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1

Matter Waves

1.1 De Broglie’s Matter Waves

In 1924 de Broglie postulated the existence of waves related with matter. He

assumed that the momentum of a free particle is related to the wavelenght A,

or the wave number k = QT” of the wave, according to

h

The energy of a free particle in classical mechanics is given by

p2 h? (ﬁk)2
E = — =
2m  2mA? 2m

Light |Matter

Let us calculate the de’Broglie wavelength for some particles:

a) Electrons, accelerated by an electric field
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2
P h 1,226nm
2m c V2eUm, u/v (13)

U=1000 VA = 3.910"Im
U=100V (A =1.210"1m

b) Macroscopic particles:

m =10"%g, v = 10m/secA = 6.610~*°m (1.4)

1921|Ramsauer Scattering of slow electrons
with gas atoms

1924|De Broglie Postulation of the existence
of matter waves

1926 |E. Schrodinger Formulation of the
Schrodinger equation

1927|Davisson and Germer Interference patterns in
the intensity of electrons
reflected from a crytsal surface

1927|W. Heisenberg Formulation of the
uncertainty relation

1931|Stern, Frisch, Estermann|Interference Experiments
with Helium atoms

1956|Mollenstedt Fresnel double slit experiment
with electrons

1.2 Matter Waves: Experiments

1.2.1 Davisson-Germer Experiment

The Davisson-Germer Experiment directly verifies the hypotheses of de Broglie’s
concerning matter waves. It uses a beam of electrons, i.e. objects with a certain
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energy E and momentum p, in a typical diffraction experiment. The experi-
mental arrangement is the one used for Bragg reflection using x-ray’s. First,
one investigates whether a kind of Bragg reflection pattern is observed. From
the Bragg condition,

A = 2dsind (1.5)

one determines the wavelength of the reflection pattern.
The outcomes of the experiments are:

One detects the typical interference patterns of Bragg reflection.
The Bragg condition for constructive interference allows one to determine
the wave length A.

e The measurement of the momentum of the electrons allows one to calculate
the de Broglie’s wave length .

e This wavelenght coincides with the one obtained form the hypothesis of
de Broglie.

The Davisson-Germer experiment directly adresses the hypothesis of de
Broglie. The electrons are accelerated in a electric field with voltage difference
U. It gains the kinetic energy

E=—=¢eU 1.6
This relationship allows one to calculate the momentum

p=V2meU (1.7)

According to de Broglie’s hypothesis, this should correspond to a wavelenth

A=-— (1.8)
p
This wavelenght should be related to the scattering angle, in the same way
as it would be for the case of x-ray-scattering. If we denote the lattice spacing
by d constructive interference is obtained for the angles

A = 2ndsind (1.9)

where n denotes the various interference maxima. As a consequence, there is a
direct relationship between the angle # and the kinetic energy of the electrons:

ngo Pt M (1.10)

2nd p 2nd \/2emU

From x-ray scattering experiments using nickel crystals the lattice spacing
of
d = 0.091nm (1.11)

is obtained. The potential difference in the experiment was
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U =54V (1.12)
This yields a de Broglie wavelength of
A =0.165nm (1.13)

The first maximum then, should be, close to 50 degree. This is actually ob-
served in the experiment: The Davisson-Germer experiment is a direct verifi-
cation of the hypothesis of de Broglie.

C. Davisson, L. H. Germer; Reflections of a electrons by a crystal of Nickel,
Nature 119, 558-560 (1927)

1.2.2 Diffraction Experiment of Moéllenstedt and Diiker

The Fresnel double prism experiment is a fundamental experiment in classical
optics. The analog of the experiment carried out with electrons has been per-
formed by Mollenstedt and Diiker. The experimental arrangement is depicted
in figure . The double prism has been realized for electrons by a quartz fibre
located perpendicular to the electron beam. A voltage is induced between the
fibre and the counterelectrodes, which depends on the current flowing through
the voltage. The electrons are deflected by the inhomogenous electrical field.

1.2.3 Double Slit Experiment

C. Jonsson, Zeitschrift fr Physik 161, 454-474 (1961)

1.2.4 Tonomura

One can imagine that one lowers the intensity of the electron beam in a
double slit experiment or another diffraction experiment so that, in fact, only
a single electron passes the slits. This electron hits the screen at a certain
point reflecting its pointlike behaviour. Such an experiment actually has been
performed by Tonomura et al. Their results are exhibited in fig. (1.2.4). The
first hits of electrons on the screen lead to a kind of random appearance
of the hits. With increasing number of impinging electrons the well-known
interference patterns emerge. This point to the fact the wave function contains
information, which has to be interpreted in a statistical sense.

A. Tonomura, J. Enod, T. Matsuda, T. Kawasaki, and H. Exawa, Demon-
stration of single-elctron biuldup of an interference pattern,Amer. J. Phys.
57, 117 (1989)

1.3 Interpretation of the Wave Function

De Broglie has assigned a wave function to each particle. This leads us to the
problem of the interpretation of the wave function ¥(x,t).
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Eathode

f 5.0V

Htl_w

M\'(,jllenstedt and Diiker.
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Interference pattern in the double slit exper-
iment of Jonsson.

Emergence of interference pattern in the
double slit experiment of Tanamura.
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If we reconsider the double slit experiment of Tonomura, we recall that the
interference patterns in the double slit experiment only develops gradually if
a whole ensemble of electrons has passed the slits. For a single event, it is
not possible to predict where the particle hits the counter. This introduces
a probabilistic element: We relate the intensity of the wave, |¢(z,t)[2, to the
emerging interference pattern. To this end we interpret

|@(z,t)|*dx (1.14)

as the probability to find the particle in the interval [z, + dx].
Based on this interpretation we can define the expectation of the position
(x(t)) of the particles. This quantity is defined according to

(2 () = /:v|!l7(:v,t)|2d:v (1.15)

Furthermore, we can determine higher order moments of the position,

{x(t)™) = /x"|Lp(x,t)|2da: (1.16)

1.4 Wave Packets

We shall now consider the wave function, which according to de’Broglie, is
assigned to a free particle. To this end we start with a monochromatic wave,
i.e. a wave characterized by a single frequency and wavelength, which can be
represented by the complex function ¥(z,t)

U (z,t) = ae'Fr=wt) (1.17)

If we now take the expressions for matter waves due to de Broglie,

hk?
E=hw(k) =
w(k) =5
p=nhk (1.18)
we obtain _ .
U(x,t) = aer Pr=E) — geilkr—w(k)t) (1.19)

However, such a wave is an infinitely extended object. In order to deal with
localized particles one has to consider wave packets.
Wave packets are linear superpositions of monochromatic waves:

W(z,t) = / dka(k)etFz=w(k)D) (1.20)

We consider the following example of a wave packet:
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ko — Ak < k < ko + Ak

a
alk) = {0 otherwise (1.21)

For sufficiently small values of Ak we can aproximate w(k) by a Taylor
series:

w(k) = w(ko) + (k — ko)w' (ko) + .... (1.22)
Based on this approximation we evaluate the integral and obtain

Ak
!p(l',t) — aei(kosz(ko)t)/ dk/ei(k,(sz’(ko)t)
— Ak

(ko)t) SINAk(z — w'(ko)?)

_ i(kor—w 1.23
“ @~ ko)) (1:29)
The wave is a product of a carrier wave
ael(For—w(ko)t) (1.24)
as well as the enveloppe
sinAk(z — w'(ko)t) (125)
(z — w'(ko)t)
The maximum of the envelope moves with the group velocity
x=Vt=uw(ko)t (1.26)
For matter waves we can explicitly use the relationship w(kg) = % and
conclude that the velocity V is just
hk
y="1f_P (1.27)
m m

The width of the moving envelope can be defined as the distance between
the two nearest zeros of the envelope, (1.25). It is given by AzAk = 27 or,
using the relationship Ap = hAk, by

AxAp=h (1.28)

If we interpret Az as the uncertainty of the location of the particle and Ap
as the uncertainty to determine the momentum of the particle, we encounter
through equation (?7?) an example of the Heisenberg uncertainty relation. This
relationship demonstrates that it is not possible to sharply localize the particle
Az — 0 and simultaneously have a sharply defined momentum Ap — 0.

1.4.1 Gaussian Wave Packet

We investigate the Gaussian wave packet. This packet is defined by a Gaussian
distribution of the amplitudes:
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Wave packet

_ k2
2Q

(&
e

We can easily evaluate this integral, since

ei(k‘m—h%t (1-29)

U(x,t) =

ikx 6_[%+i%t]
W(Ji,t) = dke W

is the Fourier-transform of a Gaussian integral, and as a consequence is also
Gaussian.

As can be seen from fig. an initially localized wave function spreads in the
course of time.

(1.30)

1.4.2 Initial Condition

The amplitude a(k) of a wave packet is determined by the wave packet at
initial time ¢ = 0:
(2, 0) = / dka(k)e™* (1.31)

This relation shows that the initial wave packet ¢ (z,0) and the amplitude
a(k) are related by Fourier transform. The inverse transform yields
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Gaussian wave packet

alk) = % / da(w, 0)e~he (1.32)

We explicitly see, that the wave function at time t is related to the function
at time ¢ = 0, since

1 ) ,
W(z,t) = / dh— / dz'w (2, 0)etkl@—a)—w k)] (1.33)

1.5 Particle in a Box

In this section, we shall treat the wave mechanics of a particle moving in a
finite box. This means, that the regions x < 0 and = > L are not allowed.
Mathematically, we have to assume that the wave function of the particle has
to become zero at x = 0 and x = L. This problem can be seen as a crude
model of an electron moving in the potential of a nucleus.

We start from the de’Broglie’s wave

U (z,t) = ae'Fr=w k)b (1.34)

In order to take into account the barriers at x = 0, x = L we make a superpo-
sition of a wave with positive momentum, p = ik, and negative momentum,
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Evolution of Gaussian wave packet.

p= —hk, ' .
W(:Z?,t) — alez(kz—w(k)t) + azez(—kz—w(—k)t) (135)
Since h(_k)?
w(—k) = g = w(k) (1.36)

We can combine this superposition into
U (z,t) = [esin(kz) + deos(kx)] e @)t (1.37)
We have to fullfill the boundary conditions
U(0,t) =0 ; U(L,t)=0 (1.38)

The first condition leads us to d=0. The second condition leads us to a re-
striction of momentum, i.e. the wave number k:

kL =mn n=12 ... (1.39)
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>
x=0 x=L
Energy Eigenstates and Wave Functions
for a Particle in a Potential Well.

Quantization of Energy, Momentum

We obtain the following family of wave functions

jhn2n?

K2 2

n. _
U, (z,t) = cnsin%xe (1.40)
Since the number n is allowed to take the values n = 1, .., oo there is an infinite
number of such functions, each characterized by a disrete set of momenta, and
energies:

n
n = hkp = h—
b L
B, = h2n?
2mL?
Un(z,t) = chin%xefii_"t = wN(ac)efi%t

Yy (x) = \/%sm%x (1.41)

We have normalized the functions ¢ () in such a way that

L L L
/0 dxi/}N(:z:)Q—/O d:z:t/)N(:z:)Q—%/O dzsinQ%x (1.42)
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Summarizing, we see that the momentum Ak as well as the energy F =
52 K is not allowed to take any value. Due to the boundaries, the energies and
momenta of the wave functions (1.41 are restricted to an infinite set of disrete
values: Energy and momentum of a particle in a box are quantized. The wave
functions differ in the number of knots in the interval 0 < x < L. There are
n — 1 knots of the wave function ¥, (x).

The lowest energy value is

h2
E, = 5 (1.43)

and the smallest absolute value of the momentum is

h
p=7 (1.44)

Furthermore, we have the following relation

pnL =nh n=1,..00 (1.45)

Linear Superposition

We can generate other wave functions in terms of a linear superposition of the
wave functions (1.41)

=" Cothn(a)e 7 (1.46)
n=1

with arbitrary coefficients C,. These coefficients, however, are determined
from the initial condition ¥(z,0), since

ZC’ndjn ZC \/75171—33 (1.47)

It is possible to invert this relationship by considering the following property
of the functions ¥, (x):

L
/0 daxthn () () = dnm (1.48)

Multiplying equation (??) by 1, (z) and integrating over the interval 0 < z <
L, we obtain

/dwm Zc / Azt (2) 1 ( ZC Onm = Crn (1.49)
0

The reader will have recognized that eq. (1.47) is a Fourier representation
of W(x,0). Therefore, each initial wave function can be represented in the
above manner.
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Interpretation of Wave Function
We have seen that the function v, (x) belongs to the energy value E,, = %
The wave function is a linear superposition of these wave functions. We have
already seen that the probability to find the particle in a small interval at
location x is given by

p(z,dz) = | (z,t)|dx (1.50)

In a similar way, we can assign a statistical interpretation to the amplitudes
C,,. To this end we do not characterize the particle by its location, but by its
energy. Energy of the particle is quantized and we can ask for the probability
p(Fy) to measure a particle with energy E,,. It is straightforward to postulate
that the probability to measure the energy value FE,, is given by

p(En) = |Cnl? (1.51)

For example, the wave function

Eg

W(z,t) = Croy (z)e Tt + Cota(z)e 7 (1.52)

describes an experiment, in which, by measuring the energy, the energy F;
would be obtained with probability p(E;) = |C1]|? and the energy Fa with
probability p(E1) = |C4|*.



2

Schrodinger Equation

The Schrodinger equation is an evolution equation for the wave function

W (x,t), which allows one to determine ¥(z,t) given an initial wave function

W (x,0). The Schrodinger equation was formulated by E. Schrodinger in 1926.
The Schrodinger equation replaces Newton’s law for quantum particles.

2.1 Free particle

We consider the general form of De Broglie’s matter waves for a free particle
moving along a line.

U(x,t) = / dka(k)ei ke =550 (2.1)

Just as electromagnetic waves are described by the wave equation, one may
look for an equation, whose solution yields the matter waves.
One can calculate the temporal derivative of ¥ (x,t):

0 hk? : nk?
v _ v i(kx—T-t)
6t!l7(x,t) /dk ( ) 2m) a(k)e (2.2)

However, the right hand side can be expressed as a second derivative with
respect to the coordiante x:

2
Ox?

Combining eqgs. (2.2) and (2.3) we obtain the evolution equation for the
de Broglie matter wave:

W(z,t) = /dk (—k?) a(k)ei k=500 (2.3)

0 R 92

This equation has been formulated by E. Schrédinger and is denoted as
the Schrodinger equation for a free particle moving along a line.

W(z,t) (2.4)
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2.2 Free Particle in Three Dimensions

We generalize our treatment to the case of a free particle in three dimensions.
To this end we have to take into account that the momentum of a particle is
a vectorial quantity

2 21.2
_ Pk
E= 5 = = hw(k)
p =hk (2.5)
A matter wave, therefore, has the form
V(x,t) = / d®ka(k)e!kex—w k)t (2.6)

We can formulate the following evolution equation for the wave function
of a free particle in the infinite, three-dimensional space

0 h?
lhgi/’(xat) = —%A’Q/J(X,t) (27)

2.3 Particle in a Potential

We generalize our treatment to the motion of a particle in an external potential
U(x). The total energy for a particle in an external potential U(x) is just

p?
E=H(p,x)=%+U(x) (2.8)

As a consequence, we extend the Schrodinger equation as follows:

hmAw(x, 1) + U)w(x, 1) (2.9)

9 -

2.3.1 Linear Superposition

The Schrédinger equation is a linear equation. Linearity implies the validity
of the superposition principle: Provided ¥;(x,t) and ¥;;(x,t) are solutions
then the superposed solution is a solution of the Schrédinger equation

(x,t) = N [Wr(x,t) + ¥rr(x,t)] (2.10)

However, the interpretation of the wave function |¥(z,t)|? as a probability
density requires the proper normalization of the sum.
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2.4 Wave Function: Statistical Interpretation

As we have already emphasized the wave function has a statistical interpre-
tation. The quantity

plx, t)de = |[¢(x,t)Pde = ¥(x, t)*Y(x, t)dx (2.11)

denotes the probability to find a particle in the interval [z, dz]. To this end,
the wave function has to be normalized:

/|1/)(a:,t)|2da: = /1/)(x,t)*1/)(x,t)d:1: =1 (2.12)

2.4.1 Probability Density, Current: 1 D
Particle in 1D

Since the probability has to be conserved,

/OO dzxp(z,t) =1 (2.13)

— 00

the temporal evolution of the probability density has to obey a continuity
equation

0 0 .

