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1 Introduction

After Einstein published his theory of General Relativity in 1916 he no-
ticed that solutions of the original equations led to a non-static universe.
To avoid that and driven by theoretical considerations (for a historical re-
view see, e.g., Ref. [1]) he introduced the cosmological constant A. In 1929
Hubble found that the universe is indeed expanding, which led Einstein to
again drop out the cosmological constant, which he thought should be re-
ject “from the point of view of logical economy”, as he stated in the second
edition of his book The meaning of Relativity (1945). Already in the 1970’s
the cosmological constant was recovered to explain inflation.! A couple of
decades later, in 1998, Perlmutter et al. [2] and Riess et al. [3, 4] found that
the expansion of the universe was accelerating. As we shall see, this is not
obtained in a universe filled with only matter and radiation, so a novel form
of energy is needed, which has been called dark energy. Newer experiments
like the WMAP [5] have independently confirmed these results. Remarkably
this new form of energy should have the form of Einstein’s cosmological con-
stant (or a very similar one). Later, new theories for this dark energy has
been developed trying to overcome some of the problems of the cosmological
constant. To date, experiments have not been able to distinguish between
them.

This summary is organized as follows: In Sec. 2 we present a brief re-
view of the basics of the necessary cosmology to study a expanding universe
and we introduce the cosmological constant. In Sec. 3 we present some of
the current evidence for dark energy. In Sec. 4 we revisit the cosmological
constant to try to find its physical interpretation and present some theo-
retical attempts to determine its value compared to the experimental value
obtained. In Sec. 5 we introduce a couple of new dynamical theories as
alternative to the cosmological constant. Finally the conclusions and open
questions are presented in Sec. 6.

2 Cosmology of an expanding universe

In this section we will study how measurements of the expansion of the
universe can be related to its energy content, and in particular how current
observational results lead us to believe in the existence of a new type of
energy different from matter and radiation.

!The reader is referred to the talk on inflation given at this very seminar.
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Figure 1: Possible geometries of the universe depending of the three possible
values of k: open universe (k = —1), flat universe (k = 0) and closed universe
(k=1). From Ref. [7].

2.1 Friedmann-Lemaitre cosmology
2.1.1 Homogeneity and isotropy

The geometry of the universe and its energy content can be related by the
Einstein equation of general relativity [6],

1
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where G, is the Einstein tensor, R, is the Ricci tensor, R the Ricci scalar
and T}, the energy-momentum tensor.

The Einstein equation (1) is in general difficult to solve, but particular
solutions can be obtained in the presence of symmetries, namely homogeneity
and isotropy.

For an isotropic and homogeneous universe we can use the Friedmann-

Robertson-Walker (FRW) metric [6, 1],
2

a — kr?

ds? = —dt* + a?(t) ( + 72(d6? + sin 9d¢2)) , (2)

where r, 0, ¢ are the comoving coordinates, a(t) is the scale factor and k
describes the geometry of the space, as shown in Fig. 1. There seems to be
enough evidence for a (at least close to) spatially flat universe [5] and we
will assume k& = 0 from now on, except otherwise noted.

2.1.2 Dynamics of a universe filled with a perfect fluid

Now we will consider the universe to be filled with a perfect fluid with
pressure p, energy density p and energy-momentum tensor

T} = diag(p, p,p,p). (3)



Inserting Egs. (2) and (3) into Eq. (1) and simplifying we obtain
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where H is the Hubble parameter.
It is known that perfect fluids can be well approximated by the equation
of state [6]
w=p/p, (5)

where w is constant. Introducing this into the so-called Friedmann equations
(4), we obtain the solution

a(t) o (t — to) ST, (6a)
poca”d0H), (6b)
for any w # —1. The case w = —1 is of special interest and will be studied

later.
In particular, it can be shown [8] that w = 1/3 for radiation and w = 0
for matter (dust), from where we have the solutions:

Radiation: a(t) o (t —t0)"/2, poxa™,
Matter: a(t) o (t —to)*3, poca™. (7)

We can see that in both cases (and in general any combination of them)
this leads to a decelerated expansion of the universe ¢ < 0. In fact, we
can see that for an accelerated expansion of the universe, from Eq. (4b) we
obtain the condition

4G 4G
ifa=—="(p+3p) = =5 (1+3w)p > 0, (8)

from where

w< —1/3. 9)

2.1.3 Evidence for an accelerated expansion

Many cosmologists were convinced that the expansion of the universe should
be in fact decelerating as it is clear from the fact that a new deceleration
parameter q := —Z—g was defined [9]. It came as a surprise the discovery
that in fact the expansion of the universe is accelerating [3, 4, 2| as shown in
Fig. 2. In Sec. 3 we will present some of the main sources of observational
evidence.

