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mean-field theory

MFT of the Ising-model

H = −J
∑

〈i,j〉

SiSj − µB
∑

i

Si

Ei = −JSi

∑

j

〈Sj〉 − µBSi

tanh
−1

M =
qJ

kT
M +

µB

kT
Tc = qJ/k

µB

kT
= M

(

T − Tc

T

)

+
1

3
M3

critical exponents depend on

coefficient of M vanishes
linearly at Tc ; ≷ 0 for T ≷ 0

coefficent of M3 is positive
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discrete Landau theory

preserve the symmetry H[Φi ] = H[−Φi ]

n.n. iteraction
∑

i ,µ

1

a2 [Φ(x i + µ) − Φ(x i )]
2 =

∑

i

(∂Φ(x i ))
2

H[Φi ] = aD
N

∑

i=1

[

1

2
(∂Φi )

2 +
m2(T )

2
Φi

2 +
g

4!
Φ4

i

]

Z =
∫

N
∏

i=1

dΦi exp

(

−H[Φi ] +
∑

i

BiΦi

)

, Bi = ∂H
∂Φi

∣

∣

∣

Φi=Φi0

Landau approximation:W = ln Z ≈ −H[Φi0] +
∑

i

BiΦi0

Mi =
∂W

∂Bi
= −

∑

j

∂H

∂Φj

∣

∣

∣

∣

Φj0

∂Φj0

∂Bi
+ Φi0 +

∑

j

Bj

∂Φj0

∂Bi
= Φi0

Γ(Mi ) = MiBi − W = H(Mi ), Bi =
∂Γ

∂Mi

Simon Papenkort Fluctuating Interfaces



Statistical Physics
Monte Carlo calculation

microscopic theory
capillary wave theory
convolution approximation

continuum Landau theory

Landau free energy density

H (Φ(x)) =
1

2
(∂Φ(x)) 2 + V (Φ(x))

V (Φ(x)) =
g

4!
Φ4 +

m2

2
Φ2 + C

symmetric phase:

V (Φ) =
g

4!
Φ4 +

m2

2
Φ2

broken symmetry: (−2m2 → m2)

V (Φ) =
g

4!

(

Φ2 − v0
2
)

2,

v0 =
√

3m2/g
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boundary conditions

H[Φ] =

∫

d3xH (Φ(x)) =

∫

d3x

(

1

2
(∂Φ)2 + V (Φ)

)

thermodynamic limit: D → ∞
δH[Φ]

δΦg
= −∂2Φg + V ′(Φg ) = −∂2Φg +

g

3!
Φg

3 − m2

2
Φg = 0

periodic b.c. Φg (z → ±D/2 = ±∞) = v0

Φg (z) = ±v0

antiperiodic b.c. Φg (z → ±D/2) = ±v0

Φg (z) = v0 tanh
(m

2
(z − h)

)

=: ΦK (z)
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Φ
4 theory

coarse graining

Φ(x) =
1

NB

∑

i∈B(x)

〈Si 〉 , a < B < ξ

free energy W

e−βW = Z =
∑

{Si}
e−βH̃({Si})

energy S [Φ] of the configuration Φ(x)

e−βH[Φ] =
∑

{Si}
e−βH̃({Si}) δ





1

NB

∑

i∈B(x)

〈Si 〉 − Φ(x)



 =
∑

{S̄}
e−βH̃({Si})

free energy

e−βW =
∑

{S∗}

∑

{S̄}
e−βH̃({Si}) =

∑

{S∗}
e−βH[Φ]≈

∫

DΦe−βH[Φ]
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generating functional

Z [J] =

∫

DΦ e−βH[Φ]eβ
R

d3xJ(x)Φ(x) =

∫

DΦ e−βH[Φ,J]

H[Φ,J] =

∫

d3x

(

1

2
(∂Φ(x))2 + V (Φ(x)) − J(x)Φ(x)

)

〈Φ(x)〉J := Φc(x) =

∫

DΦΦ(x)e−βH[Φ,J]

∫

DΦ e−βH[Φ,J]
=

1

βZ

δ

δJ(x)
Z [J]

Legendre transformation

Γ[Φc ] = W [J] +

∫

d3x J(x)Φc(x)

δΓ[Φc ]

δΦc(x)

∣

∣

∣

∣

J=0

= 0
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loop-expansion (J. Küster, 2001)

treelevel reproduces Landau theory

χ
(0)
gR (tR) = tanh tR = tanh

(mR

2
(z − h)

)

1-loop order with local potential approximation

ΦgR(z) =

√

3mR

uR

χ̄gR(z)

=

√

3mR

uR

A(uR)
{

χ
(0)
gR (α(uR)tR) +

uR

8π
χ̄

(1)
gR (α(uR)tR) + O(uR

2)
}

χ̄
(1)
gR

(tR) =2/9 sinh tR cosh tR −


1/12sech
2tRartanh

„
q

−1/2 + sinh
2 tR(sinh tR)−1

«

− sinh tR

q

−1/2 + sinh
2 tR

ˆ

2/9 − 1/2sech
2tR

˜

ff

Θ(|tR | − tg )

α(uR) =1 + 1/12 · uR/(8π) + O(u2
R) A(uR) = 1 − 2/3 · uR/(8π) + O(u2

R)
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a < λ < Bintr ∼ ξ
long wave fluctuations still to be included
width to be defined
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capillary wave theory

capillary wave free energy [Buff et
al.]