Ep(:z:, t) + %](a:, t)=0 (2.14)
This equation implies that the normalization is conserved with respect to time

o [ e 9]
5 | dmta) = = [ drgie) = —lie. — (-] =0 (215

We have to proof that the existence of the continuity equation is compat-
ible with the Schrodinger equation. To this end we determine the temporal
evolution of the probability density p(z,t)

0 L 0 0 .
from the Schrédinger equation:
L0 1 L[ n? o2
U(x,t) a!ﬁ(m,t) = E!I/(:v, t) [—%@lp(x,t) + U (2)¥(x, t)}
B) i 1 h? 92 . .

A straightforward calculation yields

2 2
I . [!P(x,t)*%![l(x,t) - !I/(:C,t)a—![/(x,t)*] (2.18)

2( t)———
PAEE) = 2msi Ox?

ot
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which can easily be transformed into

h 0

.0 B) .
5o | @D (@) = (e, ) U (1) (2.19)

ox ox

Let us summarize: We have shown that the probability density p(z,t)
obeys a continuity equation (2.14) with the probability density p(z,t) and
the probability current j(x,t)

p(z,t) = [¥(z, 1)
h2 o

00,0 gl 0) — vl bty (2:20)

o) = 50

The continuity equation directly follows from the Schrodinger equation. This
underlines the fact that the probabilistic interpretation and the temporal evo-
lution of the wave function are compatibel.

2.4.2 Probability Density, Current: 3D

We perform the determination of probability current and density for a particle
in 3 dimensional space. The density and current are related by the continuity
equation

0
ap(x, H)+V-jx,t)=0 (2.21)
The Schrodinger equation yields
0 . B , 0 o*
EW(X, )W (x,t) =¥(x,t) g + U(x, t)a
L e T A ) — e ) A, 1) Y2.22)
ih * 2m * Y om * '

Furthermore, we make use of the identity
V- [@(x,t)"VU(x,1)] =V -¥(x,t)" - VI(x,t)] + [T(x, 1) AP (x,t)] (2.23)

and are led to the continuity equation

%p(x, t)+ V- %[lp(x, )"V (x,t) —P(x,t)V¥(x,1)"] =0 (2.24)

The probability current is given by

i= %{%" 6 VE(x,t) — U (x, )VI(x, )"} (2.25)
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2.5 Expectations, Operators, Brackets

2.5.1 Expectation of Momentum

The expectation value (x(t)) of the position of a particle is determined by the
average

(x(t)) = / dxxp(x, 1) (2.26)

The question arises, how one can define the expectation of momentum.
In classical mechancis, momentum is defined via the relation

mx=p (2.27)

In quantum mechanics, we can only talk expectation, due to the proba-
bilistic nature of single experiments. Therefore, we define the expectation of
momentum by the relation

m(x) = (p) (2.28)

It is straightforward to determine the temporal derivative of
d 0]
S x(0) = [ ot

—/dxxV j(x,t) (2.29)

Thereby, we have made use of the continuity equation for the probability
density p(x,t). Partial integration yields

%@((t)} = /dxj(x, t) (2.30)

Now, we can use the representation of the probability current

%(x(f)) N / X0 (x, ) VU (x, t) — U(x, OVE(x,)"]  (2.31)

= 2mi
A second partial integration yields

(p(t)) = m%(x(t)} = /dx@(x,t)*%VW(x, t) (2.32)

2.5.2 Momentum Operator

We can compare the expectation values of position and momentum:

(x(t)) = /dxtp(x,t)*xW(x, t) (2.33)
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(p(t)) = / (. ) 90, 1 (2.34)

This comparision suggests to introduce the momentum operator
. h
p=-V (2.35)
i

to rewrite the expectation in terms of this momentum operator:

(p(t)) = /dxu'/(x,t)*f)u'/(x,t) (2.36)

2.5.3 Operators

We can view the operation p as a prescription to form the vector %VW(X, t)
from a wave function ¥(x,t). In this sense, we can also introduce the operator
%, which generates the vector x¥(x,t) from the wave function ¥(x,t).

We can use the momentum operator in order to define further operators
like 5 o2
h
V= _p2=_ (2.37)

(2 = (55-) = —h*—

or the operator
(B)? = (52)” + (By)* + (5-)?
0? 02 02
— _— _$H2 — _j2
==-h <6:102 + B + 622> h"A (2.38)

Furthermore, we can define operators which are composed of the position
X and momentum p.

2.5.4 Hamilton Operator

An further example of an operator is the so-called Hamilton operator, defined
as )
~ D B
H=-—"—"—4U(x 2.39
P U (239)
Using the representation of the momentum operator it is straightforward to
formulate the Schrédinger equation in terms of the Hamilton operator

L 0 -
zhaﬂl(x, t) = HU(x,t) (2.40)

2.5.5 Brackets

It is convenient to introduce a shorthand notation for the integrals occuring
in the expressions for the expectations of position and momentum. We define

(x(t)) = (¥(x, 1) [x[¥(x, 1)) (2.41)

as well as
(p(t)) = (¥ (x,1)[p|¥(x,1)) (2.42)
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2.5.6 Expectations of Operators
In a similar way, we can define expectations for arbitrary operators O:

(0) = (W(x,1)|0|¥(x,1)) (2.43)

2.6 Quantization of Classical Mechanics

2.6.1 Classical Mechanics: Hamilton Formulation

The dynamics of a particle in classical mechanics can be described in terms
of Hamilton’s formulation. The Hamilton function is given in terms of the
(generalized) positions q and momenta p :

T U(q) (2.44)

2m

The equation of motion are given by Hamilton’s equation

0 0
li = H , D = —
4 Opi P 0q;

H (2.45)

Integration of these equations determines the position and momenta
q(t), p(t) from the initial conditions q(0), p(0).

2.6.2 Quantization, Jordan Rules

We can perform the quantization of the classical theory due to the following
steps:

e Introduction of a wave function ¥(x,t)
e Introduction of the position and momentum operators X, p.

p—p=-V (2.46)

e Introduction of the Hamilton operator:
The replacement of position and momentum by the correponding operators

in the classical Hamilton function H(p,q) leads to the Hamilton operator
H

H= % +U(%) (2.47)
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2 Schrédinger Equation

The temporal evolution of the wave function ¥(x,t) is given by the
Schrodinger equation

0 -
zhglll(x, t) = HV(x,t) (2.48)

This equation allows one to determine the wave function ¥(x,t) from the
initial condition ¥ (x, 0). It replaces Hamilton’s equations (7.92) of classical
mechanics.

Interpretation of the wave function.

Expectations of location and momenta are given by

(x(t)) = <¥(x, 1)x|¥(x,1))
(p(1)) = < ¥(x,8)[P|¥(x,1)) (2.49)

Jordan’s rules:

a) An operator O is assigned to each observable given by the classical
expression O(q, p). The outcome of the measurement of this observable is
given by the expectation value

(0) = (W(x,1)|0¥(x,t) > (2.50)

b) The explicit expression of the operator O is obtained by replacing q
and p with the operators x, p:

O =0(x,p) (2.51)

Classical Quantity|Quantum Mechanical Operator

q b'q

p iv

Ulq U(x)

T(p) = & —15A

H(p,q) ﬁ:—%A—i—U(x)
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Wave Mechanics in One Dimension

In this section we consider solutions of the Schrodinger equation in one di-
mension:

) h 0

5 U(x,t)+ U(x)¥(x,t) (3.1)

3.1 Time Independent Schrodinger Equation

A first step in the treatment of the Schrodinger equation for a stationary
potential is the separation ansatz:

W(z,t) = e Fiip(x) (3.2)

This ansatz immediately leads us to the sc-called time independent Schrodinger
equation
h 9?
Ey(z) = —%@w(iﬂ) +U(z)(x) (3.3)
This is a second order differential equation with respect to x, which has
to be solved under the consideration of certain boundary conditions.

3.2 Free Particle on a Ring

The time independent Schrodinger equation for a free particle reads

n? 92

- 2m 9z

Ey(z) = ¥(x) (3.4)
Thereby, we consider a particle on a ring-like configuration, i.e. we assume
that the wave function ¥ (z,t) and, consequently, ¢ (z) obey periodic boundary
conditions

Y(z) =z +1L) (3.5)
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We can perform the following ansatz for the solution
Y(z) = Nett® (3.6)
The periodic boundary condition requires a quantization of the wavenumber
k:
2

k= " n=—0o,...,0,..00 (3.7)

The normalization constant is determined by the conditon

L
/0 dap(z)*p(x) = N2L (3.8)

Furthermore, we have the relation

L
‘/0 dl‘l/]k(.%')*wl (CL‘) = 6kl (3.9)

Our ansatz solves the time independent Schrédinger equation provided the
energy E is related to the wave number by
k)

1
2 2
E, = o = (L) 51 (3.10)

We recover explicitly de Broglie’s ansatz, p = hk, for matter waves. However,
due to periodic boundary conditions, the energy is quantized.

Since the Schrodinger equation is linear, a general solution is given by a
linear superposition

U(x,t) = chwk(a@)e—iT (3.11)

Thereby, the sum is over all k-values k = 0, :I:QT’T,
The coefficients are given by the initial condition:

W(x,0) = extpi(x) (3.12)
k

and, due to relation (3.16), we are able to determine the coefficients ¢ ac-
cording to

L L 1
ck—/o d:m/);c(a:)W(a:,O)—/g da:ﬁe kg (z,0) (3.13)

Inserting this representation of the coefficients ¢ into (3.12) we obtain

L
W(z,O):Zd)k(x)/ dz' (/) (2, 0) (3.14)
L 0
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This identity shows that the class of functions ¥, (x) obeys the so-called com-
pleteness relation

> dil@)n(a’)” = bz — o) (3.15)
k

Since the class of functions obeys the orthogonality relation

L
‘/0 dl‘l/]l(x)*’t/}k(.%') = 6kl (3.16)

the set of functions form an orthonormal basis: Each periodic function can be
expanded into a Fourier-series.
Let us reconsider our results. The wave function is given as a linear super-
position of the functions iy ():
. E
U(x,t) = cppp(z)e T (3.17)

k

They are obtained as a solution of the boundary value problem

2 92
T @) = B (a)
Yi(0) = Yi(L) =0 (3.18)

This boundary value problem simultaneously determines the discrete set of en-
ergy values Fj, the so-called energy spectrum, as well as a complete orthonor-
mal set of so-called eigenfunctions. The coefficients c; can be determined from
the initial condition using the orthonormality condition (3.16). Since the set of
eigenfunctions is complete, each wave function obeying the periodic boundary
conditions can be represented as a superposition: The eigenfunctions ¢y (x)
form a complete orthonormal set of functions.

Let us now adress the question of the interpretation of the wave function
V(z,t). We already now that the quantity |¥(x,t)|?dz can be interpreted
as a probability. However, the representation allows one to make a different
interpretation. If we consider a wave function of the form

U(z,t) = P(x)e Tty (0) (3.19)

a single energy value Fjy is involved, and, therefore, the corresponding particle
has a definite energy value Ey.

3.2.1 Expectation of Position

The expectation value of the particle position is denoted as

L L
<x(t)>=/0 d:vp(:v,t):v:/o daW(z,t) 2P (z,t) (3.20)
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3.2.2 Expectation of Momentum

We now want to determine the expectation value of momentum. We define
this quantity according to the classical relation

L
() = m-L () :/0 Az (z, 1) <§aﬂ) U(z,t) (3.21)

1 0T

It is instructive to calculate this expectation using the representation of
our wave function:

L BBy h o
w0 = X5 [ doe " i) L vta)

k kK
= hkle|? (3.22)
k

However, this formula points out the physical interpretation of the coefficients
Cl.

3.2.3 Hamilton Operator

The introduction of the momentum operator allows us to introduce the Hamil-

ton operator
2 2 92
D h* 0
H="—=——— 3.23
2m 2m 0z (3.23)
It is interesting to calculate the expectation of the energy in a similar way.
We calculate

L
(H) = (@ (z, t)|H|W (1)) :/ dzW (x,t)* HY (x,t) (3.24)
0
A similar calculation as in the previous section yields

(H) =" |Ck|2% (3.25)

This representation immediately yields the following interpretation of |cj|?:
The quantity |cx|? has to be interpreted as the probability to find a particle
with the energy Fy.

3.3 Free Particle on the Line

Let us now consider the limit of infinite length L — oo. In this case the
allowed k-values tend to the continuum and it is straightforward to replace
the discrete sum by an integral. To this end we introduce the representation
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1 , 2
W((E,t) _ Z _Ckezkme—zhk /2mt
P VL
1 2
— AKC(k _ezkmefzhk /2mt
S
1 1.2
N dkC(k elkzefzhk /2mt
/ ( )\/271'
(3.26)

where we have defined

(3.27)

The limit L — oo means that we are going from a Fourier-series to a Fourier
integral.
The coefficients C'(k) are then given by the inverse Fourier transform

1
V2T

U(x,0) = / dkC(k) ethe (3.28)

or,

C(k) = / daW(z, 0)%e*ikm (3.29)

™

Inserting this relationship back into (3.28) we arrive at the completeness
relation

/ dh L ik(e=2") _ §(z — ') (3.30)
2w

which is a well-known representation of the J-function.

3.4 Infinitely Deep Potential Well

Although we have already discussed the wave mechanics of a particle in an
infinitely deep potential well, we shall reconsider this problem based on the
solution of the Schrodinger equation.

To this end we consider the time independent Schrodinger equation

h? 92
" 2m Ox2

Ey(z) = ¥(x) (3.31)
together with the boundary conditions

PYe=0)=¢Y@=L)=0 (3.32)

These boundary conditions imply that the probability to find a particle close
to the boundary vanishes.
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The time independent Schrédinger equation is solved by the ansatz

¥(z) = asinkz + beoskx (3.33)
provided we choose the energy
(hk)?
E=—— 3.34

The boundary condition ¢ (0) = 0 leads us to b = 0, whereas the condition
(L) = 0 requires the quantization of the values of k

kL =mn n=12 .. 00 (3.35)
and, accordingly, a quantization of energy
(hr)* 5
E, = .
573" (3.36)

Mathematical remarks:
The functions

on(z) = \/%sznn%x (3.37)

form a complete function set. This means that each function with the bound-
ary conditions
ve=0)=vx=L)=0 (3.38)

can be expanded in a series according to

f(z) = ch\/%sznn%x (3.39)

Furthermore, we have the orthogonality relation

L 2 s 2 m
/Odac Zsmnzx Zsinmzxzénm (3.40)

The function system is complete.

3.5 Particle in a Finite Potential Well

We consider the motion of a particle in the potential well exhibited in fig. (?7?)

Uy |{E| < L/2

U(z) = {O 2| > L/2 (3.41)

Classically, there are bounded states, if the energy of the particle is less
then zero. In the case of positive energy, the particle can move freely. The
behaviour of a quantum particle is similar, but we expect that the energy
values are quantized in the bounded case.
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>
X
L/2
Finite potential well.
3.5.1 Bounded States
We restrict the energy of the particle to
U< E<O (3.42)
We have to solve the time independent Schrodinger equation
R 0
Ey(z) = —5—o—5¢(x) + U(2)d () (3.43)
considering the boundary conditions
P(x = —00) = Pp(x = 400) =0 (3.44)

as well as conditions at x = +L/2, i.e. at positions where the potential ex-
hibits the finite discontinuity. We expect to have a continuous probability
distribution p(X,t) as well as a continous probability current j(x,t) at these
points. This leads us to

Y(EL/2+0) = (+L/2 - 0)
W'(£L/2+ 0) = ¢/ (£L/2 — 0) (3.45)
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Since the problem is invariant with respect to reflections x — —x we expect
that there are symmetric as well as antisymmetric wave functions. These wave
functions are said to possess even (symmetric) and odd (antiysmmetric) parity.
In the following we shall explicitly construct these wave functions.

