
γ: Translation

Lévy Index α. CN = n1/α

Symmetrische Verteilungen: β = 0

Lévy-Gnedenko central limit theorem:

• qi: identisch verteilte, statistisch unabhängige Zufallszahlen
• Q =

∑

i qi
• Bei geeigneter Normierung strebt im Grenzfall N → ∞ die Verteilung von

Q gegen eine stabile Verteilung. Ist die Varianz von Q endlich, dann ist
die Verteilung die Gauss-Verteilung



20 1 Probability Theory

Lévy-Verteilungen:

fα,β(q) =
1

π

∫ ∞

0

exp[−iΩq −Ωαei πβ

2 ] (1.131)

Asymptotisches Verhalten für q → ∞:

fα,β(q) ≈ Aα,β

|q|1+α
α < 2 (1.132)

f1,0(q) =
a

π(a2 + q2)
(1.133)

Für α ≈ 0 kann fα,1 durch eine Log-normal-Verteilung angenähert werden

fα,1 =
1

q
e−

α2

2 ln2q (1.134)

1.8 Bedingte Verteilungen, Bayessches Theorem

p(m1|m2) = p(m1,m2)/p(m2) (1.135)

Bayessches Theorem

p(m1|m2) = p(m2|m1)
p(m1)

p(m2)
(1.136)

1.9 Axiomatic Foundation of Probability

1.9.1 Elementary Events Ω, Sample Space

Elementary events: ωi

Sample Space: Ω Set of elementary events

Example: Throwing Coins

Events: ω1 = 0 , ω2 = 1
Sample space:

Ω = {0, 1} (1.137)

Example: Throwing Dices
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ω1 = 1 , ω2 = 2, ...., ω6 = 6
Sample space:

Ω = {1, 2, ...6} (1.138)

Example: Ideal gas

Events: Velocity of a gas particle
Sample space: real velocity axis R1

1.9.2 Events

Events are subsects of the sample space Ω
A, B: Subsets of Ω , A ∈ Ω, B ∈ Ω

Sure Event: A = Ω
Empty Set : A = 0

Events are constructed by union and intersection
1. Union A

⋃

B
2. Intersection A

⋂

B
3. Complement Ā = Ω −A

1.9.3 σ-Algebra

A σ-Algebra is a class B of subsets Bi of the sample space Ω with the prop-
erties :
1. Ω ∈ B
2. Bi ∈ B → Ω −Bi ∈ B
3. Bi ∈ B → ⋃N

i=1 Bi ∈ B

The conditions 2, 3 imply:
Bi ∈ B → ⋂N

i=1Bi ∈ B

The sample space Ω together with a σ-Algebra B form the measurable space
{Ω,B}.



22 1 Probability Theory

Coins

Ω = {0, 1}

trivial σ-algebra: B1 = 0, B2 = Ω

A nontrivial σ-algebra is generated by the sets: Ω = {0, 1}, 0, {0}, {1}

Motion along a line Ω : R

σ-Algebra

R
interval [a,b)
complement to [a,b)

The sample space Ω together with the σ-Algebra B consisting of all inter-
vals [a, b) and its complements forms the measurable space {Ω,B}.

1.9.4 Probability space {Ω, B, P}

A measurable space becomes a probability space, if we assign to each element
of the σ-algebra a function P such that

• P (Bi) ≥ 0
• P (Ω) = 1

• P (
⋃N

i=1Bi) =
∑N

i P (Bi), falls Ai ∧Aj = 0, für alle i,j

These conditions infer P (0) = 0

Interpretation:
P (Bi) is the probability that an elementary event ω is contained in the subset
Bi. The intuitiv definition of P (Bi) is:



1.9 Axiomatic Foundation of Probability 23

P (Bi) = limN→∞
erfolgreicheV ersuche

N
(1.139)

The axioms have the following meaning::

1. Probabilities are ≥ 0
2. The probability of the sure event is P (Ω) = 1
3. If B1

⋂

B2 = 0, then no event is simultaneously contained in the set
B1 and B2. It is intuitive that the probability is additive, P (B1

⋂

B2) =
P (B1) + P (B2).
The notion of a probability space gives the intuitive definition of probability
an axiomatic basis.
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Information and Entropy

2.1 Stirling’s Formula

In the following we shall make use of an approximate formula for the quantity
N !. To this end we consider

lnN ! = ln1 + ln 2 + ..+ lnN =

N
∑

i=1

ln i (2.1)

For large values of N we can approximate the discrete sum by an integral:

N
∑

i=1

lni =

∫ N

1

dxlnx = [xln x− x]N1 = N [ln N − 1] + 1 (2.2)

As a consequence we obtain

N ! ≈ eNln N−N+1 ≈ eN(ln N−1) (2.3)

2.2 Information and Entropy

The probabilities of random events are determined by trials. Observation of
the outcome of a trial yields some information, which clearly depends on the
detailed form of the distribution pi. It is clear, that a deterministic event
yields no information, since the outcome of the trial is determined and can be
predicted with certainty. The information is maximal for the case where the
probabilities pi of the random event ωi are equal. In this case the outcome of
the trials are maximally undetermined and, performing the trial, the outcome
yields maximal information.

In the following we shall formalize this subjective meaning of information
by introducing the information S(p) as a functional of the probability pi. We
restrict our treatment to the case of discrete random variables.
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2.2.1 Number of Realizations

We consider the random process of throwing a coin n-times. Each realization
can be represented by a sequence of zero’s and one’s:

0, 0, 1, 0, .....1 (2.4)

We can now count the number of all possible words or sequences, which can
be formed by this process. We obtain

R = 2n (2.5)

realizations R.

2.2.2 Measure of Information

It is evident that the information I, which is gained after the observation of a
single trial, is a function of the number R of realizations of a random process.

I = I(R) (2.6)

The functional form of the information is fixed by the requirement that the
information is additive for joint events, which are statistically independent.

Let us consider the simple example: We perform N trials, where we si-
multaneously through a dice and a coin. The number of different outcomes
is

R = (2 × 6)N = 2N × 6N = R1 ×R2 (2.7)

It is quite natural to postulate that the information I(R) factors if the
number of realizations factorizes:

R = R1R2 (2.8)

I(R1R2) = I(R1) + I(R2) (2.9)

This is a functional equation which defines the information up to a constant
K as the logarithm of the number of realizations

I = KlnR (2.10)

This relation frequently is denoted as Hartley’s formula.
The information of a Bernoulli sequence of length N is just

I = NKln2 (2.11)

The constant K can be choosen in order to fix the unit of I. In information
theory one sets

K =
1

ln2
[Bit] (2.12)
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2.2.3 Information of Two-Letter Words

In contrast to the preceding subsection we consider now two-letter words with
a prescibed number N1 of zero’s and number N2 of one’s. The information is
obtained from the number of realizations

R =
N !

N1!N2!
(2.13)

From the number R we can determine the information which can be trans-
ported by a word with N1 zero’s and N2 one’s. We obtain

I = KlnR = K[lnN !− lnN1! − lnN2!] (2.14)

The use of Stirling’s formula for lnN !, which is already good for N > 100,

lnN ! ≈ N(lnN − 1) (2.15)

yields

I = K[NlnN −N1lnN1 −N2lnN2] = K[(N1 +N2)lnN −N1lnN1 −N2lnN2]
(2.16)

where we have considered that N = N1 + N2. Now we can determine the
information per symbol

i =
I

N
= −K[

N1

N
ln
N1

N
+
N2

N
ln
N2

N
] (2.17)

2.2.4 Information of n-Letter Words

We can easily generalize this to the case of Words with n symbols.

i = −K
n
∑

i=1

Ni

N
ln
Ni

N
(2.18)

This formula defines the so-called Shannon information

2.2.5 Information and Probability

We can interpret the numbers

pi =
Ni

N
i = 1, ..., n (2.19)

for large values of N as the probabilities of random events ωi.
As a consequence, we can define the information, or information entropy

of random events with probability pi by



28 2 Information and Entropy

i = −K
n
∑

i=1

pilnpi (2.20)

This quantity is a functional which can be assigned to each probability pi.
We denote the quantity i information-entropy

S = −K
∑

i

pilnpi (2.21)

2.3 Jaynes Principle

A probability distribution can be measured performing large numbers of trials.
However, one may also make guesses on distributions.

2.3.1 Equal a Priori Estimates

We can pose the question:

What probability distribution pi maximizes the information I(p1, ...pn)?

We have to take into account that the probability is normalized:

n
∑

i=1

pi = 1 (2.22)

In order to answer the above question we have to find the maximum of the
information

S = −K
n
∑

i=1

pilnpi (2.23)

under the constraint (2.22).
To this end we introduce a Lagrange parameter λ and consider the prob-

lem:

Maxpi
{S + λ[

∑

i

pi − 1]} = Maxpi
{−K

∑

i

pilnpi + λ[
∑

i

pi − 1]} (2.24)

We solve this problem by the method of variation. We consider

pi = Pi + δpi (2.25)

and determine the value of I + λ(
∑

i pi − 1)] up to the order δpi:

− K
∑

i

PilnPi + λ[
∑

i

Pi − 1]

− K
∑

i

δpi −K
∑

i

δpilnPi + λ
∑

i

δpi (2.26)
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Since we want to determine the extremum of this expression we have to con-
clude that the terms with δpi vanish identically. This yields

−K −KlnPi + λ = 0 (2.27)

This yields the solution
Pi = eλ/K−1 (2.28)

We are now able to determine the Lagrange parameter λ in order to fulfill the
constraint

∑

Pi = 1 → eλ/K−1 =
1

n
(2.29)

The answer to the above question is therefore:
The probability Pi which maximizes information is the distribution

pi =
1

n
(2.30)

This means all states have the same probability. The information entropy can
be easily calculated:

S = Klnn (2.31)

Constraints

We extend the question of the previous subsection by taking into account
the fact that more is known about the probability distribution except that it
should be normalized.

We assume that the mean values of functions fα
i α = 1, ..k are known,

∑

i

pif
α
i = Fα α = 0, 1, .., k (2.32)

where we have included for α = 0 the case f0 = 1. Now we pose the question:
How can we choose a probability distribution pi, which is compatible with the
constraints (2.32).

