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Introduction

The lattice approach: description of fields on a hypercubic
space-time lattice

Main advantages:

non-perturbative problems (mass spectra, confinement, . . . in
general: low-energy problems)
cut-off in momentum space → fields are regularized (similar to
solid-state physics)

Ansatz: Use the path integral formalism
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Rüdiger Haake ITP – Uni Münster

Computation of the Static qq Potential



Fields on the Lattice Basic Remarks about Lattice QCD Computation with Wilson Loops References

Path Integrals in QM and QFT

Path Integrals

Path integrals describe quantum mechanics with integrals over
the space of all curves

Transition amplitudes can be written as path integrals:

〈x ′, t ′|x , t〉 =
〈

x ′|e−iH(t′−t)|x
〉

(1)

〈x ′, t ′|x , t〉 =

∫
dx1

〈
x ′|e−iH(T−∆t)|x1

〉 〈
x1|e−iH∆t |x

〉
(2)

〈x ′, t ′|x , t〉 =

∫
dx1 . . . dxn−1

〈
x ′|e−iH∆t |xn−1

〉
·

·
〈
xn−1|e−iH∆t |xn−2

〉
· · ·
〈
x1|e−iH∆t |x

〉
(3)
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Path Integrals in QM and QFT

Approximation for the single transition amplitudes:〈
xk+1|e−iH∆t |xk

〉
≈
√

m

2πi∆t
exp

{
i∆t

[
m

2

(
xk+1 − xk

∆t

)2

− V (xk)

]}
(4)

Using this approximation for every transition amplitude gives

〈x ′|x〉 =

∫
dx1 . . . dxn−1

(2πi∆t/m)n/2
exp

{
i
n−1∑
k=0

∆t

[
m

2

(
xk+1 − xk

∆t

)2

− V (xk)

]}
(5)

In the limit n→∞ (the path is getting finer and finer) the
argument is

n−1∑
k=0

∆t

[
m

2

(
xk+1 − xk

∆t

)2

− V (xk)

]

→
∫ T

0

dt

[
m

2

(
dx

dt

)2

− V (x)

]
=

∫ T

0

dt L(x , ẋ) = S (6)
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Path Integrals in QM and QFT

Finally, the complete transition amplitude can be written as

〈x ′, t ′|x , t〉 =

∫
Dx e iS (7)

For quantum fields we get functional integrals

〈0|φ(x1)φ(x2)...φ(xn)|0〉 =
1

Z

∫
Dφ φ(x1)φ(x2) . . . φ(xn)e iS (8)

This should be reformulated to imaginary time τ = −it

〈0|φ(x1)φ(x2)...φ(xn)|0〉 =
1

Z

∫
Dφ φ(x1)φ(x2) . . . φ(xn)e−SE (9)

with the partition sum Z =
∫
Dφ e−SE

→ strong fluctuating paths are suppressed
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Rüdiger Haake ITP – Uni Münster

Computation of the Static qq Potential



Fields on the Lattice Basic Remarks about Lattice QCD Computation with Wilson Loops References

Path Integrals in QM and QFT

Finally, the complete transition amplitude can be written as

〈x ′, t ′|x , t〉 =

∫
Dx e iS (7)

For quantum fields we get functional integrals

〈0|φ(x1)φ(x2)...φ(xn)|0〉 =
1

Z

∫
Dφ φ(x1)φ(x2) . . . φ(xn)e iS (8)

This should be reformulated to imaginary time τ = −it

〈0|φ(x1)φ(x2)...φ(xn)|0〉 =
1

Z

∫
Dφ φ(x1)φ(x2) . . . φ(xn)e−SE (9)

with the partition sum Z =
∫
Dφ e−SE

→ strong fluctuating paths are suppressed
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Discretization

Lattice Discretization

Discretization: allow only fields on a hypercubic lattice

Functional integrals are predestinated for this discretization

Infinite dimensional integrals → finite dimensional integrals
→ Set of allowed curves is finite on the lattice
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Rüdiger Haake ITP – Uni Münster

Computation of the Static qq Potential



Fields on the Lattice Basic Remarks about Lattice QCD Computation with Wilson Loops References

Discretization

Discretization can be introduced by the translation rules

φ(x), x ∈ lattice

∂µφ→
1

a
(φ(x + aµ̂)− φ(x))∫

d4x →
∑
x

a4 (10)

→ In principle, numerical computation is possible now
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Basic Remarks about Lattice QCD
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Introducing the Gauge Fields as Links

In QCD the free fermionic action (without flavors) is

S0
F [ψ,ψ] =

∫
d4x ψ(x)(γµ∂µ + m)ψ(x) (11)

After applying the discretization rules one gets

S0
F [ψ,ψ] = a4

∑
n∈lat

ψ(n)

{
4∑

µ=1

γµ
1

2a
(ψ(n + µ̂)− ψ(n − µ̂)) + mψ(n)

