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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

mean-field theory

MFT of the Ising-model Hew
H = —J 5,'5] — ,LLB Z S,' tanh =t ar
(i) i NI i
E,' = —JS,' Z <SJ> — ,LLBS,'
J

gy @y 0B

tanh™"M = kTM—i— T
B T_T 1 critical exponents depend on
KT T 3 o coefficient of M vanishes

linearly at T.; 2 0for T 20

@ coefficent of M3 is positive
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

discrete Landau theory

@ preserve the symmetry H[®;] = H[-/]

@ n.n. iteraction E [D(x; + p) — O(x)]? = D (09(x;)) 2

INT i
N

1 2(T
Hlo = a%) [5(3%)2 + #@2 + %d)f-‘]
i=1 :

N
oZ:fHdCD,-exp<—H[<D]+ZB¢> B;:gg
i=1

d)lf(blO
o Landau approximation:W = InZ ~ —H[®;o] + Z Bi®ig
ow oH 8d> o 84) 0
9B; Z 09 |4 Pt 2 B °
(M) = MiBi — W = H(M}), B = 2"
1 - ! ) - 1) I aM’
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

continuum Landau theory

Landau free energy density

H(O() = 3 (00()>+V(o(x)

2
m
V(o(x) = £+ 02+ C
v symmetric phase:
2
m2>0 g .4 m- 5
V(d)==0 —¢
m?2<0 ( ) 41 + 2

broken symmetry: (—2m? — m?)

V(®) = % (92 — 1?)2,

~ > 0 vo =4/3m?/g
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

boundary conditions

H[®] = / d3xH (d(x)) = / d3x (%(a¢)2+ V(<D)>

thermodynamic limit: D — oo

TE] = b, + V/(dg) = —2d, + %%3 - m;qag -0
periodic b.c. ®,(z — +D/2 =400) = vy
Pg(z) =+w
B antiperiodic b.c. g (z — +£D/2) = +y
= ®4(z) = vo tanh (%(z - h)) —: &k (2)
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

®* theory

@ coarse graining

== > (S), a<B<¢

B ieBx)

o free energy W )
e BW _ 7 _ Z e~ BHSIH)
{Si}

@ energy S[®] of the configuration ®(x)
~ 1 ~
—BH[®] _ —BHS; . _ —BH{S;
e []_Ze {sih) s N_BZ (51) — d(x) _Ze {si}h)
{si} o {5}

o free energy
=30y e BAS) = 3 eIl / DeBHI]

{s*} {5} {s*}



microscopic theory

Statistical Physics :
capillary wave theory

convolution approximation

generating functional

71 = / Db e~ FHIS] o8 [ d3xI(x)0(x) _ / Db ¢~ OHI®.]

H[®,J] = /d3 < (0D(x))? + V((x)) — J(x)cb(x))

. [DOd(x)e PHI®IN 1§
(D(x)) ;== Pc(x) = Do e H®I  — GZoJ(x)

Z[J]
@ Legendre transformation
Mo] = WU + / d®x J(x)P(x)

ord.]
b (x)

=0
J=0
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

loop-expansion (J. Kiister, 2001)

@ treelevel reproduces Landau theory

0 MR
Xé/g(tR) = tanh tgr = tanh (7(2 - h))

@ 1-loop order with local potential approximation

Oer(z) = 1> ()

3mR

=\ SR Alur) (X a(ur)te) + 5Ex A a(ur)tr) + O(ur?) |
ur s

)_((gl,g(tR) =2/9sinh tg cosh tg — {1/12sech2tRartanh (\/ —1/2 + sinh? tg(sinh tR)_l)
—sinh tgy/ —1/2 + sinh? tg [2/9 — 1/25ech2tR] } O(|tr| — tg)

a(ug) =1+ 1/12 - up/(87) 4+ O(u3) A(ug) =1 —2/3 - ur/(87) + O(u?g)
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

o tr

— (0)
ng = XgR

@ a< A< Bjhr~¢§
@ long wave fluctuations still to be included

o width to be defined



e . microscopic theory

Statistical Physics q P Y
capillary wave theory
convolution approximation

capillary wave theory

o capillary wave free energy [Buff et

al.]

h(xy)

ﬁH:a/dxdy[ 1+(Vh)2—1}

Q
NI Q
—

X
=

<
=

@ Gaussian distribution of the local interface position
1 2 2
P(h) = (8(h(x,y) — h)) = ———e ""/?¢
(h) = (6(h(x.y) = h)) NP

2 _ () 1
s* = (h%) 27m/d
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microscopic theory