At this point it became clear that some of the hypothesis used to obtain
the deceleration of the expansion ¢ < 0 should be revisited, i.e., one of the
following should be false:
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Figure 2: Measurements of the deceleration parameter showed that in fact
the expansion of the universe is accelerating. Here we show the constraints
on the deceleration parameter from supernovae Type la measurements.

From Ref. [9].

1. General relativity is a valid theory unmodified.
2. The universe is isotropic and homogeneous.
3. The universe is only composed of matter and radiation.

All of these options have been extensively studied and discussed in the
literature. Revision of 1, i.e., that general relativity must me modified is
studied, e.g., in Refs. [7, 10, 11] while hypothesis 2, i.e., that the universe is
not isotropic and homogeneous enough is studied, e.g., in Refs. [12, 13]. In
these notes we will focus on 3, i.e., that there exists a new form of energy
in the universe: dark energy.

2.2 The cosmological constant

After the publication of general relativity in 1915-1916, in 1917 Einstein
applied his theory to the whole universe and noticed that there is not a static
solution of the original equations as he expected [14], and so introduced a
modification to the original equations in the form a new parameter, the
cosmological constant A.

While Einstein introduced the new term to the LHS of the original equa-
tion (1), i.e., as a modification of the geometry of the universe, today, it has
become a common practice to include the new term to the RHS, i.e., as a
modification of its energy content,

G = 87G + Agy, (10)

4



Now, introducing Egs. (2) and (3) into Eq. (10), we obtain
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as opposed to (4). Notice in particular the presence of the last term in (11b)
and how the effect of A > 0 is to increase d, making ¢ > 0 if enough to
compensate the first terms. Furthermore, it is possible to identify the new
term with a new perfect fluid. To that end, let us rewrite Eq. (10) as

Guv = 87GT + A = 87G(T,, + TH), (12)

where we have defined

A
A —
T/“/ = %guy = pAguy. (13)
Now we can identify Egs. (13) and (3), obtaining,
T;Il,)uf = dlag(papapap) = pAdiag(L_la_la_l) (14)

= p=pr=—D, (15)

i.e., the new term with the cosmological constant behaves as a perfect fluid
with A .
p

— wi=—=—-1l<—c. 16
81G 0 3 (16)
If we compare Egs. (16) and (9), we see that the new perfect fluid leads
to an accelerated expansion of the universe (if its relative energy density is
enough to compensate the effect of matter and radiation.)

We will come back to the cosmological constant and its physical inter-

pretation in Sec. 4.

pr =

3 Observational evidence

3.1 Supernovae SN Ia

In 1998 Riess et al. [3, 4] and Perlmutter et al. [2] noticed that the expansion
of the universe was accelerating by using data from Type Ia Supernovae
measurements.

The evolution of the expansion of universe is often described using the
concept of redshift, whose origin is the increase in A of a photon travelling
in the universe as it expands, and is defined as

_ Ao o

1 : — 17
tz= = (17)



where \g, ag are the quantities given at the present epoch.

The expansion of the universe also influences the concept of distance. In
fact, in an expanding universe several definitions of distance are possible,
e.g., the physical (or proper) distance, which scales proportional to a(t);
or the comoving distance, which is independent of a(t). In particular the
luminosity distance turns out to be very useful from a phenomenological
point of view. The motication is the following: in a Minkowski space, the
energy flux F at a distance d of an object with absolute luminosity Lg is
given by F = ﬁ, what leads to the following definition of luminosity
distance [6]

Ly
di = A F’

At this point we will relate information about the expansion of the uni-
verse with measurable quantities, namely the redshift and the luminosity
distance. In particular, we will show how how to obtain H(t) or equiva-
lently? H(z) from measurements of dy, and z. Since we can also obtain H(z)
from Eq. (1) this will lead us to a test of the theory and a constraint of the
parameters like the energy content of the universe.