A4 g ,
S i
AN
: i |
Hi i I | |
' |

|

LTI

i/

LI T

- 3

LT T

— e o o —
T

Graphical solution of the equation determining energy eigenstates for a particle in
a finite Potential Well.

3.5.2 Solution with even parity:
We first consider the solutions with even parity:

U(x) = ¢(-x) (3.46)
We consider bound states with with energies

-Uy<E<O0 (3.47)

For the following it is convenient to define the quantities x and k according
to
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2m|E|
h2

k= 2m|E|2— UO
\/ h

The time independent Schrodinger equation can be written as

R =

d? L
@1/) = k%) |lz| > —

2
d? L
30 = k% x| < 5 (3.48)
and is solved by
1/)(17) — A/el{x —|—A”€7"Qm
¥(z) = B'coskx + B sinkx (3.49)

The ansatz for the solution with even parity is given by
Aer@+L/2) x<—L/2

Y(x) = Bceoskx |x] < L/2 (3.50)
Ae=r@=L/2) g > /2

J\/\vﬁ N
A

VAV g
—

Particle in a finite potential well: Lowest wave
functions with even parity.

The wave function v (z) as well as its derivative ¢’ (x) has to be continuous
at z = +L/2.
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A—Bcos% =0

kL
—Ak + BksinT =0 (3.51)

This is a homogeneous set of equations, which can be written in matrix form

1 coskTL) (A)
) =0 (3.52)
<—szn% 1 B

The solvability condition reads

k . kL kL 0 353
—sin—- — cos—- = (3.53)
Here, x as well as k depend on the energy E, which then is determined by
the solvability condition. As we shall see from a graphical discussion of this
condition there is a finite set of energy values E; for which the conditions is
fullfilled.
For our graphical discussion we introduce < and K according to

L

L
P = —_ K = k— 3.54
R=hry , 5 (3.54)
Using the definition of , k we obtain
L ,2mU,
K>+ =B = (5)° ”;2 0 (3.55)

The solvability condition reads:

i = ktank = /R? — k2 (3.56)

L 2mU0
R=—4/ 3.57
2 h2 ( )

The value of k, and, consequently the energy levels, are given by the crossings
of the two curves of eq. (3.56). Details can be seen in fig. (3.5.1).

where we have defined

3.5.3 Solution with odd parity:
We now consider solutions with odd parity

U(z) = —¢(-x) (3.58)
Again, we consider bound states with energies

—Uy<E<0 (3.59)
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The ansatz for the solution with odd parity is now given by

—Ae"*  x < —L/2
¥(z) = | Bsinkz |x| < L/2 (3.60)
Aer* x> L2

Thereby the quantities x and k have been defined above.
The wave function ¢ (z) as well as its derivative ¢’ (x) has to be continuous
at o = £L/2:

kL
Ae wL/2 _ Bsin7 =0

kL
—Are L2 Bkcos7 =0 (3.61)

As a result we obtain the solvability condition

£ cos L 1 sinE — (3.62)
KJCOS B sin 5 = .

Again , we can perform a graphical solution of this problem.
To this end we introduce £ and K according to

L L
F=r— K=k— 3.63
K /@2 , 5 ( )

Using the definition of x, k we obtain

L
2

2 2mU0

K*+ & =R =( =

)

(3.64)

The solvability condition reads:

—Fk = keotk = —/ R — k? (3.65)

- L 2mU0
R= \/ - (3.66)

Summary: Bound States

where we have defined

Graphically, we can obtain the following results:

There is at least one solution with even parity ¥ (z) = —¢(—x)
With inreasing value of |Up|, i.e. with increasing depth of the well, the
number of energy levels increase. This can be seen from figure (?7), where
it is evident that by increasing Up,i.e. R, the number of solutions of the
transcendental equations increase.

e For large values of Uy, i.e. R, the limiting case of an infinitely deep potential
well is approached.
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The wave functions have even and odd symmetry, which is clearly a result
of the reflectional symmetry of the problem. The wave functions differ with
respect to the number of knots. We remind the reader that there is a nonvan-
ishing wave function in the classically forbidden regions. Although this wave
function exhibits an exponential decay in this region

Y(a)=ae”d ; d=— (3.67)
K
there is a nonvanishing probability to detect particles in this classically for-
bidden regions.

3.5.4 Continuous Spectrum

Up to now we have been concerned with particles with energy £ < 0. In
the case of positive energy, we can perform the following ansatz for the wave
function
aeth@+L/2) | pe—ik(z+L/2)
U(x,t) = | ce*® + de= = (3.68)
Feik@=L/2) | ge=ik(z—L/2)

Y L VN Ll o (3.69)
n V" &

The requirement of continuity of the wave function and the probability current
leads to the following set of equations

Here,

a4 b= ce L2 4 geik'L/2
Ceik’L/2 _'_defik’L/Q =f+g
ik(a —b) = ik'[ce " E/2 — gtk 112

ik (ce®™ 1% 4 de= B2y = ik(f — g) (3.70)

Continuity leads to four equations for six amplitudes a — g.

In order to find a solution, we can fix two constants arbitrarily. One con-
stant can be fixed by, e.g. taking a = 1. A second choice allos us to construct
a right-running wave (g=0) or a left-running wave (f=0). Furthermore, we
see that set of equations determining the amplitudes (??) can be fulfilled for
arbitrary values of the energy E, in contrast to the case of negative energy
discussed above. In this case, the additional requirement that the wave func-
tion decays for x — 400 sets two amplitudes to zero, leading to the linear
set of four homogeneous equations for four amplitudes (or, two equations for
two coeflicients for symmetric and antisymmetric wave functions). As a con-
sequence, a solvability condition has to be fulfilled leading to a discrete set of
energy values.
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3.6 Reflection at a Barrier: Tunnel Effect

We consider now the motion of a particle in the potential

(3.71)

0 otherwise

Vi) = (U00<x<L)
We assume that a stream of particles with energy E < Uy approaches the
potential barrier from the left. The Schrédinger equation in the three regions
are

82

wd)(x) = —r%Y(x) x<0,z>0L

82

922 (z) = k% () x<0,z>1L (3.72)
where we have defined

K2 = —2’;:2E R - L'i; Vi (3.73)

361 E<V

In the following we assume that £ < V:
Using the solutions of these equations in the different regimes we can
perform the following ansatz

ae*® 4 pe T < 0
P(x) ={ce ™™ +de" 0<zx<L (3.74)
feik(sz)

The time dependent solution would be

[aei(szwt) + be*i(karwt)] <0
U(x,t) = { cem "Wl 4 Jera—ivt O<z<L (3.75)
fei(k(m—L)—wt)

where the frequency w of the wave is related to the (yet unspecified) energy
E = hw. This wave consists of a right- and left running wave in the space
x < 0, a decaying wave in the classically forbidden regime 0 < = < L and a
rightrunning wave in the regime = > L. We remind the reader that, in the clas-
sical description, a particle would not be able to traverse the potential barrier
and would be reflected. A quantum mechanical particle can tunnel through
the barrier, provided there is a nonvanishing amplitude ¢ of the rightrunning
wave.

In order to describe a beam of particles moving from z = —oo towards the
barrier, we evaluate the probability current
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o 0 5 *
J= g W (@) 50 (2, 1) = (1) oW (2, )] (3.76)

We explicitly obtain

hk [(a*e—ilm 4 b*eikm)ik(aeilm _ be—ikm) _ C.C.]

2mai
j= 2%1. [(c*e"zx - d*.i“””)(—fi)(ce*’” + d*e"*) — c.c]
s=[fre "k fe" T — c.c)]
2o (lal® — [b?)
— | Zild e — de*] (3.77)
B

Continuity of the current yields
lal* = [b* = | £ (3.78)

We define the reflection coefficient R and the transmission coefficient T ac-
cording to
R="— T= w (3.79)
’ |al? '
with the relationsship
R+T=1 (3.80)

In case where T > 0 particles can be detected behind the barriers, also in the
case where E < V. Classically the particles would be reflected in this case,
R = 1. A nonvanishing transmission coefficient T indicates that quantum
particles can penetrate through a potential barrier. This effect is denoted as
tunneling.

Let us now determine the transmission and reflection coefficiennt explic-
itly. The amplitudes a, aR as well as the corresponding energy values are
determined from the boundary conditions. Again, we have to require continu-
ity of the wave function, as well as the spatial derivative of the wave function
at the boundaries x = 0, x = L.

Continuity of the wave function 1 (x) at x = 0, L yields the relationships

a+b=c+d
ce b 4 dert = f (3.81)

Continuity of the derivative of the wave function ¢'(x) at x = 0, L yields

ik(a —b) = —ke+ kd
—rce " 4 gdelt = ik f (3.82)

There are 4 equations for 5 coefficients. We can fix the amplitude of the
incoming wave a = 1. Since the amplitudes a, b are the amplitudes of an
incoming wave and the reflected wave we can make the ansatz b = ra with a
factor r, which describes the reflection. Furthermore, we are able to out a = 1,
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normalizing the amplitude of the incoming wave to a = 1. As a consequence,
we obtain the following inhomogeneous set of linear equations

r—c—d=-1
ce "t 4 de"t — f =0
r—l—%c—%dzl
7/<L7;"{ KLZ.H
U dert = .
ce ’ e f=0 (3.83)

In order to calculate the coefficients, we separate the set of equations into

(1l +ia) +d(1 —ia) =2

ce "E(1 —ia) + de" (1 +ia) = 0 (3.84)
and
r=(c+d)—1
t = ce "F 4 dert (3.85)
We obtain by defining
K
== 3.86
a=7 (3.:56)
d= —ce2mpl”le (3.87)
1+ia '
1+ia
=2 3.88
T 0+ i) — (1 - ia)2e 2L (3.88)
_ dice— L
(T +ia)? — (1 —ia)2e2xL
B 2ia
(1 — a?)sinhkL + 2iacoshkL
1
= T (3.89)
coshkL — ~5>=isinhk L
We can now state our result for the transmission coefficient T
1 402
T = - (3.90)

cosh?s L+ 122 sinh2sr, 4a? + (1 +a?)2sinh?kL
whereas the reflection coeflicient is just obtained from

R=T-1 (3.91)
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3.62 E>V

If we consider the case of particles with energy larger as V, the potential height
of the barrier, classical particles will all pass the barrier. Quatum particles,
however, feel the barrier indicating that there is a nonvanishing transmission
coefficient.

This transmission coefficient can easily be calculated by noticing that all
formulas remain valid, except that we now have to consider that « is imaginary,
since £ > V:

Kk =1k a=i& (3.92)

The transmission coefficient reads:

T =t = da” (3.93)
U 4a2 + (1 - a?)2sin2kL '

3.6.3 Wave Packets

Up to now we have considered a monochromatic incoming wave. In order to
describe a beam of localized moving towards the barrier, one has to bild up
wave packets.
The wave packet on the left side and right hand side of the barrier has the
form
f dka(k)eikxgefiw(k)t[eikx + T(k)efikz
U(x,t) = | [dka(k)ermoe B [c(k)e " + d(k)er] (3.94)
[ dka(k)etwo emiw(R)ty()etke
where
_ hk?
T 2m

w(k)

The amplitude a(k) of the wave packet can be, e.g. taken as a Gaussian

(3.95)

1 _ 2
a(k) = ——=e~ e (3.96)

:

3.7 Wave Mechanics in Two Dimensions

3.7.1 Quantum Dots

3.7.2 Quantum Billards
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Hilbert Space

4.1 Linear Space

We consider vectors |1); >, which can be added, |1 > +|12 > and multiplied
by a scalar quantity «, |t >= ali; >. The set of vectors form a linear space,
provided the following axioms are fullfilled:

a) Neutral element [0 >{¢p > +[0 >= |¢) >

b) Inverse element [ >+ —1p >=10>

¢) Associativity |1 > +(|te > +ahs >) = (|1 > +|v2 >) + |v3 >
d) Distributivity la(yn + 2) >= alir > +alpe >

°) [(a+B) >= al > +8y >

f) [(af)y >= a|By >

g) [l >=[¢ >

4.2 Normed Linear Space

A linear space is extended to a normed linear space if to each element 1) there
is a positive real number |[¢)]| obeying the following axioms
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a) Positivity [l9]] >0
b) Neutral element ||[0]| =0

c) [l ]| = |a[[¢]]

d) Triangle inequality|[|t1 + o[ < [[¢1]] + [[¢]

4.2.1 Scalar Product

A norm in a linear space can be defined via a scalar product. The scalar
product is denoted as

< hrfhe > (4.1)

and can be a complex quantity obeying the following axioms

a) |[< P3](P1 + o) >=< 3|1 > + < 3lh >

b)|< P1lanps >= a < ylapy >

c) |< Pl >=< olthy >*

d)|< ¢y >>0

e) |< ¥|y >= 0 implies ¥ = 0

The scalar product can be used to define a norm

Il = V<l > (4.2)

Frequently, the scalar product is denoted as inner product. A linear space with
a scalar product is an inner product space.

4.2.2 Schwarz Inequality
A scalar product obeys the Schwarz inequality:

| <@l > [ < [[¢nl] [[¢al| (4.3)

For a proof we start from the inequality
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(41 — )| >0 (4.4)
which implies
[91ll* — a < 4rlthe > —a* <ol > +af?||[¢2|* > 0 (4.5)
Now we choose
<oty >

o =
< Palthe >
and end up with the inequality of Schwarz.

4.2.3 Orthogonal Vectors

Two vectors are orthogonal with respect to each other if the scalar product

<12 >=0 (4.7)

vanishes

4.2.4 Completeness

A normed linear space is complete, if each convergent Cauchy sequence |, >
has a limit which belongs to this space. A sequence of vectors 1, > is conver-
gent, provided

(0 — Yngn)|| < e(n) (4.8)

4.3 Hilbert Space

A Hilbert space is a complete linear space with a scalar product. It is also
denoted as inner product space.

4.4 Basis, Dimension, Completeness

In a Hilbert space, we can choose a set of basis vectors denoted by

|¢1 >7|1/}2 >,.... (49)

The vector

[ >= il > (4.10)

3

yields a new vector, which is an element of the Hilbert space.
We can consider an orthogonal set of basis vectors, which obey the orthog-
onality condition
< il >= 65 (4.11)
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An orthogonal basis can be constructed iteratively using the Schmidt or-
thogonalization procedure: From the set |[¢; >, |12 > we form

[ > = |1/~)1 >
[he > = [the > — < Po|thy > |1 >
|’lﬁ3 > =... (412)

A basis |¢); > is complete provided each vector of the space can be repre-
sented as a linear superposition of basis vectors

W >=> ey > (4.13)

3

the coefficients are the scalar products
ci =< il > (4.14)

Forming the scalar product

<Yl >=< | Y iy >=D o5 < il >=c (4.15)
J J

Inserting this expression into (??) we obtain
W >= [ > =D | >< il > (4.16)

which we rewrite in the form

1= "o >< 4 (4.17)

The quantity ¢ >< 12| is denoted as dyadic product.

The dimension of a Hilbert space is the number of basis vectors necessary
to expand each vector of the space. The space is separable if the there is a
countable set of basis vectors. The number of basis vectors can be infinite.