βH = σ

∫

dxdy

[

√

1 + (∇h)2 − 1

]

≈ σ

2

∫

dxdy(∇h)2

Gaussian distribution of the local interface position

P(h) = 〈δ(h(x ,y) − h)〉 =
1√
2π s

e−h2/2s2

s2 =
〈

h2
〉

=
1

2πσ

∫

dq
1

q
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s2 divergent for q → 0, ∞
introducing cutoff ξ ∼ Bcw < λ < L

s2 =
1

2πσ

∫

2π/Bcw

2π/L

dq
1

q
=

1

2πσ
ln

L

Bcw

capillary wave profile is sharp
Φg (z − h(x ,y)) = v0 sgn(z − h(x ,y)) = ±v0 für z ≷ h(x ,y)

Φcw (z) =

∫

dh Φg (z − h)P(h) = v0 erf

(

z√
2s

)

macroscopic width w2 ∼ s2 ∼ ln L
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convolution approximation (M. Müller, 2004)

c(z) = Φg (z) ∗ P(z) =

∫

dh Φg (z − h)P(h)

rescaling: v0 = 1, 1

2
mRz → z , 1

2
mRs → s
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s → ∞ leads to capillary wave theory

Φg (z − h) = sgn(z − h)

c(z)
s→∞−−−→ sgn(z) ∗ N (0,s2) = erf

(

z√
2s

)

s → 0 leads to intrinsic interface profile

P(h) =
1√
2π s

e−h2/2s2 s→0−−−→ δ(h)

c(z)
s→0−−−→ Φg (z)

cInf(z) := erf

„

1√
2

z

s

«

c0(z) := Φg

0

@

s

π2 − 6

6

z

s

1

A
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interface width

definiton

w2 =

∫

dz z2c ′(z)
∫

dz c ′(z)

w2
ca = w2

int + w2
cw =

π2

3
ξ2 +

1

2πσ
ln

L

Bcw

temperature independent form

ŵ2
ca =

(

w

2ξ

)

2 = ŵ2
int + ŵ2

cw =
π2

12
+ Âcw log2

L̂

B̂cw

L̂ = L/2ξ, B̂cw = Bcw/2ξ, Âcw = ln 2/8πσξ2 = 0.265(2)
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Monte Carlo

The following calculations have been done by Melanie Müller
(2004).

blocking L × L × D → B × B × D

high-pass filter λ < B low-pass filter λ > B

w2 = w2
int + Acw log2

B
Bcw

+ Acw log2
L
B

local block profile mB
i (z) =

1

B2

∑

x ,y∈block i

S(x ,y ,z)
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local interface position by boundary shift

mtot =
∑

z−1

mB
i (z) for b.c. at tAP = −D

2

mtot :=

D
∑

z−1

mB
i (z) −

tAP+D
2

∑

z=1

2 · mB
i (z)

Mtot(hi ) = max{|mtot(tAP)| , tAP = −D
2
,...,D

2
− 1}
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(local) magnetisation profile
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capillary waves

expect Gaussian distribution with var(h) = ln 2

2πσ log2
L
B

slope =± ln 2

2πσ = ±3.1(1)

axis intercept = ln 2

2πσ log2 X , X = L,B
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Gaussian distribution with var(h) = ln 2

2πσ
log2

L
B

, Bcw ∼ (5 − 7)ξ

slope =± ln 2

2πσ
= ±3.1(1), axis intercept = ln 2

2πσ
log2 X
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convolution approximation

w2 = cintrξ
2 + Acw log2

B

Bcw

✓ characteristic width w2,
L-independent

✓ w2 ∝ log2 B

w2
const much too small

w2 grows for B < ξ

no intrinsic width

estimate Bintr

Bintr ∼ 23/2 ∼ 2.8ξ
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temperature independent

ŵ2 =

(

w

2ξ

)2

=
cintr

4
+ Âcw log2

B̂

B̂cw

cintr

4
= π2/12 = 0.822

Âcw =
ccw ln 2

8πσξ2
= 0.284(9)

ŵ2

B<L = 0.57(1) + 0.26(3) log2 B̂

ŵ2

B=L = 0.30(4) + 0.28(1) log2 L̂
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conclusion

description on two length scales
a < λ < Bintr ∼ ξ ∼ Bcw < λ < l

interface width shows universal
behaviour

simulation consistent with
convolution approximation

intrinsic regime: φ4-theory
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