The question can be solved by invoking the maximum entropy principle
by Jaynes. He suggests to use the probability distribution which maximizes
the information

S = −K
∑

i

pilnpi (2.33)

where the probability pi is choosen in accordance with the constraints (2.32).
In order to solve the problem we introduce (k+1) Lagrange parameters λα

and consider the variational problem

Max{S/K −
k
∑

α=0

λα[
∑

i

pif
α
i − Fα]} = 0 (2.34)
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The variation leads us to

[−
∑

i

PilnPi −
∑

i

[δpilnPi + δpi] −
k
∑

α=0

λα
∑

i

fα
i δpi] = 0 (2.35)

The extremum is obtained for

lnPi + 1 = −
k
∑

α=0

λαfα
i (2.36)

The solution is then given by

Pi = e−
∑

k

α=0
λαfα

i = eλ0−1−
∑

k

α=1
λαfα

i (2.37)

We can exploit the normalization condition

∑

i

Pi = 1 = eλ0−1
∑

i

e−
∑

k

α=1
λαfα

i (2.38)

in terms of the Lagrange parameters. Now, we define the quantity

Z =
∑

i

e−
∑

k

α=1
λαfα

i (2.39)

Then we can rewrite the probability distribution

Pi = Z−1e−
∑

k

α=1
λαfα

i (2.40)

The next step is to eliminate the Lagrange parameters by the constraints
(2.22).

2.3.2 Evaluation of the Information-Entropy

It is interesting to calculate the information-entropy S for the probability
distribution Pi, which maximizes this quantity under the constraints (2.22).
A straightforward calculation yields

S/K = lnZ +
∑

i

Pi

k
∑

α=1

λαfα
i

= lnZ +
k
∑

α

λα
∑

i

Pif
α
i = lnZ +

∑

α

λαFα (2.41)

and the final relationship yields an expression of the information entropy in
terms of the constraints and the Lagrangian parameters:

S = KlnZ +K

k
∑

α=1

λαFα (2.42)
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2.4 Maximum Information Principle: Continous States

We consider now the case of continous random variable. We introduce

pi = h(qi)dqi (2.43)

The entropy reads

S = −K
∑

i

h(qi)dqiln [h(qi)dqi] = −
∑

i

h(qi)lnh(qi)dqi −
∑

i

h(qi)dqilndqi

(2.44)
We take dqi = ǫ small but finite, the we obtain

S = −K
∫

dqh(q)lnh(q) −Kln ǫ (2.45)

The probability density can be estimated again by the maximum informa-
tion principle

Max{− 1

K

∫

dqh(q)lnh(q) −
k
∑

α=0

λ(α)

[
∫

dqh(q)f(q)α − Fα

]

} (2.46)

The result is a straightforward generalization of the discrete case:

h(q) = Z−1(λ1...λk)e−
∑

k

α=1
λ(α)fα(q) (2.47)

The extension to the multidimensional case again is evident:

h(q) = Z−1(λ1...λk)e−
∑

k

α=1
λ(α)fα(q) (2.48)





3

Maximum Entropy Principle and

Thermodynamics

In this section we shall apply the maximum entropy principle to estimate the
probability distributions of thermodynamic systems under various constraints.
This will allow us to introduce the various ensembles of statistical physics of
equilibrium.

3.1 Microcanonical Distribution

We consider a system like a gas consisting of N particles contained in a vol-
ume V. We assume the system to be isolized. As a consequence, it can be
characterized by the total energy U. In thermodynamics, this energy has to
be identified with the internal energy U. Then, the entropy is given in terms
of the number N of states with the total energy U.

S = kBlnN(U, V,N) (3.1)

This is the famous formula of L. Boltzmann, who gave the thermodynamic
entropy a statistical interpretation. The entropy is proportional to the loga-
rithm of the number of microscopic realizations of a macrostate.

3.2 Canonical Distribution

We consider now a system, which is in contact with its surrounding. In ther-
modynamic equlibrium it has the same temperature as the surrounding, which
is then called a heat bath. In order to maintain this temperature there has to
exchange energy with the heat bath. Thus, the energy of the system under
consideration fluctuates.

Now, we make the following assumption. The system has states which are
characterized by the energies Ei. We estimate the probability for pi for these
states. The maximum entropy principle yields
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pi = Z−1(β)e−βEi (3.2)

where we have denoted the Lagrange parameter by β. The partition function
is a function of β and given by the expression

Z(β) =
∑

i

e−βEi (3.3)

3.2.1 Lagrange Parameter β

We have to consider the meaning of the Lagrange parameter β. To this end we
calculate the entropy S, where we identify the quantity K with the Boltzmann
constant kB:

S = −kB

∑

k

pklnpk (3.4)

to obtain explicitly

S = −kB

∑

k

e−βEk

Z
(−βEk − lnZ) (3.5)

It is evident that we have to identify the quantity

U =
∑

k

Ekpk =
∑

k

e−βEk

Z
Ek (3.6)

with the free energy U and we obtain the relation

S = kB(βU + lnZ) (3.7)

In order to give a meaning to the Lagrangian parameter β we consider the
change of the entropy

dS = kB(dβU + βdU +
dZ

Z
) (3.8)

under the condition that the energies Ei do not change. From the point of
view of thermodynamics, this amounts to keep the volume fixed. We explicitly
obtain

dZ = −(dβ)
∑

k

Eke
−βEk = −UZdβ (3.9)

which immediately leads us to the relation

dS = kbβdU =
dU

T
(3.10)

From this relation we obtain the meaning of the Lagrange parameter β. It is
proportional to the inverse temperature

β =
1

kBT
(3.11)
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3.2.2 Free Energy

It is interesting to determine the thermodynamic potential free energy. It is
defined by the Legendre transformation

F = U − TS = −kBT lnZ (3.12)

Due to

S =
U

T
+ kBlnZ (3.13)

we see that the free energy is directly connected with the partition function
Z. The change of the free energy is obtained from

dF = −pdV − SdT (3.14)

which inferes

S = −(
∂F

∂T
)V = kB

∂

∂T
(T lnZ)V

p = −(
∂F

∂V
)T = kB

∂

∂V
(T lnZ)T (3.15)

The energy values Ei remain unchanged if the volume of a system is kept
constant.

Formula (3.15) explicitly shows that the partition function Z plays a cen-
tral role in statistical physics. One can obtain the pressure and the entropy
by differentiating Z with respect to T (with constant V) and with respect to
V (with constant T).

3.2.3 Gibbs Free Energy

A further Legendre transform yields the Gibbs free energy

G = U + pV = F − UT + pV (3.16)

This yields
dG = V dp+ TdS (3.17)

3.3 Grand Canonical Ensemble

We consider a system of particles, which can exchange energy as well as par-
ticles with its surroundings. The probability distribution depends on two in-
dices, the index i corresponding to the energy Ei and the index n correspond-
ing to the number of particles.

Then we have two constraints
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∑

i

∑

N

pinE
n
i = U

∑

i

∑

N

npin = N (3.18)

The maximum entropy principle yields the probability distribution pin in
the form

pin = Z(λ, β)−1e−λn−βEn
i (3.19)

where we have defined the grand canonical partition function

Z(µ, β) =
∑

i,n

e−λn−βEn
i (3.20)

The fundamental termodynamic relation of a system in contact with a
heat bath and a particle reservoir is

dU = TdS − pdV + µdN (3.21)

Here, µ denotes the chemical potential.
We calculate the entropy with the grandcanonical distribution to obtain

S/kB = −
∑

in

Z(λ, β)−1e−λn−βEn
i [−λn− βEn

i − lnZ] (3.22)

Evaluation of the expectations yield

S/kb = λN + βU + lnz (3.23)

and we obtain the fundamental relationship

TS = KTlnZ +KTλN + U ] (3.24)

Now, we identify
kTλ = −µ (3.25)

with the chemical potential µ and obtain

U = TS + F + µN (3.26)

The grand canonical distribution function reads

pi,n =
1

Z(β, µ)
e−β(Ei−µn (3.27)

where we have to identify β with 1/kBT and µ with the chemical potential.
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Statistics of Classical Many-Particle Systems

In this chapter we discuss the equilibrium statistics of classical many parti-
cle systems. Classical systems are described by Hamilton’s mechanics. The
Hamilton function of a many particle system takes the form

H(pi,qi) =

N
∑

i=1

p2
i

2m
+ U(q1...qN ) (4.1)

U(q1...qN ) denotes the potential energy, which contains the two particle in-
teractions as well as the influence of an external force field. The Hamilton
function is a constant of motion and equals the energy of the system.

For the probabilistic description of the equilibrium states of such systems
we can use the maximum entropy principle to guess the probability distribu-
tion

f(p1...pN ,q1....qN ) (4.2)

Since momenta and coordinates are continous variables f(p1...pN , q1....qN ) is
a probability density.

We have to consider the normalization and the calculation of expectation
values of function G(p1...p1,q1...qN ). To this end we have to define the in-
finitesimal volume element dΓ in the phase space spanned by the coordinates
and momenta. A suitable definition, which is in accordance with quantum
statistics is:

dΓ =
1

N !

ΠN
i=1dqidpi

h3N
(4.3)

Thereby, h denotes Planck’s constant. The volume element is dimensionless,
since the product dqidpi has the dimension of the [action]3. The factor 1/N !
also is of quantum mechanical origin.

Normalization of the probability density is

∫

dΓf(p1...pN ,q1....qN ) = 1 (4.4)
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Expectation values are calculated according to

∫

dΓf(p1...pN ,q1....qN )G(p1...pN ,q1....qN ) =< G(p1...pN ,q1....qN ) >

(4.5)

4.1 Microcanonical Distribution

We consider a closed system with fixed energy E and fixed number of particles
N

E =
∑

i

p2
i

2m
+ U(q1...qN ) = H(pi,qi) (4.6)

Since E is conserved, the motion is restricted to the hypersurface (4.6).
Due to the maximum information principle, all states of this hypersurface

are equally probable. We can now consider the entropy which is given by

S(E, V,N) = klnΩ(E, V,N) (4.7)

where Ω(E, V,N), in the case of a discrete set of states, would be the total
number of these states. In the continuous case it is proportional to the area
of the hypersurface, which can be calculated according to

Ω(E, V,N) =

∫

ΠN
i=1dpi

∫

dqi

N !h3N
δ [E −H(qj ,pj)] (4.8)

The probability distribution is given by

f(qj ,pj) =
1

Ω(E, V,N)
δ [E −H(qj ,pj)] (4.9)

We can determine the equation of state for the system as follows: We start
from the fundamental thermodynamic relation

dU = TdS − pdV + µdN (4.10)

We obtain the relation

p = −
(

∂U

∂V

)

S,N

(4.11)

T =

(

∂U

∂S

)

V,N

(4.12)

µ =

(

∂U

∂N

)

V,S

(4.13)
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0 =
∂S

∂U

∂U

∂V
+
∂S

∂V
(4.14)

This yields:

p =
∂S
∂V
∂S
∂U

(4.15)

1 =
∂S

∂U

∂U

∂S
(4.16)

This yields

T =
1

∂S
∂U

(4.17)

0 =
∂S

∂U

∂U

∂N
+
∂S

∂N
(4.18)

This yields:

µ = −
∂S
∂N
∂S
∂U

(4.19)

4.2 Canonical Distribution

We consider a system of N particles in contact with a heat bath. The constraint
is