4.5 Examples

4.5.1 Euclidean Space

The real vectors a = [a1, as,..an] in R™ with the scalar product
N
<alb>=a;b, (4.18)
i=1

form a Hilbert space, the euclidean space.
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4.5.2 Space of periodic functions

Our next example is the set of functions ¢(z) which are periodic in = with
period L and are square integrable. This means that the integrals

/d:v|z/1(x,t)|2 < oo (4.19)

These functions form a linear space with respect to addition ¢ (z) + 12(x)
and multiplication with a scalar, c(z).
The scalar product is defined by the integral

L
< il >= / day () a(2) (4.20)

These functions can expanded into a Fourier-series:

f(z) = Z cn%ei"%ﬂw (4.21)

n=—oo

The set of functions

_ 27

inkow n = —09,...,00 ko = 7

e (4.22)

n >= ——=
on>=TF

form a orthonormal set of basis functions. This follows from the straightfor-
ward evaluation of

< Onlom >= N? / ! dzelm—rkor — N25 T, (4.23)
0
The Fourier-coeflicients can be calculated by the integral
_ b —inkox
Cn = /0 \/—Ze Y(x) (4.24)
The Fourier representation yields
L
V(zx) = Z/o dx' o (') W (2" ) on(x) (4.25)
which leads us to the completeness relation
L
Sz —2')= Z/o dz' o (') o () (4.26)

We explicitly see that the d-function can be represented in terms of the basis
function.
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4.5.3 Square Integrable Functions

We consider the space of complex functions ¢ (), for which the integrals

o0
/)dﬂwmﬁ<m (4.27)
— 00
exist. These functions are denoted as square integrable functions.

The square integrable functions form a linear space with respect to the
addition and multiplication with a complex variable a:

Y1 () +P2(z) = P(x) (4.28)
The sum () is again square integrable, since
[W(@)* = [¢1(2) + Ya(2)|* < [1(2)* + [¢2(2)? (4.29)
so that
[ dso@P < [ dsun@P+ [ diia@P <o (430

For square integrable functions the scalar product can be defined by the
integral

< il >= / A (z){pn () (431)

The property e) has to be discussed in some more detail. The space of
square integrable functions may contain functions, which are zero on a space
of Lebesque measure zero. An example is the function

u(z) =1 forz =0
u(z) =0 otherwise (4.32)

The (Lesbeque) integral of this function is zero,

/OO dru(z) =0 (4.33)

Thus, in principle, the property e) is not fullfilled. However, if we consider the
equivalence class of functions which differ from each other by functions which
are different from zero on sets of measure zero, the property e) is fullfilled and
(4.31) defines a scalar product in the space of the square integrable functions.

4.5.4 Square Integrable Functions in N Dimensions

Generalization to three, N dimensions:

/ﬁﬂwgﬁgw (4.34)
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4.6 Linear Operators

Several times we have encountered operators. An operator A transforms an
element of a Hilbert space into another element of this space:

Wy >= Aj@; > (4.35)

4.6.1 Example: Euclidean Space

In the Euclidean space the operators A are represented by matrices. It turns
a vector |¥; > into a vector |P2 >. If we take a basis |p; > we can expand the
vectors

N N
|!l71 >= Zai|<pi > N |W2 >= sz|‘ﬁz > (436)
=1 i=1
we obtain
N N N
D bilpi >=AY bili >=>_ biAlp; > (4.37)
i=1 i=1 i=1

Taking the scalar product we obtain the representation of the operator A
in terms of the matrix

N
bi = Z Aijaj (438)
j=1
with
Aij =< ¢ilAlp; > (4.39)

4.6.2 Example: Complex Space
4.6.3 Example: Position and Momentum Operator

Examples of physically relevant opertors are the position and momentum
operator &, p.

4.7 Adjoint Operator, Hermitian Operator

We shall now define the adjoint operator AT by the relation
< |A|, >=< Atw,|w, > (4.40)
A selfadjoint operator is defined by the relationship
A=At (4.41)

The operator need not be defined for all vectors of the Hilbert space. It may
only be defined on a subset D of H.
A selfadjoint operator is an hermitian opertor if DT = D.
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4.7.1 Momentum Operator

The momentum operator is an hermitian operator
h 0 h 0
% —— | =< -V v 4.42
<O (@) 3 5| Ba(2) >=< T (1)) > (4.42)

Proof: We explicitly write down the scalar products in terms of th integrals

<l > = [ dovn(e)" T S ale)
- s (o)) vt

- (3uw) ] Oooo

= /d:c <§%w1(:v)>*¢2($) =<pilv2 > (4.43)

4.7.2 Operator of Kinetic Energy

<Yy (x)| — %Ah[lg(x) >=< —%A!ﬁl(xﬂ%(x) > (4.44)
4.7.3 Hamilton Operator
The Hamilton operator is an hermitian operator:
5 ()?

H=""+U@#) = Hf (4.45)

4.8 Eigenvalue Problems

Eigenvalue problem R
Al >= Ay > (4.46)

The eigenvalue problem connected with a linear operator Ain general has
a nontrivial solution only for a certain set of eigenvalues A;.

4.8.1 Example: Euclidean Space

In Euclidean space R™ the operators are matrices. Therefore, there are N
eigenvalues which are the roots of the so-called characteristic equation

Det[A— \E] =0 (4.47)
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4.8.2 Example: Momentum Operator

h 0
= = 4.4
Lo () = Mi(e) > (449)
We consider the space of squar integrable periodic functions. The eigen-
functions are given by

|th, >= —=e'* (4.49)

S~

and the eigenvalues are
Ax = Rk (4.50)

4.9 Hermitian Operators

The eigenvalues of hermitian operators are real. The set of eigenvalues of an
operator is denoted as the spectrum of A
Proof:

YA >= A <P >=< AV|¥ >=\" <PV > (4.51)

The eigenfunctions 1, and s of a selfadjoint operator belonging to differ-
ent eigenvalues are orthogonal:
Proof:
< Y1]Ale >= Ao < P1tha >= A1 < 1ipa > (4.52)

For the case A\; # Ay we conclude
<1l >=0 (4.53)

In case of a degeneracy of an eigenvalue, i.e. in case that there are two or
more eigenvectors belonging to a single eigenvalue, we can orthogonalize these
vectors.

The eigenvectors of a hermitian operator form a complete orthogonal set:

< ilhy > = 045
Sl >< il =1 (4.54)
4.9.1 Projection Operator
We can take
P = M (4'55)
[l ]]

P:=Pp (4.56)
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4.9.2 Spectral Decomposition
4.10 Functions of Operators

It is possible to define functions of an operator A, F (fl) It is straightforward to
define the operators A2, A”. Provided the function F (a) has a representation
in terms of a Taylor series with coefficients Fj, we are able to define the
operator function according to

F(A) =) F(A)F (4.57)
k
An example is the matrix exponential of an operator A

A= %(A)k (4.58)

4.11 Commuting, Noncommuting Operators

We consider the product of two operators, AB , and compare it to the product
BA. In general, these operators are different.

4.11.1 Position, Momentum

Tp = xﬁ 9
P=25 Ox
h 0
T = —— 4.59
Pr= 5" ( )
In order to compare both expressions we have to consider e.g. the quantity
. _h o
Pl > = 7o (z(x))
h 0 h FON
=z %z/z(x) + zz/J(:c) =&p+ - (4.60)

where we have made use of the product rule of differentiation. We can now
define the difference between the operators Zp and px

ip— pi = ih (4.61)

4.11.2 Definition: Commutator

Let us now generalize: We define the commutator [A, B] of two operators A,
B by the difference of the product AB and BA:

[A,B] = AB — BA (4.62)
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4.11.3 Eigenvectors of Commuting Operators

Two commuting operators A, B have common eigenvectors. For the proof we
consider the eigenvalue equation

Alp; >= Xilp > (4.63)

From the relation o o R
BA|p; >= AB|p; >= \;Blp > (4.64)

we conclude that Blp; > is an eigenvector of A with eigenvalue );. We assume
that the eigenvalue is simple, then

Blpi >= il > (4.65)

which shows that the vector |¢; > is also an eigenvector of the operator B.

4.11.4 Functions of Commuting Operators

Operator functions of commuting operators commute.

4.12 Uncertainty Relations

We start from Schwarz inequality
<Y >< |l > > | < WP > |2 (4.66)

which is valid for each pair of elements of a Hilbert space. We consider two
Hermitian operators A, B. We define by

Uy >= A|w >
Wy >= B|W > (4.67)

and obtain using the Schwarz inequality and the property, the A, B are Her-
mitian operators

<U|AYW >< 0|B|W >
> | < W|AB|w > |? (4.68)

We introduce the abbreviation
=< U|AB|¥ > (4.69)

and use the estimate

z—2z"
24

|2]2(Rez)? + (Imz2)* > (Imz)* = ( )2 (4.70)
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Since

2 =< W|AB|W >=< BAW|W > (4.71)

and, using the assumption that A | B are hermitian operators, we obtain
2 =< W|BAW > (4.72)

as well as

z—2z" i
21 24
- < W|[A, B||¥ > (4.73)

<W|AB - BAw >

where we have introduced the commutator [A, B] of A and B.
As a consequence, we obtain the general uncertainty relationship between
two operators A, B

AAAB > %| < U|[A, B)|¥ > | (4.74)

Thereby, we have defined the uncertainties

AA=\/<VU|(A-<A>2W> |, AB=./<V|(B-<B>)?2V¥ >
(4.75)

4.12.1 Uncertainty Relation
The commutator between the operators & and p is
[2,p] = iR (4.76)

Consequently, we obtain the uncertainty relation

h
AxAp > 5 (4.77)
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Chance and Probability

Probability theory has been developed to cope with random events. Diffrac-
tion experiments with quantum particles like electrons, neutrons have demon-
strated the random outcome of a single event as well as the emergence of
well-predictable interference patterns.

An operational approach has been developed in order to deal with systems
with random outcomes. It is based on the notion of the probability p; of a
random event denoted as w;. The elementary events w; belong to a set 2,
which is denoted as sample space. The probability p; is operationally defined
as the number

N;

Thereby, N denotes a number of experiments, and IV; counts the number of
these experiments in which the event w; has been realized. The probability,
therefore, can be measured by performing a large number of experiments.

5.1 Probability

Our operational definition of probability immediately implies that the proba-
bility p; is normalized:

The sum is over all elementary events.

5.2 Probability Density

For the case of a continuous random variable we expect that the probability
p(z,dz) is proportional to the width dz of the interval:
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pla, da) = p()da (5.3)

This defines the probability density p(x). This probability density is normal-
ized

/p(x)d:c =1 (5.4)

5.3 Expectations

The introduction of the notion of probability allows one to calculate expecta-
tion values of random quantities and, in turn, allows one to perform predic-
tions about the outcome of experiments with random variables.

The mean value of a quantity is given by

<x>= Z:vipi = /p(x):vd:v (5.5)

Accordingly, we can define expectations of the quantities 22, ™ which are

denoted as moments:
<" >= Zx?pz = /p(z)x”dm (5.6)

An important quantity is the variance defined as

<a?>—<x>? (5.7)

5.4 Mathematical Definition of Probability

The notion of probability requires a mathematical definition. We shall briefly
outline this definition, which is based on the notion of a sample space (2. The
sample space consists of sets (2; including the empty set 0. ......



6

Concepts of Quantum Physics

The behaviour of a quantum system is described by a time dependent state
vector

() > (6.1)

which is element of a Hilbert space H. This state vector is normed, i.e.
]| = (@ ()@ (t)) (6.2)

The wave function contains all information on the quantum system.
The spatio-temporal evolution is given by the Schrodinger equation

L0 A
mghp(t) >=H|WU(t) > (6.3)

Here, H denotes the Hamilton operator.

6.1 Axiomatic Quantum Theory

Physical states are elements of a complex Hilbert space.

Physical observables are Hermitian operators defined in this Hilbertspace.
Measurements are interpreted in a probabilistic sense. The expectation

value of a physical variable is given by the scalar product

<A>=<U|A|P > (6.4)

e Temporal Evolution
The temporal evolution of the state vector is determined by the
Schrodinger equation

0 A
zhghll(t) >= H|WU(t) > (6.5)
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For a particle the Hamilton operator is obtained from the classical Hamil-
ton function
P
H=—+U(z 6.6
2 UG) (6.6)

e Measurement Process
A measurement of an observable A yields one of the eigenvalues of the
corresponding operator A.

Observable Operator
Position T==x
Momentum p=21v

Kinetic Energy |1 = _EA

Potential Energy|U(Z))

6.2 Physical Observables and Hermitian Operators

To each physical observable A we assign an Hermitian operator A. The mea-
sured values of the observable are the eigenvalues a; of the operator in Hilbert
space defined by the eigenvalue problem

AW’? >= a;|pf > (6.7)

Since the operator A is Hermitian, the eigenvalues are real numbers. The
number of the eigenvalues equals the dimension of the Hilbert space.

Since the operator A is an Hermitian operator, it has a complete set of
orthonormal eigenstates:

< oflpf > =6y
et >< et =1 (6.8)

6.3 Probabilistic Interpretation

The state vector |¥(¢) > has to be interpreted in a statistical sense.
We represent the state vector |¥(¢) > in terms of the eigenfunctions |<,03»4 >

of A:
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() >= ai(t)g > (6.9)
i

The expectation of the observable A can then be evaluated according to

<U()|AW(t) >= ZZC;C’“)"? < @iler >
ik

(4)

=D le (1PN (6.10)

This expression has to be interpreted in a probabilistic sense: The physical
observable A has the set of eigenvalues i, which contribute to the expectation
< U ()| AP (t) > with |c;(t)[*

A prediction of the outcome of a quantum mechanical experiment, there-

fore, has to assign a probability |c;(¢)|?* to the measurement of the eigenvalue
A
J

6.4 Measurement Process

In a double slit experiment it is not possible to predict the location where
a single particle will hit the screen with certainty. Shortly after the particle
has hit the screen, however, it can be definitely localized. Only predictions
on probabilities of the outcome of an experiment are possible. The outcome
of a measurement of a physical observable is uncertain, after measurement
it is certain. This fact has to be incorporated into a quantum theory and is
frequently denoted as the collapse of the wave function.

We consider a quantum system described by the state vector ¥(t) >. We
intend to measure a physical quantity represented by the Hermitian operator
A. The possible outcomes of the measurement our the set of eigenvalues a;
with corresponding eigenstates | >. A decomposition of the state vector
yields

() >= 3 cilt)lef! > (6.11)
3

The probability, to measure the value a; is given by
pi = lei(t)]? (6.12)

The knowledge of p; allows one to make statistical predictions.
After the measurement, where we definitely measure the value a; we know
that the state vector is

|Psi(t +0) >= |¢f > (6.13)
Therefore, the measurement changes the state vector from
W(t—0)>= Y ci(t)|pf >— [W(t+0)>=|gf > (6.14)

i
This property of a quantum system is denoted as the collapse of the state
vector.
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Harmonic Oscillators

7.1 Classical Harmonic Oscillator

We shall briefly reconsider the treatment of a harmonic oscillator in classical
mechanics.

7.1.1 Hamilton Function

The Hamilton function reads

2 2
D mw’ o
H=_— 7.1
2m * 2 (7.1)
and the canonical equations read
0 p
= —H = —
1= 3, (p.a) = —
N )
p=—5-H(pq)=-—mwq (7.2)

Ip
Elimination of the momentum p yields a second order differential equation
j+wlqg=0 (7.3)
The solution reads

q(t) = Asinwt + Beoswt
p(t) = AL sinwt + BZ coswt (7.4)
m m

7.1.2 Phase Space

One can represent the instantaneous classical state of an oscillator by the
specification of [g(t), p(t)]. Therefore, the temporal evolution can be viewed
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by the evolution of this point in phase space spanned by the coordinates g, p.
The energy is a constant and the trajectorie of an oscillator is an ellipse

2 2 2
p mw-q
1= 7.5
2mE 2F (7.5)
with the semi axis
. | 2F
TV mw?
b=+v2mE (7.6)

7.1.3 Bohr-Sommerfeld Quantization

A simple way to restrict the possible energy values of a harmonic oscillator
is to specify a criterion, which selects specific classical trajectories in phase
space. The Bohr-Sommerfeld quanitization rule consists in resctricting the
area encircled by a certain motion. This quantity has the dimension of an
action, or, the dimension of the Planck’s constant h. The restriction, therefore,
reads

f{ pdq = nh (7.7)

The area equals the area of an ellipse with the axis

2F
m , a — (7.8)
The area encircled by an ellipse is
2rFE
rab= """ = nh (7.9)
w
leading to the energy spectrum
E, =hw (7.10)

7.2 Quantum Mechanical Harmonic Oscillator

In this section, we shall derive the energy spectrum of the harmonic oscillator
from a solution of the Schrodinger equation:

K2 52 mw?

