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Introduction

m The lattice approach: description of fields on a hypercubic
space-time lattice
m Main advantages:
m non-perturbative problems (mass spectra, confinement, ... in

general: low-energy problems)
m cut-off in momentum space — fields are regularized (similar to

solid-state physics)
m Ansatz: Use the path integral formalism
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Path Integrals

m Path integrals describe quantum mechanics with integrals over
the space of all curves
m Transition amplitudes can be written as path integrals:

(X, ¥, ) = (x/[e” ™0 1)
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Path Integrals

m Path integrals describe quantum mechanics with integrals over
the space of all curves
m Transition amplitudes can be written as path integrals:

(¥ Ix, 8) = (x/|eME ) ) (1)
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Path Integrals in QM and QFT

Path Integrals

m Path integrals describe quantum mechanics with integrals over
the space of all curves
m Transition amplitudes can be written as path integrals:

(¥ Ix, 8) = (x/|eME ) ) (1)

(X, t|x, ) = / dx, <x'|e—"H<T—Af>|x1><x1|e—"HAf|x> (2)

(X' t|x, t) = /d)q dXp—1 <X’|e_iHAt|x,,_1> .

. <X,,_1|e_iHAt|Xn_2> . <X1|e—iHAt|X> (3)
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Path Integrals in QM and QFT

m Approximation for the single transition amplitudes:

2
: m . m X — X
(xes1le™ B x) ~ S P iAt —(%) — V(x)
(4)
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m Approximation for the single transition amplitudes:

2
: m . m [ X — X
(Xer1le™ M x) ~ sring P {’At l; (%) = V(x)

(4)

m Using this approximation for every transition amplitude gives

2
W = [ it exp{ ZAt[ () - viw
©)

}
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Path Integrals in QM and QFT

m Approximation for the single transition amplitudes:

2
: m . m [ X — X
(Xer1le™ M x) ~ sring P {’At l; (%) = V(x)
(4)

m Using this approximation for every transition amplitude gives

dxq...dx,—1 Xk+1 — Xk 2
/ _ A -V
o) = [ i en {5 o 7 (257 ) - v

}

}

(5)
m In the limit n — oo (the path is getting finer and finer) the
argument is
= m (x xc\ 2
k+1 — Xk
kZ:OAt [2 < A ) V(xk)]

5 OTdt [g (%)2—V(x)l =/0Tdt L(x5)=S (6)
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Path Integrals in QM and QFT

m Finally, the complete transition amplitude can be written as

(o, Flx, £) = / Dx e (7)
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m Finally, the complete transition amplitude can be written as
(o, Flx, £) = / Dx e (7)
m For quantum fields we get functional integrals

Oloba)o0e)--0x)I0) = 5 [ Do d(x)ol)...d(x)e®  (8)
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Path Integrals in QM and QFT

m Finally, the complete transition amplitude can be written as
(o, Flx, £) = / Dx & (7)
m For quantum fields we get functional integrals

Oloba)o0e)--0x)I0) = 5 [ Do d(x)ol)...d(x)e®  (8)

m This should be reformulated to imaginary time 7 = —it

(0l¢(x1)9(x2)---4(xn)[0) = /D¢¢X1)¢(Xz) o(xn)e > (9)

with the partition sum Z = [ D¢ e~%¢
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Path Integrals in QM and QFT

m Finally, the complete transition amplitude can be written as
(o, Flx, £) = / Dx & (7)
m For quantum fields we get functional integrals
Oloba)o0e)--0x)I0) = 5 [ Do d(x)ol)...d(x)e®  (8)
m This should be reformulated to imaginary time 7 = —it
Oloba)o0e)--0x)I0) = 5 [ Do d(x)obe) . dx)e (9)

with the partition sum Z = [ D¢ e~%¢

— strong fluctuating paths are suppressed
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Discretization

Lattice Discretization

m Discretization: allow only fields on a hypercubic lattice
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Lattice Discretization
m Discretization: allow only fields on a hypercubic lattice
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Discretization

Lattice Discretization
m Discretization: allow only fields on a hypercubic lattice
m Functional integrals are predestinated for this discretization

m Infinite dimensional integrals — finite dimensional integrals
— Set of allowed curves is finite on the lattice

Riidiger Haake ITP — Uni Miinster

Computation of the Static



Fields on the Lattice

[e] le]e]e}

Discretization

Riidiger Haake ITP — Uni Miinster

Computation of the Static qgq Potential



Fields on the Lattice

0000
Discretization

Riidiger Haake ITP — Uni Miinster
Computation of the Static qgq Potential




Fields on the Lattice

0000
Discretization

Riidiger Haake ITP — Uni Miinster
Computation of the Static qgq Potential




Fields on the Lattice
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Discretization

m Discretization can be introduced by the translation rules
#(x), x € lattice

06—+ ~ (60 + aft) — H(x)