To this end, we first need astronomical objects whose standard lumi-
nosity is know, the so-called standard candles. Several types of standard
candles have been proposed (see Ref. [6] and references therein), like FRIIb
radio galaxies or Gamma ray Bursts. But the first and arguably the most
important standard candle to date (and the one who led to the 2011 Nobel
Prize for Physics) is the Supernovae Type Ia.3

We consider an object at x = xs that emits light with absolute luminosity

Ly = AA% and an observer at x = xo who sees an apparent luminosity

_ AEy
Lo = Aly - Hence,

(18)
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where we have used the relation for the velocity of wave ¢ = v, the energy-
frequency relation F o v and the conservation of photons vyAty = v1Aty.
From here,
Ls = Lo(1 + 2)2. (20)

We know that light travelling along the x direction satisfies the geodesic
equation
ds? = —dt* + a®(t)dx?, (21)

?In this case the knowledge of H(t) and H(z) are equivalent due the relation (17).

3For Supernovae Type Ia the luminosity of distant supernovae is extrapolated from
measurements of nearby ones. It has been pointed out that this may lead to inaccuracies
since more distant supernovae were formed in a different epoch of the evolution of the
universe and hence when the composition of the universe was quite different. For a more
comprehensive discussion see Ref. [15].



from where
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and using Eq. (2) for a flat universe with £ = 0 the observed flux can be

written as )
L L z / -
- = _ =0 / _dz ) (23)
Am(agxs)? 4w H(Z)

Finally, substituting Eqgs. (20) and (22) into Eq.(20) we obtain
z dz'
o H(Z)’

- {2 (4))

Eq. (25) shows that it is possible to obtain H(z) from observational mea-
surements of the luminosity distance di, and the redshift z of astronomical
objects. We will now show that is also possible to obtain it from theoretical
grounds (i.e., the Einstein equation).

From Eq. (4a) with p =), p;(t) and using Eq. (6b) we obtain

d, = (1+2) (24)

or solving for H(z),

887G 887G 314w TG w:
H? = 3 P 3 2 PE (a/ag) 3+ = TZP(O)( + z)3atw),
(26)
or using €; := 7(3113/7% g = Pfrit’

1/2
{ZQ (1+2) 1+wz>} . (27)

Eq. (27) could be directly compared with the observations using Eq. (25),
but this is not mathematically convenient since it involves derivatives of
observational data, and therefore we solve for dj, using Eq. (24) so we can
better compare with raw data,

/

/ \/ZQ (1+2)3 1+"J1)

which, as we see, depends on the composition of the universe.

The theoretical result of Eq. (28) is plotted for different parameters (i.e.,
for different universe energy content) in Fig. 3(a) and the comparison with
the observational results and the best fit, shown in Fig. 3(b), gives a first
estimate of (2, ~ 0.3 and Q4 ~ 0.7. Newer data sets and later analysis have
improved the precision of this estimates and we will show the combined
results with other evidences in Sec. 3.4.

1+z

(28)
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Figure 3: Plot of the theoretical luminosity distance as a function of the red-
shift with different parameters (from Ref. [6]) and plot of the observational
data with the best fit (from Ref. [16].)

3.2 Cosmic Microwave Background

The Cosmic Microwave Background (CMB) has turned out to be one of the
most powerful observational tools in cosmology, giving some of the most
precise measurements and arguably some of the most important results of
the field, especially with the WMAP experiment, including the evidence of
the (at least approximate) flatness of the universe [5].

The experiments measure the temperature as a function of the direction
in the sky 7'(n1), and this is expanded in terms of the spherical harmonics
(see e.g., Ref. [17])

o = [ 4B T(@)in (8, (29)
and the power spectrum is constructed
Cr = (Jaim|?)- (30)

This power spectrum can in turn be obtained through theoretical con-
siderations given a model of the universe, and so it can be compared, giving
a constraint on the parameters in a similar way to the previous section. This
can be seen, e.g., in Fig. 4(a). The best-fit for WMAP 7-year data is shown
in Fig. 4(b) and the best-fit parameters are given in Table 1.