W (X, ) = [~2—ns + ——
X =5 5E T

Pl (z,t) (7.11)
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7.2.1 Eigenvalue Problem: Hamilton Operator
A separation ansatz of the form
U(x,t) = e_i%tgo(:v) (7.12)

leads us to the linear eigenvalue problem

2 52 mw?

2
o 1
2m 97 + e > (7.13)

Elp>=
which determines the energy spectrum and the corresponding eigenvectors.
For the following, it is convenient to introduce the dimensionless quantity

T = %q (7.14)

This transformation is taken in the form that the energy is measured in mul-
tiples of the quantity hw.
The transformation turns the eigenvalue problem into

1. 02
Ehwo(z) = ep(z) = 5[—@ + 2%)p(x) (7.15)
where E = hwe.

There are several methods to solve this eigenvalue problem. We shall first
consider a method, which frequently is denoted as Sommerfeld’s polynom
method , which is based on a direct treatment of eq. (7.15) as an example
of a so-called Sturm-Liouville eigenvalue problem. A second treatment will be
based on an algebraic method using occupation numbers.

7.2.2 Hamilton Operator

As a first step towards the solution of the eigenvalue problem we consider the
following representation of the Hamilton operator

1. 02 9

We try to split the operator [—8‘9—; + 22] into a product of two operators. To
this end we consider the product

0 0

— - 7.17
(o + ]l + ] (717)
which would be a valid representation in the case that the opertors % and x
would commute. We explicitly calculate
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0] 0 0? 0 9
[_8_x+x][8_x+x]__@_[8_x’x]+x (7.18)
However, the commutator
0
[5,4=1 (7.19)
does not vanish. As a consequence,
~ 1.0 0 1

7.3 Sommerfeld’s Polynom Method

7.3.1 Ground State

We can easily find a solution of the eigenvalue problem

1. 0 0 1

Sloa + all + 2liel@) = (e - 5)¢() (7.21)

To this end, we seek a solution which obeys

0
[8_35 + z]po(z) =0 (7.22)
with the energy eigenvalue
1
=3 (7.23)

The first order differential equation (7.22) is easily solved. It yields

po(z) = Ne = (7.24)

The normalization constant N is determined according to

1= N2/ dze ™ = N2/ (7.25)

— 0o

We can now summarize the expression for the so-called ground state

[N

T

hw )
=5 po(z) = —ze 2 (7.26)

E
2 b)
Tiw

It will turn out that this state is the one with the lowest energy value, £ = =5*.
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7.3.2 Higher Eigenfunctions

In order to look for other eigenfunctions and eigenvalues we perform the ansatz
22
o@) = TH@) | (7.27)

where H(x) is a function which will be specified in the following.
To this end we calculate:
d? 2 d? d

W@(z) =e T [WH(I) + Z%H(x)(—x) +2?H(z) — H(x) (7.28)

The linear eigenvalue problem then reads:

1, a2 d
This is the so-called Hermite eigenvalue problem. Possible solutions are the
so-called Hermite polynomials. It is an example of a so-called Sturm-Liouwville
etgenvalue problem.

It will turn out that we can find solutions only for special values of A,
provided the function ¢(x) is bounded. To this end, H(x) has to obey in the
limit |z| — oo

2
|H(z)| <e= (7.30)

In this case p(x) — 0 at infinity, which is consistent with the interpretation
as a probability density.

Let us consider various types of ansatz
a)

1
Hy=c , A= 3 (7.31)
b)
Hy=azx+b (7.32)
We obtain 1
Max +b) = 3 [2ax + az + D] (7.33)
The solvability condition reads
3
A= 3 b=0 (7.34)

This suggests that we can look for an ansatz in terms of a polynomial: This
is denoted as Sommerfeld’s method:
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H(x) = Zxkak (7.35)
k=0
This yields
A Z apzh = [— Z akxkfzk(k —1)+2 Z apkz® + Z apz®
k=0 k=2 k=1 k=0

(=) akrar® (B +2)(k+1)+2> arka® + ) apaf7.36)
k=0 k=1 k=0

N = N =

Now, we can read off the following recursion relation

[(2k 4+ 1) — 2]

Ap42 =

We can distinguish solutions with even and odd parity. Solutions with even
parity are obtained using ag # 0,a; = 0 H(x) = H(—x), whereas solutions
with odd parity a1 # 0,a0 =0 H(z) = —H(—x).

1

An=nt 3 (7.38)

The recursion relation yields for the even Hermite polynomials:

2(k —n) n B B

Hil\p =
The Taylor coefficients Hj' for the odd Hermite polynomials obey the same
recursion relation, however, with £k = 1,3,.n = 21 + 1.

From this relation we see that the H,(x) are polynomials of degree n,
since the solvability condition yields a,, # 0, ap12 = anigq... =0, and a,411 =
an43... = 0. The functions H,(z) are even or odd polynomials in z, the so-
called Hermite polynomials.

Even Hermite polynomials H,(z):

n =01

n =24z -2

n = 4[16x* — 482% + 12

Odd Hermite polynomials Hy (x):

n=12x

n = 3(8z% — 12z

n = 5|322° — 160z3 + 120z
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7.3.3 Properties of Hermite Polynomials
Orthogonality

The Hamilton-operator H is an Hermitian operator. As a consequence, the
eigenfunctions ¢, (z) form a complete orthogonal set. This implies the follow-
ing relationship for the Hermite functions

< Oplpm >= / da:eiﬁHn(x)Hm(x) = 2"n\\/T0nm (7.40)

— 00

The normalization of the Hermite polynomials are introduced according to
Abramowitz, Stegun, Handbook of Mathematical Functions.

Rodriques Formula

Hermite polynomials can be iteratively calculated by subsequent differentia-

tion. We obtain J
2 2
H, =¢e” — —)"e " 7.41
(0) = ' (= )" (7.41)

We shall give a proof of this relation below.

Generating Function

A generating function G(z,t) is a function, whose Taylor expansion in t is
related with a class of functions f,(x) according to

G(z,t) = Z an fr(z)t" (7.42)
n=0
The generating function for the Hermite polynomials is
zt—t2 1 n
Glz,t) =0 =" aHn(x)t (7.43)
n=0

Recurrence Relation

One can establish the following relation between the Hermite polynomial of
orde n and n + 1:
0

Hp1(z) =22H,(z) — 8—an(x) (7.44)
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7.3.4 Spectrum and Eigenfunctions

We can now summarize: The energy spectrum of the harmonic oscillator is

By = hw(n+ %) (7.45)

and the eigenfunctions are
1 2

on(T) = WefTHn(I) (7.46)

These eigenfunctions form a complete and orthogonal set.

/OO On () om (v)dE = Nﬁ /OO dIeian(g)Hm(g) = dpm (7.47)

S on(Opm(€) =3 N2 PH (O H,(€) = 0(x — ') (7.48)
n=0 n=0

We can now express the eigenfunctions in terms of the coordinate x =
mw .
T

(gL T o~ 4
7.4 Algebraic Treatment
7.4.1 Creation, Annihilation Operators
We start from the Hamilton operator
1, d? 9
and introduce the operators b, b* by the definitions
1 d
b= — —
1 d
b* = —[r— — 7.51
VoL (751)

It is straightforward to show that b* is an operator adjoint to the operator
b. To this end we consider

< 1 (z, t)|blpa(z,t) = \/I2/

— 00

zﬁz/_oo

o0

oo

dxir (x,t) (z + %)1/)2 (z,t)

Aol — Yo o, 1) Yo, 1) (7.52)
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n=4
n=2:
n==:+:
n="1
»1=0

Harmonic oscillator: Eigenstates ¢ (z), and
probability densities |py (z)|?.

We now express the Hamilton operator in terms of the operators bf, b. To
this end we determine the operator product

L1 d d. 1, & d d
fl[z_d_z_l] (7.53)
2 dzx? '

This yields the explicit representation of the Hamilton operator in terms of
the operators b*, b:

H = hw(®*b + %) (7.54)

7.4.2 Commutators

In this subsection we determine various commutators, which will be needed
in the algabraic treatment of the eigenvalue problem of harmonic oscillators.
First, we evaluate the commutator between b, b:

6] = 3o+ D) — o)~ (a— o)t )
1.d d
=Sz -] =1 (7.55)
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This allows one to calculate in a straightforward manner the commutators
[b,bTh] and [bT, bTb]:

[b,bT] = bbb — bbb = [b,bT]b = b (7.56)

as well as
[bT,bT0] = bTbTh — bTbbT = bT[bT, 6] = —bf (7.57)

The commutators of the operators bf, b with the Hamilton operator H are
[b, H] = hiwb (7.58)

(b, H] = —hwb' (7.59)

7.4.3 The Ladder
We denote the eigenvectors of the Hamiltonian by |n >:
Hn >= E,|n > (7.60)

We observe the validity of the following property: If |n > is an eigenstate
of the Hamilton operator, then Nb|n > is an eigenstate with energy E,, — hw.
The constant N is determined from the normalization of the eigenstate |n >:

<njn>=1 (7.61)
For the proof we consider the relation
bH|n >= E,bln >= Hb|n > +hwb|n > (7.62)

where we have made use of the commutator [b, H] = b. We can rearrange this

expression as follows
Hb|n >= (E,, — hw)bln > (7.63)

From this relation we conclude that if |n > is an eigenstate of the Hamilton
operator, then Nb|n > is an eigenstate with energy F,, — hiw. Therefore, the
operator is denoted as an annihilation operator b.

We can make a similar statement concerning the operator b'. We start by
calculating

b*H|n >= E,b*|n >= Hbln > —hwb*|n > (7.64)

and rewrite this expression using the commutator as
Hb*In >= (B, + hw)b*|n > (7.65)

This indicates that b*|n > is an eigenstate with eigenvalue E,, 4+ fiw. The
operator b! is denoted as creation operator.
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7.4.4 Positivity of Energy Eigenstates
The expectation value of the Hamilton operator of the harmonic oscillator is

positive:
Proof:

1
<Pz, O)|H|Yp(x,t) > = hw < |0 b+ §|¢ >
1
= hw[< by|by) > +§] (7.66)
As a consequence, there exist a ground state, i.e. the state with lowest

energy eigenvalue. We denote this state by |0 >. Inserting |¢) >= [0 > we
obtain

1.1
eo =< 0b'D|0 > +5 25 (7.67)

Furthermore, since there is no eigenstate with £ < FEy, we conclude on
the basis of the relation

b0 >= (Ep — hiw)b|0 > (7.68)

that
b0 >=0 (7.69)

This fixes the energy eigenvalue of the ground state |0 > to
1
Ey = §hw (7.70)
The eigenvalues of the excited state are obtained
1
El :hw(1+§):E0+hw
1
E2 Zhw(2+§)=E1+hw
1
E3 = hw(?) + 5) = E2 + hw (771)

It is straightforward to determine the ground state |0 > using the explicit
definition of the operator b,

1 d
5t g )eola) =0 (7.72)

We have already solved this differential equation of first order.
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7.4.5 Occupation Number Operator

Thie operator b'b has the meaning of an occupation number operator 7.
This becomes obvious from considering the eigenvalue problem

1 1
Hln >= hw(b'b + §)|n >= (n + 5) hw|n > (7.73)

where we have explicitly inserted the obtained expressions for the energy
eigenvalues F, . This eigenvalue problem defines the eigenvalues and eigenvec-
tors of the number operator n

Aln >=bbln >=n|n > (7.74)

7.4.6 Normalization of Eigenstates

As we have seen above, we can determine the eigenvector [n 4+ 1 > from the
knowledge of the eigenvector |n >:

[n+1>= Nb*|n > (7.75)
We now calculate the normalization constant N from the condition
<n+1n+1>=N?<bnb*n >= N? < n|bb*|n >
= N? <nlb*bln > +N? = N3(n +1) < n|n > (7.76)

Since we assume |n > to be normalized we explicitly obtain the relationship

In+1>= b*|n > (7.77)

1
vn+1
In a similar way we can determine the eigenstate [n—1 > from the knowlde
of |n >:
|n —1>= Nbjn > (7.78)

with the normalization constant to be determined from the condition
<n—1n—1>= N? <bnlbn >= N? < n|b*bjn >= N? <n|n >=1 (7.79)
Explicitly, we obtain

1

Let us summarize:

[n+1>=10" |n >

1
vn+1
1
—|n > 7.81
Tl (7:81)
We can build each eigenvector starting from the ground state by a repeated
iteration of (7.81):

[n—1>=0b

In >= %(b*)"m > (7.82)
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Relation with Hermite’s polynomials:

d 3')2

bjo >= %(m + D) Ho(w)e ™ =0 (7.83)
We obtain
[n >= H,A:v)eié = Lin(:v - i)”Hoefé (7.84)
Vnl V2 dx
Which leads us to the following recursion relation for Hermite’s polynomials:
H,(z) = %ﬁeé(:ﬂ - %)”67%H0 (7.85)

7.4.7 Uncertainty Relationships

We calculate the expectation of the variables q and p in the excited states.

‘We obtain
[ h | R
=4/—x=14/—(b+ "
q mwx 2mw( +b7)
hod hod 1

d
22V hmw—
idqg 1dqg 1 mwdw

1 /hmw N
- ;1/T(b—b) (7.86)

Let us now determine the expectation values

h *
\/%<n|(b+b )|TL>—O
1 [hmw .

where we have exploited the fact that

p:

< nlgn >

<njn—-1>=0 (7.88)
In order to determine the uncertainties we calculate

h
<n|@*n > = 5 < n|(b+b*)?n >

h vo R 1
h
<n|p*ln > = —% <n|(b—b*)?n >
h
= —% < n|(b)2 = bb* — b*b+ (b*)%|n >
1
= mwh(n+ =) (7.89)

2
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We can summarize the uncertainty relation as follows:

1
\/< nlg?ln >< n|p?ln > =h(n + 5) (7.90)

7.5 Coupled Harmonic Oscillators

7.5.1 Harmonic Oscillator in 3 Dimensions

In this subsection we consider the quantum mechanical description of the
harmonic oscillator in three dimensions. The Hamilton operator reads

2 2 2 2
pz +p, +p;  nmw
H(p,q) = 2;“,'1 + = 42+ q; + ¢ (7.91)

This Hamilton operator can be written as the sum of three operators, each
describing a one-dimensional harmonic oscillator:

H(p,q) = Hy(pz, ) + Hy(py, qy) + H-(p2,q2) (7.92)

In the following we use the Hamiltonian in the dimensionless variable z =

VR Le.
2

d
H,(pg,x) = hwi[—w + 22 (7.93)

and, similarly, for the y,z directions.
We will show that the solution of the time independent Schrodinger equa-
tion

[He (P, @) + Hy(py,y) + H. (2, 2)]0(2,y, 2) = Ep(x,y, 2) (7.94)

can be reduced to the eigenvalue problem of the single harmonic oscillator.
To this end, we perform a product ansatz for the eigenfunction

(7,9, 2) = @ () 0y (y)p=(2) (7.95)

Thereby, the functions ¢, (), ¢, (y), ¢-(2) are only functions of z, y, z, re-
spectively. We insert this product ansatz into the eigenvalue problem (7.94)
and consider the fact, that the operator H;(p,,z) acts only on the function

p(z):
H (pz, ©)pz(2) 0y (¥) 02 (2) = 0y (y) @2 (2) H (pa, ) oz () (7.96)

and similar relations for Hy (py, y)¢(z,y, 2) and H,(p., z)¢(z, y, z). This prop-
erty, which is based on the special form of the Hamiltonian (7.92), allows one
to rewrite the eigenvalue problem (7.94) in the form
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1 1 1
o) e @)pa(a) £ @) o) He P2 2)e:z) = B
(7.97)

From the fact that the left hand side is a sum of three functions, the first one
depending on z, the second one on y and the third one on z, whereas the right
hand side is independent on z, y, z we conclude that each term on the right
hand side has to be a constant, which we denote as E*, EY, E*:

Hy(pz, ©)pa(x) = E¥pu(2)
Hy(py, y)py(y) = EY¢y(y)
H(pz, 2)p=(2) = E*p.(2) (7.98)

Hy(py, y)py(y) +

We recognize that, for each direction, we obtain the eigenvalue problem of the
harmonic oscillator. Each energy eigenvalue E*, EY, E* is then given by

1
EY = hwn, + -]
- 2
1
By = hwlny + 5]
1

E; =hwn.+ 5] (7.99)

with n; = 0,1, ... and the corresponding eigenfunctions

22

on, () = NH, e = (7.100)

As a consequence, the energy eigenvalues E of the Hamiltonian of the three
dimensional harmonic oscillator are characterized by three quantum numbers
n$7 ny 9 nz

1
Enz,ny,nz = ﬁw[nz + 5]
1 1
+ hwlng, + 5] + hw(n, + 5] (7.101)

and the corresponding eigenfunction is the product of the eigenfunctions of
the harmonic oscillators

Prg,my,n. (337 Y, Z) = Pn, (@‘PM (y)@nz (Z) (7-102)
For example, the ground state takes the form

22442422
2

©0,0,0 = Ne™ (7103)

These eigenfunctions form an orthornormal product basis of the Hilbert
space of square integrable functions in R3. Each wave function can be repre-
sented as a superposition of these basis functions
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LP(L Y, z, t) = Z Cng,ny,m. (t)@nx,ny,nz (xv Y, Z) (7-104)

Mg Ny, Nz

and the expansion coefficients ¢, n, . (t) can be determined from the function
U(z,y, z,t) by the evaluation of the scalar products

ey (1) = / dz / dy / 02pn, (2)Pn, (1) P ()W (2, y, 2,1)  (7.105)

We can reformulate the treatment of the three dimensional harmonic oscil-
lator in terms of the occupation number formalism. To this end we introduce
annihilation and generation operators for each direction. This allows one to
rewrite the Hamiltonian (7.92) in the form

1 1 1
H = hw,[blb, + 3+ huwy [bl by + 3+ huw, [bib, + 3] (7.106)

Here, we have slightly generalized our treatment by considering different fre-
quencies w, wy, w, for each direction.

