WESTFALISCHE- WILHELMS- UNIVERSITAT

Seminar zur Theorie der Atome, Kerne

und kondensierten Materie

Adiabatic Approximation and Berry

Phase with regard to the Derivation

Thomas Grottke t__grot04@uni-muenster.de

WS 14\15
21st January, 2015



Contents

1 Adiabatic Approximation
1.1 Motivation . .. .. ... ... ...
1.2 Derivation of the Adiabatic Theorem

2 Berry Phase
2.1 Nonholonomic System . . ... ...
2.2 Derivation of the Berry Phase . . . .
2.3 Berry Potential and Berry Curvature

24 Summary . ... ... ... ...

W =

N S ot ot @



Thomas Grottke 1 ADIABATIC APPROXIMATION

1 Adiabatic Approximation

1.1 Motivation

Figure 1: Mathematical pendulum with the
m mass m, the length | and the deflection ¢

To give a short motivation let us have a look at the mathematical pendulum (c.f. Figure 1) with the
mass m, the length [ and the deflection ¢. The differential equation is given by

o (t) + Fo(t) =0 (L.1)

where g is the acceleration of gravity. Solving this equation leads us to the period T" with

l
T = 277\/; (1.2)

If we move the pendulum from a location A to a location B we can consider two ways doing this. If
the pendulum is moved fast it will execute a complicated oscillation not easy to be described. But if
the motion is slow enough, the pendulum remains in its oscillation. This motion is a good example
for an adiabatic process which means that the conditions respectively the environment are changed
slowly.

Oscillation is also well known in quantum mechanics systems. A good example is the potential well

(c.f. Figure 2(a)). In our case we have

Viz) = {O when 0 < x < a (13)

oo else

With the continuity condition we find the first eigenfunction

Ya(x) = \/zsin (Zm) . (1.4)

Now we alter the environment by moving the right border from a to 2a. In the case of a fast motion

we get superposition of the eigenfunctions v, of the new potential well (c.f. Figure 2(b))

(1.5)

0 when 0 < x < 2a
00 else
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\I}E(x) = chd}n (16)
_ {wA(:U) when 0 <z <a (17)
0 else
where -
U (z) = . sin <7r2nax) . (1.8)

We can now calculate the linear coefficients:

en = | Tp) = {f /0 sin (Zm) sin (727”33) do (1.9)

a
4+/2sin (T2
— M (1.10)
4m — n2
We see that as in the case of the mathematical pendulum we get a complicated oscillation.
If we move the right border slowly enough, i.e. in steps with a width of da = & we will find the

remaining of the system in its first eigenstate (c.f. Figure 2(c)):

Up(x) =) cathy (1.11)

- \/Zsm (27;3;) (1.12)

Calculating the linear coefficients ¢, in the same way as in Equation (1.9) results in

~1— (da)? when n =1
Cn = (1.13)
~ (da)? else
In particular we have for a large number of steps N
1 when n =1
Cn R (1.14)
0 else

where the eigenfunctions are given by

Un(x) = \/HTdasin (JT?M) . (1.15)

As we have seen the system remains in its n-th eigenstate if the motion is done slowly. This is exactly

what the adiabatic theorem says: If the environment of a system is changed slowly enough, and if at
the beginning the system is in its n-th eigenstate, it stays in its n-th eigenstate at any instant.
One can ask now: What does slowly mean? Therefore we define an inner time scale T; and an outer

time scale T,. The condition "slowly" is now given by
T, > T;. (1.16)

In case of the mathematical pendulum the inner time scale is the period of the pendulum and the
outer time scale is the time needed to move the pendulum from a location A to a location B.
For a quantum mechanic system we have

2mh

T T =
o> 4 Eab

(1.17)
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a 2a a 2a a a+da 2a
X X X

(a) Wave function in its initial state  (b) Wave function after a fast change (c¢) Wave function after a slow change

Figure 2: Potential well

where
Eab = ’Ea - Eb| (118)

where E, is the initial energy and Ej the final energy.
1.2 Derivation of the Adiabatic Theorem

Due to the fact our Hamiltonian is time-dependent since we alter the environment with the time we

have the Schrédinger equation

z'hgt\I/(t) = H(t)¥(t) (1.19)
and the eigenvalue equation
H(t)%(t) = En(t)wn(t) (1‘20)
where the solutions are represented by a linear combination of the eigenfunction ),,:
U(t) = enlt)phn(t)e® (1.21)
1 t / /
O (1) = —f/ B (t')dt (1.22)
hJo

As a first step we apply Equation (1.21) to Equation (1.19) and get

ihz {én%/}n + enthn + icnwnén} eifn = Z .cn(H@bn)eie" (1.23)
Using Equation (1.22) and (1.20) we find
> entne® = =" cpipet . (1.24)
n n
Now we multiply the equation from the left side with t,,, and with (¢,|1n) = dpmn We obtain
> nbmne’™ = = calmlibn)e’™ (1.25)
what leads us to
i) = = ol th) O (1.26)
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Starting from Equation (1.20) we have with the derivation with respect to time:

Hip + Hipy = Entpn + Enthy, (1.27)
Multiplying with 1, we obtain:
(Wm| H|ton) + (Y| H ) = Endmn + En(tm|tin) (1.28)
Since we know the Hamiltonian is Hermitian and we claim m # n we get:
(Wl H|ton) = (Bn = En) {om|n) (1.29)

Combined with Equation (1.26) we arrive at:

colt) = ~enlinlin) = 3 ¢ Ml ey (4 [ Bty — Bay) (30

The case of degeneracy is beyond the scope of this paper and has to be treated separately.