Statistical Physics coppillierny wreve deery

convolution approximation

o s2 divergent for g — 0, oo
@ introducing cutoff £ ~ B, < A < L

1 27 /Bew
e —— dq
2o 27r/L

1 1 | L
— = —— |n
g 2moc  Bay

@ capillary wave profile is sharp
dg(z — h(x,y)) = vo sgn(z — h(x,y)) = £v fiir z 2 h(x,y)

@ macroscopic width w? ~ s2 ~ InL
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

convolution approximation (M. Miiller, 2004)

c(z) = Pg(2) x P(z) = /dh dg(z — h)P(h)
1

@ rescaling: vp = 1, %mRz —Z, MRS —S

s=1i2n, n=1,..6

2 4 6 8
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microscopic theory

Statistical Physics .
capillary wave theory

convolution approximation

® 5 — oo leads to capillary wave theory
Og(z — h) =sgn(z — h)
5—00 2 V4
c(z) — sgn(z) *x N(0,s°) = erf [ —
(2) = san(a) s N05%) = e )
@ s — 0 leads to intrinsic interface profile

1 -
PN = e 2 A o)

c(z) =% dg(2)

08 nf(2) :=erf
g T =015 Inf( )
04 \ o= 05,10,

04

co(z) = dg
02

? 5 s 2
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microscopic theory
capillary wave theory
convolution approximation

Statistical Physics

interface width

2 _ [ dzz2c'(2)
[ dzc'(z)

w

2 2 2 7722 1
W = Wint + W cw:?f +%|n8
cw

@ temperature independent form

2 ~
" w N " L L
cha = (E)z = W2int + W2CW = E + Acw IOgZ écw

[ =1/2¢, Bey=Bew/26, Acy =In2/8106% =0.265(2)
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interface width
Monte Carlo calculation numerical results

Monte Carlo

The following calculations have been done by Melanie Miiller
(2004).

@ blocking Lx LxD — BxBxD
high-pass filter A < B low-pass filter A > B

2 _

o w?=w? int + Acw |Og2 Bow + Acw |Og2 B

. 1
o local block profile | mB(z) = 5 Z S(x,y,z)
x,y€E€block i
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interface width
Monte Carlo calculation numerical results

local interface position by boundary shift

40

20 A
1
t

-40
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D
Miot = Zl mP(z) for b.c. at tap = )
z_

tAP"F%

D
Miot 122’”?(2)_ Z 2'mlB(Z)
z—1 z=1

_1}

Nlle

Mot (hi) = max{|meor(tap)|, tap = —2,..,
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interface width
Monte Carlo calculation numerical results

(local) magnetisation profile

original shifted average of configuration Monte Carlo average
B-1 B-=1 B-1
1 T
1

e T [
) i IR W‘M iy E—

i |
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interface width
Monte Carlo calculation numerical results

capillary waves

@ expect Gaussian distribution with var(h) = 5= log, 5
o slope =102 — +31(1)

2mo
In2

@ axis intercept = log, X X=LB

2no
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interface width

Monte Carlo calculation numerical results

B-1 B-8 B-32
0.025 0.04 0.06
0.02 0.03 :
p 0015 P p 0.04
0.01 0.02 0.02
0.005 0.01 :
0 0
-40 =20 0 20 40 S40 -20 0 20 40 40 <20 0 20 40
h h h

@ Gaussian distribution with var(h) = 122 log, £, Be, ~ (5 — 7)¢

~ 270

ISy

.y

o
!

@ slope =:t2':‘T—i = £3.1(1), axis intercept = 2";—(27 log, X

S —

' 6
Log, B bzw. Log, |
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interface width
Monte Carlo calculation numerical results

convolution approximation

B
W2 = Cint“rf2 + Acw |0g2 B—
cw

e ,
150 » ¢ .
125 /’j/* e . 6 §
100 . % - b=Log, B
T o i
50 A
R @ w2, much too small
0 > e s o w? grows for B < ¢
@ no intrinsic width
. . . 2 A
O chgracterlstlc width w*, o estimate Biy;,
L-independent
3/2
0 w?  log, B Bintr ~ 2%/% ~ 2.8
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Monte Carlo calculation

temperature independent

interface width
numerical results

Cintr

il 72/12 = 0.822

Cew IN2

Y 8nog?

b Y

= 0.284(9)

Simon Papenkort

o t=-0050
A t=-0.010
0 t=-0.004

W, = 0.57(1) + 0.26(3) log, B
W3_, = 0.30(4) +0.28(1) log, L

Fluctuating Interfaces



interface width
Monte Carlo calculation numerical results

conclusion

@ description on two length scales
A< A< Bintr ~E~Bey <A< |

o interface width shows universal
behaviour

@ simulation consistent with
- convolution approximation

@ intrinsic regime: ¢*-theory
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