3.3 The age of the universe

The age of stellar objects can be determined using observational methods.
A number of groups have constrained the age of certain cosmological objects
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Figure 4: (a) Best fit of the power spectrum as a function of the multipole
(solid line) and theoretical prediction with the variation of one of the param-
eters (dashed line), namely Qot, 2ph%, Qum + Qp and 7. Some experimental
points are given in the graph in the top left. Notice how the variation of
a parameter causes the deviation from the best fit. From Ref. [17]. (b)
Observational points and best fit from WMAPT data. From Ref. [5].

Parameter ‘ Estimated value

Age of the universe | top = (13.75£0.13) Gyr

Hubble’s constant Hp=(71.0£2.5) km - Mpc—! .57t
Dark energy density | 2 = 0.734 £ 0.029

Dark matter density | 2. = 0.222 + 0.026

Baryon density Qp = 0.0449 + 0.0028

Table 1: Some of the best-fit parameter estimates from WMAP 7-year data.
Notice the non-zero dark energy density.



using a variety of techniques (see Ref. [6] and references therein). For exam-
ple, the age of the Globular clusters in the Milky has been constrained
to be t1 = (13.5 £ 2) Gyr, and the age of the Globular cluster M4 to
to = (12.7 £ 0.7) Gyr. WMAP observations estimate the age of the uni-
verse in tg = 13.75 £ 0.13 Gyr. Thus, for consistence, we expect the age of
universe to be bound by tg > 12 Gyr. We will see that this bound is not
met by a universe without a cosmological constant, and that its introduction
remarkably gives the right value for ¢g.

The age of the universe can be computed using the definitions of the
Hubble parameter H and the redshift z as

to o0 dz
o= = | 0T () (31

Considering that the radiation period (z 2 1000) is negligible, we can
approximate €2, ~ 0, and in a universe without cosmological constant, A = 0

)

from where QS{ =1, and hence

1 [ d 2
tO:H/ - = o= ~9GyT, (32)
0.J0 (14 2)2 1+ 00, 0

but if we include the cosmological constant,

. 1 /00 dz 2 | 1+ Q(AO)
0 = —_— = n 9
Holo 4 2/0@0+ 23400 3m, /0 Q0
(33)
and for the measured values QSP = 0.3 and Qg?) =0.7,
to ~ 13.1 Gyr, (34)

and thus the problem of the age of the universe is solved by the introduction
of the appropriate amount of dark energy in the universe.
3.4 Combined results

The result of the combination of these and other observational constraints is
plotted in Fig. 5, from where we can see that measurements are compatible
with a cosmological constant with w = —1 and predict a matter density
pm S 0.3perit and therefore ppy 2 0.7pcrit. For a flat universe this means a
composition of ~ 30% of matter and ~ 70% of dark energy.

4 The cosmological constant revisited

4.1 The cosmological constant as vacuum energy density

We have previously seen that the cosmological constant is mathematically
equivalent to a perfect fluid with py = % and pp = 0, i.e., a fluid with a

10
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Figure 5: Plot of the 68.3%, 95.4% and 99.7% confidence-level curves for
w and €, using constraints from Supernoae Type la (SNe), Cosmic Mi-
crowave Background from WMAP (CMB) and Baryonic Acoustic Oscilla-
tions (BAO). From Ref. [18].

constant energy density per unit volume. It can also be shown that if every
inertial observer is to see the same vacuum then the energy-momentum
tensor associated with the vacuum should have the form 7}, o g,,, which
equivalent to the cosmological constant as seen in Eq. (13). This lead us to
interpret the effect of the cosmological constant as that of the energy density
of the vacuum, i.e., the energy the space itself has.

The idea of a non-zero energy of the vacuum is not strange to physics.
In quantum mechanics it can be associated with the ground state energy of
a system, and it has been shown to have a measurable effect, famously in
the form of a Casimir force [19].*

We could try to naively compute the vacuum energy density from the
zero-point contribution of a field with mass m in the following way (see, e.g.,
Ref. [6]):

1 [> 43k
pvac:2/ V k% +m?
0

(2m)?
1 o
:42/ dkk*\/ k2 + m?2
™ Jo
Finax
~ e (35)

This integral is not surprisingly divergent. In particle physics this integral

4Note that the difference between the case in quantum mechanics and the cosmological
constant is that in the former case it is an effect of a difference between the energy densities
of two vacuums while in the latter it is an effect of the absolute vacuum energy density.
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needs to be made finite by renormalization. The most elementary “renor-
malization” procedure is arguably that of a cutoff. If we set a usual cutoff
at the Planck scale, we obtain pgh ~ 10™ GeV~* while the experimental
value is known to be pﬁ\h ~ 10747 GeV™, i.e., a difference of 120 orders of
magnitude. Even if we set the cutoff at the QCD the scale the result would
be p'j{“ ~ 1073 GeV~*, which is still unacceptable.