U =

∫

ΠN
i=1dpidqi

N !h3N
H(pi,qi)f(pi,qi) (4.20)

The probability distribution is given by

f(pi,qi) = Z−1(β,N, V )e−βH(pi,qi) (4.21)

where we have defined the canonical partition function

Z(β,N, V ) =

∫

ΠN
i=1dpidqi

N !h3N
e−βH(pi,qi) (4.22)

4.3 Grand Canonical Distribution

We consider systems in contact with a heat bath and a particle reservoir. The
probability distribution depends on the number N of particles considered:

f(qj ,pj , N) (4.23)

Normalization requires

∑

N

∫

ΠN
i=1dpidqi

N !h3N
f(qj ,pj , N) = 1 (4.24)
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As a consequence we have two constraints, one for the mean number of
particles < N >,

∑

n

∫

Πn
i=1dpidqi

n!h3n
nf(qj ,pj , n) = N (4.25)

the other for the mean energy U

∑

n

∫

Πn
i=1dpidqi

n!h3n
Hn(qj ,pj)f(qj ,pj , n) = U (4.26)

The central quantity is the grand partition function

Z(β, µ, V ) =
∑

n=0

∫

Πn
i=1dpidqi

n!h3n
e−β[Hn(qj,pj)−µn] (4.27)

We obtain for the entropy

S = K[lnZ(β, µ, V ) + βU − βµN ] (4.28)

U − TS − µN = − 1

β
lnZ(β, µ, V ) (4.29)

As a consequence, the grand partition function is related to the free energy

F = U − TS − µN = − 1

β
lnZ(β, µ, V ) (4.30)

4.4 Example: Ideal Gas

The ideal gas consists of N identical particles in a finite box of volume V. The
energy is purely kinetic

E =

N
∑

i=1

m

2
u2

i =

N
∑

i=1

p2
i

2m
(4.31)

4.4.1 Microcanonical Distribution

In order to determine the entropy we have to calculate the quantity

Ω(E, V,N) =

∫

ΠN
i=1dpidqi

N !h3N
δ

(

E −
N
∑

i

p2
i

2m

)

=
V N

N !h3N

∫

ΠN
i=1dpiδ

(

E −
N
∑

i

p2
i

2m

)

(4.32)
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The integral can be assessed using the relation

d

dE
Θ(E −H) = δ(E −H) (4.33)

Here, the function Θ(x) denotes the Heaviside function.
This leads us to consider the quantity

Ω(E, V,N) =
V N

N !h3N

d

dE

∫

dpiΘ

(

E −
N
∑

i

p2
i

2m

)

(4.34)

However, the integral is just the volume of a 3N dimensional sphere with

radius
√

2mE and, hence, is proportional to
√

2mE
3N

.
The exact expression for the volume of a N-dimensional sphere with radius

R is given by

VR = CNR
N = RN 2πN/2

Γ (N/2)
(4.35)

As a consequence, we obtain

Ω(E, V,N) =
V N

N !h3N

d

dE
CN (2mE)3N/2 (4.36)

The constant CN thereby, is given by

CN =
2π(3N)/2

Γ (3N/2)
(4.37)

This yields

Ω(E, V,N) = 2πmV N (2πmE)3N/2−1 1

h3NN !(3N/2 − 1)!
(4.38)

Using Stirling’s approximation

Γ (3N/2) = (3N/2 − 1)! = e(3N/2−1)(ln(3N/2−1)−1) (4.39)

we obtain the final result

Ω(E, V,N) =

(

V

N

)N

(
4πmEe

3h2N
)3N/2e5N/2 1

E

3N

2
(4.40)

In the next step we can determine the entropy

S(E, V,N) = KlnΩ(E, V,N) =
5NK

2
+NKln

[

V

N

(

4πmE

3h2N

)3/2
]

(4.41)

This expression is denoted as Sackur-Tetrode entropy.
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Internal Energy

We now determine the internal energy U as a function of S, V , N . From we
obtain

U(S, V,N) =

(

N

V

)2/3
3h2N

4πm
e

3
2NK

(S− 5
2 Nk) (4.42)

The thermodynamic relation

dU = −pdV + TdS + µdN (4.43)

allows us to determine pressure, temperature, and chemical potential.

Temperature

We can obtain the temperature via the relation

T =

(

∂U

∂S

)

V,N

=
2

3Nk
U (4.44)

Ideal Gas Law

We determine the ideal gas law. To this end we have to differentiate with
respect to V:

p = −
(

∂U

∂V

)

S,N

=
2

3

U

V
(4.45)

This yields

pV =
2

3
U (4.46)

Using the relation for the temperature, (4.44), we obtain the well-known ideal
gas law

pV =
2

3
U = NkT (4.47)

Chemical Potential

The chemical potential µ of the ideal gas can be determined from

µ =

(

∂U

∂N

)

V,S

(4.48)
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4.4.2 Canonical Distribution

We shall now discuss the ideal gas based on the canonical distribution.
The central quantity is the canonical partition function

Z(β) =

∫

Πidqidpi

N !h3N
e−β

∑

N

i=1

p2
i

2m (4.49)

Again integration with respect to the coordinates is trivial and the integral
with respect to momentum factorizes:

Z =
V N

N !h3N

[
∫

d3pe−β p2

2m

]N

(4.50)

Thus, we have to perform the Gaussian integral

∫

d3pe−β p2

2m = 4π

∫ ∞

0

dpp2e−
β

2m
p2

= π3/2(
2m

β
)3/2 (4.51)

The canonical partition function reads:

Z =
V N

N !h3N

(

2πm

β

)3N/2

(4.52)

It is straightforward to determine thermodynamic quantities from this
partition function. First of all we determine the internal energie

U = − ∂

∂β
lnZ =

∂

∂β

3N

2
lnβm =

3N

2

1

β
=

3

2
RT = CvT (4.53)

The free energy is given by

F = − 1

β
lnZ = (4.54)

R = Nkb, , Cv =
3

2
R (4.55)

4.5 Real Gases: Classical Treatment: Canonical

Distribution

4.5.1 Interaction between Gas Molecules

Lendard Jones Potential

U(q) = 4ǫ

[

(σ

r

)12

−
(σ

r

)6
]

(4.56)
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Exp-6 -Potential

U(q) = 4ǫ

[

e
a−r
σ1 −

(σ

r

)6
]

(4.57)

The forces contain a repulsive part at short distances and an attractive
part at large distances.

4.5.2 Virial Expansion, Van der Waals Equation

The van der Waals equation is an equation of state for a real gas, which
generalizes the ideal gas law:

[p+
a

V 2
][V − b] = NkT (4.58)

The physical interpretation is as follows: The interaction between gas
molecules can, at a first glance, be viewed replacing a gas molecule by a
hard sphere. This has the consequence that the volume has to be replaced by
the effective volume V − b. The attractive interaction between gas molecules
leads to an enhanced pressure

We can rewrite this equation in the form

p =
NkT

V − b
− a

V 2
=
NkT

V
+
NkT

V

∑

k=1

(

b

V

)k

− a

V 2
(4.59)

This representation suggests a general expansion of the real gas law in
powers of V −1 of the form

pV = NkT [1 +
∑

k=2

Bk

V k−1
] (4.60)

This representation is denoted as the virial expansion, the coefficients Bk are
denoted as k-th order virial coefficient. The second virial coefficient for the
Van der Waals Gas then reads

B2 = b− a

kT
(4.61)

There exist several other closed equations, which give a good represen-
tation of the state equation of certain real gases. We mention the Dieterici
law

p(V − b) = NkTe−
a

NkTV (4.62)

In the following subsection, we shall show that an expansion of the form
eq. (??) is indeed possible.
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4.5.3 Canonical Partition Function for Real Gases

We shall adress the statistical description of real gases, i.e. gases interacting
via the potential

U =
1

2

N,N
∑

i=1,j=1

U(qi − qj) (4.63)

We consider the canonical distribution and calculate the canonical partition
function

Z(β) =

∫

ΠN
i=1dqidpi

N !h3N
e
−β[
∑

N

i

p2
i

2m
+ 1

2

∑

i,j
U(qi−qj)]

(4.64)

The integral with respect to the coordinates and the momenta factorizes. We
obtain the product

Z(β, V,N) = ZP (β, V,N)ZQ(β, V,N) (4.65)

where the quantities ZP (β, V,N) and ZQ(β, V,N) are defined according to

ZP (β, V,N) =
V N

N !h3N

∫

ΠN
i=1dpie

−
∑

N

i

p2
i

2m =
V N

N !h3N
{
∫

dpe−β p2

2m }
N

=
V N

N !h3N

(

2πm

β

)3N/2

(4.66)

We remind the reader that ZP (β, V,N) is nothing else but the canonical
partition function of the ideal gas.

The function ZU (β, V,N) equals one for the ideal gas case and, hence,
contains the effects related with intermolecular interactions:

ZU (β, V,N) =
1

V N

∫

ΠN
i=1dqie

− 1
2β
∑

i,j
U(|qi−qj |)

=
1

V N

∫

ΠN
i=1dqiΠi,j,j<ie

−βUij (4.67)

Thereby, the product has to be performed with respect to all indices i, j where
j < i (Uij = U(|qi − qj |). This term yields contributions to the equation of
states for nonideal gases.

We can easily determine the free energy according to

F = −kT lnZ = −kT [lnZP + lnZu] (4.68)

Since ZP is the partition function of an ideal gas, we obtain

F = Fideal + Fnonideal (4.69)

where the first part is the free energy of the ideal gas.
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Virial Expansion

Now we can make contact with the vrial expansion, which we rewrite in the
form

pV = NkT [1 +B(V, T )] (4.70)

Since

p = −∂F
∂V

= kT
∂

∂V
lnZ = kT [

1

ZP

∂

∂V
ZP +

1

ZU

∂

∂V
ZU ] (4.71)

we are able to identify the virial function B(V, T ) with

B(V, T ) =
V

N

1

ZU

∂

∂V
ZU (4.72)

Now, the function ZU takes the form

Zu = 1 + z (4.73)

and we obtain for the virial function

B(V, T ) =
V

N

∂

∂V
zu (4.74)

Expansion

In order to perform an approximative calculation of ZV , it is convenient to
introduce the function

Φ(|qi − qj |) = e−βU(|qi−qj |) − 1 (4.75)

The consideration of this function can be motivated as follows: For large
distances |qi − qj |) the function Φ approaches zero. For small distances we
obtain Φ(0) = −1.

