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NP HQET

Non-perturbative Heavy Quark Effective Theory
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NP HQET
Non-perturbative formulation of HQET

Beyond the static approximation

n
Shqer =a* ) {Lstat(x) + ) U”(x)} C LM =Y ol (0
x v=1 i

Lot = W [Vo+om]py — Eichten-Hill action
(1 _ T _ 1. _ _ chromomagnetic interaction
L= ‘ph( 29 B)‘l)h = Ospin = { with the gluon field

1y 112 _ _ kinetic energy from heavy
L7 = q)h<_§D )wh = Oun = { quark’s residual motion
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NP HQET
Non-perturbative formulation of HQET

Beyond the static approximation

n
Shger = a* ) {Laar¥)+ YLV}, LM =Y 0l e (x)
x v=1 i

Loat = Pp[VE+om]vy — Eichten-Hill action

(1) T 1. _ chromomagnetic interaction
! wh( 29 B>ll)h Ospin { with the gluon field

(1) _ g 112 _ _ kinetic energy from heavy
L2 wh( 2D )ll)h = Oun = { quark’s residual motion

@ dm, wi(go, m) must be determined such that HQET matches QCD
[At the classical level: wspin = Wkin = 1/m+0(g3) , dm =0+ O0(g3)]

@ Analogously: Composite fields in the effective theory, e.g.
— — —
AHET () = ZHET 3, (x)yoystn(x) + T P (x)yiys Dybn(x) + ...
—_—— — N——

1+0(g?) AgE(x) ocl/m
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NP HQET

Expectation values
Path integral representation at the quantum level

<O> — % J'Q)[(p] O[(p] e_(srel+SHQET) 7, = JD[@] e—(srel+SHQET)

Now the integrand is expanded in a power series in 1/m

exp{—ShqeT) =

exp {—a' T L0} {1 = T LT 10 + 3 [a* T LD (0] — @' £ LD (x) + ...}

1 .
= (0)= ZJDMesrelaisttat(x) 0 {1,a4zxgm(x) 4 }
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NP HQET

Expectation values
Path integral representation at the quantum level

(0) = % J@[@] O[] e~ (Srer+ShqeT) 7 = J@[@] e~ (Srer+ShqeT)

Now the integrand is expanded in a power series in 1/m

exp {—SnqeT} =
exp{—a’Y  Lea(x)} {l —a*y LW(x)+La*y LW (xﬂ2 —a*y LP(x)+.. }

1
= (0)= ZJD[@ e Sre—a* X, Laat(x) {1 _ a4ZXL(1)(X) + }

Important (but not automatic) implications of this definition of HQET

@ 1/m—terms appear only as insertions of local operators
= Power counting: Renormalizability at any given order in 1/m

@ < Existence of the continuum limit with universality
o Effective theory = Continuum asymptotic expansion in 1/m
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Expectation values
Path integral representation at the quantum level

(0) = 1 J@[(p] O[] e~ (SrertSnqer) 7 = JD[(D] e — (Srel+ShqeT)

Z
Now the integrand is expanded in a power series in 1/m
exp {—Shqet} =
exp {~a* ¥ Lo (x)} {1 = T LV () + 1 [a*E L)) a* L LB 00+ |
1

= (0)= EJrD[(p}eSraa“Zvastat(X) o) {1 _ a4ZXL(11(X) + }

Explicitly:
<O> = <O>stat + u)kina4 Z<O Okin (X)>stat + Wspin C14 Z<Oospin (X)>stat

<O>stat + wkin<o>kin + Wspin <O>spin

(O)stat = %Lields O exp { —ad g [L“ght(x) + Lffat(x)] }
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NP HQET
Mass renormalization pattern in HQET

Already at the level of Lgtat(x) = by (x) [VE + dm] Pp(x) : B
Linear divergence d5m o a~! originates from mixing of P, Doy, with by,

m[')\/ls - ZMs{n1bare + 5m} Mpare = MpB — Estat
[ mg: (exp.) B-meson mass }
Eqat : Static binding energy
c
S — (20) ~ el/(20088)  fe1g2 4 ocpgh 4 )
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NP HQET
Mass renormalization pattern in HQET