4.2 Supersymmetry and the cosmological constant

Supersymmetry emerges as an extension of the Standard Model introducing
a new symmetry ) between fermions and bosons,

Q|boson) x Q|fermion), Q|fermion) o< Q|boson). (36)

Among the theoretical benefits of Supersymmetry (see, e.g., Ref. [20]), it
(1) solves the hierarchy problem of the Higgs boson of the Standard Model,
(2) leads to gauge coupling unification, (3) fits better some measurable quan-
tities, e.g. the Weinberg angle,

0.2100 £ 0.0026  SM,
sin Oy = < 0.2335 £ 0.0017 MSSM,
0.2316 + 0.0002 experimental,

and (4) includes dark matter candidates.®

Supersymmetry has been proposed to solve the great discrepancy be-
tween the theoretical and experimental value of the dark energy density.
Fermions and bosons have opposite contributions to py (see, e.g., Ref. [14]),
so the fact that in supersymmetry the number of both of them is the same
can lead to a sufficient compensation. In fact, exact supersymmetry leads
to pa = 0 [21, 14].

This result is only valid for exact supersymmetry, where we know that
supersymmetry must indeed be broken (otherwise we should have already
seen the superpartners). But this breaking mechanism is not known yet
to date, and moreover no physically realistic theory has been able yet to
explain the value of pj from supersymmetry breaking.

But in any case the argument for a supersymmetric explanation of the
cosmological constant value suffers a yet unsolved problem: since supersym-
metry was exact at early times of the universe (i.e., at large energies), right
after the Big Bang py = 0 and increases with the supersymmetry breaking
at lower energies Tsysy, which the opposite as expected, since a large pp is
necessary in the early stages of the expansion of the universe to originate
inflation, and a low value is compatible with today’s measurements [22].

5The reader may refer to the talk on dark matter given at this very seminar.
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Figure 6: The evolution of ps as constrained by WMAP and supernovae
data plotted with respect to the redshift z. Note that the data is compatible
with dark energy of both the form of a cosmological constant and from a
dynamical model with varying px(z). From Ref. [6].

4.3 Fine-tuning and the coincidence problem

The idea of the cosmological constant as seen in the general theory of rel-
ativity immediately rises several problematic questions. Here we will only
briefly sketch the most basic ones:

Firstly, the density for matter evolves as the universe expands as p,, x
a~3 while for dark energy pj is constant, so after ~ 13.7 billion years, p,,
has varied hundreds of orders of magnitude. If that is the case, why precisely
today is pm, ~ pa? [8, 1]. This is sometimes called the “coincidence problem”.
Secondly, the exact value of the cosmological constant seems to be extremely
fine-tuned to allow the formation of structures [23] and the universe as we
know it today [6]. If this value comes from particle physics, it seems that a
extreme “fine-tuning” is needed.

There has been a long scientific discussion on these and related prob-
lems and different possible solutions has been proposed (including especially
antrophic arguments). For a historical review of these problems and a deeper
discussion the reader is referred to Refs. [1, 6] and references therein.

5 Dynamical models

The problems seen in Sec. 4.3 have lead to the development of dynamical
models, which set the cosmological constant strictly to py = 0 by some yet
unknown mechanism and include new elements to explain the presence and
quantity of dark energy in the universe. Moreover a dynamical model seems

13
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Figure 7: Two examples of possible quintessence potentials. In the first one
the field is relaxing towards the local minimum and in the second, represen-
tative of tracker potencials, the field is evolving towards the global minimum.
From Ref. [9].

compatible with all current data, as can be seen in Fig. 6. We will now
review the basics of two of the most important dynamical models and cite
some others.