In the limiting case of a hard sphere gas we obtain

Φ(|q|) =

(

−1 |q| ≤ 2r0
−βU(|q|) |q| > 2r0

(4.76)

where r0 denotes the radius of the hard sphere atom.
With this definition the function ZV has to be calculated

ZU (β, V,N) =
1

V N

∫

ΠN
i=1dqiΠi,j,j≤i(1 + Φ(|qi − qj |) (4.77)

The product takes the form

(1 + f12)(1 + f13).....(1 + f23)(1 + f24)...(1 + fN−1,N) =

1 + f12 + f13 + ..+ fN−1,N + f12f13.... (4.78)
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We can now neglect the higher order products fijfkl.. and obtain

ZU (β, V,N) =
1

V N

∫

ΠN
i=1dqi



1 +
∑

i

∑

j<i

Φ(|qi − qj |) +O(Φ2)...





= 1 +
1

V 2

N(N − 1)

2

∫

dq1dq2Φ(|q1 − q2|) (4.79)

For the derivation of this expression, we have taken into account that the
integrals not involving Φ(|qi − qj |) can be performed trivially leading to the
factor V N−1.

The latter integral can be evaluated for the above model, (4.76). We obtain
two contributions

∫

dq1dq2Φ(|q1 − q2|) = V

∫

dqΦ(|q|) (4.80)

The latter integral can be evaluated for the case of hard spheres. In this case,
∫

dqΦ(|q|) = −4π

3
8r30 − β

∫ ∞

2r0

U(q) = −8v0 + βA (4.81)

We ca now summarize

ZU = [1 +
N(N − 1)

2V
(−8v0 + βb)] (4.82)

Now, we can determine using Taylor expansion of ln(1 + x) ≈ x

lnZU =
N(N − 1)

2V
(−8v0 + βA) (4.83)

The Virial function B is determined according to

B =
V

N

∂

∂V
lnZu =

N

V
(βA − 8v0) (4.84)

and we obtain the equation of state

pV = NkT [1 +
1

V
(
A

kT
− 8V0) (4.85)

which we compare with the virial expansion of the van der Waals equation

pV = NKT [1 +
b

V
− a

kTV
+ .. (4.86)

This comparision yields
b = 8V0 = 8Nv0 (4.87)

and
a = A (4.88)
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4.6 Maxwell’s Distribution of Momenta

The probability distribution of the N-particle gas is given by

f(pi,qi) = Z(β, V,N)−1e−βH(pi,qi)

=
1

ZP (β, V,N)ZU (β, V,N)
e−β

∑

i

pi
2m e

−β 1
2

∑

ij
U(|qi−qj|)(4.89)

We have defined the partition functions ZU , ZP above. We can now deter-
mine the distribution h(pi of the momenta by integrating with respect to the
coordinates

h(pi) =
1

V N

∫

ΠN
i=1dqif(pi,qi)

=
1

ZP (β, V,N)
e−β

∑

i

pi
2m (4.90)

This formula shows that irrespective of the interaction potential U , the mo-
menta of the particles are statistically independent in thermodynamic equi-
librium, since the probability distributions factorize.

As a consequence, the probability distribution of momentum of a single
particle is given by

h(p) = z−1e−
p2

2mkT (4.91)

and the distribution of the velocity is given by

h(v) = z̃−1e−
mv2

2kT (4.92)

As a consequence, we obtain the general statement: The mean kinetic
energy of a particle of an interacting gas in thermodynamic equilibrium is

〈mv2

2
〉 =

3

2
kT (4.93)

The velocities are gaussian distributed.

4.7 Equipartition Theorem

We consider now a Hamilton function, which has a quadratic contribution
with respect to the coordinates:

H(pi,qi) =
N
∑

i=1

p2
i

2m
+
mω2q2

i

2
(4.94)

We calculate the canonical partition function
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Z =

∫

dΓe−β{
∑

N

i=1

p2
i

2m
+

mω2q2
i

2 } (4.95)

The integral factorizes and we obtain

Z =

[
∫

dpdqe−β{ p2

2m
+ mω2q2

2 }
]N

=

[
∫

dpe−β p2

2m

]N [∫

dqe−β mω2q2

2

]N

(4.96)

We are left with the determination of the Gaussian integrals

∫ ∞

−∞
dxe−ax2

=

√

π

a
(4.97)

∫

dqe−β mω2q2

2 =

√

2π

mω2β
(4.98)

∫

dqe−β p2

2m =

√

2πm

β
(4.99)

As a result, we obtain the canonical partition function

Z(β, V,N) =
1

N !h3N

(

4πm

β

)3N/2(
4π

mω2β

)3N/2

(4.100)

Now it is straightforward to determine the free energy

F (β, V,N) = − 1

β
ln

1

N !h3N

(

4πm

β

)3N/2(
4π

mω2β

)3N/2

(4.101)

as well as the internal energy U:

U = − ∂

∂β
lnZ

= − ∂

∂β
[−3Nlnβ + Const] = 3NkT (4.102)

This is the famous equipartition theorem. We have 3N degrees of freedom.
The contribution to the mean kinetic energy is 3NkT/2 and the contirbution
to the mean potential energy is also 3NkT/2.

We can generalize this result further. We lump the momenta and coordi-
nates into a state vector xα, where α = 1, ..6N . We assume that we have the
canonical partition function

Z(β) =

∫

Παdxαe
− 1

2

∑

f

α=1

∑

f

α=1
xα[A−1]αβxβ (4.103)
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where Aαβ is a matrix with DetA 6= 0. Since A−1 is a symmetric matrix, it
can be diagonalized by a unitary transformation

Ã−1 = U−1A−1U (4.104)

Z(β) =

∫

Παdxαe
− 1

2

∑

f

α

∑

f

β
xα[UÃ−1U−1]αβxβ (4.105)

The introduction of the new coordinates

yα =
∑

β

U−1
αβ xβ (4.106)

leads to the Gaussian integrals

Z(β) =

∫

Παdyαe
− 1

2

∑

f

α
−βy2

αλα

= Πf
α[

√

2π

λα
]

1

βf
(4.107)

We can again determine the internal energy

U = − ∂

∂β
Z = fkT (4.108)

This is the contents of the equipartition theorem, which is a rather strong
statement for equilibrium thermodynamics: For each quadratic form

H =
1

2

f
∑

i=1

f
∑

j=1

xiA
−1
ij xj (4.109)

with DetA = 0 and positive eigenvalues ai the internal energy in thermody-
namic equilibrium is given by

U =
f

2
kT (4.110)

4.8 Gases with Structured Particles:

We now consider a gas consisting of molecules which have internal degrees
of freedom. As an example, we mention rotational motion of the molecules
or vibrational motion. All these internal motions contribute to the internal
energy of the gas. Let us consider this external degrees of freedom explicitly.
Besides the coordinates and momenta qi and pi of the center of mass of the
molecules we have to consider the relative motion by additional coordinates
Qiα and momenta Piα. The Hamilton function is composed of the part for the
center of mass coordinates and momenta and the internal degrees of freedom
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H = H(pi,qi) +K(Piα,Qiα) (4.111)

We determine the canonical partition function according to

Z(β, V,N) =

∫

dΓe−H(pi,qi)e−K(Pi,α,Qi,α) (4.112)

Integration again factorizes and we obtain

Z(β, V,N) = ZCM (β, V,N)ZIF (β, V,N) (4.113)

Here the canonical partition functions are defined as

ZCM (β, V,N) =

∫

ΠN
i=1dqidpi

N !(h3N
e−Hβ(pi,qi) (4.114)

ZIF (β, V,N) =

∫

ΠN
i=1dQi,αdPi,α

(h3Nk
e−βK(Pi,α,Qi,α) (4.115)

As a consequence, the free energy F (β, V,N) is composed additively

F (β, V,N) = − 1

β
lnZCM(β, V,N) − 1

β
lnZIF (β, V,N) (4.116)

4.8.1 Diatomic Molecules

We consider a molecul which consists of two identical atoms which are coupled
by a harmonic force, i.e. there is an equilibrium position for the distance,
around which the atomes perform harmonic oscillations. The molecule can
perform rotations about two rotation axis. This gives a contribution of

H =
1

2
ωΘω (4.117)

and an oscillation along its axis, whose contribution is

H =
P 2

2µ
+
µω2

2m
Q2 (4.118)

Each motion contirbutes to the internal energy U. Due to the equipartition
theorem rotation contributes with

U = 2 × N

2
kT (4.119)

whereas the oscillation contributes with

U = NkT (4.120)

because of the contribution of the
If we consider an ideal gas consisting of such diatomic molecules, we obtain

the total internal energy

U =
3

2
NkT + 2NkT =

7

2
NkT (4.121)

This behaviour is observed at high temperature. As we shall see the low
temperature internal energy is changed by quantum mechanical effects.
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4.8.2 General Molecules: Equipartition for Internal Degrees of

Freedom

Let us now consider the dynamics of the internal degrees of freedom for general
molecules. If the molecule consists of F atoms, we have 3 translational degress
of freedom, each contributing with 1

2kT to the internal energy U. Furthermore,
in general we have rotations about three axis each contributing with 1

2kT .
Then we have 3F − 6 oscillations, each contributing with kT.

The total internal energy, therefore, is given by

U =
3

2
NkT +

3

2
NkT + (3F − 6)NkT = (3F − 3)NkT (4.122)

We remind the reader that the shape of the molecule plays a role. For
instance if we have three atoms aligned in a line, we only have two rotations
left. Instead, we have 2 oscillations leading us to

U =
3

2
NkT +

2

2
NkT + 4NkT =

13

2
NkT (4.123)

We remind the reader that this fact only applies at high temperatures. For
low temperatures we have to take into account quantum effects. For T = 0
the above formula predicts U = 0. This contradicts Heisenberg’s uncertainty
principle.
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Quantum Statistics

Quantum theory contains a probabilistic interpretation of the wave function
from the beginning. For quantum systems consisting of a huge number of
quantum particles an additional statistical treatment has to be performed in
order to compensate the restricted knowledge on then many-particle wave
function.

5.1 Quantum Mechanics: A Reminder

5.1.1 Evolution, Expectation Values

The state of a quantum mechanical system is described in terms of the N-
particle wave function |ψ(q1, ...,qN , t) >. Its temporal evolution is given by
the Schrödinger equation

ih̄
∂

∂t
|ψ >= H |ψ > (5.1)

The state vectors are elements of a Hilbert space. The corresponding scalar
product is denoted by

< u|v >= (5.2)

The Hilbert space is spanned by a complete set of orthogonal vectors |ai >,
i = 1, .... The completeness relation and the orthogonality properties read

∑

j

|aj >< aj | = I

< ai|aj > = δij (5.3)

Physical observables are related to operators defined in this Hilbert space.
The expectation value of an operator A is determined by then scalar product

< A(t) >=< ψ(t)|A|ψ(t) > (5.4)
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We expand the wave function into a superposition of eigenstates |ai >.