The result above is exact and we have not done any approximation yet. Since we deal with an adiabatic
process the environment changes only slowly and hence the Hamiltonian H also changes slowly. For
that reason the time derivation of the Hamiltonian is almost zero and we can neglect the second

expression so that differential equation is obtained:

em(t) = _cm<¢m|¢m> (1.31)

The solution is:
em(t) = (0)em ) (1.32)
where 7(t) is the so-called geometrical phase given by

n®) =1 [ ) g () (1.33)

At this point it is easy to prove that 7(¢) is imaginary what it should be since the argument of the

exponential function has to be imaginary. On the one hand we have:

d
%@Z)m‘wm) =0 (1'34)
On the other hand we can make use of the product rule and get:
d ) .
= (Ymlm) + (Ymlthm)” (1.36)
= 2Re(<wm|wm>) (1‘37)

It is implied here that the real part of 7, (t) is zero.

From Equation (1.32) we can deduce that the evolution coefficients ¢, are constant apart from the
phase factor. Considering the special case that, at the beginning, our system is in the n-th eigenstate
we get ¢, (0) =0, and ¢,(0) = 1 and with Equation (1.21):

U(t) = ez‘(97b(t)+%(t))¢n (t) (1.38)

This equation implies the retention in the n-th eigenstate and thus, at this point, the Adiabatic
Theorem is proven.
As we can see the exponential function depends on two phases: The dynamical phase 6, (¢) and the

geometrical phase vy, (t).
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2 Berry Phase

2.1 Nonholonomic System

Pendulum

e

Figure 3: Image of the Pendel
positioned at the North Pole

Now let us have a look at a pendulum at the North Pole with its vibration oriented towards Portland
(c.f. Figure 3). If we move the pendulum along the longitude through Portland to the Equator, from
there along the Equator to an arbitrary longitude and then up to the North Pole we will find that
the Pendulum is at the same place as it was at the beginning. But apparently it has a new plane of
vibration enclosing an angle 2 with its old plane of vibration.

Q is donated the solid angle being the three dimensional obverse of the angle in a plane. For an

arbitrary surface it can be calculated with

0= /sin(@)d&dgp. (2.1)
This pendulum is an example for a nonholonomic system, i.e system that — if it is carried along a

closed path — does return to its old state.

2.2 Derivation of the Berry Phase

In 1.2 we have inferred the equation
U(t) = O Otmiy, (1) (2.2)

As we have seen the phase factor consists of the dynamical phase and the geometrical phase. The
first phase is without any importance for us so that in the following we will pay more attention to the

geometrical phase
() =i [ Gl timbie (23)

In this expression we find the derivation of the wave function with respect to the time. Since ¢/ depends

on the parameter R, and R is altered over the time, we can, due to the chain, replace % rule with

%%Cﬁl—f, so that we get

) =i [ <wn|%‘ﬁ§>jfdt (2.4
=i [l %oman (25)
Ry
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Figure 4: The flux ® caused by a magnetic field B

c through a surface S [1]

For example R could be the width of the potential well.
Now let the initial point R4 and the final point Rg be the same:

() = i 740 <wn|%%>d1~z (2.6)

This line integral is obviously zero. But if we now assume that not only one parameter but n parameters

are varied so that R = R = (Ry1,...R;), our derivation with respect to R is changed to V), and we
get the so-called Berry Phase

) =i § (ul V)R @.7)
=i nlVn)dE (] = (n) (2.8)

named after the physicist Michael Berry who presented his studies about this in his paper "Quantal
phase factors accompanying adiabatic changes" in 1983. In particular is this expression (2.8) generally

not equal zero.

2.3 Berry Potential and Berry Curvature

At first let us recapitulate Stokes’ Theorem. We consider a surface S bounded by the curve C' and

the magnetic field B (c.f. Figure 4). We can now calculate the flux ® through the surface:
= / Bda (2.9)
S
Since we know B = V x /_f, where A is the vector potential, we can say:

@:/Vxﬁ’da (2.10)
S

Due to Stokes’ Theorem this expression is equal to an integral over the curve where the rotation of A

disappears. We find
® :j{ A dF. (2.11)
C

Starting from Equation (2.8) we obtain

(t) = fcun\vmdﬁz /v « i(n|Vn) did — /vn di (2.12)
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where i(n|Vn) is named similarly to the example above the Berry potential A. Tts rotation is called

the Berry curvature V,, at which we want to have a closer look.
Vi, =iV x (n|Vn) (2.13)
Using theorems of the vector analysis one can show
Vo =i(Vn| x |Vn). (2.14)
If we now apply the identity 1 = > |m)(m| we get
Vo = Z i(Vn|m) x (m|Vn). (2.15)
m#n

We can neglect the case of m = n, because if m = n, (m|Vn) is imaginary and in particular multiplied
with itself real and as we have shown in 1.2, the real part has no influence on the dynamical phase.
With (| H )
m n
vn)=+——""7 2.16
(m] ) = L (210

being similar to Equation (1.29) we achieve our finale expression for the Berry curvature:

Vi=i)

m#n

(n|VH|m) x (m|VH|n)
(En B Em)2

2.4 Summary
e According to the Adiabatic Theorem a system in the n-th eigenstate remains in the n-th eigen-
state if the environment is changed slowly enough

e If the Hamiltonian is slowly altered and returns to its original state we can deduce from the
Adiabatic Theorem that the system remains in its original state but a phase factor called Berry
Phase is added

e The Berry Phase does not depend on the time needed to change the environment alongside a

circuit (as long as it is slow enough) but only on the path taken

e The Berry Phase is measurable and can be made visible by experiments involving interference

as for example the Aharanov-Bohm effect
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