It is straightforward to formulate the commutators of the operators b;‘, b;.
The commutation rules can be summarized as follows

[bi,b;] =0 lol]=0 b

R

bl = by (7.107)

i V)
The eigenvectors of the Hamilton operator are
[P, My, My >= [Ny > Iy > |0y > (7.108)
and obey
Hing,ny,n. >= En, n, .M, Ny, nz > (7.109)

The occupation number operator acts on the eigenvectors in the following
way
Mg [N, My, My >= blbm|nx,ny,nz >=ng|ng, Ny, n, > (7.110)

The eigenvectors can be determined from the ground state [0,0,0 > via
the creation operators b;r:

1 1 1
V! Vgl V!

[N, ey, My >

(b1)m= (b )™ (b1)"#10,0,0 > (7.111)

7.5.2 Aplications: Molecular Oscillations

We consider a simple model of a molecule, which we describe by the momenta
and the locations of its atoms. The atoms are glued together by electrons. We
describe this binding force by an effective interacting between the atoms. This
force is derived from the potential V(|Q1,..Q,). Newton’s law yields
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d

ZPi= Vo V(Q1,..Qu) (7.112)

A stable configuration of the molecule, denoted by QY is given by the condition

-V, V(Q1,.,Qn) =0 (7.113)

The Hamilton function is given by
Q?
H= E — +V - Qn 7.114
. 2mz + (Q17 7Q ) ( )

In order to describe oscillations of the molecule around the equilibrium state
QY we introduce the deviations

Q=Q)+a; Pi=p; (7.115)

In terms of these quantities, the Hamilton function takes the form

2
Pi
H:Zmi +V(QY +ar, ... Q) +an) (7.116)
J

We can now expand the potential energy around the equilibrium positions
and obtain

i,
(7.117)
The first order term of the Taylor expansion vanishes, since we consider the
equilibrium position.
We can lump all coordinates into the vectors p and q and obtain the
Hamilton function in the harmonic approximation as

J
2me,

1
H= +3 Z{; V59045 (7.118)

Furthermore, we perform the transformation

P = Pa/\/ Ve (7.119)

The Hamilton function then reads

p? 1
H = 7 + 5(1"/(1 (7120)

We introduce the eigenvectors u® of the matrix V

Vu® = A*u® (7.121)
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and the transformation

q= Z co(t)u®
p=) éat)u” (7.122)
As a result we obtain the Hamilton function

H= Z[|éa| + /\a|ca|2] (7'123)

Since the equilibrium state is stable, all eigenvalues \* > 0.

It turns out that due to translational invariance of the molecule there
are at least three eigenvalues which are zero. The corresponding motions are
related to a pure translation of the molecule.
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Hydrogen Atom

8.1 Classical Model

The classical treatment of the Hydrogen atom consisting of a positive core
surrounded by an electron is analogous to the Kepler problem of the motion of
planets around the sun. The classical formulation of this problem is completely
integrable.

Let us consider the mathematical formulation. The masses and the posi-
tions of the core and the electron are denoted by m., r. and me, r, respec-
tively. Newton’s law reads

mete = K(re — re)
met. = —K(r. —r.) (8.1)

where we have denoted the force between core and electron by K(r).
The Hamilton function reads

g P, P
2me  2me

LV (Jre — 1) (8.2)

8.1.1 Center of Mass, Relative Motion

As is well-known, the classical two body problem can be separated into the

motion of the center of mass, R = W, and the relative coordinate
etme
r=r,—rg

R=0
mi = K(r) (8.3)

m denotes the reduced mass defined according to

o _MeMe_ (8.4)
Me + Me
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The motion of the center of mass and the relative motion decouple.
The Hamilton function of the relative motion reads
p2
H=—+V 8.5
b V() (35)
r is the relative coordinate. The potential for the case of the Hydrogen atom
is given by

v=-1= (8.6)

dmeg T

¥ 1 e
r

8.1.2 Conservation Laws

The classical problem (Kepler problem) is integrable due to the existence of
the conservation of energy and angular momentum.

8.2 Quantization

h? h?
H=——MA,_ ——A v — 8.7
. e 2ma e + V(lre —rcf) (8.7)
We introduce relative coordinate and center of mass coordinate according
to

r=r,—re
R = [ele T Mecre (8.8)

Me + M

The inverse transform is given by (M = m. + m,)

r =R+ %r
rc:R—i—%r (8.9)

This transformation yields the Hamiltonian

h? h?
H=—-—Ap— —A, 1
A = 5 A+ V() (5.10)
The proof is straightforward. We express the gradients with respect to r,

and r. in terms of R and r:

Ve = —V V.,
c T R+
Me
Ve, = —Vgr -V, 8.11
.= 2evn (8.11)

Subsequently, we calculate



8.3 Hamilton Operator in Spherical Coordinates 7T
8.2.1 Separation of Relative and Center of Mass Motion

The Hamiltonian of the joint motion of core and electron is separated into
the Hamiltonian for the center of mass, Hg, and the Hamiltonian H, of the

relative motion:
H=Hgrp+ H, (8.12)

The center of mass part, Hg, is the Hamiltonian of the motion of a free
particle.

For the solution of the time dependent Schrédinger equation we can per-
form a separation ansatz

U(R,r,t) = Vr(R, 1)V, (r,t) (8.13)

This separation ansatz yields the two Schrédinger equations

m%qu(R, t) = HrWr(R, 1)

ih%%(r,t) = H,0,(r,1) (8.14)

8.2.2 Time Independent Schrodinger Equation

The ansatz .
U, (r,t) = e "mly(r) (8.15)
leads to the time independent Schrodinger equation
h2
B (r) = — 5 A(x) + V(e ) (3.16)

8.3 Hamilton Operator in Spherical Coordinates

In this section we consider the quantum mechanical treatment of the motion
of a particle of mass m in a central force field, which is obtained from the

potential
K(r) = -V, V(r) = —e, V'(r) (8.17)

Due to spherical symmetry, it is convenient to express the wave function
W (r,t) in spherical coordinates r, 6, ¢:
x = rsinfcosp
y = rsinfsing
z = rcost (8.18)

Our first task consists in expressing the operators V, A in spherical coordi-
nates.
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8.3.1 Gradient and Momentum Operator: Spherical Coordinates

In this subsection, we shall derive a representation of the nabla operator, and,
in turn, the momentum operator in spherical coordinates. Our starting point
is the decomposition of the gradient of a function f(r) into a radial and a
transversal part:

Vi=ere  (Vf)—e, x[e x (Vf)] (8.19)
where e, denotes the unit vector in radial direction:

ri

[er]i = - (8.20)
It is straightforward to proof that in spherical coordinates
e, V=4~ 2~ (8.21)
We consider now the momentum operator
h
p=-V
i
1
=ep.——e, xL (8.22)
r
Here, we have defined the operator of angluar momentum:

h
L=rx=V (8.23)

We can now determine the Laplacian in terms of the operator of angular
momentum. We calaculate

00 _90md . nl
or; Or;  Or;r Or Eukrh

_2£+6_2_£,, i?‘_] _;’_QaL
T rdr  or? T“Leuk or; r r Or; k

_ 10,9 i 1,0
T r29r or B ik or;

Ly (8.24)

We can summarize the representation of the Laplacian in terms of the
operator of angular momentum
10 ,0 1

A= ——r"— — L 2
2or or r2h2 (8.25)

In the appendix we shall explicitly specify this operator in spherical coor-
dinates:
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0 50 1,1 90 . 0 1 02
or sin20 Op?

1
T2

or T_Q[sinH %smﬁﬁ (8.26)

As a consequence, the Hamiltonian for the motion of a particle in a spher-
ically symmetric potential reads

10 ,0 L2

- —— 7 —
2mr20r Or  2mr?

Thereby, we have defined the operator
1 0 0 1 02

L? = —h*[— —sinf— +

sinf 90" 00 sin298—902]

As we shall see this operator is related to the operator of angular momentum,
L

+V(r) (8.27)

(8.28)

8.3.2 Separation Ansatz

The time independent Schrodinger equation
Hy(x) = E(x) (8.29)

is a partial differential equation. It is straightforward to perform the following
separation ansatz

P(x) = R(r)Y (6, ¢) (8.30)
Thereby, we exploit the fact that L? is an operator acting only on the function

Y (O, ¢). Inserting this ansatz into time independent Schrodinger equation we
obtain

10 4,0 1 L2Y (9, )
=———=—1“"—R — 8.31
om 2 0r or (r) 2mr? Y (6,¢) (8:31)
In order that this separation ansatz makes sense, the quantity
LY (0,0) _ 2
—— L =h0 8.32
Y 0.9) (532

has to be a constant, which we take to be h?£2. We recognize that this condi-
tion leads to an eigenvalue problem corresponding to the operator L2:

LY (0, 0) = B2QY (6, ) (8.33)

The investigation of this eigenvalue problem will be performed in the next
section.

The separation ansatz leads us to the following eigenvalue problem for the
radial part R(r) of the wave function

[ P19 ,0 @ R0
i R R el

2mr2 9r  Or = 2mr?
The eigenvalue problem for the motion of a particle in a central potential

is decomposed into two eigenvalue problems, one for the angular part, the
other for the radial part of the wave function.

+V(r)]R(r) = ER(r) (8.34)
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8.4 Angular Momentum

8.4.1 Eigenvalue Problem

In this subsection we discuss a direct solution of the eigenvalue problem
LY (6, ) = h2QY (0, ©) (8.35)

with the explicit form of the operator L? in spherical coordinates:

1 90 .,0 1 02

—[m %smﬁﬁ + ma—(pz]Y(@, ) =Y (6, ) (8.36)
We perform the ansatz
Y (0,0) = Y, (0)e™? (8.37)
In order to fullfill the boundary condition
Y@, p+2m)=Y(0,9) (8.38)

we have to assume that m = 0, £1,.... This yields the following equation

_[Lg 90 _ m_2]
sinb 8982n 00  sin20

We furthermore introduce the coordinate

Yo (0) = 2V, (6) (8.39)

d dx d .o d
xr = 0089 @ = @@ = —Slnea (840)
to obtain the equation
d 2 d m m2 m m
(L =a) = P — o5 P"(2) = —2F"(2) (8.41)

This is the associated Legendre differential equation.
In the case m = 0 we obtain the Legendre differential equation, which can
be written in the form

(1 - )P/ (x) — 20} (x) = APi(x) (8.42)

The associated Legendre functions are obtained from the Legendre func-
tions by differentiation with respect to x:

PIM(a) = ()" (1= 22" 2 py ) (3.43)

l
0
1
2
3
4

=

cg
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Sommerfeld’s Polynomial Ansatz

In the following we use Sommerfelds polynom ansatz in order to solve the
eigenvalue problem
(1—2%)P" —22P' = \P (8.44)

We look for a solution in terms of the Taylor expansion of P(z) at = 0.
P(z) = Z apzt (8.45)
k=0

This expansion should converge in the interval —1 <z < 1.
Inserting the Taylor expansion into the eigenvalue proble yields

> apk(k — 1)@ = 2*) = 2kara® = Aaga® (8.46)
k=0 k=0
so that we obtain the recursion relation
a2k +1)(k+2) —ar(2k+k(k—1)+X) =0 (8.47)
This recursion relation can be cast into the form
Ghtn = %ak (3.48)

Polynomial solutions exist provided the Taylor expansion terminates at k = [.
This condition immediately yields the eigenvalues:

A o=—l(l+1) (8.49)

The corresponding polynomial eigenfunctions are obtained by the recursion
relation.

Rodrigues Formula
(2% — 1) (8.50)

Generating Function

1 !
- _\¢p 851
V-2t 2 ; () (8:51)

Bonnet’s Recursion Relation

(l+1)Pyi(z) = 2L+ DzP(z) — 1P _1(x) (8.52)
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Orthogonality Property

1
2
/_1 dCCB (:Z?)B/ (:E) = 5111/21—_’_1 (853)

Parity:
Py(z) = (=1)' P () (8.54)

8.4.2 Algebraic Treatment

The operator of angular momentum is defined by

L:rxpzrxzv (8.55)
i
or, explicitly
h 0
Li = ;Eijkrj —6’r‘k (856)

In cartesian ccordinates the x,y,z- components of the operator reads

b9 0 k99 k9D

Lx—_. a. _Lz—_. - L5 z — - Y .
z[yaz Zay] Z[ZB:E Yoz z[xay yax] (8:57)

As shown in the appendix, the operators of angular momentum expressed
in spherical coordinates are as follows:

h, 0 0]
L, = ;[ya —Za—y]

1

= h[sin 2—1—00156‘005 i]
- Y o6 Yo,

00
h. O 0
;[wa—y—y%]
h o
i0p

= —|[cos 9 cotfsin 2]
o 7 (p(?ga

(8.58)

Using these representations we can determine L2:

1 0 . 0 1 92
—sinf— +

L? = -p? ey iy
{sin9 00 00 sin26 0p?

} (8.59)



8.4 Angular Momentum 83
8.4.3 Eigenvalue Problem connected with L2, L,
We investigate the eigenvalue problems

L*Y (8, )
LY (0, )

QY (0, )

=h
= hm2Y (0, p) (8.60)

Our treatment will be algebraic.

8.4.4 Commutation relations

The various components of the operator of angular momentum do not com-
mute. The following commutation rules follow from the definition of the op-
erator of angular momentum:

LiLj — LJLl = eijkith (861)
Proof:
0
LiL; = _hQ{EiklEjmnxka_xlxma—xn}
g 0
= _ﬁ2{€iklejmnxkxm8_,mf)—%
0
— h2{€ikl€jmn5lmxka} (862)

leading to the commutator We interchange the indices i and j and obtain
for the commutator

0 9]
[Li, LJ] = _hz{Eikle‘jmnélmxka—xn} —+ hz{ejklfimnélmxk%} (863)

With the help of

€ikl€ljn = 0ij0kn — Oindjk (8.64)
we end up with the commutators
0 0 .
[Li,Lj] = —h2[$j 6(Ei - Ila—x]] = ZhﬁijkLk (865)

The operators L; are generators of the Lie-group SO(3).
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The Operator L2

We define tha operator L?