A|ai >= Ai|ai > (5.5)

The eigenstates fulfill the orthonormal condition

∑

i

|ai >< ai| = I

< ai|aj >= δij (5.6)

The expectation value is determined according to

< A >=
∑

j

|cj|2Aj (5.7)

where |cj |2 denotes the probability to find the quantum mechanical system in
the state |aj >. The expectation can be calculated via the expansion

|ψ(t)〉 =
∑

j

cj |aj〉 (5.8)

The expectation value of the operatorA can also be calculated with respect
to a complete set of vectors bi >, which are not eigenvectors of A. Using the
decomposition

|ψ(t)〉 =
∑

j

dj |bj〉 (5.9)

we obtain
< A >=

∑

i

∑

j

c̃∗i cj < bi|A|bj > (5.10)

In the following we shall introduce the trace of an operator A and the
density matrix ρ. This will allow us to rewrite the expectation value of the
operator in a way, which allows us to introduce ensemble of states in a straight-
forward manner.

5.1.2 The Trace of an Operator

We introduce the following definition of the trace of an operator A. We con-
sider a complete basis bi > of the Hilbert space. We introduce the matrix
elements

Aij =< bi|A|bj > (5.11)

The trace of the operator A is defined as the sum of all diagonal elements

tr A =
∑

i

Aii (5.12)
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The introduction of the trace makes only sense, if the definition of this quantity
is independent on the selected basis |bi >.

In fact, one can proof the relationship

trBA = trAB (5.13)

In detail, we obtain

trBA =
∑

i

< bi|BA|bi > (5.14)

In order to proof this relationship we insert unity in the form of

E =
∑

j

|bj >< bj| (5.15)

which leads to
trBA =

∑

i

∑

j

∑

k

BijAji = trAB (5.16)

Now, we can show the independence of the trace on the chosen basis |bi >.
We can define a new basis by an unitary transformation

|ai >= U |bi > (5.17)

with the relation
U † = U−1 (5.18)

The cyclic commutability demonstrates independency of the trace on the
chosen basis:

trU †AU = trA (5.19)

5.1.3 The Density Matrix

We can express the expectation value of an observable A in a rather concise
form as the trace of the product ρA. Thereby, we have introduced the density
matrix ρ according to

ρ = |ψ(t) >< ψ(t)| (5.20)

In fact,

< A >= tr(ρA) =
∑

i

< ai|ψ >< ψ|A|ai >=
∑

i

|ci|2Ai (5.21)

Thereby, we have defined the density matrix

ρ =
∑

ij

ρij |ai >< aj | (5.22)

It is obvious that the elements of the density matrix are determined by

ρij(t) = c∗i (t)cj(t) (5.23)

For a general basis, we obtain

< A(t) >=< ψ(t)|A|ψ(t) >= trρA =
∑

ij

c∗i (t)cj(t)Aij (5.24)
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5.1.4 Von Neumann Equation

The evolution equation for the density matrix is the Von Neumann equation.
It can be obtained from the definiton

ρ = |ψ(t) >< ψ(t)| (5.25)

The time derivative reads

ih̄
∂

∂t
ρ(t) = ih̄

[

|ψ̇(t) >< ψ(t)| + |ψ(t) < ψ̇(t)|
]

= Hψ(t) >< ψ(t)| − |ψ(t) >< ψ(t)|H = [H, ρ] (5.26)

We shall return to this equation when we discuss the ergodic theory.

5.1.5 Functions of Operators

In the following it will be important to consider functions of operators

F (A) (5.27)

We can define these operators through their spectral representation. Each
hermitian operator has a spectral representation

A =
∑

i

Ai|ai >< ai| (5.28)

It is obvious to define the opertor F (A) by its spectral representation

f(A) =
∑

i

f(Ai)|ai >< ai| (5.29)

5.2 Quantum Statistics

Besides the probabilistic description which is inherent to quantum mechanics
we have to consider a secondary statistics, which is best introduced by consid-
ering an ensemble of identical quantum systems, which are described by the
wave functions ψα(t) >. For each system, quantum mechanical expectation
values are calculated with the density matrix

ρα(t) = |ψα(t) >< ψα(t)| (5.30)

This yields the expectation value

< Aα >= trρ(t)A (5.31)

Now, we can assign a probability pα finding a system of the ensemble with
the expectation value Aα
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pα (5.32)

An ensemble average yields

< A >=
∑

α

pαtr[ραA] = tr[ρA] (5.33)

Here, we have introduced the ensemble density matrix

ρ =
∑

α

ρα (5.34)

The question arises how the probabilities pα are obtained. As in the classi-
cal case we can use the maximum information principle in order to determine
density matrix. To this end we define the entropy according to

S = −ktrρlnρ (5.35)

Since ρ is a Hermitian operator, we obtain the classical expression for the
entropy

S = −k
∑

α

ραlnρα (5.36)

where ρα are the eigenvalues of the operator ρ.

5.3 Microcanonical Distribution

We consider a quantum system, which can take the energy states Ei with
eigenfunctions ϕi >. We consider now an ensemble of systems, where each
system has the energy E.

5.4 Canonical Distribution

Now, we consider systems, which have to fullfill the constraints

trρ = 1

trρH = U (5.37)

We assume that the density matrix commutes with the Hamilton operator
H:

[H, ρ] = 0 (5.38)

We can represent the density matrix ρ in the form

ρ =
∑

i

pi|ϕi >< ϕi| (5.39)
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where |ϕi > are the eigenstates of the Hamilton operator H with energy
eigenvalues Ei

H |ϕi >= Ei|ϕi > (5.40)

The constraints and the entropy explictly read

trρ =
∑

i

pi = 1

trρH =
∑

i

piEi = U

S = −
∑

i

pilnpi (5.41)

Applying the maximum information principle leads to estimate the probabil-
ities pi according to

pi = Z−1e−βEi (5.42)

The density matrix then takes the form

ρ =
∑

i

Z−1e−βEi |ϕi >< ϕi| = Z−1e−βH (5.43)

The canonical partition function is defined as the trace

Z(β, V ) = tre−βH (5.44)

Distribution ρ f(pi, qi)

Expectation < A >= trρA < A >=
∫

dΓA(pi, qi)f(pi, qi)

Constraint 1 = trρ 1 =
∫

dΓf(pi, qi)

Constraint U = trρH U =
∫

dΓH(pi, qi)f(pi, qi)

Entropy S = −ktrρlnρ S = −k
∫

dΓf(pi, qi)lnf(pi, qi)

Canonical Distribution ρ = Z−1e−βH f(pi, qi) = Z−1e−βH(pi,qi)

Canonical Partition Z = tre−βH Z =
∫

dΓe−βH(pi,qi)

Function



5.5 Grand Canonical Distribution 59

The canonical partition function is the starting point for the calculation
of thermodynamic properties like free energies, equation of state, etc. in the
canonical ensemble due to the relationship

F (T, V ) = −kT lnZ(β, V ) (5.45)

between the free energy and the partition function.
The equation of state is obtained via the relationship

p = −
(

∂F

∂V

)

T

= kT
∂Z
∂V

∂V
(5.46)

5.5 Grand Canonical Distribution

In case of the grand canonical distribution we consider systems, for which also
the number of particles is a fluctuating quantity. The constraints are then

trρ = 1 (5.47)

and
trρH = U (5.48)

and
trρN =< N > (5.49)

The Hamilton operator and the number operator N commute,

[H,N ] = 0 (5.50)

and, therefore possess the same eigenvectors. The grand canonical distribution
takes the form

ρ = [J ]−1e−β(H−µN) (5.51)

where J denotes the grand canonical partition function

J = tre−β(H−µN) (5.52)
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Photons and the Planck’s Formula

6.1 The Electromagnetic Field

In this section we review the quantization of the free electromagnetic field. In
the classical description the field is determined by Maxwell’s Equations:

∇ · E = 0

∇× E = − ∂

∂t
B

∇ · B = 0

∇× B =
1

c2
∂

∂t
E (6.1)

The energy density takes the form

h =
ǫ0
2

[E2 + c2B2] (6.2)

As is well-known, it is convenient to introduce the electromagnetic poten-
tials A, Φ:

B = ∇× A

E = −∇Φ− Ȧ (6.3)

It is convenient to use the radiation gauge Φ = 0. In this case the electro-
magnetic energy density takes the form

h =
ǫ0
2
{(Ȧ)2 + c2[∇× A]2} (6.4)

6.1.1 Periodic Boundaries: Cavity

We investigate the free electromagnetic field in a cavity of volume V. for
the sake of simplicty we consider a cube of length L. We postulate periodic
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boundary conditions. In that case we can represent the vector potential as
Fourier series

A(x, t) =
N√
V

∑

k

2
∑

i=1

ei{bk,ie
ik·x + b∗k,ie

−ik·x} (6.5)

Periodic boundary conditions require

k =
2π

L
[lx, ly, lz] , li = −∞, ...,−1, 0, 1, ..+ ∞ (6.6)

As a consequence the electric field and the magnetic induction also are repre-
sented as Fourier series:

E(x, t) = − N√
V

∑

k

2
∑

i=1

{eiḃk,ie
ik·x + eiḃ

∗
k,ie

−ik·x} (6.7)

B(x, t) =
N√
V

∑

k

2
∑

i=1

i[k × ei]{bk,ie
ik·x − b∗k,ie

−ik·x} (6.8)

∫

V

d3xE2(x, t) = N2
∑

k

2
∑

i=1

{ḃk,iḃ−k,i + ḃk,iḃ
∗
k,i

+ ḃ∗k,iḃk,i + ḃ∗k,iḃ
∗
−k,i} (6.9)

∫

V

d3xB2(x, t) = N2
∑

k

2
∑

i=1

(−k2{bk,ib−k,i + bk,ib
∗
k,i

+ b∗k,ibk,i + b∗k,ib
∗
−k,i} (6.10)

Electromagnetic Energy:

H =
1

2

∑

k

2
∑

i=1

h̄ωk

[

bk,ib
∗
k−,i + b∗k,ibk,i

]

(6.11)

6.2 Failure of Classical Physics: The Ultraviolet

Catastrophy

The derivation is as follows. The electron magnetic field is composed of hra-
monic oscillators, each oscillating with frequency ωk. Due to the equipartition
theorem, each oscillator contributes kT to the internal energy. Furthermore,
we have to take into account that light is polarized leading to a factor of two
in the internal energy



6.4 Photon Statistics: Canonical Distribution 63

U = 2
∑

k

kBT =
V

8π3
4π

∫

k2dkkT =

∫

dνkT
8πν2

c3
(6.12)

thereby, we made the replacement

∑

k

=
V

(2π)3

∑

k

d3k (6.13)

The failure of this classical treatment becomes evident from the fact that this
integral does not converge in the limit of large frequencies.