/ d'x = a* (10)
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Discretization

m Discretization can be introduced by the translation rules
#(x), x € lattice

06—+ ~ (60 + aft) — H(x)
/ d'x = a* (10)

— In principle, numerical computation is possible now
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Introducing the Gauge Fields as Links

m In QCD the free fermionic action (without flavors) is

S21 7] = [ dx BOd. - mpi) (1)
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Introducing the Gauge Fields as Links

m In QCD the free fermionic action (without flavors) is

S21 7] = [ dx BOd. - mpi) (1)

m After applying the discretization rules one gets

Sl gl =a >y o(n) {Zw;ﬂ(w(n + ) —¢(n— )+ mw(n)}

(12)
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Introducing the Gauge Fields as Links

m In QCD the free fermionic action (without flavors) is

S21 7] = [ dx BOd. - mpi) (1)

m After applying the discretization rules one gets

Sl gl =a >y o(n) {Zw;ﬂ(w(n + ) —¢(n— )+ mw(n)}

(12)
m Like in QCD, this is not gauge invariant
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Introducing the Gauge Fields as Links

m Physics should be invariant under the following
transformation:

b(n) = ¢'(n) = Q(n)¥(n), (13)
&(n) = T (n) = G(n)Qn)". (14)
where Q € SU(3)
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m Physics should be invariant under the following
transformation:

b(n) = ¢'(n) = Q(n)¥(n), (13)
&(n) = T (n) = G(n)Qn)". (14)
where Q € SU(3)

m In contrast to continuum QCD, the action contains terms like

d(n)ip(n+p) = D(MQn)'Qn + p)v(n+ ) (15)
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Introducing the Gauge Fields as Links

m Physics should be invariant under the following
transformation:

b(n) = ¢'(n) = Q(n)¥(n), (13)
&(n) = T (n) = G(n)Qn)". (14)
where Q € SU(3)

m In contrast to continuum QCD, the action contains terms like
P(n)o(n+ i) = P(mMQAn) Q0 + p)v(n + f1) (15)
— choose gauge fields that obey

Ua(n) = Up(n) = n)U(mQn+ )} (16)
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Introducing the Gauge Fields as Links

m In the end

4 ~ ~
Unn)pln ) U (ohlo =)

Se[w, b, Ul =a* >~ d(n) 4D -
n€lat p=1
(17)

is gauge invariant and contains kinematics and dynamics for
the fermions
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Introducing the Gauge Fields as Links

m In the end

4 71 ~
Sl B Ul = ot 3" B(n) 4 S el)ln ) ;aU—u(”)Tl)(" - )

n€lat pn=1

+ mp(n)

(17)
is gauge invariant and contains kinematics and dynamics for
the fermions

m This is the naive discretization. The so-called wilson term can
be introduced to avoid fermion doublers.
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Introducing the Gauge Fields as Links

m In the end

4 ~ ~
SF[d)’Ev U] _ a4 Z E(n) Z’YM U‘L(n)@[)(n + :u') - U—u(”)T/)(” - lu’) + md)(n)

n€lat pn=1 2a

(17)
is gauge invariant and contains kinematics and dynamics for
the fermions

m This is the naive discretization. The so-called wilson term can
be introduced to avoid fermion doublers.

m U,(n) is called link and can be interpreted as a connection
between two lattice sites
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[e]e] ]

Introducing the Gauge Fields as Links

m In the end

4 ~ ~
e[y, Ul =a* Y d(n) {ZW Yalrhb(n + 3) ;au‘“(")w(" =) 4 rmp()
n€lat =1
: ' (a7)

is gauge invariant and contains kinematics and dynamics for
the fermions

m This is the naive discretization. The so-called wilson term can
be introduced to avoid fermion doublers.

m U,(n) is called link and can be interpreted as a connection
between two lattice sites

m Note: the gauge fields are elements of SU(3) (in contrast to
lie algebra elements)!
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Wilson’s Gauge Action

m pure gauge theory: kinematics and dynamics of the gluons
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Wilson’s Gauge Action
m pure gauge theory: kinematics and dynamics of the gluons

m Wilson's ansatz: gauge action is the trace of the sum over all
plaquettes
plaquette: shortest closed loop of link variables
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Wilson's Gauge Action

Wilson’s Gauge Action
m pure gauge theory: kinematics and dynamics of the gluons

m Wilson's ansatz: gauge action is the trace of the sum over all
plaquettes
plaquette: shortest closed loop of link variables

SelU]= 53 S Retfl - Uu(n)]  (18)
g

ne p<v

This choice is gauge invariant with the correct continuum
limit, when a — 0
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Wilson's Gauge Action