L= L}=L{+L3+L3 (8.66)

It is straightforward to determine the commutators between the compo-
nents of L and L2:

(Lo, L) =Ly Li =Y LiL; (8.67)
k k

We calculate the commutator between
[Li,L3] = L;L} — LiL; = +LyL;Ly, + [Li, L)Ly — L3 L;
= L2L; + Ly[Ly, Li) + [Li, Ly Ly — L3L; =

= ih > [Liexi;Lj — exijLiLi] = ih Y exij[LiL; — L;Li](8.68)
J J

If we sum over k, we obtain

[Li, L?] =0 (8.69)

Ladder Operators
It is convenient to define the operators

Ly =1L, +il,
L_=1L,—ilL,=(Ly) (8.70)

They will play a similar role as the operators bf and b for the harmonic
oscillator.

The Eigenvalue Problem
We consider the eigenvalue problems

L2[im > = h*R|lm >
L.llm > = hm]|lm > (8.71)

Thereby, we have denoted the eigenvectors by |lm >. We need to indices to
enumerate the eigenvectors since they are eigenvectors to the operators L — z
and L2.
a) We first proof the following inequality between the eigenvalues mh and
0h:
2 >m? (8.72)
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For the proof we explicitly consider
(L2 + L2 + L2]|im >= [L2 + L2 + m*h*][lm >= h*2|lm > (8.73)
which leads us to
(L2 + LY]|im >= h*(22 — m?)|lm > (8.74)
L, L, are hermitian operators such that
<Im|L + L2|lm >=< Lylm|Lylm > + < Lylm|Lylm >> 0 (8.75)
As a result, we obtain the inequality
(2-m?) >0 (8.76)

b) We now show that L, and L_ are ladder operators: Provided that
|lm > is an eigenfunction of L? and L, with eigenvalue mh, L |lm > is an
eigenfunction of L? and L, with eigenvalue (m + 1)k

Proof: The operators L4 commute with the operator L2. Therefore, they
possess common eigenvectors. It remains to show that Li|lm > is also an
eigenfunction of L,. To this end we calculate the commutator

[L.,Li] =L, Ly)£4[L,, L, =ihL, £ hL, = £hLy (8.77)
The proof is straightforward:
LaL.Yim = —[Lz, Li]Yim + Lo L Yi = AmLeYim, (8.78)
Using the commutator (8.77) we conclude
L.LiYy, =h(m £ 1)Y, (8.79)
so that up to a normalization constant Nj,,
LiYim = NimYim+1 (8.80)

¢) We are now in the position to determine the possible eigenvalues 2 and
m. Since the quantity
N-—m?>0 (8.81)

there exist minimal and maximal values m,in, Mmae. Since the operators L4
are ladder operators we conclude that

L Y., =0 . LYy, =0 (8.82)

Mmin

We now determine the eigenvalues of L2. To this end we consider

L_Ly = (Ly —iLy)(Ly + iLy) = L3 + L2 +ih[Ly, L] (8.83)



86 8 Hydrogen Atom

. 2 12

L. Ly=L?+L%~hL,=L%—L.(L.+h) (8.84)
In an analogous way, we obtain

. 2 12

LyL_=IL2+L2+hL,=L?-L.(L.—h) (8.85)
Thus,

L Ly |lmmar >=0=h*(2 —m2, ., — Mmaz) [ 1Mmaz > (8.86)
Ly L _|lmpin >=0=h2(2 —m2,;,, + Mumin) [1Mmin > (8.87)

However, we have to postulate that

n= Mmaz (mma;ﬂ + 1) - mmin(mmin - 1) (888)
This relation can be combined to yield
0= Mmazx (mmaz + 1) - mmln(mmln - 1)
= (mmam + mmin)(mmam — Mmin + 1) (889)
From here, we conclude
Mmax = —Mmin (890)
Possibilities: min = —!
Angular momentum: m = —I[, ..,0, ..,
Spinl:1/2,l:%,l:g
d) The Ladder

We specify explicitly the relations between the eigenfunctions im > and
l,m £ 1 > which arise due to the operators L. We have the relation

Li|l,m>: Nl,:t|l;m:l:1 > (891)

We now determine the normalization constant N; +. We obtain

1
<lmzx1lll,m+l>= N7 < Lylm|Lylm >

l,+
1
Nis
We can now express the operators L+ L4 in terms of L2 L,:
LyLy=L1%—-L,(L,+h) (8.93)
Therefore,
Nt =h/I(l+1) —m(m£1) (8.94)

We are now in a position to summarize the relations induced by the ladder
operator:

Lill,m>=h/l(l+1)—m(m+1)[l,m+1>
L_|l,m>=h/I(l+1)—m(m—1)|l,m—1> (8.95)
These relations especially include

L_|l,=l>=0 Li|l,l>=0 (8.96)
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Spherical Harmonics

The operators L. can be represented in spherical coordinates

; 0 0
_ it .
Ly =he™"[+ 20 + zcot@—aw] (8.97)

We can successively obtain the spherical harmonics starting with ¥; ;. To
this end we notice that

LY, ;= neii“*l)w[—a% + lcotf]Y;,_; =0 (8.98)

This is a first order differential equation which can be solved in a straight-
forward manner:

Y1 = Nisin'@e™ ¢ (8.99)

The normalization constant is determined by the relationship
/sin@d@dg@Nﬁsinm@ = 27TNZ2/SiTL9d98i7’L2l8 (8.100)

The eigenvectors Y} ., can be determined in a straightforward way using
the ladder operator L:

1 1
/Il +1) —m(m+1)

Yimi1 = LiYim (8.101)

In a similar way, we obtain the relationship

1 1

Nom o = T ) =i =)

L_Yim (8.102)

Spherical Harmonics for Small 1
a) I = 0 (s-Orbital)
Yoo= — (8.103)

b) { =1 (p-Orbital)

3 3z
}/110 = ECOS@ = E; (8104)
/3 ; 3 xEi
}/l,:tl = gsinﬁeli“" = g:p ” i (8105)

¢) I =2 (d-Orbital)
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[ 5
Yo = 1/ ——(3cos?0 — 1) (8.106)
’ 167

/15 ;
Y51 =/ —3sinfcosbe'? (8.107)
8w
15 ;
Yoo = \/ o= sin?0e¥ (8.108)
’ 327
Y] = coso ¥ = 3cos’e-1

¥i=1

’Y; = cos8 sing sing Yg=5cosse3cuse W;:tﬁmszm Jsin® cosg

Fig. 8.1. Visualization of low order spherical harmonics

8.5 Radial Eigenfunctions: Hydrogen Atom

We adress the eigenvalue problem determining the radial part of the wave
function of the Hydrogen atom.

P10 ,0  RAI+1) v B
{—ZEET o —21”'2 - ;}1/)(T) = Ey(r) (8.109)
We perform the ansatz
u(r
P(r) = —i ) (8.110)

since 10 ,0ur) 100
9 ,0u(r) 1009
2or or r r@r@rTu(r) (8.111)
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Furthermore, we introduce a dimensionless radius p, where a is Bohr’s radius,

.
P=1 (8.112)
and obtain
) RAL+1)
(5,020,050 T oz~ g M0) = Eulp) (8.113)
0? (+1) 2
g T =g — Shule) = eulp) (8.114)

Thereby, we have introduced a dimensionless quantity e related with the
energy
E
€= —
Ry
2
Y
Ry = —
1 op2
h2
a=— (8.115)
Y

a: Bohr’s radius, Ry Rydberg constant

8.5.1 Asymptotic behaviour p — oo
The asymptotic behaviour for p — oo is obtained from (8.114):

d2
—u = —€u (8.116)

We are interested in bound states: ¢ < 0. The solution of (8.116) is the
function

u(p) = aeVlde 4 pe=Vlele (8.117)

The function u(p) should approach 0 for large values of p. This results in
a=0.

8.5.2 Sommerfeld’s Method

We determine the radial functions u(p) by Sommerfeld’s method. To this end
we perform the ansatz
u(p) = e~ P(p) (8.118)

with

a=+—¢ (8.119)
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and obtain the following differential equation defining the function P(p):

02 o 1(l+1)

0 aap 2p?

+ %}P(p) —0 (8.120)

This differential equation defines an eigenvalue problem.
The asymptotic behaviour for small values of p is determined from

0% I(l+1)

— — P(p)=0 8.121

5~ S5 1) (8.121)
This yields the solution

P(p) = cp™V 4+ dp~ (8.122)

The second part diverges for p — 0.
For the general solution we perform the following polynomial ansatz

P =p" >y app® = o' L(p) (8.123)
k=0

This ansatz has the correct asymptotic behaviour for p — 0. Inserting this
ansatz into the differential equation we are led to the relation

> ak(l+14E) 1+ k) = 2000+ 1+ k)arp ™ + 20,
k

—(I 4 Dlagp'™*1 =0 (8.124)
The corresponding recursion relation reads

> ar{(I+1+k)(1+k)—1(1+1)]p T —2la(l+1+k) —1arp ™} = 0 (8.125)
k

20l + k+1) — 1]

a = a 8.126
T U k)l k+ D) I +1) " (8.126)
The Taylor expansion (8.123) stops at order K, provided we require
al+K+1)—1=0 (8.127)
This requirement determines the energy eigenvalues
e=—o?=—— L (8.128)
(14 K+1)2 '

We can label the eigenvalues and eigenfunctions introducing the principal
quantum number n

n=Il+K+1 , n=12 .. (8.129)
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n=1/K=0{1=0

I
O =

n=2

I
— O
—_—

i
w
AR

0
1
2

»—aw)—l
O =N

The quantum number of angular momentum 1 is restricted to the principal

quantum number
l=0,1,..,n—1 (8.130)

Magnetic quantum number m

1, —1+1,..,0,..0— 1,1 (8.131)

8.5.3 Associate Laguerre Polynomials

The ansatz (8.123) introduces the so-called associate Laguerre polynomials
L(p). Inserting this ansatz into the differential equation (8.120) yields

pL" +[2(1 + 1) = 2ap]L’ — 2a(l +1) = 2]L =0 (8.132)
The transformation .
=2 8.133
p=o (8.133)
The so-called associate Laguerre differential equation is obtained by con-
sidering that o = % Furthermore, we perform the transformation
p:%x (8.134)

This leads us to the so-called associate Laguerre differential equation

o @) ) 110 L D) 4 ) L] @) = 0 (8135)

The solutions of this differential equation are the associate Laguerre polyno-
mials Lil_tll (x).

Thus, the radial eigenfunctions R,;(r) can be constructed from the asso-
ciate Laguerre polyonials:

T T
Ry (r) = N () L (2—) (8.136)

Rodrigues formula

-~ d 2l+1 d n+l l
L2 = (—@> e’ (—@> e Tzt (8.137)
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8.5.4 Summary: Energy Levels and Wave Functions

The energy eigenvalues (energy levels) depend on the principal quantum num-

ber n .
En = RHE = —RH—2 (8138)
n

where Ry denotes the Rydberg constant. These energy levels are degenerate
with respect to the quantum number of angular momentum [, whereas [ =
0,..,mn — 1 and furthermore, with respect to the magnetic quantum number
m=—I,..,1

The wave functions depend on the principal quantum number n, the quan-
tum number of angular momentum 1 and the magnetic quantum number m.

Yntan(1:0,0) = m Lm0 >= R ()i, (8.139)

RI,O = 2a_3/26_”
Rao = (2a)%/%(2 — p)e~?/?
Roq = 371/2(2a)73/2p67p/2

2 2
Rg)o = 2(3&)_3/2[1 —=-p+ —p2]6_p/3

3P ot
W2, I
R3y = T(?ﬂl) 2p[1 — Ep]e o3
2v/2
R32 = i(3a)*3/2p2e*9/3 (8.140)

8.5.5 Associate Laguerre Functions
8.5.6 Symmetry and the Spectrum of the Hydrogen Atom

The degeneracy of the energy eigenvalues with respect to the magnetic quan-
tum number is the result of the spherical symmetry. This becomes evident by
the form of the Hamiltonian, which only depends on L?, but not on L.

8.5.7 Runge-Lenz-Vector

The degeneracy of the energy eigenvalues with respect to the quantum number
of angular momentum is also related to a conservation law. The Runge Lentz
vector is defined as r

A=1"><L—7; (8.141)

It is straightforward to show that the Runge Lentz vector A is a constant of

motion, i.e.

d
—A=0 8.142
g (8.142)
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8.6 Alkali-Atoms

The Alkali atoms Lithium, Natrium, Kalium, Rubidium, Caesium, Franzium
exhibit spectra which are quite similar to the spectrum of the Hydrogen atom.
This is related to the fact that they have a single valence electron. A naive
picture of such an atom is one, in which the positively charged core with
charge Z e is surrounded by a cloud of (Z-1) electrons and a single valence
electron. If the valence electron has orbits which are far away from the core
and the (Z-1) electrons, the behaviour should be quite similar to the hydrogen
atom, i.e. the potential energy of the valence electron would be equal to

Vi(r)=- Trear (8.143)

However, if this electron comes close to the core, the potential energy changes

to
V(r) = Ze (8.144)

4mer

As a consequence, the effective potential is not proportional to 1/r. The de-
generacy of the spectrum of the Hydrogen atom with respect to the quantum
number | is broken. One expects the following dependency of the energy spec-
trum

1
En = —Rm (8.145)

Here, the shift A(n,!) is due to the effective potential.

8.7 Appendix: Angular Momentum Operators and
Spherical Coordinates

The coordinates x, y, z are related to spherical coordinates r, 8, ¢ according
to

x = rsinfcosp
y = rsinfsing

z = rcosf (8.146)

Our aim is to determine the oprator of angular momenta in spherical
coordinates.
We start by calculating the derivative with respect to ¢:

0 _owo oo 0:0
dp  Opdx  Opdy 0Op 0z

o )
= —v5: + 75, (8.147)
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This operator is related to L.:

o9 9. hd
1

[xa_y —y%] = ;8_@

L,=
Next we calculate the derivative with respect to 6:

0 _9z0 w0 9:0
00  000x 000y 060z

.0 x 0

= zcos<p% + zszngaa—y — Coscp%
B) .9 y 0

= zcos<p% + zszngaa—y - singo&

Thus, we obtain

cos 92 = zcos? 2—i—zsm cos g—xﬁ
Yoo e POy T Yoz
sin 2 = 2COo5pSin i—l—zsirﬂ 2— 2
Pag ~ FOTP s Yoy Yo
Now,
cos 2 = z(cos® —1)2+zsin cos g—f—zﬂ—xﬁ
o0 L POy T Yo Yoz
sing—- = zcospsing— + z(sin? —1)—+z£— 9
Pog I s P Ve Ty T Yoz
cosp— = —zsin’p— —+ zsingcos ——I—z——xi
o0 Yor PO, T s T Yoz
sin g—zcos sin 2—20052 3—i—zg— g
Yog — Feosesty, Yoy "oy " Y5
co 2*—cot@in 2—i—a:cot@in g—l—z——xg
Pop — YOI, ey T e Yo
in 2 = ycothcospsin 2—xcot@cos 2—I—zg— 2
g =Y Lk Yoy "oy Yoz

With the help of (8.147) we obtain

0 .0
cosp— — cotfsinp— = z— — r—

00 dp ox 0z

simpE + cot@cosg@i =z— —
00 dp

(8.148)

(8.149)

(8.150)

(8.151)

(8.152)

(8.153)

(8.154)
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The operators of angular momentum expressed in spherical coordinates
are as follows:

h, 0 0]
Ly = ;[ya - Za—y]
= —E[sin 2 + cotfcos i]
o 790 (p(?ga
h,. 0 0
Ly, = ;[2% - w&]
= E[cos 9 cotfsin i]
i 790 (p(?ga
h,. 0 0
L. = ;[xa_y - y%]
h 0
= —-— 1
e (8.155)
Using these representations we can determine L2:
2
| I 9 ing 2. - 0 } (8.156)

sind 00 90 ' sin%0 9p?
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Diatomic Molecule

We consider a diatomic molecule. The two atoms form a molecule due to the
binding forces resulting from the motion of electrons around the atoms. We
will take this biding force into account in a phenomenological way postulating
the existence of an attractive force between the two atoms, which we char-
acterize by the potential V(). This potential will have the form depicted in
figure (). Frequently, it can be approximated by the so-called Morse potential

V(r) = Vo(1 — e (r—ro)/a) (9.1)

If we denote the masses and the locations of the atoms by m; and r; we
obtain the Hamilton operator
n’ R’
H=——-"A - —A+V — 9.2
o 2 2my 2+ V(|ry —r2f) (9.2)
As described in a previous section we are able to separate the motion of
the center of mass and the relative motion. The Hamiltonian for the relative
motion reads
h2
H=—-——A+YV 9.3
A+ V() 93)
As a result, we have reduced the problem of a molecule consisting of two
atoms by the motion in a central force field given by the potential V(r). The
Hamiltonian reads
2
H = _h_iﬁ 20 L

2m r2 8TT or | 2mr2

+V(r) (9.4)

We assume that the oscillations around the equlibrium position R are small
so that we can make the transformation

r=R+ux (9.5)

In lowest order we obtain the Hamiltonian
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A
v(r)

Fig. 9.1. Potential energy of the binding force of a diatomic molecule

h2 92 mw? 9 12
“oma T 2 ¥ty (9.6)

where we have introduced the momentum of inertia
J =mR? (9.7)

The Hamiltonian consists of two parts. The first part is an harmonic oscillator,
the second part is related to the rotation of the molecule.