6.3 Quantization of the Electromagnetic Field

The quantization of the electromagnetic field is achieved by postulating the
existence of the following comuutation rules for the creation and annihilation
operators b†k,i, bk,i:

[bk,i, b
†
k′,j ] = δk,k′δij

[bk,i, bk′,j ] = 0
[

b†k,i, b
†
k′,j

]

= 0 (6.14)

Hamiltonian

H =
∑

k

∑

i

h̄ωk[b†k,ibk,i +
1

2
] (6.15)

In the following it will be convenient to neglect the energy of the vacuum,

H =
∑

k

∑

i

h̄ωk

1

2
(6.16)

The basis of the Hilbert Space is spanned by the vectors

|...ni
k....n

′j
k′ ... >= ....

1
√

ni
k!

(b†k,i)
ni
k ....

1
√

nj
k′

(b†k′,j)
nj

k′ |0 > (6.17)

Here, ni
k denotes the occupation number of the states with wave vector k and

the polarization i = 1, 2.

6.4 Photon Statistics: Canonical Distribution

We calculate the canonical partion sum for photons in a cavity with periodic
boundary conditions. The Hamilton operator reads
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H =
∑

k

2
∑

i=1

h̄ωknk,i (6.18)

with the occumation number operator

nk,i = b†k,ibk,i (6.19)

The angular frequency is related to the wave number k via the speed of
light c:

ωk = c|k| (6.20)

The Hilbert space is spanned by the states

|.., ni(k), ..., ni′ (k′), .. > (6.21)

6.4.1 Evaluation of the Partition Function

We have to evaluate the canonical partition function

Z(β, V ) = tre−βH

=
∑

...ni(k),....

< ..., ni(k), ...|e−β
∑

kj

∑

i
h̄ωkj

b†
k,i

bk,i ||..., ni(k), > (6.22)

Simple Example

At first glance, this seems to be a rather difficult task. Therefore, we consider,
as a simple example, the case of two modes with frequencies ω1 and ω2. The
Hamilton operator reads

H = h̄b†1b1 + h̄b†2b2 (6.23)

The basis is
|n1, n2 > (6.24)

with

b†1b1|n1, n2 > = n1|n1, n2 >

b†2b2|n1, n2 > = n2|n1, n2 > (6.25)

Furthermore, we have

e−βH |n1, n2 >= e−β[h̄ω1n1+ω2n2]|n1, n2 > (6.26)

As a consequence the partition sum reads
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Spe−βH =
∑

n1,n2

< n1, n2|e−βH |n1, n2 >

=
∑

n1,n2

e−β[h̄ω1n1+ω2n2]

=

∞
∑

n1=0

e−β[h̄ω1n1] ×
∞
∑

n2=0

e−β[h̄ω2n2] (6.27)

The sums can be easily evaluated:

∞
∑

n=0

e−h̄ωn =
1

1 − e−h̄ω
(6.28)

We obtain our final result

Spe−βH =
1

1 − e−h̄ω1

1

1 − e−h̄ω2
(6.29)

General Case

We return to the evaluation of the canonical partition function. A similar
procedure leads to

Z(β, V ) = Πk[
∑

n(k)

e−β
∑

k
h̄ωknk ]2 (6.30)

The square is due to the fact that we have two contributions to each wave
vector k, due to the two different polarizations.

The sum again can be easily evaluated:

Z(β, V ) = Πk

(

1

1 − e−βh̄ωk

)2

(6.31)

This is the canonical partition sum for a gas of noninteracting photons.

6.4.2 Free Energy

We are now able to determine the free energy of the photon gas

F (β, V ) = − 1

β
lnZ(β, V ) = −2kT

∑

k

ln

∞
∑

n=0

e−βh̄ωkn (6.32)

With the help of
∞
∑

n=0

e−βh̄ωkn =
1

1 − e−βh̄ωk
(6.33)
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we obtain the free energy of the photon gas

F (β, V ) = 2kT
∑

k

ln(1 − e−βh̄ωk) (6.34)

In order to evaluate the sum over all wave vectors k we approximate the
discrete sum by an integral with respect to |k|. To this end we note that

∑

k

...→
∫

dk
L3

(2π)3
.. (6.35)

Since , due to isotropy, the integrand depends only on |k|, we can use
spherical coordinates and obtain

F (T, V ) = 2kT
V

2π2

∫

k2dkln(1 − e−βh̄|k|c) (6.36)

The factor 2 is due to the two polarizations. The frequency dependence is
linear in |k|,

ωk = c|k| (6.37)

and we obtain with the help of

ν =
c

2π
|k| (6.38)

F (T, V ) = 8πkT
V

c3

∫

ν2dνln(1 − e−βhν) (6.39)

The further transformation

x = βhν (6.40)

yields

F (T, V ) = 8πV
(kT )4

(hc)3

∫ ∞

0

x2dxln(1 − e−x) (6.41)

The result of the integration is

F (T, V ) = −8πV
(kT )4

(hc)3
1

45
(6.42)

We can calculate the entropy

S = −∂F
∂T

= 4 × 8πV
k4T 3

45(hc)3
(6.43)

The internal energy is given by

U = F + TS = 8πV
(kT )4

15(h̄c)3
(6.44)
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6.4.3 Equation of State of the Photon Gas

The photon gas has an equation of state comparable to an ideal gas. We obtain
this equation of state by calculating the pressure

p = −∂F
∂V

=
U

3V
(6.45)

Explicitly we obtain

p = (kT )4
8π

(hc)3
1

45
(6.46)

This relations has to be compared with the one of the ideal classical gas:

p = −∂F
∂V

=
2U

3V
(6.47)

6.4.4 Internal Energy

We can now calculate the internal energy according to the relation

U = − ∂

∂β
lnZ(β, V ) (6.48)

which yields

U = 2
∑

k

h̄ωk

1

eβh̄ωk − 1
(6.49)

This representation of the internal energy U of the photon gas can be in-
terpreted as follows: The energy of a photon is just h̄ωk. In thermodynamic
equilibrium there are

n̄(ωk) =
1

eβh̄ωk − 1
(6.50)

numbers of photons with wave vector k. The function n̄(ωk is the distribution
function of the photon gas.

Spectral Energy Density

From the internal energy we can deduce Planck’s formula for the spectral
energy density of the photon gas.

U = 2
V

8π3
4π

∫ ∞

0

k2dk
h̄ck

eβh̄ck − 1
(6.51)

Using h̄ck = hν and k = 2πν/c we obtain the representation

U =

∫ ∞

0

dνu(ν, T ) =
8πV

c3

∫

ν2dν
hν

eβhν − 1
(6.52)

The spectral energy density u(ν) is given by

u(ν) =
8πV

c3
ν2 hν

eβhν − 1
(6.53)
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Rayleigh-Jeans Law

We can immediately make contact with the Rayleigh-Jeans law. To this end
we consider the approximation

eβhν − 1 ≈ βhν (6.54)

and are led to the spectral density in terms of the Rayleigh-Jeans formula

u(ν)dν = kT
8π

c3
ν2dν (6.55)

The total internal energy is given by

U = V

∫ ∞

0

dνu(ν) (6.56)

and, as we have discussed above, does not converge. As mentioned above, Lord
Rayleigh obtained this result using the equipartition theorem within classical
statistics.

Wien’s Formula

For large values of the frequency one obtains Wien’s formula. Performing the
approximation

hν

kT
>> 1 (6.57)

Wien’s law reads

u(ν)dν =
8π

c3
hν3e−βhνdν (6.58)

Stefan-Boltzmann’s Law

It is straightforward to derive the Stefan-Boltzmann law.

U = V

∫

dνu(ν) == V
8π

c3

∫

hν3

eβhν − 1
dν (6.59)

Introducing the integration variable

x = βhν (6.60)

one derives

U = V
8π

(hc)3
k4T 4

∫ ∞

0

dx
x3

ex − 1
(6.61)

As a consequence the Stefan- Boltzmann reads

U = V σT 4 (6.62)

By comparison we obtain the constant

σ =
8π

(hc)3
k4

∫ ∞

0

dx
x3

ex − 1
(6.63)
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Specific Heat of the Photon Gas

Using the internal energy U = V σT 4 we can determine the specific heat at
constant volume of the photon gas

Cv =

(

∂U

∂T

)

V

= 4σV T 3 (6.64)
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Ideal Quantum Gases

In this chapter we shall present the statistics of a system of quantum mechan-
ical particles contained in a box of volume V. We consider periodic boundary
conditions for the single particle wave function. These wave functions are then
plane waves

ψk(x) =
1√
V
eik·x (8.1)

where the energy of the single particle is given by

Ek =
h̄2k2

2m
=

h̄2

2m
(2π)2

[

l2x
L2

+
l2y
L2

+
l2z
L2

]

(8.2)

Thereby, the numbers li = −∞, .., 0, 1..∞.
For the following it is interesting to note that

Eki
=

1

V 2/3

h̄2

2m
(2π)2

[

l2x + l2y + l2z
]

(8.3)

This leads us to the relation

E(ki)

∂V
= −2

3

1

V
E(ki) (8.4)

However, we may also consider different energy spectra, i.e. energies which
are a result, e.g. of a Hartree-Fock calculation. The gas particles are then con-
sidered as quasiparticles. Quasiparticles incorporate besides the bare particles
also effective multi-particle interactions.

8.1 Fermions and Bosons

The impossibility to distinguish quantum particles, which is a direct conse-
quence of Heisenberg’s uncertainty relationship, requires that the wave func-
tion ψ(x1, σ1; ...xN , σN ; t) has to be either an even or an odd function with
respect to permutations of two coordinates in the wave function
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ψ(x1, σ1; ...xi, σi; ..xj , σj ..xN , σN ; t) =
(

+ ψ(x1, σ1; ...xj , σj ; ..xi, σi; ..xN , σN ; t)
− ψ(x1, σ1; ...xj , σj ; ..xi, σi; ..xN , σN ; t)

)

(8.5)

There are two types of quantum particles: Bosons, whose wave function is
completely symmetric with respect to permutations, and Fermions, whose
wave function is completely antisymmetric with respect to permutations.

8.1.1 Wave Functions for noninteracting Fermions and Bosons

The Schrödinger equation for noninteracting quantum particles allows one to
represent the N-particle wave functions in terms of the product basis of single
particle wave functions

ψk,σ(x) =
1√
V
eik·xχ(σ) (8.6)

A product basis of the N-particle Hilbert space is then

ψk1,σ1;...kN ,σN
(x1, ...x2) = ψk,σ1(x1)...ψkN ,σN

(xN ) (8.7)

However, the states ψk1...kN
(x1, ...x2) due not fulfill the symmetry properties

under permutation.
A basis which fulfills these requirements can be built from a linear combi-

nation of the vectors (8.7).
Bosons:

For Bosons, we consider the completely symmetric functions

Ψk1,σ1...kN ,σN
(x1, σ1...xN , σN ) =

1

N !