Wilson’s Gauge Action
m pure gauge theory: kinematics and dynamics of the gluons

m Wilson's ansatz: gauge action is the trace of the sum over all
plaquettes
plaquette: shortest closed loop of link variables

SelUl = 5 - Y ReulL- Uu(n)]  (19)

ne p<v
This choice is gauge invariant with the correct continuum
limit, when a — 0
m This is one possibility, there exist other - more complex -
choices
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Wilson Loops

m Like plaquettes, the trace of every loop of links on the lattice
is gauge invariant
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Wilson Loops

m Like plaquettes, the trace of every loop of links on the lattice
is gauge invariant

— can be used as possible observables
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Basic Remarks about Lattice QCD
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Wilson Loops

m Like plaquettes, the trace of every loop of links on the lattice
is gauge invariant
— can be used as possible observables

m Wilson loop:
W U] = tr[S(m, n, n:) T (n, nt)TS(m, n, O)T T(m,n:)] (19)
with

Wilson line:S(m, n, n¢) H Ui(k, nt)
kJj€Cm,n
I'It—l

temp. transp.: T(n, n¢) H Ua(n,j) (20)
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Basic Remarks about Lattice QCD

(o] e}

Wilson Loops

Wilson loop:
W, [U] = tr[S(m, n, ne) T(n, n;)'S(m, n,0)" T(m, n)] (21)
d with
Wilson line:S(m, n, n;) H Uj(k, n¢)
kJj€Cm,n

ntfl

temp. transp.:T(n, n;) = H Us(n,j) (22)

x X
y yi
t t
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Wilson Loops

m It turns out that the static quark-antiquark potential can be
extracted from the expectation value of the wilson loops
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Basic Remarks about Lattice QCD

ooe

Wilson Loops

m It turns out that the static quark-antiquark potential can be
extracted from the expectation value of the wilson loops

(W) ocexp(—ntaV(r))(1+ O(exp(—n:aAE))), (23)

where r=a-|m—n|land t=n;-a
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m It turns out that the static quark-antiquark potential can be
extracted from the expectation value of the wilson loops

(W) ocexp(—ntaV(r))(1+ O(exp(—n:aAE))), (23)

where r=a-|m—n|land t=n;-a
— computation of the expectation values allows the fitting of
the potential V/(r)
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Basic Remarks about Lattice QCD

ooe

Wilson Loops

m It turns out that the static quark-antiquark potential can be
extracted from the expectation value of the wilson loops

(W) ocexp(—ntaV(r))(1+ O(exp(—n:aAE))), (23)

where r=a-|m—n|land t=n;-a
— computation of the expectation values allows the fitting of
the potential V/(r)

m Higher orders (excited states) are exponentially suppressed in
time
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Computation with Wilson Loops
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Computation with Wilson Loops
0000

General Aspects

Starting point for computation: data file with
(We) = (W(R, T))

g Offnen Speichern & Rickgdngig Q Ck

] Measurements-big1.seq ¥

1
2 (MM) : 200 : Smeared Wilson loop .79158690577333357119016454817028716206550598144531256e-01

3 (MM) 200 : Smeared Wilson loop .52317431338058684175962298468220978975296620507812500e-01
4 (MM) 200 : Smeared Wilson loop .01331717115361108483284624526277184486389160156250000e-01
5 (MM) 200 : Smeared Wilson loop .B87968588501425344361456069776102900505065917968750000e-01
6 (MM) : 200 : Smeared Wilson loop .34007792223782756790839698624040465801954269409179688e-01
7 (MM) 200 : Smeared Wilson loop .93736866390599654641491156326083000749349594116210938e-02
8 (MM) 200 : Smeared Wilson loop .97900366075665087861601421082013985142111778259277344e-02
9 (MM) : 200 : Smeared Wilson loop .00475963402988702211082738813274772837758064276019531e-02
18 (MM) 200 : Smeared Wilson loop .68548059838768816975917985701016732491552829742431641e-02

11 (MM) 200 : Smeared Wilson loop 1.82001020606441070437409024407315882854163646697998047e-02
12 (MM) 200 : Smeared Wilson loop 1 1.24820425736520135284735033565084449946880340576171875¢e-02
13 (MM) : 200 : Smeared Wilsen loop 1 8.61923792425791333859930176686248159967362880706787109e-03
14 (MM) 200 : Smeared Wilson loop : 6.00220354877895045930813466839026659727096557617187500e-03
15 (MM) : 200 : Smeared Wilsen loop : 4.18757129269957655698375376118747226428240537643432617¢-03
16 (MM) : 200 : Smeared Wilson loop 2.782690842257483: 0680795758962631 -03
17 (MM) 200 : smeared Wilsen loop 1.93272145723536077632775942447551642544567584991455078¢-03