The Hamiltonian is obtained under the assumption that the deviation x
from the equilibrium position is small compared to the equilibrium distance
R. This allows us to perform the following approximations

0 0?

20 O
(R +2) Oor  Ox2

L 9
(R4 x)? 0z
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V(R+z)=V(R)+ w%V(R)
2 2
+ 129 vy —vr)+ %:ﬁ

2" oR? (0.8)

Introducing creation and annihilation operators for the harmonic oscillator
part we end up with the Hamiltonian

1 L2
= (9.9)

H = hwb’b+ =
wpb'o+ 51+ 57

The corresponding energy eigenstates are obtained in a straightforward
manner. A product ansatz yields the eigenstates

[n,l,m >=|n>|lm > (9.10)

or, in terms

22
¥(2,0,¢) = NpyHy(z)e” TY™(6, ) (9.11)
The energy spectrum takes the form
1. RA(I+1)
E,i=h )+ ——" 9.12
The spectrum is degenerate with respect to the quantum number m.
It turns out that the quantity
72
— << hw (9.13)

2J

A schematic picture of the eigenstates are given in fig.
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VIBRATION-ROTATIONAL
TRANSITIONS IN A DIATOMIC MOLECULE
AY=-1 (P-branch) AJ = +1 (R-branch)
I's A N7 A N\
6 )
5 ¥ »
4 Y ) >~ .T-I-
3 [ Y [
’.15 A [}
T=0 [y B ) -
6 =\
5
4 -1
3
2
1
J=0 ~
2B 4B 1B
BB i e I 5 E
Spectmm | | | | | I | I | I I e

Ps Ps Pq P3 Py Py T Rg Ry Ry R3 Ry Rg
oy (missing)

Fig. 9.2. Vibrational rotational spectrum of a diatomic molecule
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Perturbation Theory

Only very few problems in quantum mechanics can be treated exactly. Exam-
ples are the harmonic oscillator or the Hydrogen atom. In order to deal with
other systems of interest, e.g. the Hydrogen atom in an external electric field,
one has to ressort to approximations applying so-called perturbation theory.

In this section we are concerned with time independent perturbation the-
ory. The general outline of the problem is as follows:

We have to solve the time independent Schrodinger equation for a Hamil-
tonian whih is composed of the operator Hy, whose eigenvalue problem can
be solved explicitly, and a perturbation V:

[Ho + eV]|Y >= E|¢ > (10.1)

A smallness parameter € is introduced in order to enumerate the arising terms
of order 1 =€, ¢, €2 ...

One assumes that the eigenvalue E = E(e) and the eigenvector |1 >=
[t)(e) > are smooth functions of €, which are known for e = 0. Perturbation
theory is devoted to the calculation of the corrections, which arise for small
perturbations eV

E=E"+eE' +&2FE% + ...
[ > = [0 > +elpt > +2 [P > +... (10.2)

If we have , for ¢ = 0, a nondegenerate eigenvalue, we expect a shift of this
value. In the case of degen

10.1 Introductory Example

We consider the eigenvalue problem

H|Yp >=[Ho+ eW]ly >= Elp > (10.3)
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with the symmetric 2 x 2 matrices

. El 0 . W1 w
HO_(O E2> , W_<w W2) (10.4)
The eigenvalue problem is then related to the solution of the linear homoge-
neous system
Fi+eW; — F ew U .
<ew E2 +6W2 —E) (’lﬂg =0 (105)

Nontrivial solutions are obtained provided

Det(Ho+ eW — EI) = (Ey + €Wy — E)(Ey + eWs — E) — 2w?
=FE?>— (B, +Ey + (Wi + Wo))E
+ (El + EWl)(EQ + EWQ) —Ew?=0 (106)

The characteristic equation can be solved

B + B + e(W) + Wa) jE\/(Eg — B + (W1 — Wa))

E =
1.2 2 4

+ w? (10.7)

In order to obtain the eigenvalues for small values of €, we can expand into
a Taylor series with respect to the smallness parameter €. To first order in €
we obtain

By, = E)+ Wy
Ey = EJ + €W, (10.8)

To second order in €2 the result reads
2

2(Ey — E3)
2

2(Ey — Eq)

By =FE) +eW, + ¢

Ey = E) + Wy + €2 (10.9)

10.2 Perturbation Theory: Nondegenerate Case

In this section we shall generalize the above result to the time independent
Hamilton operator:
[Ho + €V][¢ >= El¢p > (10.10)

We assume that the eigenfunctions |n > and the eigenvalues F, of the
Hamiltonian Hy are well-known:

Holn >= E%|n > (10.11)
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In order to solve the linear eigenvalue problem we perform the following
expansion

E=E’+eE"+€E* + ...
[ > = [0 > +elpt > Y2 > (10.12)
Inserting this ansatz into the eigenvalue problem and collecting terms of
the same order in € we find
Hol" > —E°|p° > =0
Holpt > —E°|p > = —EH¢° > V[ >
Holy? > —E°? > = —E° > —E'|¢' > —V|' > (10.13)
In general, one could write down the expansion in n-the order.

We shall now solve this set of equations order by order. In zeroth order we
obtain the solution
E°=E° | [0 >=|n > (10.14)

where we consider in detail a perturbation of the n-th eigenfunction corre-
sponding to the eigenvalue E?.
Let us now preceed to the solution of the first order equation

(Ho — ED)|' > =FE'ln > —V|n > (10.15)

We can immediately determine the first order correction E! to the energy
value EY by forming the scalar product of this equation with the eigenvector
[n >:

<n|(Ho— EX)|Y' >=E' <njn>— <n|V|n > (10.16)
The left hand side, however is zero, since

<n|(Hy — E%)|9" >=< (Hy — EX)n|y' >= (E? — EY) < njyp >=0 (10.17)

n

As a result, we obtain the first order correction
E! =<n|V|n > (10.18)

We proceed to determine the first order correction to the eigenvector,
which is determined by eq. (10.15). To this end we perform an expansion of
the first order correction |[¢)! > in terms of the complete set of eigenvectors
[n >

Wt >=> " cklk > (10.19)
k

Equation (10.15) yields with the help of Holk >= E2|k >
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(Ho—Ep)Y chlk >=> (B — E))ck|k >=E}ln > -Vin>  (10.20)
k k

Projecting this equation onto the eigenvector |m > yields

> (B — ES)CE < mlk >= E'6pn— < m|V|n > (10.21)
k

where we have exploited the fact that < m|n >= d,,,,. We arrive at
(ES — ENOe™ = B pn— < m|Vn > (10.22)

Again, we see that taking n = m we obtain as solvability condition the first
order correction E} =< n|V|n >. For n # m we can determine the coefficients
ot
<m|Vin >
ol =< —————— (10.23)
"R - B,

Thereby, we have to assume that EC # EY | i.e. that we have no degeneracy
of the energy spectrum. This case will be treated below.

We can now summarize our results to first order in

E=E)+¢E; =E2+e<n|V|n>
<m|Vin >

We shall proceed to the treatment of the second order corrections E2 and
12 >, which are determined by

Ho|y? > —E2? > = E?|n > +EYy' > ~V|y! > (10.25)

Again, we can employ a solvability condition by forming the scalar product
with < n|. The left hand side vanishes identically, whereas the right hand side
yields the second order contribution

| <m|V|n > |2

E? =<V, >=Y_ <n|V|m > =< = — B (10.26)
We can now summarize our results to second order in €
<m|Vn > |?
E:E2+€<TL|V|TL>+E2Z<%
m;ﬁn n m
|w>—|n>+zw|m> (10.27)
B — EY — EY, '

The second order contribution to the eigenvector can bed determined in a
straightforward manner.
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10.3 Perturbation Theory for Degenerate States

Example:
(52 %‘{J > (10.28)
Characteristic equation:
(E — Ep)? —uw? =0 (10.29)
E=Fy+tew (10.30)

General: Finite dimensional subspace

Hyln,a >= E%|n, o > (10.31)
Ansatz:
[ >= " cnalna > +e > kB> +. (10.32)
« k#n
eWchama >=¢E} chama > (10.33)
Projection

Z[< na|Wng > —Er6a.slcna =0 (10.34)

(e
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Atoms in Electric Field

11.1 Application of Perturbation Theory

We consider the Hamilton operator of a Hydrogen atom in an electric field
H=Hy+er-E (11.1)

In order to approximately determine the energy levels we take the direction
of the electric field as the z-direction and introduce spherical coordinates. As
a result we obtain

H = Hy + ercosbE (11.2)

As we have seen in the section on time independent perturbation theory
the various corrections are related to the matrix elements

< nlm|V|n'I'm' >=< nim|rcosfn’l'm’ > (11.3)
where the eigenfunctions of the Hamilton operator Hy are denoted by
[nim >= Ry (r)Y;™ (6, ¢) (11.4)

The explicit expression for the matrix elements

< nlm|rcosOn’l'm’ > = /OOO r2dr /07r sinfdo /027r doRy (1)1 Ry (1)
X Y™ (0, ©)* cosY,™ (6, ) (11.5)
explicitly shows that the integrals factorizes according to
< nlm|VIn'U'm' >= My Kninov (11.6)

where the matrix elements M, ;/p, involves integration with respect to the
variables ©, ¢
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T 27
M irmy = / sin@d@/ dpY;™ (0, cp)*cosHYIT”/ 0, ) (11.7)
0 0
and a matrix element in volving the integral
Knl,n’l’ = / r2dar’l’ (T)TRnl (T‘) (118)
0

It is convenient to represent cosf as a spherical harmonics according to

cosf = 4/ 4%3/10(6‘, ®) (11.9)

As a consequence, one has to evaluate the integrals

T 27
Mot = / sinbdo / dpY™ (0, ) Y2 (0, )Y (6, o)
0 0
= <YV Y > (11.10)

We emphasize that this matrix element is an example of a Clebsch-Gordon
coefficient.
Due to the fact that

Y™ = ™% L (cosb) (11.11)

where L, are polynomial functions of cos § we immediately obtain the selec-
tion rule with respect to the quantum number m:

Mlm;l’m’ — 6m,m’Mlm;l’m’ (1112)

Furthermore, there are selection rules with respect to L,I’. It can be shown
that My, im is different from zero only in the cases

I=U'+1 1=0-1 (11.13)

11.2 Stark Effect of the Ground State n=1,1=0
We remind the reader that

W00 = 7= (11.14)

As a consequence, the matrix element

" 2 47 1
Mi 00 = 5m,o/ sin&d&/ doY;™(0, ¢)* /2T y0 0.0
0 0 l ( ) 3 1 ( )—\/E

= 51,1%0% (11.15)
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can be evaluated using the orthogonality condition of the spherical harmonics:
< lem(ev (p)YVlm (97 SD) = 6ll’6mm’ (1116)

In order to apply perturbation theory we have to consider the following
matrix elements which are given by the following integrals:

1 o0
< nlm|rcosf|100 >= 51115%0% / r2drRn17Rio (11.17)
0

We are now in the position to determine the corrections to the ground
state |1,0,0 > of the hydrogen atom. The first order contribution vanishes

Eloo =< 100|rcosf|100 >= Mqo.00K10.10 = 0 (11.18)

since Moo,00 = 0, according to (11.17). As a result, the ground state of the
hydrogen atom does not exhibit the linear Stark effect.

We proceed to calculate the second order correction to the energy eigen-
value EY, which is given by

< nl0|recosf|100 > |?
E? = e?E? | 11.19
100 Z E100 — Eno ( )

Due to the selection rule (11.17) only the matrix elements with 1=1 contribute
and we obtain explicitly

1 |Kpiol® 10]?
Efyy = € E? § 11.20
100 = 3 F100 — Enio ( )
with the integrals
Kyi,00 = / r2drr R (r)Rio(r) (11.21)
0

involving the (normalized) radial functions of the Hydrogen problem.

Taking the contribution with n=2 and neglecting the contirbutions from
the higher order functions R,;(r) we obtain our final estimate for the second
order contirbutions

9
B2 = —LapEe (11.22)

We can summarize: The ground state of the Hydrogen atom exhibits the
quadratic Stark effect.

11.2.1 Induced Dipole Moment

Energy of a dipol in the electric field:
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d
AE = —/d(E)dE - —%E2 =3B (11.23)
AS a consequence:
9
<d>= §Ea?3 (11.24)
Polarization
P=p<d>=x.FE (11.25)

11.3 Linear Stark Effect

The linear Stark effect arises for the case of a degenerate energy level. We
consider the states with principal quantum number n = 2. The energy level
EY = —Ry/4 is fourfold degenerate and we denote the corresponding eigen-
states by |na >, according to our notation in the section on perturbation
theory:

2,1 >=12,0,0 >
2,2 >=12,1,0 >
12,3 >=2,1,1>
12,4 >=12,1,-1> (11.26)

In order to calculate the splitting of the degeneracy by the external electric
field we have to calculate the matrix elements

< 2alrcosb|2p > (11.27)
Due to selection rules only the matrix elements
< 22|rcosf|20 >= W =< 20|rcosf|22 > (11.28)

is different from zero. It is explicitly given by

W = Mio,00K21,20 (11.29)
with )
M = — 11.30
1000 = 77 ( )
and

o 2
KQLQO = /T2d7’TR20(T)R21(’I”) :/ TQdTi
0 V3

The radial wave functions are given by
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R20 = (1 — p)e_”/2

2
(2a)3/2
1 1
[ -P
R21 = \/g (2@)3/2 pe (1132)

a: Bohr’s radius
As a consequence we obtain

W = 3caE (11.33)

Let us now consider the perturbation theory in first order. We make the
following ansatz for the eigenvector

4

[ > = ch‘|2a>

a=1

= ¢1]200 > +¢2]210 > +¢3]211 > 4¢4|21 — 1 > (11.34)

We obtain the following eigenvalue problem

4
> <20|V]28 > &) = Ejcs (11.35)
B=1

Explicitly,
0 WOo0o C1 C1
Wo 00 Co o 1 Co
00 00 o | = E, o (11.36)
0 0 00 (o C4

This linear set of equations has only nontrivial solutions for eigenvalues
E} determined by the characteristic equation

Det[< 2a|V |28 > —E}6as5] =0 (11.37)
The characteristic equation reads
(EJ)?(E3 —W?) =0 (11.38)
with the four roots
E;=0 E;=0 Ey=Ww Ey=-W (11.39)

In first order the energy eigenvalues split into three groups. The states
[2,1,1 > and |21 — 1 > remain degenerate and there is not change of the
eigenvalue in lowest order. The states |210 > and |200 > are coupled by the
external field and the energy eigenvalues split:

1
E' =3caE | >= —2[|210 > +/200 >]
€
V2

The corresponding eigenstates (to lowest) order are linear superpositions.

E? = —3caE | >= —=][|210 > —|200 >] (11.40)