∑

P

ψk1,σ1(x1)...ψkN ,σN
(xN ) (8.8)

In the case of two particles we obtain

Ψk1,k2(x1,x2) =
1√
2

[

1√
V
eik1·x1

1√
V
eik2·x2χ1(σ1)χ2(σ2) +

1√
V
eik1·x2

1√
V
eik2·x1χ1(σ2)χ2(σ1)

]

(8.9)
Fermions:

For Fermions we take the completely antisymmetric functions

Ψk1,σ1...kN ,σN
(x1, ...x2) =

1

N !

∑

P

(−1)pψk1,σ1(x1)...ψkN ,σN
(xN ) (8.10)

The multiparticle wave function for Fermions can be represented in terms of
a Slater determinant.

In the case of two Fermions we obtain

Ψk1,k2(x1,x2) =
1√
2

[

1√
V
eik1·x1

1√
V
eik2·x2χ1(σ1)χ2(σ2) −

1√
V
eik1·x2

1√
V
eik2·x1χ1(σ2)χ2(σ1)

]

(8.11)
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We explicitly see that the eigenstates with k1 = k2 are zero.
The symmetric and antisymmetric wave functions are eigenstates of the

Hamiltonian H:

HΨk1,σ1...kN ,σN
(x1, ...xN ) =

N
∑

i=1

E(ki)Ψk1,σ1;...kN ,σN
(x1, ...xN ) (8.12)

We can rewrite this equation as

HΨk1,σ1...kN ,σN
(x1, ...xN ) =

∑

k,σ

[nk,σE(k)]Ψk1,σ1;...kN ,σN
(x1, ...xN ) (8.13)

Here, nki,σi
denotes the number of particles with energy E(ki) and spin σi.

For Fermions, these numbers can take only the values

n(k, σ) = 0, 1 (8.14)

For Bosons, however, these numbers can take the values

n(k, σ) = 0, 1, ...∞ (8.15)

The numbers n(k, σ) are denoted as occupation numbers. They count the
number of particles with spin σ and wave vector k, i.e. the number of particles
having the energy E(k. The occupation numbers for systems with N particles
are subjected to the following constraints

∑

k,σ

n(k, σ) = N (8.16)

8.1.2 Fock-Space

The Fock space is a Hilbert space for many particle systems, where the number
N of particles is variable. The introduction of such a space facilitates the
treatment of many particle systems based on the occupation numbers, since
now the constraints (8.16) do not have to be taken into account. Furthermore,
when dealing with statistical treatment of many particle systems, the use
of the grand canonical description requires to consider states with variable
numbers N of particles.

The Fock space is the direct sum of Hilbert spaces with 0, 1, ..,∞ number
of particles:

H = H0 +H1 +H2 + ...H∞ (8.17)

A basis of each Hilbert space Hi are the symmetrized (Bosons) or antiys-
mmetrized (Fermions) wave functions, (8.8) and (8.10).
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8.2 Grand-Canonical Distribution

The grand canonical partition function for free quantum particles takes the
following form

∞
∑

N=0

∑

k1

...
∑

kN

< Ψk1,σ1;...kN ,σN
|e−β(H−µN)|Ψk1, σ1; ...kN , σN >= (8.18)

where

|Ψk1,σ1;...kN ,σN
>=

1√
N !

∑

P

1√
V
eik1·x1 ...

1√
V
eikN ·xN (8.19)

for Bosons. For Fermions, we obtain

|Ψk1,σ1;...kN ,σN
>=

1√
N !

∑

P

(−1)P 1√
V
eik1·x1 ...

1√
V
eikN ·xN (8.20)

In order to calculate the canonical partition function, we should evaluate

Z(β, V,N) =
∑

k1,σ1;..kN ,σN

< Ψk1,σ1;...kN ,σN
|e−βH |Ψk1, σ1; ...kN , σN >=

∑

...n(k′,σ′);..n(k′′,σ′′)...

e−β
∑

k
n(k,σ)E(k) (8.21)

Here, the summation has to be performed in such a way that

N =
∑

k,σ

n(k, σ) (8.22)

This constraint renders the evaluation of the partition function rather difficult.
This is the reason to evaluate the thermodynamic quantities for ideal quantum
gases using the grand canonical partition function. This partition function is
given by

Z(β, V,N) =
∞
∑

N=0

∑

k1,σ1;..kN ,σN

< Ψk1,σ1;...kN ,σN
|e−β(H−µN)|Ψk1,σ1;...kN ,σN

>=

∞
∑

N=0

∑

..n(k′,σ′);..n(k′′,σ′′)

e
−β
∑

k,σ
n(k,σ)E(k)−µ)

(8.23)

Thereby, we have used the occupation numbers

n(k, σ) (8.24)
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Consequently, the grand partition function is calculated according to

Z(β, V,N) =

∞
∑

N=0

{
∑

..n(k′,σ′)

..
∑

n(k′′,σ′′)

}∑
k,σ

n(k,σ)=Ne
−β
∑

k,σ
n(k,σ)(E(k)−µ)

(8.25)

However, a rearrangement of the terms shows that

Z(β, V,N) = {..
∑

n(k′,σ′)

..
∑

n(k′′,σ′′)

..e
−β
∑

k,σ
n(k,σ)(E(k)−µ)

(8.26)

We explicitly see that now, there is no restriction on the sums with respect
to the occupation numbers n(k, σ).

8.2.1 From the Grand Canonical Partition to Thermodynamics

In order to obtain the equation of state and related thermodynamic quantities
from the grand canonical partition function, we note that the grand potential
J(β, V, µ) is obtained from the grand partition function according to

J(β, µ, V ) = − 1

β
lnZ(β, µ, V )

= − 1

β

∑

ki

ln(1 + e−β(E(ki)−µ)) (8.27)

This can be seen from the fundamental relation

S = −ktrρlnρ = kβU − kβµN + klnZ (8.28)

U = TS + µN − kT lnZ (8.29)

We define the grand free energy by the Legendre transform of the inner energy

J(β, V, µ) = U − TS − µN = − 1

β
lnZ (8.30)

We obtain the following relations, which are important for the derivation
of thermodynamic quantities.

p = −
(

∂J

∂V

)

µ,T

(8.31)

S = −
(

∂J

∂T

)

µ,V

(8.32)

N = −
(

∂J

∂µ

)

µ,V

(8.33)
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Let us briefly show how these relations arise. We have the fundamental
thermodynamic relation

dU = TdS − pdV + µdN (8.34)

Therefore,
dJ(T, V, µ) = −SdT − pdV −Ndµ (8.35)

8.2.2 Evaluation of the Grand Canonical Partition Function

The grand canonical partition function is denoted by

Z(β, V, µ) =

∞
∑

N=0

{
∑

n(k1,σ1)

..
∑

n(kN ,σN )

}∑n(k,σ)=Ne
−β
∑

k
(E(k−µ)n(k,σ))

= {
∑

n(k1,σ1)

..
∑

n(kN ,σN )

}∑n(k,σ)=Ne
−β
∑

k
(E(k−µ)n(k,σ))

(8.36)

Now, the occupation numbers of the states E(ki) are free. In contrast to
the canonical partition function, they are not subjected to the restriction
∑

n(ki) = N .
The grand canonical partition function has to be evaluated for Fermions

and Bosons separately. For Bosons, the occupation numbers are in the range

0 ≤ n(k, σ) ≤ ∞ (8.37)

whereas for Fermions
n(k, σ) = 0, 1 (8.38)

This yields fundamental differences in the evaluation of the partition function.

8.3 Fermions, Fermi-Distribution

For Fermions the grand partition function is easily evaluated considering that
only terms with n(k) = 0, 1 contribute, due to the Pauli exclusion principle.
As a result we obtain the grand partition function

Z(β, µ, V ) = Πk(1 + e−β(E(k)−µ))g (8.39)

We take into account the fact that electrons have a spin. Therefore, we include
the factor g. g=2 for spin 1/2 particles.

In order to obtain the equation of state we note that the grand potential
J(β, V, µ) is obtained from the grand partition function according to
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J(β, µ, V ) = − 1

β
lnZ(β, µ, V )

= − 1

β
g
∑

k

ln(1 + e−β(E(k)−µ)) (8.40)

We derive the mean particle number

N = − ∂

∂µ
J(β, µ, V ) = g

∑

(k
e−β(E(k)−µ)

1 + e−β(E(k)−µ)
(8.41)

and calculate the mean occupation number

N(k) = g
1

eβ(E(k)−µ) + 1
(8.42)

This is the Fermi distribution.
We can now derive the pressure according to

p = −
(

∂

∂V
J(β, µ, V )

)

β,µ

(8.43)

This leads us to

p =
∂

∂V

1

β

∑

ki

ln(1 + e−β(E(ki)−µ)) (8.44)

The only quantities which depend on V when µ and β is fixed are the energies
E(ki). Therefore,

p = −
∑

ki

e−β(E(ki)−µ)

1 + e−β(E(ki)−µ)

∂E(ki)

∂V
(8.45)

Considering the relation (??) we immediately obtain

pV =
2

3
U (8.46)

Thereby, we have considered that the inner energy is determined by the
sum

U = g
∑

k

E(k)

eβ(E(ki)−µ) + 1
(8.47)

U =
∑

ki

NFermi(Eki
)E(ki) (8.48)

∑

k

→ V

(2π)3
4π

∫

dkk2 (8.49)

Now, we introduce
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ǫ =
h̄2k2

2m
(8.50)

and obtain

dkk2 =
1

2

√

2mǫ

h̄2

3

ǫ1/2dǫ (8.51)

∑

k

....→ V 2π

∫

√

2m

h2

3

ǫ1/2dǫ.... (8.52)

We can now summarize:

J(β, V, µ) = − 1

β
g2π

√

2m

h2

3
∫

ǫ1/2dǫln(1 + e−β(ǫ−µ) (8.53)

The mean particle number takes the form

N = g2π

√

2m

h2

3 ∫

ǫ1/2dǫ
1

(eβ(ǫ−µ) + 1
(8.54)

Fermi-Energy

For Fermi-Distributions we can consider the case T → 0. In this case, β → ∞
and the Fermi distribution takes the form

N(k) = { 0 forE(k > µ
1 forE(k < µ

(8.55)

Relation
N̄ =

∑

E(k)<µ

(8.56)

defines the Fermi-Energy
EF (8.57)

Explicitly, we obtain the definition of the Fermi energy

N̄ =
V

2π2
(
2m

h̄2 )3/2

∫ EF

0

dǫǫ1/2

=
V

π2
(
2m

h̄2 )3/2 1

3
E

3/2
f = V g(

2m

h2
)3/28π

1

3
E

3/2
f (8.58)

This yields the Fermi energy

EF =
h2

2m

(

3N

8πV

)2/3

(8.59)
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Internal Energy and Specific Heat of an Ideal Fermi Gas

We calculate the internal energy

U = g
∑

k

h̄2k2

2m

1

eβ(E(k−µ) + 1
(8.60)

Passing to an integral, we obtain

U = g2πV

(

2m

h2

)3/2 ∫

dǫ
ǫ3/2

eβ(ǫ−µ) + 1
(8.61)

For β → 0 we obtain

U = g2πV

(

2m

h2

)3/2 ∫ Ef

0

dǫ
ǫ3/2

eβ(ǫ−µ) + 1
(8.62)

U =
3

5
N̄EF [1 +

5

12

(

kT

EF

)2

+ .. (8.63)

Specific heat
Cv ≈ T (8.64)

The calculation of the various integrals is discussed in the next subsection.

