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Introduction

What is HQET and why do we need it?

hierachy of scales
1 1
AIR:Z << Mg,...,mp,mg << SZAUV
Simulations of the c-quark on the lattice = L/a~ 60...120

Problem with the b-quark = Increase of lattice points by factor
four

SOLUTION: HQET

asymptotic expansion of QCD quantities in powers of 1/m, the
heavy quark mass
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of &

effective continuum Lagrangian

@ systems with one heavy quark
@ b quark is static m = mp — c©
o effective Lagrangian + correction terms ~ 1/m
1
m2

1 1
ZzghstatJr %’Z//El) Jrnzpi]statJr %’?7,( + O( )

ff;tat = ’l;h(Do + m)ip, ffh(l) = —(Okin + Ospin)

heavy quark’s residual motion

Ovin(x) = 1(x)D?p(x) {

kinetic energy from }

O () = T(X)Botén(x) {

chromomagnetic interaction
with the gluon field
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of &

Propagator

Continuum Propagator

Gh(x,y) = O(x0 — ¥0)d(x —y) exp(—m(xo — y0)) ¥

Yo
Pexp{—/ dzvo(zo,x)} P,
X0

m shifts all enegies in the sector of the Hilbertspace containing
only one heavy quark = energy shift:

E/?%D _ Estgt +m

jstat &h(DO‘FE)wha jstat / ( Do—l-f)l/)
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of &

Symmetries

1. Flavor

Number of heavy quarks F. Add a flavorindex :

Vh — Y = (Vs eos Uhe) Ty On— h = (Phys ooes Oy )

= symmetry:

Un(x) = Vn(x),  dn(x) = da()VT, V€ SU(F)
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of &

Symmetries

2. Spin

For each field exist two spin components, but . has no spin
dependent interaction. SU(2) rotations are expressed through spin

matrices oy :
1 _fox O
Ok — <€jjk0j =
k 2 ki 0 o

n(x) — e kapy(x),  Dp(x) — Dp(x)e” @k

acts on each flavor component of the fields

= symmetry:
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of &

Symmetries

3. Local Flavor Number

The static Lagrangian does not contain spacial derivatives

= symmetry:

pn(x) = €Mhp(x),  Ph(x) = Pp(x)e™ M)
n(x) local phase
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of £

Renormalization

UV divergences can be cancelled by adding counter terms:
@ composite fields with mass dimension < d

@ have to share the symmetry of the bare ¥

fh(X) = C}Ol(X) + C202(X) )
O1(x) = ¥n(x)¥n(x),  O2(x) = ¥nDotn

¢ = 1 fixes only the unphysical field normalization
c1 = édm corresponds to an additive mass renormalization
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HQET in the continuum Lagrangian, Propagator, Symmetry

Renormalization of £

Renormalization

further QCD renormalization of coupling and light quark mass
— all divergences can be absorbed in dm

flavor symmetry — with several heavy flavors, dm is proportional
to the unit matrix in flavor space

energies of all states are:

QCD __ tat
Eh./_7 - E;J% ’5m:0 + Mpare

Mpare = OM + m

m is finite, mpae and dm compensate the linear divergences of the
static theory
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

HQET on the lattice - structure

@ discussion of the lattice HQET in the static approximation
@ discussion of the renormalization
© Symanzik O(a) improvement

@ correlation functions on the Schrédinger functional

© next chapter: adding 1/m terms
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

lattice Lagrangian

Wilson discretization — be careful with the doublers
continuum observables are transcribed to the lattice:

1 *
Dovo — 5 (Vo + Vg)o — aVeVo)
lattice Lagrangian:
1 - P
Lp = m“h(x)[vb + om]wp(x)
1 - -
& = muﬁ(x)[fvo + dm)yr(x)

gauge invariant derivatives of observables acting on the quark fields:
1 1 — N — ~
Vuwx) = ~ [ Ul )l + a0) = 6], V00 = S () = A UGx = i, ) Hb(x - an)]