18 (MM) 200 : Smeared Wilson loop : 1,2 : 5.47282621137037295078187071339925751090649743652343750¢e-61
19 (MM) 200 : smeared Wilson loop 12,2 1 2.95997230607195627172245622205082327127456665039062500e-01
20 (MM) : 200 : Smeared Wilson loop : 3,2 : 1.61160664749606691303895900091447401791810989379882812¢e-61
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General Aspects

m Observables are measured for many configurations
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General Aspects

m Observables are measured for many configurations

m For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T
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Computation with Wilson Loops
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General Aspects

m Observables are measured for many configurations

m For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T
m General computation procedure for observables:
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General Aspects

m Observables are measured for many configurations
m For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T
m General computation procedure for observables:
m Reading the raw data file
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Computation with Wilson Loops
(o] Telele]

General Aspects

m Observables are measured for many configurations

m For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T

m General computation procedure for observables:

m Reading the raw data file
m Binning
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Computation with Wilson Loops
(o] Telele]

General Aspects

m Observables are measured for many configurations

m For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T
m General computation procedure for observables:
m Reading the raw data file
m Binning
m Jackknifing
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Computation with Wilson Loops
(o] Telele]

General Aspects

m Observables are measured for many configurations

m For every configuration, the values of the wilson loops exist
for different spatial and temporal lengths R and T
m General computation procedure for observables:
m Reading the raw data file
Binning
Jackknifing
Average over jackknifed data
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General Aspects

Computation with Wilson Loops
[e]e]e] Jo]

Binning: Create bins by averaging over Ny;, configurations for
specific R and T (correlation)

<«—— Jaqunu uopeinBiyuo)

Riidiger Haake
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Computation with Wilson Loops
0000e

General Aspects

Jackknifing: Create jackknifes by averaging over all bins for (R, T)
where one bin is left out for every jackknife; compute results on
every jackknife (stat. method to get more realistic errors)

= - S N
. Divide - -
N into N N Average the
— =+ -+ —* computation
N| avera || S S results
ged
N | jack- N N
knifes
data computation
column
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Computation with Wilson Loops

o0

Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
= Fit V(R) = A+ £ 4+ oR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
= Fit V(R) = A+ £ 4+ oR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)
m Two-Fit method (see arXiv:hep-lat/9903014v1):

wi
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
= Fit V(R) = A+ £ 4+ oR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)
m Two-Fit method (see arXiv:hep-lat/9903014v1):

m Get V(R, T) by defining V(R, T) = In (%)

wi
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
= Fit V(R) = A+ £ 4+ oR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)

m Two-Fit method (see arXiv:hep-lat/9903014v1):
m Get V(R, T) by defining V(R, T) = In (%)
m Fit V(R, T) = V(R) + c1 - exp(—anT - cp) to obtain V(R)

wi
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
= Fit V(R) = A+ £ 4+ oR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)
m Two-Fit method (see arXiv:hep-lat/9903014v1):

m Get V(R, T) by defining V(R, T) = In (%)

m Fit V(R, T) = V(R)+ c1 - exp(—anT - cp) to obtain V(R)

= Fit V(R) = A+ £ + oR to obtain potential parameters
(same as in first method)

wi
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Specific Methods for the Quark Potential

Two methods for the computation of the quark potential on
every single jackknife
m Method described by Gattringer and Lang (in: Quantum
Chromodynamics on the Lattice):
m Fit (W(R, T)) = C-exp(—ant - V(R)) to obtain V(R)
= Fit V(R) = A+ £ 4+ oR to obtain potential parameters
(Coloumb-type and linear rising potential expected,
improvements possible)
m Two-Fit method (see arXiv:hep-lat/9903014v1):

m Get V(R, T) by defining V(R, T) = In (%)
m Fit V(R, T) = V(R)+ c1 - exp(—anT - cp) to obtain V(R)
= Fit V(R) = A+ £ + oR to obtain potential parameters
(same as in first method)
wi
m As stated above: the final results are obtained by averaging
over all jackknifes
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Specific Methods for the Quark Potential

m In principle, the methods are simple. But in fact, the quality
of the results highly depends on the fit estimators and other
parameters

Riidiger Haake ITP — Uni Miinster

Computation of the Static



Computation with Wilson Loops

(o] J

Specific Methods for the Quark Potential

m In principle, the methods are simple. But in fact, the quality
of the results highly depends on the fit estimators and other

parameters

m For example: data points at small T are often influenced by
excited states. To improve the fit, one can cut off the first few

datapoints
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Specific Methods for the Quark Potential

m In principle, the methods are simple. But in fact, the quality
of the results highly depends on the fit estimators and other

parameters

m For example: data points at small T are often influenced by
excited states. To improve the fit, one can cut off the first few
datapoints

m For small lattices this is problematic because the exponential
decay fit is performed for only a few datapoints.
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