Calculation of Integrals

We have to calculate integrals of the Form

I =

∫ ∞

0

dǫ
F (ǫ)

eβ(ǫ−µ) + 1
(8.65)

To this end we perform the substitution

z = β(ǫ− µ) (8.66)

I = kT

∫

−βµ

dǫ
F (µ+ kTz)

ez + 1
(8.67)

Now, we can split this integral in

I = kT {
∫ βµ

0

dz
F (µ− kTz)

e−z + 1
+

∫ ∞

0

dz
F (µ+ kTz)

ez + 1
(8.68)

We rewrite
1

e−z + 1
= 1 − 1

ez + 1
(8.69)

and obtain
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I =

∫ µ

0

F (ǫ)dǫ+ kT

∫ ∞

0

dz
F (µ+ kTz)− F (µ− kTz)

ez + 1
(8.70)

Expansion in a Taylor series leads to

I =

∫ µ

0

F (ǫ)dǫ+ 2(kT )2F ′′(µ)

∫ ∞

0

dz
z

ez + 1

+
1

3
(kT )4F ′′′(µ)

∫ ∞

0

dz
z3

ez + 1
+ ... (8.71)

8.3.1 Relativistic Fermi Gas

We consider a gas of relativistic Fermi particles. The energy is given by

E(k) = cp = ch̄k (8.72)

Now, we have the correspondence

∑

k

→ g4π
V

(2π)3

∫

dkk2 = g4π
V

(hc)3

∫

dǫǫ2 (8.73)

The fermi energy is

N̄ = g4π
V

(hc)3
1

3
E3

f (8.74)

This yields

EF =

(

n
3

4πg

)1/3

hc (8.75)

The grand partition function is

J = − 1

β
g4π

V

(hc)3

∫

dǫǫ2ln(1 + e−β(ǫ−µ)) (8.76)

Partial integration yields

J = − 1

3β
g4π

V

(hc)3

∫

dǫ
ǫ3

eβ(ǫ−µ) + 1
= −U

3
(8.77)

8.4 Bosons

As a first step we calculate the grand partition function Z for Bosons noting
that ∞

∑

n=0

e−βE(ki−µ)n =
1

1 − e−βE(ki−µ)n
(8.78)

This leads us to the grand partition function
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Z(β, µ, V ) = Πki

1

1 − e−β(E(ki)−µ)
(8.79)

The grand potential is given by the relation

J = − 1

β
lnZ(β, µ, V ) =

1

β

∑

ki

ln1 − e−β(E(ki)−µ) (8.80)

We derive the mean particle number

N̄ = − ∂

∂µ
J(β, µ, V ) =

∑

k

e−β(E(k)−µ)

1 + e−β(E(k)−µ)
(8.81)

As a consequence we obtain the mean occupation number of the state with
energy E(k):

N(k) =
1

eβ(E(k)−µ) − 1
(8.82)

This defines the Bose-Einstein distribution.
The chemical potential is again defined implicitly by the relationship

N̄ =
∑

k

N(k) (8.83)

We note that the Bose-Einstein distribution depends on the chemical potential
µ. The above relation defines µ as a function of the mean particle number N̄ .

The pressure can be calculated via the relationship

p = − ∂J

∂V
(8.84)

leading to

p = −
∑

ki

e−β(E(ki)−µ)

1 − e−β(E(ki)−µ)

∂E(ki)

∂V
(8.85)

Again, using
∂E(ki)

∂V
= −2

3

1

V
E(ki) (8.86)

we end up with the relation

pV =
2

3
U (8.87)

The inner energy takes the form

U =
∑

ki

e−β(E(ki)−µ)

1 − e−β(E(ki)−µ)
E(ki) (8.88)

NBose(Eki
) =

1

eβ(E(ki)−µ) − 1
(8.89)

in the form
U =

∑

ki

NBose(Eki
)E(ki) (8.90)
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8.4.1 Bose-Einstein-Condensation

The mean number of Bosons is determined by the relation

N̄ =
∑

ki

1

eβ(E(ki)−µ) − 1
(8.91)

This sum can be split up into two constributions. There is a contribution due
to the ground state E = 0 and contributions due to higher levels.

N̄ =
1

e−βµ − 1
+
∑

ki

1

eβ(E(ki)−µ) − 1
(8.92)

The quantity z is the fugacity
z = eβµ (8.93)

In contrast to the Fermi gas, for which at temperature T = 0 all energy levels
up to the Fermi level are occupied, Bosons can occupy the lowest energy state.
Therefore, we expect that

N0 =
1

e−βµ − 1
(8.94)

tends to N̄ for β → 0. That means that the fugazity z should tend to one.
We approximate the second sum by an integral:

∑

k

→ 2πV

(

2m

h2

)3/2 ∫

dǫ
√
ǫ (8.95)

and obtain

Ñ = N0 + 2πV

(

2m

h2

)3/2 ∫

dǫ
√
ǫ

1

eβ(ǫ−µ) − 1
(8.96)

A further transformation
βǫ→ ǫ̃ (8.97)

yields

Ñ = N0 + 2πV

(

2m

h2

)3/2

(kT )3/2

∫

dǫ
√
ǫ

1

eǫ−βµ − 1
(8.98)

We can now express the fugacity z by N0

z−1 = 1 +
1

N0
(8.99)

Our relation then reads

N̄ = N0 + 2πV

(

2m

h2

)3/2

(kT )3/2

∫ ∞

0

dǫǫ1/2

eǫ(1 + 1/N0) − 1
(8.100)
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If N0 >> 1, i.e. if the ground state is macroscopically occupied, we can ap-
proximate this relation by

N̄ = N0 + 2πV

(

2m

h2

)3/2

(kT )3/2

∫ ∞

0

dǫǫ1/2

eǫ − 1
(8.101)

The integral can be evaluated using the Riemann zeta function

ζ(3/2) =

∫ ∞

0

dǫǫ1/2

eǫ − 1
(8.102)

We can define a temperatue TB by the relation

N̄ = 2π

(

2m

h2

)3/2

(kTB)3/2

∫ ∞

0

dǫǫ1/2

eǫ − 1
(8.103)

This defines a temperature TB, at which the transition to the Bose-Einstein
condensate takes place.

Then, if N0 >> 1 we can derive the relationship

N̄ = N0 + N̄

(

T

T0

)3/2

(8.104)

This leads us to the number of particles N0 in the ground state, or in the
Bose-Einstein condensate

N0 = N [1 −
(

T

T0

)3/2

] (8.105)

More Refined treatment

We can rewrite

N =
Z

1 − z
+
V

λ3
G(z) (8.106)

Here, we have defined the thermal de’Broglie wave length

λ =

√

h2

2π2m

1

kT
(8.107)

G(z) =
2

π

∫ ∞

0

dx
x1/2

z−1ex − 1
(8.108)

Furthermore,
G(z) = ζ(3/2) (8.109)

to be done...
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Condition for the Occurence of the Bose-Einstein Condensate

The condition for the occurence of Bose-Einstein condensation can be read of
from eq. (??):

N̄ = V 2π

(

2m

h2
kT

)3/2

ζ(3/2) (8.110)

This condition can be met by either lowering the temperature at fixed density,
or, by increasing density at fixed temperature.

Condensed Phase

We can now calculate the mean energy in the condensed phase, i.e. for T < TB.
the calculations are based on the approximation zby(kT )3/2z = 1.

We notice that only Bosons in the excited state contribute,

U = 2πV

(

2m

h2

)3/2

(kT )5/2

∫

dǫ
√
ǫ

z

eǫ − 1
(8.111)

This yields

U = akT

(

T

T0

)3/2

(8.112)

The specific heat is obtained by

CV =
5

2

U

T
(8.113)

Above the Consensed Phase

8.5 Calculation of Integrals

We consider the evaluation of integrals of the form

∫ ∞

0

dz
zx−1

ez + 1
(8.114)

To this end we expand into a Taylor series

∫ ∞

0

dz
zx−1

ez + 1
=

∫ ∞

0

dzzx−1e−z
∞
∑

n=0

(−1)ne−nz (8.115)

The Gamma function is defines as

Γ (x) =

∫ ∞

0

dzzx−1e−z (8.116)

We obtain
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∫ ∞

0

dzzx−1e−nz =
1

nx

∫ ∞

0

dz′z′x−1e−z′
=

1

nx
Γ (x) (8.117)

This leads us to the representation
∫ ∞

0

dz
zx−1

ez + 1
= (1 − 21−x)Γ (x)ζ(x) (8.118)

Here, we have defined Riemann’s zeta function

ζ(x) =

∞
∑

n=1

1

nx
(8.119)

∫ ∞

0

dx
x

ex + 1
=
π2

12
(8.120)

∫ ∞

0

dx
x2

ex + 1
=

3

2
ζ(3) (8.121)

∫ ∞

0

dx
x3

ex + 1
=

7π4

120
(8.122)

∫ ∞

0

dx
x

ex − 1
=
π2

6
(8.123)

∫ ∞

0

dx
x2

ex − 1
= 2ζ(3) (8.124)

∫ ∞

0

dx
x3

ex − 1
=
π4

15
(8.125)

8.6 Bose, Fermi Distributions, Summary

Fermions Bosons

Grand partition

function Z(β, µ, V ) Πk(1 + e−β(E(k)−µ)) Πk
1

(1−e−β(E(ki)−µ))

Grand potential

J(β, µ, V )
∑

k ln
(

1 + e−β(E(k)−µ)
)

−∑k ln(1 − e−β(E(k)−µ))

Mean particle number
N̄ N̄ =

∑

k
1

eβ(E(k)−µ)+1
N̄ =

∑

k
1

eβ(E(k)−µ)−1

Equation of
state pV = 2

3U pV = 2
3U

Distribution 1
eβ(E(k)−µ)+1

1
eβ(E(k)−µ)−1
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The quantities can be calculated according to

grand partition function Z(β, V, µ)

grand potential J = − 1
β lnZ(β, V, µ)

mean particle number J = −
(

∂J
∂µ

)

V,β

pressure p = −
(

∂J
∂V

)

µ,β

entropy S = −
(

∂J
∂T

)

µ,V