A=/l gy =0, —m <O <n
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Action, Propagator

lattice action

Sy = 1+35m2wh x) (Vg +m) ¥n(x)

quark propagator

Gh(x,¥) = 0(x0 — y0)d(x = y) exp(—m(xo — y0))P(y,x; 0) Py
= energy shift:
ERSD = E7'2Y 5m=0 + Mbare
Mpare = Om + m

&m = Lin(1+asm)
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Symmetries

the symmetries of the continuum theory are preserved on the
lattice

@ Spin
e Flavor
@ local flavor number
HQET symmetries are defined in terms of transformations of the

heavy quark fields
light qaurk fields do not change
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Improvement

to obtain a meaningful result after extrapolating to the continuum
limit
— have to reduce the O(a) effects

O(a) Symanzik Improvement

can reduce the discretization errors by adding higher dimensional
operators to the lattice action and composite fields
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Symanzik Theory

effective continuum theory

— discribes the Wilson lattice action with finite a and the
approach to the continuum limit

— expansion in lattice constant a

effective action for a static quark:

Seff=So+aSi+a°S+..., Sk= /d4xszk(x)

with the static continuum Lagrangian: Zp(x) = 27" (x)
local operators of dimension k + 4: %, which are built from
products of gluon and quark fields
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

O(a) terms of the effective theory

consider all operators with dimension 5 and the same symmetry as
the lattice theory:

L(x) =) 60i(x)
i=3

% will contain additional derivatives or powers of quark masses m
to have d = 5:

O3(x) = ¥pDo Dot
O4(x) = mypDotpy
Os(x) = mitbmbn
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Lagrangian, Action, Propagator and Symmetry

HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

O(a) terms of the effective theory

reduce some operators using field equations: Doy, = 0

— resulting operator in O(a): Os(x) = m?Ypiby,
— induces a redifinition of the mass counter-term dm (thus
depends on my)

Sefr = / d4x{$,ftat(x) + aC5m,21/_)h¢h +...}
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Renormalization of the axial current

time component of the axial current in Symanzik's effective theory:

4

(AS™ e = AT () + 2 3 cor (FAT™ )
k=1

A (x) = P (x)Y075%h
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Renormalization of the axial current

time component of the axial current in Symanzik's effective theory:

4

(AS™ e = AT () + 2 3 cor (FAT™ )
k=1

A5 (x) = (x)Y075¢h
a basis for the dimension four fields:
——
(6A%)1 = ¥ D jvjv5¢n
(6AF )2 = 15 Dotbn
stat N
(0A5%)s = ¥ Dovsn
(6A%™)a = my0ys5¥n
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Renormalization of the axial current

time component of the axial current in Symanzik effective theory:

4

(A5 )t = AT (x) + 2 wi(SAT™ s

k=1
AFPH(x) = D(x)1075¢h

a basis for the dimension four fields:
(SAS)1 = 0D jyjvstbn
(6AF2)2 = ysDotpp, < Dotby = 0
(6AS)3 = dDoysthy  — /Do =0
(6AF?Y)a = mpbyoysthn < am < 1
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Renormalization of the axial current

time component of the axial current in Symanzik effective theory:

4

(A5 )t = AT (x) + 2 wi(SAT™ s

k=1
AFPH(x) = D(x)1075¢h

a basis for the dimension four fields:
(5A?)tat)1 ) DJ’VJ’V5T/)h
(6AF2)2 = ysDotpp, < Dotby = 0
(6A5)3 = 9 Doyspy  « Do =0
(6AF?Y)a = mpbyoysthn < am < 1
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrodinger Functional and correlation functions

Renormalization of the axial current

for on-shell quantities the effective theory representation is:
(AT et = AT (x) + a1 (3AT )1

To reduce the lattice O(a) effects we add corresponding
combinations of correction terms to the axial current:

(450 = Z3™ (g0, a1)(AT™)o

. . <ts _ Iy p—
(A0 = AZ™ + aca™ (o) 75 5 (VJ - vi) Vh

= D(x +ap)U™ (x, AT — B(x)]

= 1[0 — Px — ap)U(x — aft, p)Ap]

[
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Lagrangian, Action, Propagator and Symmetry
Symanzik Theory
Schrédinger Functional and correlation functions

HQET on the lattice

Schrodinger Functional

space-time is discribed through a zylinder of size T x L3

Dirichlet boundary conditions for time component
periodic boundary conditions for space component

W(x + /A<L) = eiaw(x), U(x + IA<L) = e*"ed_J(x)

boundary fields:

5 - 5 " i
C(X) - (Sﬁ(x)v C(X) - _5p(x)7 time T
/ _ J =1 _ J 0
C(X)— 5/7,()()7 C(x)__ép’(x) — ~c

space

(LxLxL box with periodic b.c.)
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrédinger Functional and correlation functions

correlation functions on the SF

In QCD: relevant correlation functions in pseudoscalar and vector
channel:

6
fa(xo,0) 5 Z ((A1)g (x) Co(y)15¢i(2)) T
a6 ) time
kv(x0.0) = = > AV () G Gi(2))
Y2,k

With O(a) improved axial and vector currents:

(A1), = D5t + acadubrysibn
(Vi), = Dby + acy 0, tiio by
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Lagrangian, Action, Propagator and Symmetry
HQET on the lattice Symanzik Theory
Schrédinger Functional and correlation functions

correlation functions on the SF

In QCD: boundary to boundary correlation functions:

A0) = —355 2 (G(u)sCh(v) Coly)sci(@)) <ure

u,v,y,z

ki(0) = ~6L6 Z (CHu)vkCp(v) Co(¥)kCi(2))

u,v,y,z,k

the SF correlation functions: gauge invariant, multiplicative
renormalizable, shallow behavior in perturbative area — small
cutoff effects
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Renormalization and non-perturbative matching - structure

— discuss correlation function Caa(xp) in QCD and HQET
© in leading order 1/m (massindepend)
@ add 1/m correction terms

© discuss matching in next to leading order
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Renormalization and non-perturbative matching - structure

— discuss correlation function Caa(xp) in QCD and HQET

© in leading order 1/m (massindepend)

@ add 1/m correction terms

© discuss matching in next to leading order
— Principle: fix the finite part of the renormalization coefficients in
the way the effective theory discribes the underlying QCD

@ Parameters of HQET w;

© Matching observables ®;

© Step Scaling Function
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at leading order 1/m
at next to leading order 1/m
Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

correlation function CQCD

lattice regularized

Canr(xo a Z <A° )>QCD

A= zﬂfyu%q/)b axial current in QCD

1y, relativistic b-quark field

Za(go) renormalization factor, fixed by chiral ward identities
(independet of renormalization scale)
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at leading order 1/m
at next to leading order 1/m
Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

B-meson mass and decay constant

at large time the B-meson state dominates its spectral
representation via

1 ] —Xomp —Xo
C% = 725 (00 B) (BIAK(0)[0) ¢ ™ [L+ O(e )
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

B-meson mass and decay constant

at large time the B-meson state dominates its spectral
representation via

CS% = 72 (0lAN(0)IB) (BIAW(0)]0) & "“[1 + O(e )]
obtain B-meson mass and decay constant:
Maa” = =0oIn(C350 (%))
= mp + O(eA)
[®QCP]2 = f2mp
= | (B|ZaAo|0) |2

=2 lim_exp(rol 33°(x0)) G (x0)

X

28 /47



at leading order 1/m
at next to leading order 1/m
Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

correlation function C33°

we get the correlation function in the static approxi by replacing:
ZpAo — Z52(go, ap) Ayt with the scale dependent
renormalization factor:

752 (g0, ap) = 1+ g2 (Bo — 7o In(ap)) + O(g3)
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at leading order 1/m
at next to leading order 1/m
Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

correlation function C33°

we get the correlation function in the static approxi by replacing:
ZpAo — Z52(go, ap) Ayt with the scale dependent
renormalization factor:

Z3* (g0, ap) = 1+ g5(Bo — 0 In(ap)) + O(g5)

Cita(0) = (Z5° 2 C3 (30)

= (ZzEat Y (A 0(AT1(0) )

stat

obtain B-meson mass and decay constant in the same way: %",
()P
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Principle of Matching

CE;(\:DR, dQRCP _, independent of ;1 — depend on quark mass m
ate, ®%t — depend on — independent of quark mass m

Matching: put the HQET and QCD observables in relation in a
finite renormalization scale up to order 1/m

S (m) = Gy (. 1)0(1) + O( %)
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Principle of Matching

CE;(\:DR, dQRCP _, independent of ;1 — depend on quark mass m
ate, ®%t — depend on — independent of quark mass m

Matching: put the HQET and QCD observables in relation in a
finite renormalization scale up to order 1/m

S (m) = Gy (. 1)0(1) + O( %)

= obtain mass dependence of HQET observables
= change of renormalization scale in effective theory with m = my,
= perturbative expansion of matching factor:

Ejmatch(rn‘//) =1+ Cl(%)gz(ﬂ) +.
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

include 1/m corrections

action in HQET beyond static approxi:

Sneer = a* Y {L () + > 2 H(x)}
X k=1
20 = Y w02 ()
L = (V4 dm)iby, dm, w;(go, m) have to be determined
ffh(l) = — (wWiinOkin + WepinOspin) from the matching condition

31/47



at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Problem: renormalization of the pathintegral

Pnrocp o exp <—a4 > [ Lhighe (x) + L5 (x) + .z,f%)

is not renormalizable

in perturbation theory — new divergences in one loop expansions
— new counter terms — CL of lattice QCD does not exist!!

HQET = expand P in powers of 1/m and count the terms
X wikin = O(1/m) = wspin

PHQET = exp Z[ﬁlght X) + $Stat { 4 Z Z) l/m }

is now renormalizable
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

HQET expectation values

up to order 1/m:
<O> = <O>stat + Wkin 34 Z <OOkin(X)> stat + W'spina4 Z <O(/)spin(X)> stat
= <O>stat + Win <O>kin + Wspin <0>spin

with the pathintegral average:

<o>stat:% O exp(— Z[ﬁ.ght L5 ()

fields

33/47



at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

HQET expansion of SF corrleation functions

Expansion in first order O(1/m) of the correlation functions:

HQET - stat 1) stat kin spin
kvlg = 295 2, zp e Moare0 {kv + SR+ wink” + wepin kP }

[l = 22, 226 ™o {5 4 wign i + wein i7" |

Sh

2 2
lklr = 2¢, Z

Cpog¢

m) T stat kin | spin
e Mbare T LIS g k™ o+ wepin k7 }

obtain this directly from the expansion of the expectation values, except

stat.
for S

36 -
3300, 0) = = 32 (AP 0G)s2))
i

As a consequence of spin symmetry of the lattice action we obtain the
identites: 7" = —kg", ;7" = 3k
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

free parameters of HQET

free parameters of the effective theory:

wi, i=1,..., NuQeT

HQET _ HQET v t
w Q - ( Mpare, In(ZA ) ) Ca "y Wkiny Wspin )
N———
parameters of static  parameters of effective
He tat tat
approxi: mpa-, In(Z;%) theory
in static approxi: wyin = wstat = 0, CZQET — acyt
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Matching observables

procedure to calculate HQET parameters up to order 1/m
— introduce observable which fulfill the matching condition:

®XP(m) = OHET (. a) . i=1,..., NnqeT
assumption: massdependence only in
continuum limit HQET observables,
has already depends on finite a,
been taken which defines the bare
parameters