Already at the level of Lgtat(x) = by (x) [VE + dm] Pp(x) : B
Linear divergence d5m o a~! originates from mixing of P, Doy, with by,

m[')\/ls - ZMs{n1bare + 6m} Mpare = MpB — Estat
[ mg: (exp.) B-meson mass }
Eqat : Static binding energy
c
S — (20) < el/(20098) » L2 + cpgh + ... )
@ InPT:

. . 2 0
uncertainty = truncation error ~ e1/(2b090) ¢, ; ga" 2 LT oo

= NP renormalization (resp. matching to QCD) of HQET required
for the continuum limit to exist

@ Power-law divergences even worse at the level of 1/m —corrections:

a*1 — CF2
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NP HQET

NP matching in finite volume [H. & Sommer, JHEP0402(2004)022 |

We want: L'mp > 1 to apply HQET & amy < 1 to keep a—effects small
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NP HQET

NP matching in finite volume [H. & Sommer, JHEP0402(2004)022 |

We want: L'mp > 1 to apply HQET & amy < 1 to keep a—effects small
Objection: Need to treat/simulate the b-quark as particle with finite mass
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NP HQET

NP matching in finite volume [H. & Sommer, JHEP0402(2004)022]

We want: L'my > 1 to apply HQET & amy < 1 to keep a—effects small
Objection: Need to treat/simulate the b-quark as particle with finite mass
= Trick: Start with QCD in a small volume V =1% L=1; ~ 0.4fm

QCD HQET

Matching conditions

QCD __ ;/»HQET
(Dk - (Dk

-y
jon
\4
-y
]
jon
A

for observables @4

> (renormalized quantities, v
computable for a — 0)
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NP HQET

NP matching in finite volume [H. & Sommer, JHEP0402(2004)022]

QCD HQET

Matching conditions

QCD __ /HQET
q)k - CDk

-y
[on
V]
-ty
o8
A

for observables @4

o (renormalized quantities, v
computable for a — 0)

@ HQET parameters fixed by relating them to QCD observables in small V
@ Sound approach, because

» the underlying Lagrangian does not know about the finite V'!
» rather than having a propagating ‘real’ relativistic b-quark, one aims at
determining the NP heavy quark mass dependence of CDSCD
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NP HQET

Connecting small and large volumes

@ Matching volume: L =L; ~ 0.4fm, very small lattice spacings
@ Gap to large volumes and practicable lattice spacings, where physical
quantities (e.g. mg, Fg,) may be extracted, bridged by a . . .
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NP HQET

Connecting small and large volumes

@ Matching volume: L =L; ~ 0.4fm, very small lattice spacings
@ Gap to large volumes and practicable lattice spacings, where physical
quantities (e.g. mg, Fg,) may be extracted, bridged by a . . .

Finite-size scaling step [ Liischer, Weisz & Wolff, 1991; , 1993-2006]
HQET
in large
volume: 0.4 fm
mp
F ,
i O (L;, M)

\ matching

-

@Y (L, M) @Y (L, M)
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NP HQET

Finite-size scaling step lischer, Weisz & Wolff, 1991; , 1993-2006]
HQET
in large
volume: 0.4 fm
mp
Fs

\ matching

ck%

DY (Ly, M) Oy (L, M)

@ Fully non-perturbative, continuum limit can be taken everywhere
@ Use the QCD Schradinger Functional, L — 2L via Step Scaling Functions
DHAET (21 ) = ck({cD;*QET(L),j -1, N}) 2L = 21, ~ 0.8fm

— Large V (L ~ 2fm) at same resolution, where a B-meson fits comfortably
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Example: M,

Implementation in a concrete example:
The bottom quark mass
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Example: M,
Computation of My,

H. & Sommer, JHEP0402(2004)022
Della Morte, Garron, Sommer & Papinutto, JHEP0701(2007)007

Non-trivial matching problem:

{ Mpare +0M, Win , wspin} — M,
= N = 3 matching conditions:

oIP(,M) = OHET(LM) k=123
[M: RGI heavy quark mass]
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Example: M,
Computation of My,

H. & Sommer, JHEP0402(2004)022
Della Morte, Garron, Sommer & Papinutto, JHEP0701(2007)007

Non-trivial matching problem:

{ Mpare + 0M, Wiin, Wspin | — My
= N = 3 matching conditions:

oIP(,M) = OHET(LM) k=123
[M: RGI heavy quark mass]

Basic equation in leading order of HQET (static approximation)
mg = Esar — ES2 4+ EXE  with ESU5 — E(L;, M) [matching to QCD]
— Estat - Estat(L2) + Estat(L2) - Estat(I—l) + E(le Mb) (*)
~——

a — 0in HQET a— 0InHQET (om) o=0¢ /1. inQcD

@ Divergent static quark’s self-energy dm cancels in differences!
@ O,(Ly, M) carries entire (relativistic) heavy quark mass dependence
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Example: M,

Basic equation in leading order of HQET (static approximation)

mg = Esar — ES2 4 BB with ESU5 — E(L;, M) [matching to QCD]

— Estat - Estat(L2) + Estat(LZ) - Estat(l—l) + E(le Mb) (*)
~——

a — 0in HQET a — 0in HQET (on) a

=%®,/L; in QCD
@ Divergent static quark’s self-energy dm cancels in differences!
@ O,(Ly, M) carries entire (relativistic) heavy quark mass dependence
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Example: M,

Basic equation in leading order of HQET (static approximation)

mg = Esar — ES2 4 BB with ESU5 — E(L;, M) [matching to QCD]

— Estat - Estat(L2) + Estat(L2) - Estat(Ll) + E(le Mb) (*)
~——

a — 0in HQET a — 0in HQET (on) a

=%®,/L; in QCD
@ Divergent static quark’s self-energy dm cancels in differences!
@ O,(Ly, M) carries entire (relativistic) heavy quark mass dependence

v

Quenched result
Della Morte, Garron, Sommer & Papinutto

10

JHEP01(2007)007
951 1o [~ 0.4fm, L, =204
o o s | @ Use rom(BeXp),ro = 0.5fm & solve (*)

/ = Mt = (6771 + 99) MeV
s ) » NP renormalization & Continuum limit

» Error dominated by that on Zy (=~ 1%) in

0 0.0005 0.00(16”_)03)015 0.002 0.0025 LM — ZM Z. (1 + bm amq) % Lmq

©
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Example: M,

Basic equation in leading order of HQET (static approximation)
Mg = Eear — ES2 4 E6  with ESU5 = E(L;, Mp) [matching to QCD]
= Estat — Estat(L2) + Esat(L2) — Estae(L1)  +  E(Li, Mp) (%)
~—

a — 0in HQET a— 0InHQET (om) =0 /1. inQcD

@ Divergent static quark’s self-energy dm cancels in differences!
@ O,(L1, M) carries entire (relativistic) heavy quark mass dependence

Quenched result
Della Morte, Garron, Sommer & Papinutto

19
1 T T T T

o i JHEP01(2007)007
gL = g 1@ L; ~04fm, L, =214
161 1 @ Use Toméexm,ro = 0.5fm & solve (%)
e 3 1 = Mf)tat = (6771 £+ 99) MeV
“r ° L L E I, i » NP renormalization & Continuum limit
B Lo m ] » Error dominated by that on Zy; (=~ 1%) in
2 i " sz 3 14 IM=ZyZ(1+bnamg) x Lm,

1
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Example: M,
Inclusion of 1/m~terms

Della Morte, Garron, Sommer & Papinutto, JHEP0701(2007)007
mp at next-to-leading order of HQET

mMB = Mpare + Estat + WiinExin + u)spinEspin

@ Eyin, Eqpin associated with 1y, (—2D?)1y, and 1y, (—20 - B)py, in L1
— Three observables @, ®,, @3 required in the matching step
@ Considering the spin-averaged B-meson instead, wsyi, cancels:

(av) 1 3
mg = zMB + 7 mE = Mpare + Estat + WkinEkin

— Only two obervables @1, ®, necessary
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Example: M,
Inclusion of 1/m~terms

Della Morte, Garron, Sommer & Papinutto, JHEP0701(2007)007
mp at next-to-leading order of HQET

mMB = Mpare + Estat + WiinExin + wspinEspin

@ Eyin, Eqpin associated with 1y, (—2D?)1y, and 1y, (—20 - B)py, in L1
— Three observables @, ®,, @3 required in the matching step
@ Considering the spin-averaged B-meson instead, wsyi, cancels:

(av) 1 3
mpg = zMB + 2 TTI.E = Mpare + Estat + WkinEkin

— Only two obervables @1, ®, necessary

Strategy
| Lattice with am, < 1 |
Ll ~ 04fm, L2 = 2L1

mpg = 5.4 GeV ®(L;, M), D3(Ly, M)

¢ u; = g%(Ly) ¢
0T (L), @5 (L) = ok (1 5 )(ui.)n( 1) 07T (L1), @77 (L)
07
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Example: M,

Matching formula = Static part + 1/m—correction:

D= LmE = L[ TE(L2) ] + On(w) + 202(L1, My)

L2ml(3av _
+ Lomg } = 05"(u) D1 (L1, Mp) + Lo [ Ewin — T (La) | wikin
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Example: M,

Matching formula = Static part + 1/m—correction:
Lzml(gav) = Lymg* } = Lo [Estar — IT%(L2) | + om(u1) +202(L1, M)

+ Lomg } = 05"(u) D1 (L1, Mp) + Lo [ Ewin — T (La) | wikin

Implementation
» SF boundary conditions, i.e. T x L3, Dirichlet at xo = 0, T, fermion
fields periodic in space modulo a phase: \(x + Lk) = e ¥ (x)

» Employ (finite-volume) B-meson energies for the matching:
Avoid cQET£52t_term in boundary-to-A correlator by boundary-
to-boundary ones with pseudoscalar or vector quantum numbers
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Example: M,

Matching formula = Static part + 1/m—correction:
L2ml(3‘1") — Lngat } - I—2 [Estat - rlstat(LZ)] + Um(ul) + 2(D2(L1x Mb)
+ Lomy” } = 05"(u1) D1 (L1, Mp) + Lo [ Ewin — T"(L2) | wikin

Implementation
» SF boundary conditions, i.e. T x L3, Dirichlet at xo = 0, T, fermion
fields periodic in space modulo a phase: P (x + Lk) = e € (x)
» Employ (finite-volume) B-meson energies for the matching:

Avoid cXQETf%tf\t—term in boundary-to-Aq correlator by boundary-
to-boundary ones with pseudoscalar or vector quantum numbers

(fag (x0) = ZRAFTZ(, Zp e Moo {fz{at + Wiin FA" + Wepin F" + CQQEngt;;t}

LXLXL
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Example: M,

Matching formula = Static part + 1/m—correction:
Lzml(gav) = Lymg* } = Lo [Estae — IT%(L2) | + om(u1) +202(L1, M)
+ Lomy” } = 05"(u1) D1 (L1, Mp) + Lo [ Ewin — T"(L2) | wikin

Implementation
» SF boundary conditions, i.e. T x L3, Dirichlet at xo = 0, T, fermion
fields periodic in space modulo a phase: P (x + Lk) = e € (x)
» Employ (finite-volume) B-meson energies for the matching:

Avoid cXQETf%tf\t—term in boundary-to-Aq correlator by boundary-
to-boundary ones with pseudoscalar or vector quantum numbers

(fl)R (T) = Z%hZ% e MbareT {fsltat + Wkinfl{in n wsp;nfipin}

LXLxL
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Example: M,

Matching formula = Static part + 1/m—correction:

L2m|(3m)] = Lymy* } = Lo [Egtar — IT7(L2) | + om(u1) +2@2(L1, M)

+ L2m(31] } 05" (1) @1 (L1, Mp) + Lo [ Ein — " (L2) | wiin

Implementation

» SF boundary conditions, i.e. T x L3, Dirichlet at xg = 0, T, fermion
fields periodic in space modulo a phase: 1(x + Lk) = e ¥ (x)
» Employ (finite-volume) B-meson energies for the matching:

Avoid CKQETf%tgt—term in boundary-to-Aq correlator by boundary-
to-boundary ones with pseudoscalar or vector quantum numbers

(fl)R (T) = Z%hZ% e*mbareT {fsltat + wkinflfin i wspinfipi”}

» @ : Suitable ratios of f1(0),f1(0’) such that Z—factors drop out
@, : Spin-averaged energy Ty = —37 Infl®") = mpare + 52t 4wy, M0

plus corresponding step scaling functions o (w), o™ (1)

Jochen Heitger NP computations in HQET with dynamical quarks



Example: M,

Boundary-to-boundary SF correlation functions and energies:
f1(0) = L6 Z G/ (w)ysCp(v) Coly)ysailz))
uvyz
ki(8) = Z (G (WyeGh(v) Toly)vidi(a))
uvyzk
1
Fi(L8) = Z[|nfl(e)+3|nkl(e)]
Ri(L,01,02) = Fi(L,01) = Fa(L, 02) l5_ o
a + 0%
M(L6o) = ————TFi(L 6)
T=L/2

-~
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Example: M,

From these, form dimensionless observables
®1(L,Mp) = Ry(L,61,62) — RF™(L, 61, 6)
®,(L, M) = LTi(L, 69)

RI*(L, 01,02) = ln[ﬁtat“-'el)/ﬁtat(L’ 62)} ‘T:L/Z

that have 1my, —expansions

®1(L,Mp) = wiinREM(L, 01, 02)
@>(L, M) L [mbare +T$25(L, 8g) + wiin (L, 90)}

Moreover

» define SSFs oy (u), o5i"(u), ok (1) in the effective theory, and

» fit large —xo asymptotics of the large-volume B-meson energy to
M(x0) = Estat + WhinEiin + (AT + wyin AMM) e A0 (1 — wyinxpAR") 4.

-~
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Example: M,

Most difficult piece encountered in the quenched calculation:
Large-volume HQET matrix element [E;, — {“”(Lg)] entering one of the

1/my, —contributions

0.69

0.68

(1b)
LZmB

L 067

0.66

0.65

10 15 20 25 L ‘
X la 0 005 0.1
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Example: M,

Most difficult piece encountered in the quenched calculation:
Large-volume HQET matrix element [E;, — {"”(Lg)] entering one of the
1/my, —contributions

0.69
0.68""""
4
L 0.67
0.66
0.65

10 15 20 25 N

Result in the quenched approximation

mMS () = 4.374(64) GeV — 0.027(22) GeV 4+ O(A3/m?)

O(A2/my) negligible
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Status in N¢ =2 QCD

Sketch & Status
of the computation in two-flavour QCD
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Status in N¢ =2 QCD
Physics goals

> méNf:Q}

N¢=2)

s

> Fé [N = 0: talk by N. Garron]

from lattice HQET including 1/m,, —corrections

General setup of the dynamical finite-volume simulations:
» QCD with Schrédinger Functional boundary conditions (T, L, 8)
» N¢ =2 degenerate massless sea quarks (m; = myight = 0)

» Evaluation of heavy-light correlation functions composed of
non-degenerate quenched valence quarks (where mostly m‘{a' =m)

» Configurations generated on apeNEXT @ DESY-Zeuthen

Jochen Heitger NP computations in HQET with dynamical quarks



Status in N¢ =2 QCD
Elements of the computation

(1) Matching to QCD with a relativistic b-quark

@ Choice of the matching volume resp. Lj:

» L[; such that Ll/To ~1l,ie L1~ (04— 05) fm
= connection to large volume possible after one step scaling step

Ll & L2 = 2]_1 I—oo = 4]_1 ~ 2fm

» Based on the knowledge of the N¢ = 2 running of the renormalized SF

coupling g* = g3¢ (resp. its SSF o) from [ ALEHA  NPB713(2005)378]

L, is fixed by the condition

g°(Lg) = constant ~ 3.0  where [, = [,/2
suchthat  w; = g°(Ly) = o (g°(Lo)) ~ 45

= (L1/(2a), B, ) with L;/(2a) = 10,12,16,20 & m{“AC(L;/2) =0

Jochen Heitger NP computations in HQET with dynamical quarks



Status in N¢ =2 QCD
Elements of the computation

(1) Matching to QCD with a relativistic b-quark

@ NP calculation of the heavy quark mass dependence of heavy-light
meson observables in (the cont. limit of) finite-volume lattice QCD :

» L;/a=20,24,32,40, T =L;, same B's and m{“AC(L;) =0

» Fix the RGI heavy quark mass to values around the b-quark via

z

LlM = I_1><Zm><

2
X Mg (1 +byamg) , = —
M) o HoE
H/_/

[Eﬁ.ﬂﬁ, NPB729(2005)117]

_ /11 ~ Z(90) Za(9o)
am“_2<K Kc) 20 = Zo(g0 L1/ (2a))

= demands to determine b, (go) and Z(go) [talk by P. Fritzsch]

@ In progress . . .
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Status in N¢ =2 QCD

Elements of the computation — 2-Do’s & Prospects

@ For 1/m—corrections::

» —d7Infl requires additional lattices with T=1,/2, T=1,/2+a
» however, these simulations will be by a factor ~ 4 less expensive

Jochen Heitger NP computations in HQET with dynamical quarks



Status in N¢ =2 QCD

Elements of the computation — 2-Do’s & Prospects

@ For 1/m—corrections:

» —d7Infl* requires additional lattices with T=1,/2, T=1;/2+a
» however, these simulations will be by a factor ~ 4 less expensive

For the HQET side, remember the general strategy . . .

HQET
in large
volume: 0.4 fm
mp
F "
B QP (L, M)

\ matching

=

DY (Ly, My,) YL, My,)
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Status in N¢ =2 QCD

Elements of the computation — 2-Do’s & Prospects

@ For 1/m—corrections:

» —Otln fi“") requires additional lattices with T=1;/2, T=1;/2+a
» however, these simulations will be by a factor ~ 4 less expensive

(2) Connectionto L, =2L; in HQET

@ Through SSFs o (1), o%"(u;), ok (uy), after some tuning :
» (Li/a,B), (La/a, B) s.th. g2(L1), %(Ly) fixed (Li/a = (6),8,12,16)
@ Outcome for 5.2 < B < 5.6:

> 6TT'L, Wkin » Wspin
> ZEQET, CKQET

Jochen Heitger NP computations in HQET with dynamical quarks



Status in N¢ =2 QCD

Elements of the computation — 2-Do’s & Prospects

@ For 1/m—corrections:

» —d7Infl* requires additional lattices with T=1,/2, T=1,/2+a
» however, these simulations will be by a factor ~ 4 less expensive

(2) Connectionto L, =2L; in HQET

@ Through SSFs opm(u1), o%"(u1), o5"(uy), after some tuning :
» (Li/a,B), (Ly/a, B) s.th. g2(L1), %(Ly) fixed (Li/a = (6),8,12,16)
@ Outcome for 5.2 < 3 < 5.6:

> 6TTL, Wkin » Wspin
HQET HQET
> Z, ' Ca

(3) HQET observables in physically large volume, L, = 4L; ~ 2fm

® Estat, Exin, Espina Cee
» periodic BCs, low-mode deflation & all-to-all propagators a la Dublin
» generate, share & use existing configurations
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