}
(12)

Like in QCD, this is not gauge invariant
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Introducing the Gauge Fields as Links

Physics should be invariant under the following
transformation:

ψ(n)→ ψ′(n) = Ω(n)ψ(n), (13)

ψ(n)→ ψ
′
(n) = ψ(n)Ω(n)†. (14)

where Ω ∈ SU(3)

In contrast to continuum QCD, the action contains terms like

ψ(n)ψ(n + µ̂)→ ψ(n)Ω(n)†Ω(n + µ̂)ψ(n + µ̂) (15)

→ choose gauge fields that obey

Uµ(n)→ U ′µ(n) = Ω(n)Uµ(n)Ω(n + µ̂)† (16)

Rüdiger Haake ITP – Uni Münster
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Introducing the Gauge Fields as Links

In the end

SF [ψ,ψ,U] = a4
∑
n∈lat

ψ(n)


4∑
µ=1

γµ
Uµ(n)ψ(n + µ̂)− U−µ(n)ψ(n − µ̂)

2a
+ mψ(n)


(17)

is gauge invariant and contains kinematics and dynamics for
the fermions

This is the naive discretization. The so-called wilson term can
be introduced to avoid fermion doublers.

Uµ(n) is called link and can be interpreted as a connection
between two lattice sites

Note: the gauge fields are elements of SU(3) (in contrast to
lie algebra elements)!
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Wilson’s Gauge Action

Wilson’s Gauge Action

pure gauge theory: kinematics and dynamics of the gluons

Wilson’s ansatz: gauge action is the trace of the sum over all
plaquettes
plaquette: shortest closed loop of link variables

SG [U] =
2

g 2

∑
n∈Λ

∑
µ<ν

Re tr[1− Uµν(n)] (18)

This choice is gauge invariant with the correct continuum
limit, when a→ 0

This is one possibility, there exist other - more complex -
choices
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Wilson Loops

Like plaquettes, the trace of every loop of links on the lattice
is gauge invariant

→ can be used as possible observables

Wilson loop:

WL[U] = tr [S(m, n, nt)T (n, nt)
†S(m, n, 0)†T (m, nt)] (19)

with

Wilson line:S(m, n, nt) =
∏

k,j∈Cm,n

Uj(k, nt)

temp. transp.:T (n, nt) =
nt−1∏
j=0

U4(n, j) (20)
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Wilson Loops

It turns out that the static quark-antiquark potential can be
extracted from the expectation value of the wilson loops

〈WL〉 ∝ exp(−ntaV (r))(1 +O(exp(−nta∆E ))), (23)

where r = a · |m − n| and t = nt · a
→ computation of the expectation values allows the fitting of
the potential V (r)

Higher orders (excited states) are exponentially suppressed in
time
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Rüdiger Haake ITP – Uni Münster

Computation of the Static qq Potential



Fields on the Lattice Basic Remarks about Lattice QCD Computation with Wilson Loops References

Wilson Loops

It turns out that the static quark-antiquark potential can be
extracted from the expectation value of the wilson loops

〈WL〉 ∝ exp(−ntaV (r))(1 +O(exp(−nta∆E ))), (23)

where r = a · |m − n| and t = nt · a
→ computation of the expectation values allows the fitting of
the potential V (r)

Higher orders (excited states) are exponentially suppressed in
time
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Computation with Wilson Loops
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General Aspects

Starting point for computation: data file with
〈WL〉 = 〈W (R,T )〉
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General Aspects

Observables are measured for many configurations

For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T

General computation procedure for observables:

Reading the raw data file
Binning
Jackknifing
Average over jackknifed data
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General Aspects

Reading:
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General Aspects

Binning: Create bins by averaging over Nbin configurations for
specific R and T (correlation)
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General Aspects

Jackknifing: Create jackknifes by averaging over all bins for (R,T )
where one bin is left out for every jackknife; compute results on
every jackknife (stat. method to get more realistic errors)
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife

Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):

Fit 〈W (R,T )〉 = C · exp(−anT · V (R)) to obtain V (R)
Fit V (R) = A + B

R + σR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)

Two-Fit method (see arXiv:hep-lat/9903014v1):

Get V (R,T ) by defining V (R,T ) = ln
(
〈W (R,T )〉
〈W (R,T+1)〉

)
Fit V (R,T ) = V (R) + c1 · exp(−anT · c2) to obtain V (R)
Fit V (R) = A + B

R + σR to obtain potential parameters
(same as in first method)

wi

As stated above: the final results are obtained by averaging
over all jackknifes
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Specific Methods for the Quark Potential

In principle, the methods are simple. But in fact, the quality
of the results highly depends on the fit estimators and other
parameters

For example: data points at small T are often influenced by
excited states. To improve the fit, one can cut off the first few
datapoints

For small lattices this is problematic because the exponential
decay fit is performed for only a few datapoints.
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