36 /47



at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

observables on the Schrodinger functional

SFwith L =T = L1 = 0.5fm:

®;(Ly, M, a) = dRP(L1, M, 0), i=1,... Nuger

= ®; have a HQET expansion linear in w;:

®(L, M, a) =n(L,a)+ ¢(L, a)w(M, a)

1: NyQeT dimensional vector

¢(L, a): NyQeT X NpqeT block matrix

37/47



at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Problem of matching

HQET applicable for Lmj > 1
only than we obtain a good expansion in 1/m

LQCD requires amp < 1
to have small O(a) lattice artifacts
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Strategy to obtain a larger volume

e start with QCD in a small volume (L ~ 0.5fm) — take the CL
@ matching to HQET =- fixing parameter of effective theory

@ cross gap to larger volumes with practical lattice spacings, on
which physical observables (e.g. B-Meson mass, decay
constant) can be determined

= Step Scaling Function (SSF)
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at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

SSF

on the SF we use L, = 2L; (2L = 2L; ~ 1.0fm):

ONUET(2L) = oy ({OFUT(L),j = 1,..., N})

after some applications of the SSF we achieve a lattice with
L ~ 2fm with the same resolution as in the small volume

40/ 47



at leading order 1/m

at next to leading order 1/m

Parameters of HQET
Renormalization and non-perturbative matching Observables

Step Scaling Function

Strategy of the Step Scaling method

QcD HQET

Ly Ly Lo Lo

(W)

——
V]

54 S5

Strategy of the non perturbative matching of HQET and QCD
parameters and the Step Scaling method
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Outlook

HQET expansion of the heavy-light vector current

semileptonic decays are important to determine the parameters of the
standard model, especially the CKM matrix elements

2
Vo9 (x) = ZJO T IVE= () + ) o) 1y ()]
i=1
find all O(1/m) correction terms:
@ d = 4 operators

@ right flavor structure, transformation under spatial lattice rotations
and parity

@ use equation of motion to eliminate operators

@ cannot use symmetry conditions because they are broken at O(1/m)

VeV () = $(x)37i(VF = Vun(x). VD (x) = ~Grvse

i
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Outlook

HQET expansion of the heavy-light vector current

the spatial component of the vector current
HQET HQET tt
VHRET () = ZJ9F TVt (x) + Z

the 1/m correction terms:

V() = B003 (V5 = T)unx)

VI () = 05 (V5 ~ T)n(x)

VO (x) = (P (x)vvivon(x))
VI§6)(X) — ak Vgtat
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Outlook

Observables for the matching step

in previous computations the SF specific periodicity angles are the
same for the heavy and light quark:

0p =0,

in oder to get senstitivity to the cofficients cf/'), cg') use:

On # 0,
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Outlook

Observables for the matching step

HQET parameters can be determined by using two-point-functions
and three-point-functions, which are inspired by semileptonic

decays
f/(\e”ze’) for ci\l), f/(\e”:_e’) for cf),
k\(/g"zg’) for C\(/3), k\(/e”zfe’) for c$/5),
f\(/e":_e’) for c$/4), c\(/6), h&f”:_e’) for c\(/4), c\(/6)

with three-point-functions:

flo) o D0 (GhwsCuv) (Vi) () Caly)scul@))

u?v7y7z7k

hvo) o > (Glwschv) (Vi) () Calyicu(@))
u\v,y,z,k,i
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Outlook

Summary

e HQET :
asymptotic expansion of QCD quantities in powers of 1/my,
@ Schrodinger functional:
QCD in a finite euclidean space-time of size T x L3 with
specific boundary conditions

e Matching:
procedure to calculate free parameters of HQET
',.HQET, /=1,...5uptoorder1/m
— define matching observables ®;

dDI.QCD(m) = <D£.4QET(mf a)
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Outlook
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