5.1 Quintessence

The quintessence dark energy (see, e.g., Ref. [22]) is inspired in particle
physics and proposes the existence of a new scalar field

1
L= 50,00" 6+ V(9), (37)
with energy-momentum tensor

T,uz/ = au¢au¢ - g,ullﬁa (38)
which is spatially homogeneous and varies in time according to

. .4V
Hp+ — =0.
¢+3Ho + a9 0 (39)
From Eq. (38) it can be seen quintessence behaves like a perfect fluid
with

p= 5P HV6), p=13F V() (10)
what means using Eq. (5),
30° —V(9) o
=2 o1, PV 41

so we see that quintessence is a dark energy candidate as long as it varies
slowly enough in time.

From Eq. (39) we see that quintessence evolves as a damped oscillator,
so to achieve a slowly enough variation today potentials like the ones in
Fig. 7 are possible. In fact the concrete realization of these potentials is
very diverse, and some examples are presented in Tab. 2.

14



Potential Authors

Vo exp(—Ao) Ratra and Peebles, Wetterich and others
m2¢?, Ao Frieman et al.

Vo /o™ Ratra and Peebles

Vo exp(Ag?) /¢ Brax and Martin

Vosinh™%(\o) Sahni and Starobinsky and others

Vo (exp®® + expP?) Barreiro, Copeland and Nunes

Vo(exp(M,p/¢) — 1) Zlatev, Wang and Steinhardt
Vo[(¢ — B)® + Ale™*™  Albrecht and Skordis

Table 2: Some proposed quintessence potentials. From Ref. [22].

6 . )
log (1+2) Q,

(a) (b)

Figure 8: (a) Quintessence tracking of the matter density. From Ref. [6].
(b) Observational constrains on w. From Ref. [24].

One the interesting features of quintessence is that in certain cases the
dark energy density can evolve following the matter density even for a wide
range of initial conditions as shown in Fig. 8(a), thus solving the “coincide
problem”. This is called a tracker field. In these cases of course the fine-
tuning problem persists, since the theoretical parameters of the potencial
have to be carefully chosen.

5.2 Phantom dark energy

Up-to-date data does not rule out the possibility of a dark energy with
w < —1, as can be seen from Fig. 8(b) This possibility has recently attracted
the attention of the scientific community and it is called “phantom dark
energy”.
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The solution of Eq. (4) for a(t) in this case is

2/3(14w)
} , w< —1, (42)

alt) = alte) | (1 + )~
eq
where the densities for matter and dark energy are equal at teq, which leads
to

w
a— 0o, H— 00, p— 00 fort—)(l_i_uj)teq, (43)
i.e., the dark energy density increases instead of decaying, which leads to an
infinite energy density in a finite amount of time and essentially a singularity
in space-time, known as Big Rip [22]. It is also possible to construct models
in which w < —1 today but do not lead to a Big Rip.

5.3 Other models

There are many different models of dark energy. The main difference be-
tween these models is the relation between p and p, obtained from particle
physics inspiration (e.g. quintessence, spintessence, ...), string theory (e.g.
braneworld models, ...) or just put in by hand (e.g. Chaplygin gases, ...),
and the different phenomenology obtained from Eq. (4). Other models in-
clude: mass-varying neutrinos, axions, pseudo-goldstone bosons, K-essence,
tachyons, ghost condensates, dilatonic dark energy, chameleon fields or de-
Sitter vacua. We will not study any of these in these noted. Instead, for a
review of these and other models, the reader is referred to Ref. [6].

6 Conclusions and future directions

We have seen how cosmological observations of Supernovae Type la, Cosmic
Microwave Background and others lead to believe in the existence of a novel
form of energy which we call dark energy. The effect of this energy is that
of a repulsive gravity that accelerates the expansion of the universe. This
dark energy behaves like a perfect fluid with equation of state parameters
w ~ —1 and it accounts for ~ 0.7 of the total energy density of the universe.

Many questions still remain open about dark energy. It is not known
whether it is constant (i.e., its effect is that of a cosmological constant) or it
evolves in time. It is not yet well understood what, if any, is the relationship
between dark energy and the vacuum energy density. Or if it is the result of
a new field, or what type of field it could be. Also, recently it has come to
the fore the question of whether it could have the form of a phantom energy
with w < —1 and what would be the consequences of that. And especially,
it is not known why it has precisely the right value to allow Large-Scale-
Structure formation and the universe as we know it.
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